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Ip: X3x—[lif x €A, 0 else] [X set for "UNIVERSE"]
F:X —10,1] fuzzy set

Interpretation: F(x) = [ sureness for x to belong to F]

For crisp A, B(: X — {0,1}),
A=1-A ANB=min{A B}, AUB =max{A, B}
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ZADEH, L.A. 1965:  F(x) logical value

A(x) = c(ARX)).  ANB(x) = t(A(x), B(x).
AUB(x) = s(A(x), B(x))

C()\) =1-), t()\l,)\Q) = min{)\l,)\g}, S()\l,)\z) = max{)\l,)\z}

Operations on logical values — de Morgan identities
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GENERAL DE MORGAN SYSTEMS  (Motivation)

De Morgan: A=A, ANB=AUB, AUB=ANB
Algebra: N,U  ASSOCIATIVE, COMMUTATIVE

Monotonicity: A C B <= A < B (as functions)
“ decreasing, M, U increasing

Extreme cases: 0 =0, X=1, 0=X, AnD=0 AU0=A

WHAT DOES IT MEAN FOR
A=c(\), A p =t p), AVu=sAnu)?
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Full range: {X: 0,< A} =1[0,1], {MAp: 0<pu<1}=1]0,)]
—> CONTINUITY
[ ® monotone, continuous <=  ®(INTERVAL)=INTERVAL |

IGNORE: ANA=0, ANnA=A
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NEGATION, T-NORM

A — X any strictly decreasing continuous self-inverse function
[0,1] < [0, 1]

Inany case: AV u=AAm, s=cot(cc)
If $:[0,1] ,[0,1] onto and c¢,t,s de Morgan =
Ci=¢locog, Ti=¢ lot(p,¢), S:=¢ " os(4,¢)

also de Morgan
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T(x,y) = T(y,x) commutative
T(T(x,y),z) = T(x, T(y, z)) associative
y<z=T(x,y) < T(x,2) increasing
T(1,x)=x, T(0,x)=0 marginal conditions
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EXAMPLES: T =xy, T =min{x,y}
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Multiplicative presentation

([0, 1], T) ordered commutative topological semigroup, unit 1, sink 0

Xy instead of T(x,y)

xy =yx, (xy)z=x(yz), lx=x, O0x=0

x1 < x2, y1 S Yo = x1y1 < Xo)»
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Lemma. E s LEFT-CLOSED
E9e,,/e:>e:sup,,e,,:supne,2,§e2§e:>e€E
[0,1] \ E = | [disjoint left-open intervals|

Pe : x — ex projection P§x = eex = ex = P.x

x €ran(P,) x= Py =ey Pex=P§y=Pey=X
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IDEMPOTENTS

E:={ec[0,1]: &(=T(ee)) =e}

Lemma. E s LEFT-CLOSED
E9e,,/e:>e:sup,,e,,:supne,2,§e2§e:>e€E
[0,1] \ E = | [disjoint left-open intervals|

Pe : x — ex projection P§x = eex = ex = P.x

x €ran(P,) x= Py =ey Pex=P§y=Pey=X
x1, X2 € ran(Pe) Pex1 = Pexo = z

X1 < X < Xp = Pex € [Pex1, Pexo] = {z}

P-1{z} ={y: Py =x} LEFT-CLOSED INTERVAL
(starting point z)
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On the stripes above the squares: x<e<y dJde=e’cE

Observation: ifx=2ze, e=e><y = ey =min{e,y}=¢
xy = zey = ze = x = xy = x = min{x, y}

Let [0,1]\ E=U,/n (h = (e, fi)?,h = (e, f)7,... disjoint
intervals)
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On the stripes above the squares: x<e<y dJde=e’cE

Observation: ifx=2ze, e=e><y = ey =min{e,y}=¢
xy = zey = ze = x = xy = x = min{x, y}

Let [0,1]\ E=U,/n (h = (e, fi)?,h = (e, f)7,... disjoint
intervals)

° Uecr [ran(Pe)x[e,1] U [e, 1] xran(Pe)] € M
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THE CLASSICAL CONTINUOUS CASE

[0, 1]\ E = Ur(en, )

