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1. Introduction

In [5], Hagemann and Mitschke gave several characterizations of n-permutable
varieties. One of their characterizations uses the notion of compatible digraphs
in a variety. We call a relational structure (digraph) G compatible in a variety
V if there is an algebra A in V whose underlying set coincides with the base
set of G and whose basic operations preserve the relations of G. Then, we also
call G a compatible relational structure of algebra A.

Theorem 1.1 (Hagemann and Mitschke [5]). For any n ≥ 2, a variety is n-
permutable if and only if in every compatible reflexive digraph in the variety,
every edge is contained in a directed cycle of length at most n.

We call a variety a Hagemann–Mitschke variety if it is n-permutable for
some n ≥ 2. In a 1973 unpublished preprint [4], Hagemann had stated the
following theorem, for which Lakser gave an implicit proof in [9] later. A proof
was also given by Freese, cf. Remark 2.3 and the proof of Theorem 2.2 in [3].

Theorem 1.2 (Hagemann [4]). A variety is Hagemann–Mitschke if and only if
every compatible poset in the variety is an antichain.

The writing of this paper has been motivated by the above results of
Hagemann and Mitschke. Both theorems give characterizations of certain Malt-
sev classes of varieties via the shape of certain compatible reflexive digraphs
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in the varieties. Our main result, in Section 4, characterizes the class of Taylor
varieties by describing their compatible reflexive digraphs.

The structure of this paper is as follows. In Section 2 we state the main
definitions and basic theorems on Taylor varieties. In Section 3, we introduce
three notions related to non-Taylor algebras and prove their equivalence for
idempotent algebras. Using the results obtained in Section 3, we prove our
main result in Section 4 by describing the compatible reflexive digraphs in
Taylor varieties, and discuss further ramifications of our investigations.

2. Preliminaries

In this section we recall some basic notions and well known facts related to
Taylor varieties. A set Σ of identities in the language of a variety V is trivial if
there exists a two-element algebra A of the signature of V such that the basic
operations of A are projections and A satisfies Σ. A term t of a variety V is
called idempotent if V satisfies the identity t(x, . . . , x) = x. The full idempotent
reduct of a variety V is a variety whose signature is the set of idempotent terms
of V, and whose identities are those satisfied by the idempotent terms of V.
Throughout the text, we denote the full idempotent reduct of V by VId. A
Taylor variety is a variety whose full idempotent reduct satisfies a non-trivial
set of identities.

An identity is linear if it has at most one occurrence of a function symbol
on each side of the identity. A Taylor term t of a variety V is an n-ary term
for some n in the language of V such that t is idempotent on V and for each
1 ≤ i ≤ n, t obeys a linear identity in V of the form

t(. . . , x, . . . ) = t(. . . , y, . . . )

in two different variables x and y, where the variables x and y displayed are
in the i-th positions respectively on both sides, and the occurrences of the
variables not displayed are arbitrarily set x or y. An algebra is a Taylor algebra
if the variety generated by it is a Taylor variety. A Taylor term of a Taylor
algebra is a Taylor term of the variety it generates.

A clone on A is a set of finitary operations on A that contains all projec-
tion operations and is closed under composition. A clone homomorphism from
a clone C to a clone D is a map from C to D that maps each projection of
C to the corresponding projection of D and commutes with composition. Let
A be an algebra. The clone of A is the clone of finitary term operations of
A. A variety is called trivial if it consists of one-element algebras. The clone
of a trivial variety is defined to be the clone of the one-element algebra. The
clone of a non-trivial variety V is the clone of the free algebra with countably
infinite free generating set. The variety of sets is defined to be the variety of all
algebras of the empty signature. So this variety consists of the algebras that
have arbitrary underlying sets and no basic operations. The following charac-
terization of Taylor varieties is due to Taylor, cf. Theorems 5.1, 5.2, and 5.3
in [12].
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Theorem 2.1 (Taylor). Let V be a variety. Then the following are equivalent.
(1) V is a Taylor variety.
(2) V has a Taylor term.
(3) There is no homomorphism from the clone of VId to the clone of the

variety of sets.

For further characterizations of Taylor varieties, see [1,6,7,11]. Taylor
varieties play a crucial role in the theory of general algebras [7], in tame con-
gruence theory [6], and in the theory of constraint satisfaction problems [10].
In all of these areas, the Taylor varieties are considered the well-behaved vari-
eties from many points of view. Meanwhile, the non-Taylor varieties are looked
on as the black sheep of the family with wild properties to be expected for
them.

