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PROBLEM SETTING

J. Jamison - F. Botelho 2008

X1, ..., Xy complex Banach spaces
B = {bounded N-linear maps X1 X - -+ x Xy — (C}

U:R—A:= {surjective linear isometries B — B}

strongly cont. 1-parameter group of surj. lin. isom.
U(t+h)=U(t)U(h) (t,heR)
t—U(t)® continuous (P eB)

Conjecture:

U(t) = Ult R ® U,tV ]* t— U,ﬁ str.cont. 1-par.grp. in
ot U Un) Ay = {surj.lin.isom. Xy — Xy}
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NON-LINEAR ISSUE

{Surj.lin.isom. of X} = {F e Aut(Ball(X)) : F(0) = o}

hol.aut. of unit ball

9]l = sup |p(x1, ..., xw)| in B

[xall=L,...lIxn =1
Question: What about strongly cont. 1-par. groups in Aut(B)?
Conjecture: Aut(B) LINEAR for N >2 factors
Stach6 1982: TRU]g with HILBERT spaces of dim> 1

Hilbert cases N =1,2: JB*-triples H resp. E(H(l), H(2))
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HILBERT CASE N > 2; MAIN RESULT

HO, .. HM Hilbert spaces

Aut(B) = {([Ul R ® UN] o /ﬂ)* D Ug €
UMHK), 7 adm.index-perm.}

U:R — Aut(B) str¥.cont. 1-par.grp:
t— [U'®](x1,...,xn) cont.
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HILBERT CASE N > 2; MAIN RESULT

HO, .. HM Hilbert spaces

Aut(B) = {([Ul R ® UN] o /ﬂ)* D Ug €
UMHK), 7 adm.index-perm.}

U:R — Aut(B) str¥.cont. 1-par.grp:
t— [U'®](x1,...,xn) cont.

Lemma. U(t) = [Ul,t R ® UN,t]* (teR)
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HILBERT CASE N > 2; MAIN RESULT

H® .. HM) Hilbert spaces

Aut(B) = {([Ul ® - ® Uyl o /ﬂ-)* : Uk €
UMHK), 7 adm.index-perm.}

U:R — Aut(B) str¥.cont. 1-par.grp:
t— [U'®](x1,...,xn) cont.

Lemma. U(t) = [Ul,t R ® UN,t]* (teR)

THEOREM. There are possibly unbounded self-adjoint
Ay : dom(Ax) — H) (defined on dense linear submanifolds) with

U(t)= ([exp(itAl)] — [exp(itAN)])* (t €R).

Corollary. If W : R — Aut(L(HM), H®)) is a str*.cont. lin.
I-par.grp then W(t)X =exp(tA1)X exp(tAz)
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BACKGROUND OF TECH. DIFFICULTIES

T:={k: |kl =1}
Ambiguous representation for unitary ops

U - QUy=V1® - Vy
¥

N
Vi = kU, ke €T (k:].,‘..,N) H/{k:].
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ELEMENTARY FUNCTIONALS

hi@ - @hy: (x1,...,xn) = [Troq h(xe) = [Toey (xk|h)
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ELEMENTARY FUNCTIONALS

hi@---@hy o (xi,..xw) = [Tl i) = TTRzq (xelhi)
Lemma. ¢ =g/ ®---®gy, V:i=hi®---®@hy  (unit vectors)

- V|| <e = dist(Tgx, Th,) <2N-1l¢
I | < (Tgx, Thy) <
~—_———

ming, per [lkgk—phil|
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ELEMENTARY FUNCTIONALS

hi @ @hy (xa,oxw) = TR (o) = TR el )
Lemma. ¢ =g/ ®---®gy, V:i=hi®---®@hy  (unit vectors)
|[®— V|| <e = dist(Tgx Thy) <2V 'e
min, per [|xgk—phg|
P(H) :={Tg: g € JdBall(H)}
Lemma. F: R — P(H) cont. = 3 t+— h; € 0Ball(H) cont.