QUESTION: [en, fo] - fo =" [en, fa] resp.  fu-[en fa] =" [en, o]
YES

¢n : x — xf, INCREASING, CONTINUOUS
on(en) = min{en, o} = en,  on(fn) = f,,2 =f,

In general: An increasing function 1 : [a, b] — R is continuous

& fa, b] = [(a), ¥(b)]
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THEOREM 1

THEOREM 1. If T is continuous (but not necessarily commutative),
xy = T(x,y) = min{x,y} outside |J,(en,n)>
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INSIDE THE SQUARES

FIX I, = (en, fp)

We know: 1) x2 = T(x,x) < x for x € I
2) xy = T(x,y) = min{x,y} for x,y € {en, fr}

([e,,, fal, Tllens f,,]) ordered top. semigroup with unit f,, sink e,

TRIVIALLY: If ®:[0,1] / [en, fn] increasing continuous onto =

([0,1], 071 T(®, @) «— ([en, ful, Tllen, fu])
order-isomorphic semigroups via ¢

OIT(0(x), 0(y))) T-norm (on [0, 1])
T(x,x)<xfor0<x<1
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ARCHIMEDIAN T-NORMS

DEFINITION. A function T :[a,b] — [a,b] isa T-norm on [a,b] if
@ increasing

o T(x,y)=T(y,x)

o T(T(x,y),z) = T(x, T(y,2))
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ARCHIMEDIAN T-NORMS

DEFINITION. A function T :[a,b] — [a,b] isa T-norm on [a,b] if
@ increasing

o T(x,y)=T(y,x)

o T(T(x,y),z)=T(x, T(y,2))

e T(x,a)=aand T(x,b)=x

DEFINITION. T is Archimedean if T(x,x)<x for x # a,b.
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ARCHIMEDIAN T-NORMS

DEFINITION. A function T :[a,b] — [a,b] isa T-norm on [a,b] if
@ increasing

o T(x,y)=T(y,x)

o T(T(x,y),z)=T(x, T(y,2))

e T(x,a)=aand T(x,b)=x

DEFINITION. T is Archimedean if T(x,x)<x for x # a,b.

FOR STRUCTURE [a,b] =[0,1] without loss of generality
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THEOREM 2

THEOREM 2. I = (e1, ), h = (&2, f2),... disjoint C [0,1].
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THEOREM 2

THEOREM 2. 1 =(e1, 1), h = (e2, f2),... disjoint C [0,1].
Tw : [ex, f]> — [ex, fx] Archimedean T-norms, —

T:=Tx on I, T:=min{x,y} outside UIE
k

is a T-norm on [0, 1]2. If each T is continuous, also T is continuous.
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STRUCTURE OF CONTINUOUS ARCHIMEDEAN
T-NORMS

DEF. Let f:[a, b] — [0, o0] strictly decreasing continuous, f(b) =0
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STRUCTURE OF CONTINUOUS ARCHIMEDEAN
T-NORMS

DEF. Let f:[a, b] — [0, o0] strictly decreasing continuous, f(b) =0

" B ] x: f(x) = for 0 <y < f(b)
Write:  f1(y) = {[ b Y] for f(a)yﬁyﬁoo
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STRUCTURE OF CONTINUOUS ARCHIMEDEAN
T-NORMS

DEF. Let f:[a, b] — [0, o0] strictly decreasing continuous, f(b) =0

e Fi(y) o LI F)=y] for 0<y <f(b)
Write:  f1(y) = {[ b Y] for f(a)yﬁyﬁoo

Tf(x,y) = f_l(f(x) 4= f(y)) x,y € [a, b]
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STRUCTURE OF CONTINUOUS ARCHIMEDEAN

T-NORMS

DEF. Let f:[a, b] — [0, o0] strictly decreasing continuous, f(b) =0

e Fi(y) o LI F)=y] for 0<y <f(b)
Write:  f1(y) = {[ b Y] for f(a)yﬁyﬁoo

Ti(x,y) = fHf(x)+f(y)) xy€l[ab]
THEOREM 3. FEach T is a continuous Archimedean T-norm,

each Archimedean T-norm has the form TT,
X1 g Xn = f_l(f(xl) JFeoo = f(Xn)) :
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STRUCTURE OF CONTINUOUS ARCHIMEDEAN

