
SVD és főtengely-transzformáció

Emlékeztető. Ha A ∈ IRN×N invertálható mátrix, akkor

A = FΛET, ahol

F =
[
f1, . . . , fN

]
∈ Ort(N, IR),

Λ = diag
(
λ1, . . . , λN

)
, λ1 ≥ · · · ≥ λN ≥ 0,

E =
[
e1, . . . , eN

]
∈ Ort(N, IR).

Konstrukció:
e1 : ∥e1∥2 = ⟨e1|e2⟩ = 1, ∥Ae1∥ MAX,

λ1 := ∥Ae1∥, f1 = Ae1/λ1.

Ha (e1, λ1, f1), . . . , (ek, λk, fk) adott,

ek+1 : ek+1 ⊥ e1, . . . , ek, ∥ek+1∥ = 1, ∥Aek+1∥ MAX,

λk+1 := ∥Aek+1∥, fk+1 = Aek+1/λk+1.

Mindegyik lépésnél
Aek+1 ⊥ Af valahányszor f ⊥ e1, . . . ek.

Szimmetrikus mátrix esete.

A = AT ∈ IRN×N , A = FΛET, Λ = diag
(
λ1, . . . , λN

)
SVD-felbontás

Sp(A) =
{
µ1, . . . , µs

}
, µ1 > · · · > µs > 0, µk multiplicitása mk(> 0):

λ1= · · · =λm1︸ ︷︷ ︸
=µ1

, λm1+1= · · · =λm1+m2︸ ︷︷ ︸
=µ2

, . . . , λm1+···+ms−1+1= · · · =λN︸ ︷︷ ︸
=µs

,

A = FΛET = F diag(λ1, . . . , λN )ET =

= AT = EΛFT = E diag(λ1, . . . , λN )FT.

Észrevétel: ET·, ·E szorzásokkal

QΛ = ΛQT, ahol Q := ETF ∈ ORT(N).

Innen
Λ−1QΛ = QT = Q−1,

[Λ−1QΛ]T = [Λ−1QΛ]−1 = Q

ΛQTΛ−1 = Λ−1Q−1Λ

Λ2QT = Q−1Λ2 = QTΛ2

λ2
i [Q]ji = [Q]jiλ
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j .
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Vagyis [Q]ji = 0 valahányszor µki = λi ̸= λj = µkj , azaz ha az (i, j) indexpár nincs az∪s
k=1{mk−1+1, . . . ,mk}2 átlóbeli négyzetekben. Ezért

Q = diag(Q1, . . . , Qs), ahol Qk ∈ ORT(mk).

Tehát
A = FΛET = EQ diag(µ1Im1 , . . . , µsIms)E

T =

= E diag(µ1Q1, . . . , µsQs)E
T.

Mivel A = AT = E diag(µ1Q
T
1 , . . . , µsQ

T
s )E

T is áll,

Qk = QT
k = Qk−1 (k = 1, . . . , s),

azaz a Qk mátrixok szimmetrikus ortogonális mátrixok, azaz tükrözések:

Qk = Gdiag(Iℓk ,−Imk−ℓk)G
T, Gk ∈ ORT(mk)

alakúak. Ezekkel a főtengely alak

A = Ẽ diag(µ1Iℓ1 ,−µ1Im1−ℓ1 , . . . , µsIℓs ,−µsIms−ℓs)Ẽ
T,

ahol Ẽ = E diag(G1, . . . , Gs).
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