How inaccurate may become accurate?

Staché L3szlé

10/02/2021

Staché Laszlo How inaccurate may become accurate? 10/02/2021 1/29



Computer ~ 1940 — 50
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Simple task — incorrect result

A1,1X1 +A1,2X2 +A1,3X3 +.. +A1,36X36 = [
A2,1X1 +A2,2X2 +A2,3X3 +.. +A2,35X3e =B,
A3,1X1 +A3,2X2 +A3,3X3 +.. +A3,36X36 =B,
A36,1X1 +A35,2X2 +A36,3X3 +.o.. +A36,36X36 = B,
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Simple task — incorrect result

A1,1X1 +A1,2X2 +A1,3X3 +.. +A1,36X36 = Bl
A2,1X1 +A2,2X2 +A2,3X3 +.. +A2,35X3e = b,
A3,1X1 +A3,2X2 +A3,3X3 +.. +A3,36X36 =B,
A36,1X1 +A35,2X2 +A36,3X3 +.o.. +A36,36X36 = B,

WITH COMPUTER !!!
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Simple task — incorrect result

A1,1X1 +A1,2X2 +A1,3X3 +.. +A1,36X36 = [
A2,1X1 +A2,2X2 +A2,3X3 +.. +A2,35X3e =B,
A3,1X1 +A3,2X2 +A3,3X3 +.. +A3,36X36 =B,
A36,1X1 +A35,2X2 +A36,3X3 +.o.. +A36,36X36 = B,

WITH COMPUTER !!!
INCORRECT
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Simple task — incorrect result

A1,1X1 +A1,2X2 +A1,3X3 +.. +A1,36X36 = Bl
Axy FALX  FALX . +A 6% =B,
Agxp FALX FAGX . +A 6% =By
AgiXy A% +HAgsxs +..0 FAyX = By
WITH COMPUTER !!!
INCORRECT

WHAT IS THE REASON 7!
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ERROR IN SMALL SETTING

STUPID MASHINE
working with 2 digits
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ERROR IN SMALL SETTING

STUPID MASHINE
working with 2 digits

—x1+97x, = 97 (1)

X1+ X2

I

N
—~

N
~
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Computation

—x1+97x, = 97
X1 +x = 2
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Computation

—x1+97x, = 97
X1 +x = 2
SYMBOLIC VERSION:
2+ Q1) =
—x1 + 97x, = 97
98x =99 — xp =99/98, x; =97/98
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Computation

—x1+97x = 97
X1+ X = 2
SYMBOLIC VERSION:
2) + (1) =
—X1 + 97X2 =97
98x =99 — xp =99/98, x; =97/98

with 10 digits: x; = 1.010204081 ~ 1, x» = 0.9897959183 ~ 1
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How does the STUPID MASHINE act?

—x1+97x, = 97
X1 +x = 2
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How does the STUPID MASHINE act?

—x1+97x, = 97
X1 +x = 2
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How does the STUPID MASHINE act?

—x1+97x, = 97
X1 +x = 2

(2) + (1)

—x1 + 97x, = 97
98x, = 99
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How does the STUPID MASHINE act?

—x1+97x, = 97
X1 +x = 2

(2) + (1)

—x1 + 97x, = 97
98x, = 99

X =99:98=1.0

Staché Laszlo How inaccurate may become accurate? 10/02/2021 6 /29



How does the STUPID MASHINE act?

—x1+97x, = 97
X1 +x = 2

(2) + (1)

—x1 + 97x, = 97
98x, = 99

X =99:98=1.0
(1) = x =97x%—-97=97—-97=0.0 !

Staché Laszlé How inaccurate may become accurate? 10/02/2021 6 /29



Are there sabotages or not?

Neumann Janos
1903 - 1957
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Are there sabotages or not?

Neumann Janos
1903 - 1957

Using arithmetics of 8 digits,

the solution of a linear system of equations with 40 variables
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Are there sabotages or not?