T-NORMS

DEF. Let f:[a, b] — [0, o0] strictly decreasing continuous, f(b) =0

o _ _x f(x) = for 0 <y < f(b)
Write:  f1(y) —{[ b ] for f(a)ygygoo

Tf(x,y) = f_l(f(x) L f(y)) X,y € [a, b]

THEOREM 3. FEach T is a continuous Archimedean T-norm,
each Archimedean T-norm has the form TT,
X1 g Xn = fﬁl(f(xl) qFoeear f(Xn)) :

EX. 1) T °8%(x,y) =xy;  2) T"*(x,y) =[(x+y) — 1]+
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NON-COMMUTATIVE T-NORMS

Equivalence classes
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NON-COMMUTATIVE T-NORMS

Equivalence classes
a>a*>..->0 al*®) .= lim,, a,, = inf, a,

2> b — () > ploo)

DEF. ~ b: a(®®) = p(=)
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NON-COMMUTATIVE T-NORMS

Equivalence classes
a>a*>..->0 al*®) .= lim,, a,, = inf, a,

a>b = al®) > p()

DEF. ~b: a(®) = p()

a<x<b a~b = x() = 3() = p()

a~:={x: x~ a} EQUIV CLASSES ARE INTERVALS

LEMMA. a" ~b = a~b a" < b= al®) < p(=)
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ORDERING ON EQUIVALENCE CLASSES

a¥b & al®) < b)) [Rem: a(®) =infa™]
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ORDERING ON EQUIVALENCE CLASSES

a¥b & al®) < b)) [Rem: a(®) =infa™]

Notation. A:= {a(®): ac[0,1]}
{l: o€ A} = {EQUIV CLASSES OF ~}

I ={x: xX(®)=a}, a<B=supl,<infls I,<Is
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ORDERING ON EQUIVALENCE CLASSES

a¥b & al®) < b)) [Rem: a(®) =infa™]

Notation. A:= {a(®): ac[0,1]}
{l: a€ A} = {EQUIV CLASSES OF ~}

lo = {x: x(oo):a}, a<fB=suply <inflg I, <lI3

LEMMA. e :=supl, e¢l, = e€ E (idempotent)
a; <o <--- e=suplJ, b, =e€E.
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ORDERING ON EQUIVALENCE CLASSES

a¥b & al®) < b)) [Rem: a(®) =infa™]

Notation. A:= {a(®): ac[0,1]}
{l: a€ A} = {EQUIV CLASSES OF ~}

lo = {x: x(oo):a}, a<fB=suply <inflg I, <lI3

LEMMA. e :=supl, e¢l, = e€ E (idempotent)
a; <o <--- e=suplJ, b, =e€E.
Proof.
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ORDERING ON EQUIVALENCE CLASSES

a~b & al®) < p(>®)  [Rem: a(*) =infa™]

Notation. A := {a(®) : ae[0,1]}
{l: a€ A} = {EQUIV CLASSES OF ~}

lo = {x: x(oo):a}, a<fB=suply <inflg I, <lI3

LEMMA. e :=supl, e¢l, = e€ E (idempotent)
a; <o <--- e=suplJ, b, =e€E.
Proof.
De>ly, e®>infl,=a xcly=>e?2>x*cl,
e?<e=e?cl, = el®) = (e2)(*) = o contrdict.
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ORDERING ON EQUIVALENCE CLASSES

a~b & al®) < p(>®)  [Rem: a(*) =infa™]

Notation. A := {a(®) : ae[0,1]}
{l: a€ A} = {EQUIV CLASSES OF ~}

lo = {x: x(oo):a}, a<fB=suply <inflg I, <lI3

LEMMA. e :=supl, e¢l, = e€ E (idempotent)
a; <o <--- e=suplJ, b, =e€E.
Proof.
He>l, e®>infly,=a xecl,=>e?>x2cl,
e?<e=e?cl, = el®) = (e2)(*) = o contrdict.
2) e>ly, €&l = >, (asinl))
e >sup,lo, = = e?=e

L.L. Staché (Szeged) () Non-continuous T-norms Tampere 22/04/2010



ORDERING ON EQUIVALENCE CLASSES

THEOREM. e € E, (e, f) is a component interval of [0,1] \ E

= VI e(ef) An(e, f')is well-ordered wrt. <

(there is no sequence e < ag < ax < --- < f'in A)