F(t)=Th, (teR)
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ADJUSTED STRONG* CONTINUITY

Lemma®. WV(t)=h], @ ---®hy, (with unit vectors)

V:R — B continuous, — k1, ..., kpy R =T

N
H ke(t) =1, t — ki(t)hg: norm-continuous
k=1
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ADJUSTED STRONG* CONTINUITY

Lemma®. WV(t)=h], @ ---®hy, (with unit vectors)

V:R — B continuous, — k1, ..., kpy R =T

N
I 5«(t)
k=1

Il
—

, t — ki(t)hg: norm-continuous

unit. unit.

L. = AN Nk
Proposition. t+— [U1:®--- @ Une| str¥cont. R A, =

Jk1,..., 60 : R—=T t — k(t)Ux e str.cont. (k=1,...,N)

L.L. STACHO () Strongly continuous one-parameter groups 21/09/2013, Ploiesti 7/26



EXTENSION: MORE BANACH SPACE GEOMETRY

XD .. XN yniformly smooth Banach spaces

Recall: X is uniformly convex (rotond):
inf {1 —x+yll/2: x,ye 8Ball(X)} >0

X is uniformly smooth:

tim Tsup { -+ vl /2 =yl 2= 1 Kl =1, Iyl <7} =0
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EXTENSION: MORE BANACH SPACE GEOMETRY

XD .. XN yniformly smooth Banach spaces
Recall: X is uniformly convex (rotond):
inf {1 —x+yll/2: x,ye 8Ball(X)} >0

X is uniformly smooth:

tim Tsup { -+ vl /2 =yl 2= 1 Kl =1, Iyl <7} =0

1)X unif.sm. <= X* unif.convex,
X unif.convex <= X* unif.sm

2*) X unif.convex: weak converg. + conv of norms = norm conv.
3) Unif.conv. and unif.sm. spaces are reflexive.

L.L. STACHO ()

Strongly continuous one-parameter groups 21/09/2013, Ploiesti
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EXTENSION: MORE BANACH SPACE GEOMETRY

Lemma. Let o) () c oBallX(W]*.  T.fa.e.:
1) M@ - @M =ypM ... g¢pM,
(2) dk1,...,6n0 €T with Hk Kk =1, ’(/)(k) = KkQk.
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EXTENSION: MORE BANACH SPACE GEOMETRY

Lemma. Let o) () c oBallX(W]*.  T.fa.e.:
(1) VR @M =y g...0¢pWMN),
(2) 3 Kl,--.,kny €T with Hk k=1, @Z)(k) = /-ik(bk.

Lemma. Let qﬁj(-k) € OBall[X(]* be nets such that
@ @V 5 6We.. @M pontwise.

Then 3 [« in T with HKJ(.“@(.") _¢(k)H 0 (k=1,...,N).
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BANACH EXTENSIONS (continued)

X® . XN ynif.smooth Banach spaces

Proposition. Let t(€ R) — ¢>§k) ®-® ¢£N)(x1, ..., Xp) cont.
for any fixed (), ... x(N)  where ¢§“ € dBall[X(M]*,
Then 3 functions t(€ R) — mgk) €T such that

N

H "’i(tk) =1 (teR), t— ngk)¢(tk) is norm-cont.
k=1

Corollary. If Uy, € LX) (t €R, 1 < k < N) are isometries and
t— [Ul,t Q- ® UN,t] * js str*.cont. then 3 functions

t(eR) — mgk) € T such that each t — Uy is str.cont. (pointwise cont.).