Neumann Janos
1903 - 1957

Using arithmetics of 8 digits,

the solution of a linear system of equations with 40 variables

IS FALSE WITH A PROBABILITY OF ;90% IF GAUSSIAN
ELIMINATION IS USED
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Correction with successive approximation

08 P P*

06

043 \

02 ™ X P* =[True solution]
0702040608 1 12141618 2 71 P = [point by Stupid Machine]

L; = {(xl,xz): —x1 + 97x =97}
= {(xl,xz): x2:1+X1/97}
~ {(xl,xz): ngl}

L, = {(Xl,XQ): X1 —|—X2:2}
= {(Xl,XQ)Z X2:2—X1}
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Correction with successive approximation

V4 := [Orthogonal projection to Lj-re]
Vo = [Orthogonal projection to LE—re]

2 2
2' 2'\\
167 \\142 18 ™\ L,
164 6
™

143 Ty 143 / S
123 B L 12 y L

1 i 1
1 " 1 <
0.8 e 0.8
06 N 064 g

M

0.4 5, 043 e
023 \\ 0.2 1

0 TSI RO T T3 TATE e 3 X1 0T TaeRnE TS TATE TR 3 X1
Vi (X1,X2) — (Xl, 1) Vs - (X1,X2) — (]. + (X1 = X2)/2,
1+ (X2 — X1)/2)
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Correction with successive approximation

Apply the projections Vi, V5 several times to the point P of Stupid
Machine
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Even with Stupid Machine

Po:=P=(0,1)
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Even with Stupid Machine

Po:=P=(0,1)
P = Vi(Po) = (0 ,1) Li-en
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Even with Stupid Machine

Poi= P =(0,1)
P = Vi(Po) = (0 ,1) Li-en
Pr=Vo(P))=(1+12,1+%2) =(05, 1.5)
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Even with Stupid Machine

Po:=P=(0,1)

P{ = Vl(Po) = (0 ,1) L1—en
PL=V(P))=(1+32%1+%)=(05, 15)
P = Vi(P2) = (05, 1)
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Even with Stupid Machine

Po:=P =(0,1)

P{ — Vl(Po) = (0 ,1) L1—en

PL=Vo(P)) = (1+132,1+%52) = (0.5, 1.5)
P, = V4(P,) = (0.5, 1)

Py =Va(P)) = (1+ 952,14+ 1522) = (0.7, 1.3)
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Even with Stupid Machine

Py := P =(0,1)

P{ = Vl(Po) = (0 ,1) L1—en
PL=V(P))=(1+32%1+%)=(05, 15)
P = Vi(P2) = (05, 1)

Py = Vo(Py) = (1+ 9521+ 122) = (0.7, 1.3)
P; = (0.7, 1)
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Even with Stupid Machine

Po:=P=(0,1)

P{ = Vl(Po) = (0 ,1) L1—en
PL=V(P))=(1+32%1+%)=(05, 15)
Py = Vi(Py) = (0.5, 1)

Py = Vo(Py) = (1+ 952 1+ 1208) = (0.7, 1.3)

P, = (0.7, 1)
P3= (1420214 1207) = (0.8, 1.2)
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Even with Stupid Machine

PO — 7= (071)

P{ — Vl(Po) = (0 ,1) L1—en
Pr=Vo(P))=(1+12,1+%2) =(05, 1.5)
P, = Vi(P;) = (0.5, 1)

Py = Vo(P) = (1+ 251, 1+122) = (0.7, 1.3)
P; = (0.7, 1)

Py = (14 %11+ 107) = (0.8, 1.2)
Pg_(0.8, 1)
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Even with Stupid Machine

PO — 7= (071)

P{ — Vl(Po) = (0 ,1) L1—en
Pr=Vo(P))=(1+12,1+%2) =(05, 1.5)
P, = Vi(P;) = (0.5, 1)

Py = Vo(P) = (1+ 251, 1+122) = (0.7, 1.3)
P; = (0.7, 1)

Py = (14 %11+ 107) = (0.8, 1.2)
Pg_(0.8, 1)

Py=(1+9%81 1+ 108) = (09, 1.1)
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Even with Stupid Machine

Po:=P=(0,1)

P{ZVl(Po):(O,].) L1 -€n
PL=Vy(P})=(1+32,1+%2) = (05, 15)
P = Vi(P2) = (05, 1)