EITHER f e Eand An(e, f) = [well-ord|U{ai,az,...}
with o <ap < -+ /7 Ff

OR AN (e, f) is well-ordered.
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T-LOGARITHM ON 1/,

| := I, fixed equivalence class (of ~)
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T-LOGARITHM ON 1/,

| := I, fixed equivalence class (of ~)

DEF. L:/ — (0,00) T-logarithm:

L( 2y) = L6 + L)

T(x.y)
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T-LOGARITHM ON 1/,

| := I, fixed equivalence class (of ~)

DEF. L:/ — (0,00) T-logarithm:

L( 2y) = L6 + L)

T(x.y)

L T-log = AL T-log (A >0)
L(a¥) = kL(a) (k=1,2,...)
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T-LOGARITHM ON 1/,

| := I, fixed equivalence class (of ~)
DEF. L:/ — (0,00) T-logarithm:

L( 2y) = L6 + L)

T(xy)
L T-log = AL T-log (A >0)
L(a¥) = kL(a) (k=1,2,...)

aV = a(®) ¢ E idempotent =
NL(a)=(N+1)L(a)="--- = L(a) =0 contrd.
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RESTRICTED T-LOG

DEF. L:/\infl/ — (0,inf) RESTRICTED T-log :

L(xy) = L(x)+ L(y) if xy>infl(=a)
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RESTRICTED T-LOG

DEF. L:/\infl/ — (0,inf) RESTRICTED T-log :

L(xy) = L(x)+ L(y) if xy>infl(=a)

Da>a>a>---\ a® =aqa
If L(a) =1, bel (e{1,2,...}
bt €| Ik, ake > bt > gkett L(b) € [ke/t, (ke +1)/¢]
At most one value for L(b) [L arb. large]
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RESTRICTED T-LOG

DEF. L:/\inf/ — (0,inf) RESTRICTED T-log :

L(xy) = L(x)+ L(y) if xy>infl(=a)

Da>a>a>---\ a® =aqa
If L(a) =1, bel (e{1,2,...}
bt €| Ik, ake > bt > gkett L(b) € [ke/t, (ke +1)/¢]
At most one value for L(b) [L arb. large]

LEMMA. a > a°> > a3 > --- -
= sup, {k/C: ak> b’} <inf;{k/0: a* < b’}
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RESTRICTED T-LOG

DEF. L:/\inf/ — (0,inf) RESTRICTED T-log :

L(xy) = L(x)+ L(y) if xy>infl(=a)

Da>a>a>---\ a® =aqa
If L(a) =1, bel (e{1,2,...}
bt €| Ik, ake > bt > gkett L(b) € [ke/t, (ke +1)/¢]
At most one value for L(b) [L arb. large]

LEMMA. 2 > 2% > 23 > - B

= sup, {k/C: ak> b’} <inf;{k/0: a* < b’}
Proof. Assume ak > b’ ak < bt

akZ > be? bez > aEz

a>a’-- = ki<kl{ = k/{<k/l
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RESTRICTED T-LOG

2)VN Ixel xN<a#al>
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RESTRICTED T-LOG

2)VN Ixel xN<a#al>

XiZaZXI'+1 ijbzxj+1
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RESTRICTED T-LOG

2)VN Ixel xN<a#al>
XizaZXi+1 ijbZXj+1

1=1L(a) € [iL(x), (i +1)L(x)]  L(b) € [jL(x), (j + 1)L(x)]

L(x) e [1i+1,1i} L(b) € [ji+1,j+1i}
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RESTRICTED T-LOG

2)VN Ixel xN<a#al>
XiZaZXI'+1 ijbZXj+1

1=L(a) € [iL(x), (i + 1)L(x)] L(b) € [JL(x),( + 1)L(x)]

L(x) e [1i+1,1i} L(b) € {ji—i—l,j—i—li}

LEMMA.V be/\{a} VN Ixel xN<b =

sup{ji—{—l: a>xt szb} < in_f_{j7+1: xit1 > a, be]}

X,i.j PN
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RESTRICTED T-LOG

Proof. x > x2>x3... N\ x(®) = a(®) = inf/ = o
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RESTRICTED T-LOG

