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Numerikus Matematika — 12
Gyakorlo Feladatok

Hermite Interpolacio

Probléma:
Adott:
x={x1,..., xr}

y={y1@ . yf)
{d): y1®, .. vy

vagy (altalanosabban)

x={x1,..., xr}
yl®, .., y1mby

(yrO, .,y

Keressiink ((m1+...+mr)-1)—edfokud polinomot melgitef /d X! [x] = yk

= Példa

Adjunk olyan polinomot, ami masodrenben érinti 0-ban-ésn a sin fgv-t!

x= {0nx}
y={0,0}
yd= {1,-1}
ydd={0,0}

m1=3,m2=3=legf. 6tddfokd pol.

Alternativ leiras {0z}, {0,1,0}, {0,-1,0}
Elény: lehetnek a listak kiil. hosszuak.

Mathematica: beépitett parancs InterpolatingPolynomiall]

In[1]:

DT = Tabl e[D[Si n[x], {X, j}1, {i, 0, 2}]

Qut[1] {Sin[x], Cos[x], -Sin[x]}
In[2]:= DT /. x>0

t[2]= {0, 1, 0}
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In[3]:= DI /. x>

ut[3]= {0, -1, 0}

In[4]:= p=Interpol atingPol ynom al [{{0, {0, 1, 0}}, {x {0, -1, 0}}},
3 4
out[4] = -%+i_3

A feltételek ellendrzése:

In[5]:= p/. {{Xx>0}, {X>mn}}

Qut[5]= {0, 0}

In[6]:= D[p, X] /. {{x->0}, {X>n}}
at[e]= {1, -1}

In[7]:= D[p, X, X] /. {{x=>0}, {X->r}}

Qut[7]= {0, 0}
Most az alg szerint megkonstrualjuk p—-—t!

In[8]:= pO=Sin[x] /. x-0

ut[8]= 0

In[9]:

pl=p0+A (x-0)

Qut[9]= AX

In[10]:= Sol ve[(D[pl, x] /. X »0) = (D[Sin[x], X] /. Xx->0), A]
Qut[10]= {{A->1}}

In[11]:= pl=p0+1 (x-0)

Qut[11]= X

In[12]:= p2=pl+A (Xx-0) (x-0)

Qut[12]= X + Ax?

In[13]:= Sol ve[ (D[p2, X, X] /. X =»0) = (D[Sin[Xx], X, X] /. x=>0), A]
Qut[13]= {{A->0}}

In[14]:= p2=pl+0 (x-0) (x-0)

Qut[14]= X

Vegyik észre hgy ez egy Taylor polinom:

x] // Expand
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In[15]:=
Qut[15] =
In[16] : =
Qut[16] =

In[17]: =

Qut[17]

In[18]:

Qut[ 18] =

In[19]:

Qut [ 19]

I n[20] :

Qut[20] =

In[21]:

Qut [ 21]

In[22] :

Qut [ 22]

In[23]:

Qut [ 23]

In[24]:

Qut[24] =

I n[25] :

Qut [ 25]

I n[26] :

Qut [ 26] =

Series[Sin[x], {X, 0, 2}] // Nornal
X

p3=p2+A (x-0) (x-0) (x-0)

x + Ax3

Solve[(p3 /. X »m) = (Sin[x] /. X »>mw), A]

{({A>-%1)

p3=p3 /. Solve[(p3 /. x> ) = (Sin[x] /. Xx>mx), Al[[1]]

p4d=p3+AX-0) (x-0) (x-0) (Xx-m)

x3 3
xfﬂTJrAx (=71 + X)

Sol ve[(D[p4, X] /. X » x) = (D[Si n[x], X] /. X > 7)), A]

1
{{A- =1
p4 =p4 /. Sol ve[ (D[p4, X] /. X » ) == (D[Sin[Xx], X] /. x>mx), AI[[1]]

X x3 . X3 (=7 +X)
2 3

pS5=p4+A(X-0) (x-0) (x=-0) (X=-m) (X=-m)

x3 . X3 (=7 +X)
72 73

+AX3 (—m+x)2

Sol ve[ (D[p5, X, X] /. X »x) = (D[Sin[x], X, X] /. X » 7)), Al

{{A->0}}

p5 =p5 /. Solve[(D[p5, X, X] /. X » ) = (D[Sin[x], X, X] /. x=>x), Al[[1]]