3. Three notions for subsets of algebras

In this section, we introduce three properties of subsets of algebras and analyze
the relationship of these notions. We shall see later that these properties are
related to non-Taylor algebras. We note that the concepts defined here are
relativized versions of notions well-known and studied thoroughly in the theory
of general algebras, see for example, [6,7,8]. We start with giving the definition
of the first property.

Definition 3.1. A subset X of an algebra A is diagonal if for all n, every n-ary
term t, and all elements x1,1, . . . , x1,n, . . . , xn,1, . . . , xn,n ∈ X we have

t(t(x1,1, . . . , x1,n), . . . , t(xn,1, . . . , xn,n)) = t(x1,1, x2,2, . . . , xn,n).

We require a characterization of diagonality.

Proposition 3.2. A subset X of an algebra A is diagonal if and only if for
all n and every n-ary term t, ker t|Xn is an n-fold direct product of some
equivalences of X and t is an idempotent operation restricted to t(Xn).

Proof. Let A be an algebra and t an n-ary term of A. Let X be a subset of A
and Y = t(Xn).

Suppose first that X is a diagonal subset of A. Clearly, by diagonality,
Y is closed under t and for all a1, . . . , an ∈ X

t(t(a1, . . . , an), . . . , t(a1, . . . , an)) = t(a1, . . . , an).

So t is an idempotent operation when restricted to Y . For each 1 ≤ i ≤ n, let
νi denote the binary relation on X that consists of the pairs (a, b) ∈ X2 such
that for some sequence cj ∈ X where j �= i

t(c1, . . . , ci−1, a, ci+1, . . . , cn) = t(c1, . . . , ci−1, b, ci+1, . . . , cn).

Then, for any 1 ≤ i ≤ n, for all a νi b and for all sequences dj ∈ X, 1 ≤ j ≤ n,

t(t(d1, d2, . . . , dn), . . . , t(c1, . . . , ci−1, a, ci+1, . . . , cn), . . . , t(d1, d2, . . . , dn))

= t(t(d1, d2, . . . , dn), . . . , t(c1, . . . , ci−1, b, ci+1, . . . , cn), . . . , t(d1, d2, . . . , dn)).
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So using diagonality on both sides,

t(d1, . . . , di−1, a, di+1, . . . , dn) = t(d1, . . . , di−1, b, di+1, . . . , dn).

These equalities imply that for each i, νi is transitive, and hence, νi is an
equivalence on X.

We claim that ker t|Xn =
∏n

i=1 νi. By the diagonality of X, for any
a1, a2, . . . , an ∈ X

t(t(a1, . . . , an), t(a2, . . . , a2), . . . , t(an, . . . , an))

= t(t(a1, . . . , an), t(t(a2, . . . , a2), . . . , t(a2, . . . , a2)), . . .

. . . , t(t(an, . . . , an), . . . , t(an, . . . , an)))

= t(a1, t(a2, . . . , a2), . . . , t(an, . . . , an)).

So t(a1, . . . , an) ν1 a1. Similarly, for all 1 ≤ i ≤ n, t(a1, . . . , an) νi ai where
ai ∈ X. Thus, if a1, . . . , an, b1, . . . , bn ∈ X and t(a1, . . . , an) = t(b1, . . . , bn),
then for all 1 ≤ i ≤ n, ai νi bi. Conversely, if for all 1 ≤ i ≤ n, ai νi bi, then
for all 1 ≤ i ≤ n, t(a1, . . . , ai, . . . , an) = t(a1, . . . , bi, . . . , an). So by applying t
to both sides of these equalities we obtain

t(t(a1, . . . , an), . . . , t(a1, . . . , an)) = t(t(b1, . . . , an), . . . , t(a1, . . . , bn)),

that is, t(a1, . . . , an) = t(b1, . . . , bn), which finishes the proof of the claim.
Suppose now that ker t|Xn =

∏n
i=1 νi for some equivalences νi of X and

t is idempotent on Y . By the idempotency of t on Y ,

t(t(a1, . . . , an), . . . , t(a1, . . . , an)) = t(a1, . . . , an).