L.L. STACHO ()
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SEPARATE COMMUTATIVITY (smooth Banach setting)

t — U(t) == [Vt ® - ® Uy, str.cont. 1-par.grp
Proposition = without loss of generality:

1) t—=Ukr € U(X(k)) strongly continuous;
2) Uk70 =1Id, Uk,—t = Ult,t (t S R).
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SEPARATE COMMUTATIVITY (smooth Banach setting)

t— U(t) = [Ul,t R & UNA* str.cont. 1-par.grp
Proposition = without loss of generality:

1) t—=Ukr € UXK) strongly continuous;
2) Uk70 =1Id, Uk,ft = Ult,t (t S R).

Lemma. {Uy:: teR} (k=1,...,N) are Abelian.
[ A priory only Uy :Uks € TUk s Ukt ! ]
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SEPARATE COMMUTATIVITY (smooth Banach setting)

t— U(t) = [Ul,t R & UNA* str.cont. 1-par.grp
Proposition = without loss of generality:

1) t—=Ukr € UXK) strongly continuous;
2) Uk70 =1Id, Uk,ft = Ult,t (t S R).

Lemma. {Uy:: teR} (k=1,...,N) are Abelian.
[ A priory only Uy :Uks € TUk s Ukt ! ]

Theorem. 3 k1,...,ky : R—T, 3 I-par.grp-s t— Uf

Ur = rk(t)UE, kk(0)=1  (teR, 1<k <N).
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LOCALIZATION (a Hilbert space argument)

u() = (@O U] @@ [t Vi)’
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LOCALIZATION (a Hilbert space argument)

u(e) = (O] @ @ [n(t) U] )
k fixed, X=H:=HWK

t— Ut := UL €U(H) non.cont. 1-pgr., K =rkp: R—T

t—r(t)Ut str.cont. F-pre—, k(—t)=r(t), ~(0)=1.
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LOCALIZATION (a Hilbert space argument)

u(e) = (O] @ @ [n(t) U] )
k fixed, X=H:=HWK

t— Ut := UL €U(H) non.cont. 1-pgr., K =rkp: R—T

t—r(t)Ut str.cont. F-pre—, k(—t)=r(t), ~(0)=1.

Cyclic decomp: H = @&, c4H,, H, := Span{U'x, : t € R}
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LOCALIZATION (a Hilbert space argument)

U(t) = ([m(t)Uf] ®- - ® [n,\,(t)u,ﬁ,})*
k fixed, X=H:=HWK

t— Ut := UL €U(H) non.cont. 1-pgr., K =rkp: R—T

t—r(t)Ut str.cont. d-pre—,  k(—t)=r(t), ~(0)=1.
Cyclic decomp: H = @&, c4H,, H, := Span{U'x, : t € R}
Main idea: It suffices to see
k(t)U'H, = Xa(t)DOtt

3 xo € C(R,T), t~ UL str.cont. 1-prg. in U(Ha)
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LOCAL FUNCTION REPRESENTATION (Hilbert spaces)

Henceforth o fixed

Gelfand repr. T :C(_Q )<« Span,.gUt, _u' — U*

comp. Q—T

L.L. STACHO () Strongly continuous one-parameter groups 21/09/2013, Ploiesti 13 /26



LOCAL FUNCTION REPRESENTATION (Hilbert spaces)

Henceforth o fixed

Gelfand repr. T :C(_Q )<« Span,.gUt, _u' — U*

comp. Q—-T

~Halmos’s idea H, cyclic =

J prob. Radon (2, u ), T < T4 : L%(Q,u) < H, isometry
~—
—Ha
(UTaf [ Tag ) = [ 0 ()@l n(e)
we
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LOCAL FUNCTION REPRESENTATION (Hilbert spaces)

Henceforth « fixed
Gelfand repr. T :C(_Q )<« Span,.gUt, _u' — U*

comp. Q—-T

~Halmos’s idea H, cyclic =

J prob. Radon (2, u ), T < T4 : L%(Q,u) < H, isometry
~—
—Ha

(UTaf [ Tog) = | 0 ()F()8(e) utto

We have to prove: 3 x €C(Q,T), t— u' I-prg. inC(Q,T)

r(t)ut = x(t)ut (t € R) and t+— Mg is str.cont.
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PROBABILISTIC ARGUMENTS