Proof. x > x2>x3... N\ x(®) = a(®) = inf/ = o

Assume a> xtl xi>b % >a b>%
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RESTRICTED T-LOG

Proof. x > x2>x3... N\ x(®) = a(®) = inf/ = o
Assume a> xtl xi>b % >a b>%

dzel\{a} I nn Z = = I e L
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RESTRICTED T-LOG

Proof. x > x2>x3... N\ x(®) = a(®) = inf/ = o

Assume a> xtl xi>b % >a b>%
dzel\{a} I nn Z = = I e L

P Z XH—l Z Z(i+1)(n+1) Zjn Z Xj Z b
Zin > X >a b> sl > LU+1)(A+1)

i > S(i+1)(n+1) zjn220+1)(7+1)

Y

V4

Tampere 22/04/2010
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RESTRICTED T-LOG

Proof. x > x2>x3... N\ x(®) = a(®) = inf/ = o
Assume a> xtl xi>b % >a b>%
dzel\{a} I nn Z = = I e L
2> xitl > A+ Lin > 4 > p

Zin > X >a b> sl > LU+1)(A+1)

Zin > Z(iH1)(n+1)  Zin > SU+1)(i+1)

m<(i+1)(n+1) jn<(G+1)(A+1)
ijn < (i+1)(n+1)(G+ 1)(A+1)
ji+1lan+1<j+1in+1a (n,n— o)
~—~— ~~—~—
11 11
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GENERALIZED ARCHIMEDEAN PROPERTY

DEF. T|l, gen. Archimedean:

VN dxel, N>«
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GENERALIZED ARCHIMEDEAN PROPERTY

DEF. T|l, gen. Archimedean:

VN dxel, N>«

We obtained:

THEOREM. T|l, Archimedean, a € I, \ {a}, =

Al Lyt ly \ {a} — (0,00) T-log with L(a) =1
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INTERPLAY BETWEEN /, AND /3

Let a,0 €A a<f

LEMMA. x € [,, y € Iﬂ = Xy € = min{«,8}
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INTERPLAY BETWEEN /, AND /3

Let a, €A a<p

LEMMA. x € [,, y € Iﬂ = Xy € = min{«,8}

Proof. [xy](®) = lim,(xy)"” < min{lim, x", lim, y"} <
min{x(>), >} = min{a, 6}
a<f = (xy)">(x3)" = x*" — x(*) = a = min{a, 5}
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INTERPLAY BETWEEN /, AND /3

Let a,0 €A a<f
LEMMA. x € [,, y € Iﬂ = Xy € = min{«,8}
Proof. [Xy](oo) = |imn(xy)” < min{|imnX", lim, y"} <
min{x), y{)} = min{as 4}

a<f = (xy)">(x3)" = x*" — x(*) = a = min{a, 5}

Notation. a, € I, fixed, L, T-logon I, \ {a} with L,(a,) =1
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INTERPLAY BETWEEN /, AND /3

Let a, €A a<p

LEMMA. x€l,, y €l = xy € la = hninfa,8)

Proof. [xy](®) = lim,(xy)"” < min{lim, x", lim, y"} <
min{x(<), y(*)} = min{a, 3}

a<f = (xy)">(x3)" = x*" — x(*) = a = min{a, 5}

Notation. a, € I, fixed, L, T-logon I, \ {a} with L,(a,) =1

LEMMA. ecE e>acl, a®>a = Ly(ea) = Ly(a)
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INTERPLAY BETWEEN /, AND /3

Let a, €A a<p

LEMMA. x € [,, y € Iﬂ = Xy € = min{«,8}
Proof. [xy](>) = lim,(xy)" < min{lim, x",lim, y"} <

min{x(>, y(=)} = min{a, 6}
a<f = (xy)">(x3)" = x*" — x(*) = a = min{a, 5}

Notation. a, € I, fixed, L, T-logon I, \ {a} with L,(a,) =1

LEMMA. ecE e>acl, a®>a = Ly(ea) = Ly(a)

Proof. ea<a = L,(ea)=Ly(e)+v Jv >0
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INTERPLAY BETWEEN /, AND /3