So for any a1, . . . , an ∈ X and 1 ≤ i ≤ n, we have that t(a1, . . . , an) νi ai.
Thus for all a1,1, . . . , a1,n, . . . , an,1, . . . , an,n ∈ X,

t(a1,1, . . . , a1,n) ν1 a1,1, . . . , t(an,1, . . . , an,n) νn an,n.

These equalities, by the use of ker t|Xn =
∏n

i=1 νi, yield the equality that
defines the diagonality of X. �

Now, we consider the second property we study.

Definition 3.3. A subset X of an algebra A is strongly Abelian if for every
n-ary term t and all elements x1, . . . , xn, y1, . . . , yn, z2, . . . , zn ∈ X we have

t(x1, . . . , xn) = t(y1, . . . , yn) ⇒ t(x1, z2, . . . , zn) = t(y1, z2, . . . , zn).

We characterize strongly Abelian as follows.

Proposition 3.4. A subset X of an algebra A is strongly Abelian if and only if
for every n-ary term t, ker t|Xn is an n-fold direct product of some equivalences
of X.

Proof. Let A be an algebra and X a subset of A. First we assume that X is a
strongly Abelian subset of A. Since permuting variables of a term yields a term,
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for every n-ary term t, all 1 ≤ i ≤ n, and all elements x1, . . . , xn, y1, . . . , yn,
z1, . . . , zn ∈ X, we also have the implications

t(x1, . . . , xn) = t(y1, . . . , yn)

⇒ t(z1, . . . , xi . . . , . . . , zn) = t(z1, . . . , yi . . . , . . . , zn).

For any 1 ≤ i ≤ n, we define the relation νi on X, just as in the proof of
Proposition 3.2. Thus, for each 1 ≤ i ≤ n, let νi denote the binary relation on
X that consists of the pairs (a, b) ∈ X2 such that for some sequence cj ∈ X
where j �= i

t(c1, . . . , ci−1, a, ci+1, . . . , cn) = t(c1, . . . , ci−1, b, ci+1, . . . , cn).

The above implications yield that the νi are transitive, so they are equivalences
on X.

We claim that ker t|Xn =
∏n

i=1 νi. Let a1, . . . , an, b1, . . . , bn ∈ X and sup-
pose that t(a1, . . . , an) = t(b1, . . . , bn). Then by using the above implications,
it is easy to see that for all 1 ≤ i ≤ n, ai νi bi. Let us suppose now that ai νi bi
and ci ∈ {ai, bi} for all 1 ≤ i ≤ n. We prove that t(c1, . . . , cn) = t(a1, . . . , an),
and hence, t(b1, . . . , bn) = t(a1, . . . , an). We use an induction on the number of
indices i where ci �= ai. The equality t(c1, . . . , cn) = t(a1, . . . , an) is vacuously
true, when for all 1 ≤ i ≤ n, ci = ai. For the induction step, without loss of
generality, we may assume that c1 = b1 �= a1. Since a1 ν1 b1, we get that

t(a1, c2, . . . , cn) = t(b1, c2, . . . , cn).

Now, by using our induction hypothesis,

t(a1, c2, . . . , cn) = t(a1, a2, . . . , an).

Thus, by the use of the preceding two equalities,

t(b1, c2, . . . , cn) = t(a1, a2, . . . , an),

which concludes the proof of the claim.
Suppose now that ker t|Xn =

∏n
i=1 νi for some equivalences νi of X, and

t(a1, . . . , an) = t(b1, . . . , bn) for some a1, . . . , an, b1, . . . , bn ∈ X. Then a1 ν1 b1
and for any c2, . . . , cn ∈ X,

(a1, c2, . . . , cn)
n∏

i=1

νi(b1, c2, . . . , cn).

So by the use of ker t|Xn =
∏n

i=1 νi, t(a1, c2, . . . , cn) = t(b1, c2, . . . , cn). Thus
X is strongly Abelian. �

Now we define the third property we need.

Definition 3.5. A subset X of an algebra A is strongly rectangular if for every
n-ary term t and all elements x1, . . . , xn, y1, . . . , yn ∈ X and z1 ∈ {x1, y1}, . . . ,
zn ∈ {xn, yn} we have

t(x1, . . . , xn) = t(y1, . . . , yn) ⇒ t(x1, . . . , xn) = t(z1, . . . , zn).

The following remark yields a straightforward characterization of strong
rectangularity.
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Remark 3.6. A subset X of an algebra A is strongly rectangular if and only
if for every n-ary term t, each block of ker t|Xn is an n-fold direct product of
some subsets of X.