Notations, assumptions

(w, ) prob. Radon measure, €2 compact

M, : L2(Q,u) > faf (a€Ll®(Q,u) multop.
ut € C(Q,T), u's=utu®

k:R—T, t k(t)My str.cont.
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PROBABILISTIC ARGUMENTS

Notations, assumptions

(w, p) prob. Radon measure,  compact

M, : L2(Q,u) > faf (a€Ll®(Q,u) multop.
ut € C(Q,T), u's=utu®

k:R—T, t~ k(t)My,e str.cont.

Lemma. {a;,ay,...} bounded C L*°(Q, ), =

M,,,M,,,... = 0 strongly <= a, — 0 stochastically (wrt. p):

nIi_)rT;ou{w €Q: |ap(w)| >e}=0 (e >0)
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PROBABILISTIC ARGUMENTS

o A()=sup [ Juf(wr) — u(wa)? ldar)i(dn)
[t|<h Jwi,wreR
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PROBABILISTIC ARGUMENTS

o A()=sup [ Juf(wr) — u(wa)? ldar)i(dn)
[t|<h Jwi,wreR

Proposition. A(h) N0 as h\,0

Proof. Use the fact:

M, (hyuh My ie  lim pfw: |s(h)u"(w)—1]>e} =0
h—0
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PROBABILISTIC ARGUMENTS

o A()=sup [ Juf(wr) — u(wa)? ldar)i(dn)
[t|<h Jwi,wreR

Proposition. A(h) N0 as h\,0
Proof. Use the fact:
M, (hyuh My ie. il}i_r}no p{w: |w(h)uf(w) -1 >} =0
= ‘uh(wl) - uh(wg)‘ = ‘/@(h)(uh(wl) — uh(wg))‘ <
< |f~£(h)uh(w1) -1+ ‘K;(h)uh(wz) -1J.

= fllimo,u ® p{(wr,w2) € Q2 ‘uh(wl) - uh(wz){ >e} =0
_)
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PROBABILISTIC ARGUMENTS

Arc length distance on T:  d(k1, k2) := 2arcsin "“_Tm'

L.L. STACHO () Strongly continuous one-parameter groups 21/09/2013, Ploiesti 16 / 26



PROBABILISTIC ARGUMENTS

Arc length distance on T:  d(k1, k2) := 2arcsin‘“1_T“2|

° Qg2,) = {(w,w2) € ?: d(ul(w1), ut(w2)) < r}
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PROBABILISTIC ARGUMENTS

Arc length distance on T:  d(k1, k2) := 2arcsin‘“1_T“2|

° Qg2,) = {(w,w2) € ?: d(ul(w1), ut(w2)) < r}

2
(w1, w2) € Qg/zmr/n

log, [ukt/”(wl)/ukt/”(wg)] = %Iog* [uf(w1)/ut(w2)] (k| < n),

-
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PROBABILISTIC ARGUMENTS

Arc length distance on T:  d(k1, k2) := 2arcsin‘“1_T“2|

° Qg2,) = {(w,w2) € ?: d(ul(w1), ut(w2)) < r}

2
(w1,w2) € Qﬁ/)n,ﬂ/n

log, [u**/"(wr)/u**/"(w2)] = %log* [uf(w1)/u*(w2)]  (Ik| < n),

-

(2) (2) (2)
Qer D200 2 Vg ez 2
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PROBABILISTIC ARGUMENTS

Arc length distance on T:  d(k1,k2) := 2arcsin‘“1_T“2|

° Qf,) = {(w,w2) € ?: d(ul(w1), ut(w2)) < r}

2
(w1,w2) € Qﬁ/)n,ﬂ/n

log, [u**/"(wr)/u**/"(w2)] = %log* [uf(w1)/u*(w2)]  (Ik| < n),

-

(2) (2) (2)
Qer D200 2 Vg ez 2

@ Proposition. For any t € R we have

p@p( ()25 m) = 1- AdlE)
n=1

sup S T (wi)—um (w2) 2 p(dwr)p(dwr)
[TI<It] wy,wpeQ
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CONCLUSIONS WITH PROBABILITY