Let a,0 €A a<f
LEMMA. x € [,, y € Iﬂ = Xy € = min{«,8}

Proof. [xy](®) = lim,(xy)"” < min{lim, x", lim, y"} <
min{x(), )} = min{a, 5}
a<f = (xy)">(x3)" = x*" — x(*) = a = min{a, 5}

Notation. a, € I, fixed, L, T-logon I, \ {a} with L,(a,) =1

LEMMA. ecE e>acl, a®>a = Ly(ea) = Ly(a)

Proof. ea<a = L,(ea)=Ly(e)+v Iv>0
’e<a = L,(a%e) well-def

La(a%€) = Lo(a(ae)) = La(a) + [La(a) + V] = 2La(a) + v
= Lo((ae)?) =2La(a) +v] = 2La(a) + 2v,= v =0
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T-LOG BETWEEN ARCHIMEDEAN EQUIV. CLASSES

THEOREM. T]|l, Archimedean, a€ l,, x € I3, > a),

= Lo(xa) = La(a)
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T-LOG BETWEEN ARCHIMEDEAN EQUIV. CLASSES

THEOREM. T]|l, Archimedean, a€ l,, x € I3, > a),
= Lo(xa) = La(a)

Proof.
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T-LOG BETWEEN ARCHIMEDEAN EQUIV. CLASSES

THEOREM. T|l, Archimedean, a€ l,, x € Iz, 3> a),
= Lo(xa) = La(a)
Proof.
H)YN Fzel, N <a, =infe, Lo(z) =0

Lo(xa) < Lo(2) 4+ La(a) (z€lh) = La(xa) < Lo(a) (> triv)
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T-LOG BETWEEN ARCHIMEDEAN EQUIV. CLASSES

THEOREM. T|l, Archimedean, a€ l,, x € Iz, 3> a),
= Lo(xa) = La(a)

Proof.
H)YN Fzel, N <a, =infe, Lo(z) =0

Lo(xa) < Lo(2) 4+ La(a) (z€lh) = La(xa) < Lo(a) (> triv)
2) a>a’>ad> .-

ax > a% La(ax) well-def  L(ax) = Lo(a) +v v >0

alx" > gla = aMtl

nLo(a) + nv = Lo(a"x") < (n+1)Ly(a) = v=0
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STRICT T-NORMS

DEF. T strict: xy1 < xy» (0< x, y1 <)

Let T be strict

E={0,1} because ex=¢e for e<x<1
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STRICT T-NORMS

DEF. T strict: xy1 < xy» (0< x, y1 <)

Let T be strict
E={0,1} because ex=¢e for e<x<1
Forz <1, AN(0,z) >-well ordered

Aay <ap<---<z sequencein A
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STRICT T-NORMS

DEF. T strict: xy1 < xy» (0< x, y1 <)

Let T be strict
E={0,1} because ex=¢e for e<x<1
Forz <1, AN(0,z) >-well ordered

Aay <ap<---<z sequencein A

LEMMA. I, = (o, ]
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STRICT T-NORMS

DEF. T strict: xy; < xy» (0< x, y1 <)

Let T be strict
E={0,1} because ex=¢e for e<x<1
Forz <1, AN(0,z) >-well ordered

Aay <ap<---<z sequencein A

LEMMA. I, = (o, ]

Proof. Indirect:
aclyb=0%€l, c®<a=infl, a®>=a « € E contrd.

B:=suply, B&Il, =
Bel, 3v>a (indeed 8 =)
B>y>a P<p=p>€cly=pel, contrd.
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LOGARITHMS ON A STRICT T-NORM

Fix a € A arbitrarily
DEF. a, :=supl, (= max/l, by the lemma)
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LOGARITHMS ON A STRICT T-NORM
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DEF. a, :=supl, (= max/l, by the lemma)
an>a2>a >\«
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L, °\ decreasing, L;{¢} INTV. or POINT
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LOGARITHMS ON A STRICT T-NORM

Fix a € A arbitrarily
DEF. a, :=supl, (= max/l, by the lemma)
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Lo(aa) =1 may be assumed
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LOGARITHMS ON A STRICT T-NORM

Fix a € A arbitrarily
DEF. a, :=supl, (= max/l, by the lemma)
an>a2>a >\«
Lo(aa) =1 may be assumed

L, °\ decreasing, L;{¢} INTV. or POINT

LEMMA. L 1{¢} INTV. n€range(L,) = L& +n} INTV.