The interconnection between the three concepts defined above is encap-
sulated in the following lemma.

Lemma 3.7. Let X be a subset of an algebra A. Let us consider the three
properties for X:

(1) X is diagonal;
(2) X is strongly Abelian;
(3) X is strongly rectangular.

Then the following implications hold: (1) ⇒ (2) ⇒ (3). Moreover, if A is
idempotent, then (1), (2), and (3) are equivalent.

Proof. The first claim of the lemma, that is, (1) ⇒ (2) ⇒ (3), immediately
follows from Proposition 3.2, Proposition 3.4, and Remark 3.6.

We shall prove that if A is idempotent, then (3) ⇒ (1) holds. Let X be
a strongly rectangular subset of A.

Claim 1. For all n-ary terms t, elements x1, . . . , xn ∈ X and indices 1 ≤ i ≤ n
we have

t(x1, . . . , xi−1, t(x1, . . . , xn), xi+1, . . . , xn) = t(x1, . . . , xn).

To simplify the notation, we are going to prove the claim only for n = 3 and
i = 2, but the same argument works in general. Since t is idempotent we have

t(x1, x2, x3) = t(t(x1, x1, x1), t(x2, x2, x2), t(x3, x3, x3)),

t(x1, x2, x3) = t(t(x1, x2, x3), t(x1, x2, x3), t(x1, x2, x3)). (∗)

So the right hand sides of the two equalities above are equal and are obtained
from the same 9-ary term, the 2-fold composition of t with itself. By Defini-
tion 3.5, if we evaluate this 9-ary term at the values indicated by underlines
at the right hand sides of the equalities in (∗), we get the same result. Thus,

t(x1, x2, x3) = t(t(x1, x1, x1), t(x1, x2, x3), t(x3, x3, x3))

= t(x1, t(x1, x2, x3), x3),

which proves the claim.

Claim 2. For all n-ary terms t, elements x1, . . . , xn, y1, . . . , yn ∈ X and indices
1 ≤ i ≤ n we have

t(x1 . . . , xi−1, t(y1, . . . , yi−1, xi, yi+1, . . . , yn), xi+1, . . . , xn) = t(x1, . . . , xn).
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Again, we are going to prove the claim only for n = 3 and i = 2, but it
works in general. By idempotency we have

t(x1, t(y1, x2, y3), x3) = t(t(t(x1, x1, x1), t(x1, x1, x1), t(x1, x1, x1)),

t(t(y1, y1, y1), t(x2, x2, x2), t(y3, y3, y3)),

t(t(x3, x3, x3), t(x3, x3, x3), t(x3, x3, x3))) and

t(x1, t(y1, x2, y3), x3) = t(t(t(x1, x1, x1), t(y1, x2, y3), t(x3, x3, x3)),

t(t(x1, x1, x1), t(y1, x2, y3), t(x3, x3, x3)),

t(t(x1, x1, x1), t(y1, x2, y3), t(x3, x3, x3))). (∗∗)

So the right hand sides of the two equalities above are equal, and both of them
are evaluations of the same 27-ary term, the 3-fold composition of t with itself.
Then by Definition 3.5, the evaluation of this term at the values underlined at
the right hand sides of the equalities in (∗∗) yields the same result, that is,

t(x1, t(y1, x2, y3), x3) = t(t(t(x1, x1, x1), t(x1, x1, x1), t(x1, x1, x1)),

t(t(x1, x1, x1), t(x2, x2, x2), t(x3, x3, x3)),

t(t(x3, x3, x3), t(x3, x3, x3), t(x3, x3, x3))).

Hence

t(x1, t(y1, x2, y3), x3) = t(x1, t(x1, x2, x3), x3) = t(x1, x2, x3)

where the first equality holds by idempotency and the last equality holds by
Claim 1.

Claim 3. For all n-ary terms t, elements x1,1, x1,2, . . . , xn,n ∈ X and indices
1 ≤ i ≤ n + 1 we have

t(x1,1, x2,2, . . . , xn,n)

= t(t(x1,1, . . . , x1,n), . . . , t(xi−1,1, . . . , xi−1,n), xi,i, . . . , xn,n).