Corollary. a(wy,ws) := i/i[ log, [ut/¢(w1)/u (w>)] for
(w1,w2) € Dy well-def. p® p a.e.

u"(w1; =exp (iqa(wi,wz)) (9€Q)  Vuglhwr,wr)€Q?

Uq(LUQ
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CONCLUSIONS WITH PROBABILITY

Corollary. a(wy,ws) := i/i[ log, [ut/¢(w1)/u (w>)] for
(w1,w2) € Dy well-def. p® p a.e.

uCl(wl; = exp (i ga(w1,w2)) (qeQ) Vyusuwr, w2) €Q°

u9(wo

Theorem. t — u' € C(Q) I-prg., t— k(t)My: str.cont. —>
dx €CR,T) Fa:Q—R p-mesurable

k(t)u'(w) = x(t) exp (ita(w)) (t € R) V,wef
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FINISH OF THE PROOF (for Hilbert case)

Cor. —
Vawo ulw: u(w) = u9(wn)e® w0 (geQ)} =1
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FINISH OF THE PROOF (for Hilbert case)

Cor. =
Vowo pfw: u(w) = u(up)eelee) (qeQ)) =1
Fix wg. Then Jl'xo:Q — T with

xo(q) exp (iga(w,wo)) = k(q)ui(w) (g€Q) V,weQ
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FINISH OF THE PROOF (for Hilbert case)

Cor. —
Vowo pfw: ud(w) = ud(wp)e@w) (geQ)} =1
Fix wg. Then dlxo:Q — T with
Xo(q) exp (iga(w,wo)) = K(q)ul(w) (q€Q)  V,weQ

o Define:  a(w) := a(w,wp)
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FINISH OF THE PROOF (for Hilbert case)

Cor. =
Vowo pfw: ud(w) = ud(wp)e@w) (geQ)} =1
Fix wg. Then dlxo:Q — T with
xo(q) exp (iga(w,wo)) = K(q)ui(w) (geQ) VoweQ
o Define:  a(w) := a(w,wp)

trs ute @) stoch.cont.  [t,—t = e/¥(W) - AW v ]
k(t)ute™"9* (t€R) are constant u-alm. everywhere [«<def. d]
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FINISH OF THE PROOF (for Hilbert case)

Cor. =
Vown et u9(w) = w9(wo)e) (qeQ)} =1
Fix wg. Then dlxo:Q — T with
xo(q) exp (iga(w,wo)) = K(q)ui(w) (geQ) VoweQ
o Define:  a(w) := a(w,wp)
trs ute @) stoch.cont.  [t,—t = e/¥(W) - AW v ]

r(t)ute % (t€R) are constant u-alm. everywhere [«<def. a]

o g xo(q) := [p-a.e. value of k(q)u?exp(—iga)]
admits a cont.ext. Y : R — T from Q
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INGREDIENTS OF PROOF IN HILBERT CASE

1) Reducibility of surjective isometries by a topological direct sum of
sparable subspaces.
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INGREDIENTS OF PROOF IN HILBERT CASE

1) Reducibility of surjective isometries by a topological direct sum of
sparable subspaces.

2) Surjective linear isometries are scalar type operators.
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INGREDIENTS OF PROOF IN HILBERT CASE

1) Reducibility of surjective isometries by a topological direct sum of
sparable subspaces.

2) Surjective linear isometries are scalar type operators.

3) Strong convergence of scalar type operators on separable subspaces
can be treated with representations by multiplications of random
variables with stochastically convergent functions.
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PROBLEMS CONCERNING GENERALIZATIONS

Remark. The proof works if

each X(K) = [H(k) with an equivalent smooth norm],

+ the surjective linear isometries on each X() are of scalar type.