Proof. x;1 < xx La(x1) =La(x2) =¢ Lua(y)=n

L.L. Staché (Szeged) () Non-continuous T-norms Tampere 22/04/2010 32 /36



LOGARITHMS ON A STRICT T-NORM

Fix a € A arbitrarily
DEF. a, :=supl, (= max/l, by the lemma)
an>a2>a >\«
Lo(aa) =1 may be assumed

L, °\ decreasing, L;{¢} INTV. or POINT

LEMMA. L 1{¢} INTV. n€range(L,) = L& +n} INTV.

Proof. x;1 < xx La(x1) =La(x2) =¢ Lua(y)=n

Tstrict = Xy <xoy  La(ay) = Laley) =& +n
[x1y, x2y] C L;1{€ +n} non-degenerate
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LOGARITHMS ON A STRICT T-NORM

Fix a € A arbitrarily
DEF. a, :=supl, (= max/l, by the lemma)
an>a2>a >\«
Lo(aa) =1 may be assumed

L, °\ decreasing, L;{¢} INTV. or POINT

LEMMA. L 1{¢} INTV. n€range(L,) = L& +n} INTV.

Proof. x;1 < xx La(x1) =La(x2) =¢ Lua(y)=n

Tstrict = Xy <xoy  La(ay) = Laley) =& +n
[x1y, x2y] C L;1{€ +n} non-degenerate

COR. {¢ e range(Ly) : L3'{¢} INTV} countable ideal in
[range(La),+] subsemigroup in [[1,00), +].
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STRUCTURE THEOREM

Recal: E:={e: e?=¢}, A:={al®: aec[0,1]},

lo = [ ~-equiv. cl. whose infimum=a], aq :=suply

THEOREM. T strict = E = {0,1}, Iy =0, ao];
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STRUCTURE THEOREM

Recal: E:={e: e?2=¢}, A:={al>®): ac[0,1]},

l, = [N—equiv. cl. whose infimum:a], aq = sup Iy,

THEOREM. T strict = E = {0,1}, Iy =0, ao];
EITHER A does not contain infinite increasing sequence

and  Inax(a\{1}) =[open intv.],
lo = (a,aq] for 0# o€ A<max(A\ {1},
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STRUCTURE THEOREM
Recal: E:={e: e?2=¢}, A:={al>®): ac[0,1]},
l, = [N—equiv. cl. whose infimum:a], aq = sup Iy,
THEOREM. T strict = E = {0,1}, Iy =0, ao];
EITHER A does not contain infinite increasing sequence

and  Inax(a\{1}) =[open intv.],

lo = (a,aq] for 0# o€ A<max(A\ {1},
A:A()U{al,ag,...}U{l}, Av<ag <ap < --
Ap does not contain infinite increasing sequence

loy, = (o, ay1]  (k71,2,...),
lo = (a,a4] for 0# a€ Ap.

OR
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STRUCTURE THM CONTINUED

ac A\{1} = I L,: I —[l,00) T-logwith Ly(as)=1,
——
or Ih\{0}
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STRUCTURE THM CONTINUED

ac A\{1} = I L,: I —[l,00) T-logwith Ly(as)=1,
or Ih\{0}
[range(Ly), 4] subsemigroup of [[1,00),+];
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STRUCTURE THM CONTINUED

ac A\{1} = I L,: I —[l,00) T-logwith Ly(as)=1,
or Ih\{0}
[range(Ly), 4] subsemigroup of [[1,00),+];

EITHER L, is strictly increasing
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STRUCTURE THM CONTINUED

ac A\{1} = I L,: I —[l,00) T-logwith Ly(as)=1,
or Ih\{0}
[range(Ly), 4] subsemigroup of [[1,00),+];

EITHER L, is strictly increasing

OR rangr(L,) is countable.
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STRUCTURE THM CONTINUED

aeA\{1} = I lo: lh —[l,00) T-logwith Lo(as) =1,
—~—
or Ih\{0}
[range(Ly), 4] subsemigroup of [[1,00),+];
EITHER L, is strictly increasing
OR rangr(L,) is countable.
a<fB, o,fEA XEl, y€lg= xy €l La(xy) = La(x),

in particular if L, strictly incr. = xy = x.
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LEFT- RIGHT SEMICONTINUITY