We prove the claim by induction on i. The base case when i = 1 trivially
holds. Let us assume that the claim holds for i, and we will show it for i + 1.
By the induction hypothesis and idempotency we have

t(x1,1, x2,2, . . . , xn,n) = t(t(x1,1, . . . , x1,n), . . . , t(xi−1,1, . . . , xi−1,n),

t(xi,i, . . . , xi,i), xi+1,i+1, . . . , xn,n).

By Claim 2 and idempotency we have

t(x1,1, x2,2, . . . , xn,n)

= t(x1,1, . . . , xi−1,i−1, t(xi,1, . . . , xi,n), xi+1,i+1, . . . , xn,n)

= t(t(x1,1, . . . , x1,1), . . . , t(xi−1,i−1, . . . , xi−1,i−1),

t(xi,1, . . . , xi,n), xi+1,i+1, . . . , xn,n).
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By the use of Definition 3.5 again, applying to the underlined elements above,
we get

t(x1,1, x2,2, . . . , xn,n)

= t(t(x1,1, . . . , x1,n), . . . , t(xi,1, . . . , xi,n), xi+1,i+1, . . . , xn,n),

which proves the induction step.
Now it is clear that Claim 3 applied to i = n+1 yields that X is diagonal.

�

Now we render the global versions of Definitions 3.1, 3.3, and 3.5. We call
an algebra A diagonal (strongly Abelian, strongly rectangular) if its base set
A is a diagonal (strongly Abelian, strongly rectangular) subset of A. As we
mentioned earlier, these global notions are well-known and studied thoroughly
in the literature, and the global version of implications (1) ⇒ (2) ⇒ (3) from
Lemma 3.7 is also well-known. However, in the idempotent case, to our best
knowledge, not even the global version of (3) ⇒ (1) was known.

It is easy to come up with an example of a strongly Abelian algebra which
is not diagonal. So item (2) does not imply (1) in Lemma 3.7.

Example 3.8. Let A be the mono unary algebra on the two element set A =
{0, 1} with the negation operation t as basic operation. Since A is unary, it is
strongly Abelian. On the other hand, A is not diagonal, since the negation is
not idempotent on t(A) = A.

It is harder to get an example of a strongly rectangular algebra which is
not strongly Abelian. We shall exhibit such an example, so item (3) does not
imply (2) in Lemma 3.7.

Example 3.9. Let B be the groupoid on the 3-element set B = {0, 1, 2} with
the multiplication defined by

xy := 2 if x ∈ {0, 1}, 2y := 0 if y ∈ {0, 1}, and 2 · 2 := 1.

The kernel of the basic operation of B is clearly not a product of two equiva-
lences on B. So B is not strongly Abelian. On the other hand, B satisfies the
identities (xy)z = x2z and x(yz) = xy2. By these two identities, it follows that
any n-ary term h of B is equivalent to a term of the form f(x) or f(x)g(y)
where f and g are unary terms, and x and y are different variables of h. So
to prove that B is strongly rectangular, it suffices to show that the blocks of
ker f(x)g(y) where f and g are unary term operations of B are direct products
of two subsets of B. Notice that each block Ai = {(x, y) : xy = i} of ker xy is
of the form Ci × Di where Ci,Di ⊆ B and 1 ≤ i ≤ 3. Now ker f(x)g(y) has at
most three blocks of the form Bi = {(x, y) : f(x)g(y) = i} where 1 ≤ i ≤ 3.
Clearly, for each 1 ≤ i ≤ 3, Bi = f−1(Ci) × g−1(Di), which concludes the
proof that B is strongly rectangular.
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4. Reflexive digraphs in Taylor varieties

In this section, we prove our main result: we characterize the Taylor varieties
via their compatible reflexive digraphs. In order to get to this result, we use
the notions introduced and the results obtained in Section 3.

Corollary 4.1. An idempotent Taylor algebra has no strongly rectangular sub-
sets of at least 2 elements.