Py = Vo(Py) = (1+ 9521+ 122) = (0.7, 1.3)
P}

= (1+%821 1+ 128) = (0.9, 11)

Pi=(08,1), Ps=(1+2811+128)—-(09, 1.1)
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Even with Stupid Machine

Po:=P=(0,1)

P{ZVl(Po):(O,].) L1 -€n
PL=Vy(P})=(1+32,1+%2) = (05, 15)
P = Vi(P2) = (05, 1)

Py = Vo(Py) = (1+ 9521+ 122) = (0.7, 1.3)
P}

= (1+%821 1+ 128) = (0.9, 11)
Pi=(08,1), Ps=(1+2811+128)—-(09, 1.1)
NO FURTHER IMPROVEMENT

Staché Laszlé How inaccurate may become accurate? 10/02/2021 11/29



Why does this work?

W= [Vl and then V, applied] =V,oV;
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Why does this work?

W= [Vl and then V, applied] =V,oV;

W (a0) % (0,1) % (14951 - 558) = (343,

Staché Laszlé

x

Nw

-%)

2-
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Why does this work?

W= [Vl and then V, applied] =V,oV;
W:(Xl,Xz)'ﬁ(Xl,l)'g(l-l-Xl 1—X121) ( +7,§—%)
W DECREASES THE DISTANCES VERY STRONGLY

2-

L,

( (Pl) W(P”) ‘Xl P/ (P”)

Staché Laszlo How inaccurate may become accurate? 10/02/2021 12 /29



FIXED POINT PRINCIPLE

X = [ IR straight line or IR? plane or closed half line. . }

Staché Laszlo How inaccurate may become accurate? 10/02/2021 13 /29



FIXED POINT PRINCIPLE

X = [ IR straight line or IR? plane or closed half line. . }
W:X—X W =a[DISTANCE DECREASING] Ja<l1
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FIXED POINT PRINCIPLE

X = [ IR straight line or IR? plane or closed half line. . }

W:X— X W =a[DISTANCE DECREASING]  3a<1
o Then 3N P*cX W(P)=P*
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FIXED POINT PRINCIPLE

X = [ IR straight line or IR? plane or closed half line. . }

W:X—-X W= a[DISTANCE DECREASING} Ja<l1
@ Then I P eX W(P*)=P*
o Starting from arbitrary P

W(P), W?(P) = W(W(P)), W3(P) = W(Wz(P)), . — P
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FIXED POINT PRINCIPLE

X = [ IR straight line or IR? plane or closed half line. . }
W:X—-X W= a[DISTANCE DECREASING] Ja<l1
@ Then I P eX W(P*)=P*
o Starting from arbitrary P
W(P), W?(P) = W(W(P)), W3(P) = W(Wz(P)), e — P*

Remark: (1)+(2) means that W(P*) = P*
FIXED POINT EQUATION
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Square root

X-=a no fixed point equation
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x> =a no fixed point equation

FIXED POINT EQUATION
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x> =a no fixed point equation
FIXED POINT EQUATION
e Eg. x=a/x, W(x) = a/x
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2

X-=a no fixed point equation
FIXED POINT EQUATION
e Eg. x=a/x, W(x) = a/x

P=1-1,a1a1a... NOT SUITABLE
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2

X-=a no fixed point equation
FIXED POINT EQUATION
e Eg. x=a/x, W(x) = a/x
P=1—1,a1a1a... NOT SUITABLE
@ x=a/x, x=x ¢x=lx—i-li
2 2 x
Staché Laszlé
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x> =a no fixed point equation

FIXED POINT EQUATION
e Eg. x=a/x, W(x) = a/x
P=1-1,a1a1a... NOT SUITABLE
@ x=a/x, x=x :>x:1x—i—Ei
2 2 x

Mesopotamy /2 2, 138, 128 = ] 1%%
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x> =a no fixed point equation

FIXED POINT EQUATION
e Eg. x=a/x, W(x) = a/x
P=1-1,a1,a1a... NOT SUITABLE

° a/ = L +la
X =a/x, x=x X==X4+ = —
' 2 2 x

Mesopotamy V2 [2 130 125 ]124 52

60° 60 3600
W(x) = 2x+ La/x
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x> =a no fixed point equation