Conjecture. If X = [Hilbert space with an equivalent norm| then any
surjective linear isometry of X is unitary with respect some scalar product.

(In finite dimensions this is TRUE)

Problem. Let X(1) ... X(N) pe Banach spaces and let U be a surj. lin.
isometry of B(X(1), ..., X(N)) . Under which geometric hypothesis can we
write it in the form U = [Ul Q- ® UN]* ?
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CARTAN FACTORS

Cartan factors: Types 1-6
Every JB*-triple embeds into an £*°-product of Cartan factors

Type 1: L(HM H?))

Types 2,3: LIBEH(H) = {L e L(H): L==+L"}

Type 4: Spin factor on H, {xay} := (x|a)y + (y|a)x — (x|y)a

Type 5: 01*2 1x2 complex octonion matrices (dim=16)

Type 6: H3(0) 3x3 complex Hermitian octonion matrices (dim=27)

h— h conjugation: e, =e,, ie, = —ie, for a fixed ON basis
L+ LT transposition (wrt. conjugation -): LTh = L*h
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STR. CONT. 1PRGs of LIN. AUTs on FACTORS

Factors of type > 3 are not interesting (str. cont. wrt. Hilbert norm)
Type 1: L(HM, H?) ~ {2-lin. funct. HD) x H?) — C} — Case N = 2.

Types k = 2,3:
Ay = {surjective lin. isom. of E(T’(_l)k)(H) }

L@ H) = { TN 2din. Hx H = C funct. |

UeAy «— 3JUecUH) U:L— ULyt
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TYPES 2,3

Theorem. Let k=2,3, U, :R — A, str. cont. 1prg. Then
g o . . T
3 A unbded. self-adj. H-op. U(t) = [L+— exp(itA)Lexp(it A')]
A
Proof. Uy : U: ®U!|Fy
——

unit.
do:R— {-1,1} t — o(t)U(t) str.cont.
SEP. CONT. + LOC. + PRB. — Theorem.
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GENERAL JB*-TRIPLES

E JB*-triple E — Atomic(E**) = @rex Fx

U: R — Aut(E) str. cont, lprg. Cartan
My : E — Fy canonical proj.
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GENERAL JB*-TRIPLES

E JB*-triple  E < Atomic(E**) = @uex Fi
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If YES , Gelfand-Neumark description for str.cont. 1prg of Aut(E).

Problems. (1) E w*dense JB*-subtriple in F (Cartan factor),
t > U(t) str.cont. 1prg. R — Aut(E) =" t + UW*(t) str.cont.?
(2) Category description of w*-dense JB*-subtriples of Cartan factors

Conjecture. [~2003 Isidro-Stacho] E w*-dense JB*-subtrp in
factor Type 1 <= JEy C E w x —dense TRO (ternary ring of
operators)
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LINeAut(B) 1—2D(a)+Q(a)?

Lemma. t+— ®f str.cont. < t— ®%(0) cont., t — U, str.cont.

Question: ¢ = exp [t(a—{aa*x}+Ax)d/0x] A unbded.{...}-der.
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EXAMPLE IN HILBERT SPACE

E:=[*R) St:frsf(x+t) shifts INF.GEN: A:= 2
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EXAMPLE IN HILBERT SPACE

E:=[*R) St:frsf(x+t) shifts INF.GEN: A:= 2
Consider: &' = exp [t(a—{aa*f}+Af) %} ®4(0) : x — f(t,x)

‘2’; = a/ﬂf(t,g)a()dfﬁurgi f(0,x)=0

yi=x+t, u:i=t, f(t,x)=g(y,u), b(u,y)=a(ly—u) =

U R

—= = b(x — u) —/ g(u,mb(n)dn-g,  g(0,y)=0
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