X x3 . X3 (=7 +X)
2 73

p = Expand [p5]

2 x3 . x4
2 3

I nterpol ati ngPol ynom al [{{0, {0, 1, 0}3}, {x {0, -1, 0}}}, x] // Expand

2x3 x4

X=- —— + —5
2 73
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In[27]:= Plot [{Sin[x], p}, {X, -.2, Pi +.2},
Pl ot Styl e -> {{RGBCol or [0, O, 1]}, {RGBCol or [1, O, 0]1}}1;
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Masodik megoldas

In[28]:=
5 .
p=Zaj xJ
j=0
Qut[28]= ogp +X a1 +X2a2+x3a3+x4o<4+xsoz5
In[29]:= Join[Tabl e[D[Sin[X], {X, j}]1=D[p, {X, j}1, {j, 0, 2}1 /. x>0,
Tabl e [D[Sin[x], (X, j}] =D[p, {X, j }]. {j. O, 2}] /. X »x]
Qt[29]= {O=o0p, 1=01, 0==20a2, O=0p + 7101 + 72 oy +7T30(3 + 7% o +° as,
“l=a1+2nop +37% 03 +4m3 as +57% as, 0=2 00 +6mag + 12 7% as + 20 7® a5}
In[30]:= Sol ve[%
Qut[30] = {{a -0, a L2 a L1 a5 -0, o =1, « eO}}
0 , 03 7 04 3 05 el e?!
In[31]:= p/. %
2x3 x4
Qut[31] = {x-ﬁ—2+ﬂ—3}
m 2. Példa

x={x1,x2,x3}={1,2,3}
y={y1,y2,y3}={2,32,242}
yd={yd1,yd2,yd3}={4,79,404}

Adjuk meg a Hermite interpolacios polinomot!

In[79]:= pl=2+4 (x-1) // Expand

Qut[79]= -2+4X
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p2=p1+A(x-1) (x-1)
Qut[81]= -2+A (-1+x)2 +4x
In[82]:= Solve[(p2 /. x=>2) =32, Al
Qut[82]= {{A-26}}
In[83]:= p2=pl+26 (x-1)"2
out[83]= -2+26 (-1+x)%2+4x
In[69]:= p3=p2+A(X-1)"2 (x-2)
Qut[69]= -2+26 (-1+X)2+A(-2+X) (-1+x)% +4x
In[70]:= Solve[(D[p3, x] /. Xx=»2) =79, A]
Qut[70]= {{A-23}}
In[84]:= p3=p2+23 (X-1)"2 (X - 2)
Qut[84]= -2 +26 (-1 +x)2+23 (-2+X) (-1+x)2 +4x

In[93]:= p4=p3+AX-1)"2 (Xx-2) (Xx-2)

Qt[93]= -2+26 (-1+X)%+23 (=2+X) (-1+X)%2 +A(-2+X)% (-1+X)2 +4X

In[95]:= Solve[(p4 /. X »3) =242, A]

Qut[95]= {{A-9}}

In[96]:= p4=p3+9 (Xx-1)"2 (Xx-2) (X-2)

Qut[96]= -2 +26 (-1+X)2+23 (=2+X%X) (-1+Xx)2+9 (-2+x)% (-1+x)%2 +4x

In[97]:= pS=p4+A(X-1)"2 (x-2)"2 (X -3)

QE[97]= -2+26 (-1+x)2+23 (=2+X) (-1+X)2+9 (-2+x)%2 (m1+xX)2 +A(-83+Xx) (-2+x)? (-1+x)%2 +4x
In[98]:= Solve[(D[p5, x] /. x> 3) =404, A]

Qut[98]= {{A->1}}

In|101]: =

pS5=p4+1 (x-1)"2 (x-2)"2 (x-3)

Qut| 101 =
2426 (-1+X)2+23 (=2+X) (-1+X)2+9 (=2+%X)% (-1+x)%2 4+ (-3+X) (-2+x)% (-1+x)%2 +4x

Inl 102]: =
Expand [%]

Qut] 102] =
2 -X+x°

Ellenérzés
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In[32]:=

Qut[32] =

I nterpol ati ngPol ynom al [{{1, {2, 4}}, {2, {32, 79}}, {3, {242, 404}}}, x] // Expand