GCR? f:G—R left semicont.:
f(XnLyn)_)f(va) (Xn/xa }’n/)/)

(right sc.:  with x, \, x, yn \\Y)
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LEFT- RIGHT SEMICONTINUITY

G CR? f:G— R left semicont.:
f(xn,yn) = f(x,y) (0 /X ¥ /' Y)
(right sc.:  with x, \ X, ¥n \,¥)
LEMMA. f increasing =
f is left [right] sc. iff piecewise left [right] sc.

thatis f(.,y), f(x,.) left [right] sc. V¥ x,y
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LEFT- RIGHT SEMICONTINUITY

GCR? f:G—R left semicont.:
f(xnyn) = F0,y) (o /X, ¥a /)
(right sc.:  with x, \ X, ¥n \,¥)
LEMMA. f increasing =
f is left [right] sc. iff piecewise left [right] sc.
thatis f(.,y), f(x,.) left [right] sc. V¥ x,y

@ : | intv. — R increasing

@ is left [right] sc. <= range(yp) is right [left] closed

¢ cont <= range(yp) is interval or point
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SEMICONTINUITY OF T-LOGARITHMS

THEOREM. Assume T/, gen. Archimedean. Then
T left [right] sc. = L, left [right] sc.
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SEMICONTINUITY OF T-LOGARITHMS

THEOREM. Assume T/, gen. Archimedean. Then
T left [right] sc. = L, left [right] sc.

Proof. Four cases with similar arguments

Approximate L, uniformly with left [right] step functions
a>a?>a%>---inl, T leftsc
2)a>a2>a3>---inla, T right sc.

3)acl, VN Ixcl, xN<a T leftsc
4)acl,, VN Ixcl, xN<a T leftsc
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SEMICONTINUITY OF T-LOGARITHMS

THEOREM. Assume T/, gen. Archimedean. Then
T left [right] sc. = L, left [right] sc.

Proof. Four cases with similar arguments

Approximate L, uniformly with left [right] step functions
a>a?>a%>---inl, T leftsc
2)a>a2>a3>---inla, T right sc.

3)acl, VN Ixcl, xN<a T leftsc
4)acl,, VN Ixcl, xN<a T leftsc

1) LO(b) :=max {k/L: ak > b’}
b, /b = b, /b
akn > bt > aktl Kk, 7k
ak > bt > akt1 k= LO(b), = LO left sc.
sup L) — L] <1/¢ (£ — o0), = L, left sc.
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STRUCTURE OF STRICT LEFT-CONTINUOUS

T-NORMS

Let T be strict and left-continuous

THEOREM. All the ~-equivalence classes < 1 are Archimedean (in
classical sense).
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STRUCTURE OF STRICT LEFT-CONTINUOUS

T-NORMS

Let T be strict and left-continuous

THEOREM. All the ~-equivalence classes < 1 are Archimedean (in
classical sense).

EITHER the family of all ~-equivalence classes is well-ordered
and the first ~-class (neighboring with 1) is continuous
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STRUCTURE OF STRICT LEFT-CONTINUOUS

T-NORMS

Let T be strict and left-continuous

THEOREM. All the ~-equivalence classes < 1 are Archimedean (in
classical sense).

EITHER the family of all ~-equivalence classes is well-ordered
and the first ~-class (neighboring with 1) is continuous

OR there is an increasing sequence of ~-classes converging to 1
and, given any x < 1, the family of all ~-equivalence classes < x is
well-ordered.
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STRUCTURE OF STRICT LEFT-CONTINUOUS

T-NORMS

Let T be strict and left-continuous

THEOREM. All the ~-equivalence classes < 1 are Archimedean (in
classical sense).

EITHER the family of all ~-equivalence classes is well-ordered
and the first ~-class (neighboring with 1) is continuous

OR there is an increasing sequence of ~-classes converging to 1
and, given any x < 1, the family of all ~-equivalence classes < x is
well-ordered.

THEOREM. The T-logarithm on each ~-class is either continuous
or the right endpoints of the intervals L;{¢} form a left-closed
well-ordered countable set.

L.L. Staché (Szeged) () Non-continuous T-norms Tampere 22/04/2010 37 /36