Proof. Let A be an idempotent algebra with a strongly rectangular subset
X ⊆ A. By Lemma 3.7, X has the diagonal property. Let t be a Taylor term
such that A satisfies the identities

t(x1,1, . . . , x1,n) = t(y1,1, . . . , y1,n),
...

t(xn,1, . . . , xn,n) = t(yn,1, . . . , yn,n)

for some choice of variables xi,j , yi,j ∈ {x, y} with xi,i = x and yi,i = y. By
the use of Definition 3.1, we get that for all x, y ∈ X

x = t(x1,1, . . . , xn,n)

= t(t(x1,1, . . . , x1,n), . . . , t(xn,1, . . . , xn,n))

= t(t(y1,1, . . . , y1,n), . . . , t(yn,1, . . . , yn,n))

= t(y1,1, . . . , yn,n) = y,

which proves that X cannot have more than one element. �

A reflexive digraph C whose vertex set is {c1, . . . , ck} where k ≥ 2, and
whose non-loop edges are c1 → c2 → · · · → ck → c1 is called a (directed) cycle.

Lemma 4.2. Let A be an algebra, and let A be a compatible reflexive antisym-
metric digraph of A such that A contains a cycle as a subdigraph. Let C be
one of the shortest cycle subdigraphs of A and t an n-ary polynomial of A. Let
a1, . . . , an, b1, . . . , bn ∈ C such that

a1 �= b1, . . . , an �= bn and t(a1, . . . , an) = t(b1, . . . , bn).

Then for all x1, . . . , xn ∈ C,

t(x1, . . . , xn) = t(a1, . . . , an).

Hence, C is a strongly rectangular subset of A.

Proof. The last statement of the lemma is a straightforward consequence of
the first one. We prove the first statement of the lemma through four claims.
Let A = (A;→) and |C| = k. We note that by antisymmetry k ≥ 3.

Claim 1. It suffices to prove the first statement of the lemma when ai → bi
for all 1 ≤ i ≤ n.
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For each i we have ai �= bi, so we have a directed path Pi of length k − 1
from ai to bi inside C with possible loop edges. We may assume that the first
edge of Pi is an edge ai → di for some di ∈ C where ai �= di. By applying the
polynomial t to the Pi, we get a directed path

t(a1, . . . , an) → t(d1, . . . , dn) → · · · → t(b1, . . . , bn)

of length k − 1 in (A;→). Since t(a1, . . . , an) = t(b1, . . . , bn), this directed
path is a closed path of length k − 1. By our assumption on the minimality
of k, all of the vertices of this closed path must be the same. This shows that
t(a1, . . . , an) = t(d1, . . . , dn), and we can replace the di with the bi, respec-
tively.

From now on, in the proof of the lemma, we assume that ai → bi for all
1 ≤ i ≤ n.

Claim 2. If for all 1 ≤ i ≤ n, di ∈ {ai, bi}, then t(a1, . . . , an) = t(d1, . . . , dn).

We apply the same trick as in the previous claim. We have ai → di → bi
for all 1 ≤ i ≤ n, thus we have a closed path

t(a1, . . . , an) → t(d1, . . . , dn) → t(b1, . . . , bn) = t(a1, . . . , an)

of length 2 in (A;→). Since the digraph is antisymmetric, we must have

t(a1, . . . , an) = t(d1, . . . , dn),

as claimed.

Claim 3. For any choice of x1 ∈ C, we have

t(a1, . . . , an) = t(x1, a2, . . . , an) = t(x1, b2, . . . , b2).

If x1 ∈ {a1, b1}, then we are done by the previous claim. Take a directed
path

b1 → · · · → x1 → · · · → a1

of length k − 1 where the first and last edge is not a loop. In the other coordi-
nates 2 ≤ i ≤ n take the directed path ai → ai → . . . ai → bi of length k − 1.
Applying the polynomial t to these directed paths we get the directed path

t(b1, a2, . . . , an) → · · · → t(x1, a2, . . . , an) → · · · → t(a1, b2, . . . , bn)

in (A;→). Now by Claim 2, the end-vertices of this path coincide with t(a1, . . . ,
an). So it is a closed directed path of length k − 1, and because of the min-
imality of k, all of its vertices must coincide. In particular, t(a1, . . . , an) =
t(x1, a2, . . . , an). By replacing the directed path ai → ai → . . . ai → bi with
ai → bi → · · · → bi for any 2 ≤ i ≤ n in the above argument, we get that
t(a1, . . . , an) = t(x1, b2, . . . , bn), which proves the claim.

Claim 4. For all x1, . . . , xn ∈ C, t(a1, . . . , an) = t(x1, . . . , xn).