2 -x +x°

Legkisebb négyzetek modszere

= Kalkulus, normélegyenletek

M=1

x={1,2,3}, y={2,5,10}

In[35]:

I n[ 36]:

In[39]:

Qut [ 39]

I n[40] :

Qut [ 40] =

In[41]:

Qut [ 41]

In[42]:

In[43]:

M=2

FO[x_]: = a0;

X={1, 2, 3};

Y=1{2, 5 10};

G=PluseeMup [ (FO[#[11] - #[201) "2 & Transpose[{X, Y}1]
(-10 + a0)2 + (-5 +0a0)2 + (-2 + a0)?

DIG a0]

2 (-10+00) +2 (-5+a0) +2 (-2 + a0)

Sol ve [D[G a0] == 0]

{{o0 > &)

Gr aphi cs[{RGBCol or [1, 0, 0], PointSize[. 03], Point [{1, 2}], Point [{2, 5}1,
Poi nt [{3, 10}], RGBCol or [0, 1, O], Line[{{0, 17/3}, {4, 17/3}}1}1;

Show[% Pl ot Range -» {1, 11}];
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In[44]:= F1[x_]:=alX +a0;

A négyzetdsszeg— G=G[a0,a1] kétvaltozos fgv.

I n[45]:

G=PluseeMup [ (F1[#[1]] - #[201) *2 & Transpose[{X, Y}]]

Qut[45]= (-2+00+al)2+ (-5+a0+2al)2+ (10 +00 + 3 al)?

Sziiks felt., normalegyenelet.

In[46]:= {D[G aO], D[G al]}

Qut[46]= {2 (-2 +0a0 +al) (-5+00+20al) (-10 + a0 + 3 al),

2 +2 +2
2 (-2+a0+0l) +4 (-5+a0+2al) +6 (-10+a0 +3 al)}

In[47]:= Sol ve[{D[G a0] =0, D[G al] ==0}]

Qut [ 47] {{O{O%—%, ol > 41}

A kapott lin. polinom a 4x-7/3!

In[48]:= Graphi cs[{RGBCol or [1, 0, 0], PointSize[.03], Point [{1, 2}], Point [{2, 5}],
Poi nt [{3, 10}], R@Col or [0, 1, O], Line[{{0, -7/3}, {4, 41/3}}1}1;

In[49]:= Show[% Pl ot Range -» {1, 11}];

M=3
In[50]:= F2[x_]:=0a2x?+alx +a0;
In[51]:=
G=PluseeMip [ (F2[#[11] - #[201) *2 & Transpose[{X, Y}1]
Qt[51]= (-2+00+0al+02)?+ (-5+a0+2al+40a2)?+ (-10+a0+3al+9a2)?
In[52]:= {D[G a0], D[G al], D[G a2]}
Qut[52]= {2 (-2+a0+al+a2) (-5+a0+2al +4a2) (-10+a0+3al +9a2),

2 +2 +2
2(-2+a0+o0l+02) +4 (-5+a0+201l +402) +6 (-10+0a0+3 al +90a2),
2(-2+a0+al+02) +8 (-5+a0+2al+402) +18 (-10+0a0 +3 al +9 a2)}
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In[53]:: SO' Ve[{D[G, (XO] == O, D[G, al] == 0, D[G}, a2] == O}]

Qt[53]= {{a0->1, al >0, a2 >1}}

A kapott kvadratikus polinom aZ + 1!

In[54]:= Interpol ati ngPol ynomi al [Transpose[{X, Y}], x] // Expand

Qut[54]= 1 +x?

sl = Pl ot [Eval uat e[l nt er pol ati ngPol ynom al [Transpose[{X, Y}], X11,
{x, 0, 4}, I mageSi ze » {300, 300}, Pl ot Styl e » {RGBCol or [0, 1, 0]},
Epi | og » {RGBCol or [1, 0, 0], PointSi ze[. 03], Map[Poi nt [#] & Transpose[{X, Y}11},
Pl ot Range -» {0, 20}1;
20
17. 5}
15}
12. 5}
10} @
7.5
5t ®
2.5¢ Ps
1 2 3 4

A LS min. probléma felfoghaté a Lagrange interp. probléma altaldnositasakeént!