FIXED POINT EQUATION
e Eg. x=a/x, W(x) = a/x
P=1-1,a1a1a... NOT SUITABLE
@ x=a/x, x=x :>x_1x—i—Ei
2 2 x
Mesopotamy /2 [2 128, 125 ] lgg 3230
W(x) = 2x + 3 La/x
d(W(x), W(X” ) = |W(x) — W(x")| < 3d(x',x"),
if x',x" e X :=[y/a,00) half line. Wlth this W: X — X
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x> =a no fixed point equation

FIXED POINT EQUATION
e Eg. x=a/x, W(x) = a/x
P=1-1,a1a1a... NOT SUITABLE
@ x=a/x, x=x :>x_1x—i—Ei
2 2 x
Mesopotamy /2 [2 128, 125 ] lgg 3230
W(x) = 2x + 3 La/x
d(W(x), W(X” ) = |W(x) — W(x")| < 3d(x',x"),
if x',x" e X :=[y/a,00) half line. Wlth this W: X — X
Proof: W(x) > \/a, ha x> \/a, and
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x> =a no fixed point equation

FIXED POINT EQUATION
e Eg. x=a/x, W(x) = a/x
P=1-1,a1a1a... NOT SUITABLE
@ x=a/x, x=x :>x_1x—i—Ei
2 2 x
Mesopotamy /2 [2 128, 125 ] lgg 3230
W(x) = 2x + 3 La/x
d(W(x), W(X” ) = |W(x) — W(x")| < 3d(x',x"),
if x',x" e X :=[y/a,00) half line. Wlth this W: X — X
Proof: W(x) > \/a, ha x> \/a, and

i + 3 == 3] = 0 =X)L~ 2]

X// X/X//
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Very effective method

Pl. V2 Xpt1 = %[xn +2/x,,], Xo =2
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Very effective method

Pl. V2 Xpt1 = %[xn + 2/x,,], Xo =2
1.50000000000000000000000000000000000000000000000000000
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Very effective method

Pl. V2 Xpt1 = %[xn + 2/x,,], Xo =2
1.50000000000000000000000000000000000000000000000000000
1.41666666666666666666666666666666666666666666666666666
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Very effective method

Pl. V2 Xpt1 = %[xn + 2/x,,], Xo =2

1.50000000000000000000000000000000000000000000000000000
1.41666666666666666666666666666666666666666666666666666
1.41421568627450980392156862745098039215686274509803921
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Very effective method

Pl. V2 Xpt1 = %[xn + 2/x,,], Xo =2

1.50000000000000000000000000000000000000000000000000000
1.41666666666666666666666666666666666666666666666666666
1.41421568627450980392156862745098039215686274509803921
1.4142135623746899106262955788901349101165596221157440
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Very effective method

Pl. V2 Xpt1 = %[xn + 2/x,,], Xo =2

1.50000000000000000000000000000000000000000000000000000
1.41666666666666666666666666666666666666666666666666666
1.41421568627450980392156862745098039215686274509803921
1.4142135623746899106262955788901349101165596221157440
1.414213562373095048801689623502530243614981925776197
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Very effective method

Pl. V2 Xpt1 = %[xn + 2/x,,], Xo =2

1.50000000000000000000000000000000000000000000000000000
1.41666666666666666666666666666666666666666666666666666
1.41421568627450980392156862745098039215686274509803921
1.4142135623746899106262955788901349101165596221157440
1.414213562373095048801689623502530243614981925776197
1.4142135623730950488016887242096980785696718753772
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Very effective method

Pl. V2 Xpt1 = %[xn + 2/x,,], Xo =2

1.50000000000000000000000000000000000000000000000000000
1.41666666666666666666666666666666666666666666666666666
1.41421568627450980392156862745098039215686274509803921
1.4142135623746899106262955788901349101165596221157440
1.414213562373095048801689623502530243614981925776197
1.4142135623730950488016887242096980785696718753772
1.4142135623730950488016887242096980785696718753769
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GENERALIZATIONS

o Cubic root: /a Kepler W(x) = 3x + Ja/x>
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GENERALIZATIONS

o Cubic root: /a Kepler W(x) = 3x + Ja/x>

o p-throot: ¢/a Newton W(x)=(1- %)x-l— ,l)a/x”_:l
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BANACH'S FIXED POINT THEOREM