By an induction on i we prove that for all 1 ≤ i ≤ n and x1, . . . , xi ∈ C

t(a1, . . . , an) = t(x1, . . . , xi, ai+1, . . . , an) = t(x1, . . . , xi, , bi+1, . . . , bn).
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For i = 1, these equalities hold by Claim 3. Suppose that i ≥ 2. Then the
induction hypothesis yields that for all x1, . . . , xi−1 ∈ C

t(a1, . . . , an) = t(x1, . . . , xi−1, ai, . . . , an) = t(x1, . . . , xi−1, , bi, . . . , bn).

Let s be the (n − i + 1)-ary polynomial defined by

s(yi, . . . , yn) = t(x1, . . . , xi−1, yi, . . . , yn)

where x1, . . . , xi−1 are arbitrarily fixed elements of C. By the induction hy-
pothesis, s(ai, . . . , an) = s(bi, . . . , bn), and hence, Claim 3 applies for s. So for
any xi ∈ C

s(ai, . . . , an) = s(xi, ai+1, . . . , an) = s(xi, bi+1, . . . , bn).

Thus for any x1, . . . , xi ∈ C

t(x1, . . . , xi−1, ai, . . . , an)

= t(x1, . . . , xi, ai+1, . . . , an) = t(x1, . . . , xi, , bi+1, . . . , bn).

By applying the induction hypothesis, we obtain that for all x1, . . . , xi ∈ C

t(a1, . . . , an) = t(x1, . . . , xi, ai+1, . . . , an) = t(x1, . . . , xi, , bi+1, . . . , bn).

This concludes the proofs of the claim and the lemma. �

We require an immediate but powerful consequence of [2, Lemma 3.3].

Lemma 4.3. Let V be a non-trivial variety. Let S be a reflexive connected re-
lational structure such that there is a clone homomorphism from the clone of
VId to Pol(S). Then there is a compatible reflexive structure G in V such that
G and S have the same signature, and G retracts onto S.

For a reflexive digraph G, we define the extreme connectivity equivalence
of G as the transitive closure of the relation

{(a, b) : a → b and b → a in G}
on G. For G, we define the radical connectivity equivalence of G as follows.
Let ν0 denote the extreme connectivity equivalence of G. Then let ν′

1 be the
extreme connectivity equivalence of G/ν0, and ν1 = {(a, b) : a/ν0 ν′

1 b/ν0}.
Clearly, ν1 is an equivalence on G, and G/ν1 ∼= (G/ν0)/ν′

1 . By using νi, we
define νi+1 similarly for each i ≥ 0. Then clearly, ν0 ⊆ · · · ⊆ νi ⊆ . . . are
all equivalences on G. So ν =

⋃∞
i=0 νi is also an equivalence on G. We call ν

the radical connectivity equivalence of G. We remark that the digraph G/ν is
antisymmetric. Suppose not. Then there are elements a1, a2, b1, b2 ∈ G such
that a1 ν a2, b1 ν b2, a1 → b1 b2 → a2, and (a1, b1) /∈ ν. Therefore, there is
an i such that a1 νi a2, b1 νi b2, hence by the definition of νi+1, a1 νi+1 b1. So
a1 ν b1, a contradiction.

We apply the previous lemmas to get a characterization of Taylor vari-
eties via reflexive antisymmetric digraphs, which is similar in flavor to that of
Hagemann-Mitschke varieties as in Theorem 1.2. A reflexive digraph is called
cycle-free if it does not contain a cycle as a subgraph.

Theorem 4.4. The following are equivalent for a variety V.
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(1) V is Taylor.
(2) The quotient of every compatible reflexive digraph in V by its radical

connectivity equivalence is cycle-free.
(3) The compatible reflexive antisymmetric digraphs in V are cycle-free.

Proof. First we prove that (1) implies (3). Let us suppose that V is a Taylor
variety, and let H be a compatible reflexive antisymmetric digraph in V. Then
there exists an idempotent algebra (H; t) such that t is a Taylor term operation
of some algebra with base set H in V and H is a compatible digraph of (H; t).
Suppose that H contains a cycle. Then H contains a cycle S of minimum length.
By applying Lemma 4.2 to S, the set S of vertices is an at least three-element
strongly rectangular subset of (H; t). This contradicts Corollary 4.1. Thus H

is cycle-free.
Now we prove that (3) implies (2). Let us suppose that V is a variety, and

let G be a compatible reflexive digraph in V such that the radical connectivity
equivalence of G equals ν. For any 0 ≤ i, let νi denote the equivalence that
appears in the definition of ν. Since G is compatible in V, it is easy to see that
the νi and hence ν =

⋃∞
i=0 νi are congruences of some algebra G in V. Hence

the digraph G/ν is a compatible reflexive digraph in V. By the remark following
the definition of radical connectivity equivalence, G/ν also is antisymmetric.
Hence by item (3), G/ν is cycle-free.

We now prove that (2) implies (1). We assume that (1) does not hold,
and verify that (2) does not hold either. So let V be a non-Taylor variety. Let
C denote the reflexive three-element cycle. Then, by Theorem 2.1, there is a
clone homomorphism from the clone of VId to the clone of the variety of sets.
From the latter clone, there is clone homomorphism to any clone. The product
of two clone homomorphisms is a clone homomorphism when it is defined.
So there is a clone homomorphism from the clone of VId to the clone of any
structure, in particular to Pol(C). Thus, by Lemma 4.3, there is a compatible
reflexive digraph G in V such that C is a retract of G.

Let ν be the radical connectivity equivalence of G, and for all 0 ≤ i, let
νi and ν′

i denote the equivalences that appear in the definition of ν. We would
like to verify that G/ν is not cycle-free. Let r be a retraction of G onto C. We
may assume then that C ⊆ G and r is a homomorphism from G to G with
r(G) = C and r2 = r. We define the map r0 on G/ν0 by a/ν0 �→ r(a)/ν0.
Clearly, r0 is an endomorphism of G/ν0 with r0(G/ν0) = C/ν0 and r20 = r0.
Notice that C/ν0 ∼= C, for otherwise there would be two vertices of C connected
by a symmetric path in G, which is impossible, since r would map this path to
a symmetric path in C, connecting two different vertices. So r0 : G/ν0 → G/ν0
is a retraction onto C/ν0 ∼= C. In a similar fashion, for each i we define the
homomorphism

ri : G/νi → G/νi, a/νi = a/νi−1/ν′
i �→ r(a)/νi = ri−1(a/νi−1)/ν′

i

that is a retraction onto C/νi ∼= C. In particular, for any two vertices a, b ∈ C,
ri(a/νi) �= ri(b/νi).

Let a and b be two different elements of C, we prove that a/ν �= b/ν. On
the contrary, suppose that a/ν = b/ν. Then there is some i such that a/νi =
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b/νi. By ri(a/νi) = a/νi and ri(b/νi) = b/νi, we have ri(a/νi) = ri(b/νi),
a contradiction. So if C = {a, b, c}, then {a/ν, b/ν, c/ν} is 3-element subset
that induces a 3-cycle in the (reflexive antisymmetric) digraph G/ν, which
concludes the proof. �

As the transitive closure of a compatible reflexive digraph is also compat-
ible, Theorem 1.2 and the preceding theorem immediately yield the following
corollary.

Corollary 4.5. The following are equivalent for a variety V.
(1) V is Hagemann-Mitschke.
(2) The quotient of every compatible reflexive digraph in V by its radical

connectivity equivalence is a disjoint union of loops.
(3) Every compatible reflexive antisymmetric digraph in V is a disjoint union

of loops.
(4) Every compatible poset in the variety is an antichain.

We conclude with mentioning two directions of possible research where
the ideas we came up with in the present article could be developed further. In
[7], the following increasing chain of Maltsev classes was identified: Hagemann-
Mitschke varieties, Hobby-McKenzie varieties, varieties with a weak difference
term, Taylor varieties. By Theorems 1.2 and 4.4, the least class and the largest
class in this chain have characterizations via compatible reflexive digraphs. We
would like to know if the remaining two classes have such characterizations as
well, or in a broader context, which classic Maltsev classes could be character-
ized by compatible reflexive digraphs and what those characterizations are.

Another possible strain of research to follow-up on this work is to study
the problem: given a certain class A of relational structures (such as the class
of reflexive digraphs in the present article) and a Maltsev class B of varieties,
characterize the varieties of B by describing the shape of relational structures
of A that are compatible in the varieties of B. An example of such a character-
ization is obtained for the Hobby-McKenzie varieties via compatible disjoint
unions of semilattice structures. A relational structure is called a semilattice
structure if its only relation is the graph of a semilattice operation on its base
set. By using results from [2], it follows that a variety V is Hobby-Mckenzie if
and only if all components of any disjoint union of semilattice structures that
is compatible in V are singletons.
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