X = { OBJECTS }
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BANACH'S FIXED POINT THEOREM

X = { OBJECTS }

d distance between the elements of X
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BANACH'S FIXED POINT THEOREM

X = { OBJECTS }
d distance between the elements of X
e d(x,y)=d(y,x)>0, if x#£yeX
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BANACH'S FIXED POINT THEOREM

x = { oBJECTS }

d distance between the elements of X
e d(x,y)=d(y,x)>0, if x#£yeX
@ Bypass > direct way:

X1
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BANACH'S FIXED POINT THEOREM

x = { oBJECTS }

d distance between the elements of X
e d(x,y)=d(y,x)>0, if x#£yeX
@ Bypass > direct way:

X1

0

d(X07X1) + d(X17X2) oo SF d(Xn_l,Xn) > d(X07Xn)
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BANACH'S FIXED POINT THEOREM

o Completeness: Finite paths (with infinite steps) end in X:
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BANACH'S FIXED POINT THEOREM

o Completeness: Finite paths (with infinite steps) end in X:

d(X07X1) < 17 d(X17X2) < %7 d(X2aX3)

IA
i
l
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BANACH'S FIXED POINT THEOREM

o Completeness: Finite paths (with infinite steps) end in X:

d(Xo,Xl) < 1, d(Xl,XQ) < %, d(Xg,X3) < 711, —

Ix*€X d(xpx)<1/2"71 (n=0,1,...).
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BANACH'S FIXED POINT THEOREM

o TETEL. X,d complete metric space

Xe Bu ' xm
Xy Y

X3z %
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BANACH'S FIXED POINT THEOREM

o TETEL. X,d complete metric space

Xe Bu ' xm
Xy Y

X3z %

XO Xg

o W : X — X mapping with a[d—DECREASING], a <1
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BANACH'S FIXED POINT THEOREM

o TETEL. X,d complete metric space

Xe Bu ' xm
X
1 e
X2 x

XO Xg

o W : X — X mapping with a[d—DECREASING], a <1
Then
I x*eX W(x*) = x*
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BANACH'S FIXED POINT THEOREM

o TETEL. X,d complete metric space

Xe Bu ' xm
Xy Y

X3z %

¥g

o W : X — X mapping with a[d—DECREASING], a <1

Then
I x*eX W(x*) = x*

and
Vxg € X xpi=W"x0) = x*.
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FRACTALS
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FRACTALS

How can be deduced this from Banach’s Fixed Point Thm?
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FRACTALS

X = {IR2 CLOSED BOUNDED SUBSETS OF THE PLAIN}

maxd(b,A)
d(A,B) = max_d(a,B)
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FRACTALS

X = {IR2 CLOSED BOUNDED SUBSETS OF THE PLAIN}
d(A,B) = {HAUSDORFF DISTANCE BETWEEN SETS A, B]

B
‘maxi{:l(a,B)
F |
A
maxd(b,A)

d(A,B) = max_d(a,B)
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FRACTALS

W =2 Te(x) = 3x+ b (k=1,2,3)
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FRACTALS

W =2 Te(x) = 3x+ b (k=1,2,3)
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FRACTALS

IN GENERAL:
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FRACTALS

IN GENERAL:

If
(X, d) complete and Ty, ..., T, arbitrary strong cntractions wrt. d

then
W:Aw— T1(A)U---U T,(A) strong cntraction
wrt. the Hausdorff distance of the compact sets by the distance d.
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FRACTALS

IN GENERAL:

If

(X, d) complete and Ty, ..., T, arbitrary strong cntractions wrt. d
then

W:Aw— T1(A)U---U T,(A) strong cntraction

wrt. the Hausdorff distance of the compact sets by the distance d.

THEREFORE H, W(H), W2(H),... CONVERGE to some figure !
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BACK TO THE TRIANGLE — H
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W2(H) = W(W(H))
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W3(H) = W(W2(H)))
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W*(H) = W(W3(H)))
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TAJ MAHAL
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