> restart .
with(linalg) :
with(plots) :

print("Mesh vertices");

R :=4;

print(R," points");

print("3D-Coordinates of the ", R, " points in the rows");

P == matrix(4,3,[-2,0,sqrt(2), 2,0,sqrt(2), 0,-2,-sqrt(2), 0,2,-sqrt(2)]);

print("Mesh triangles");

N :=4;

print("Point Indices of the ", N, " triangles," );
print("1_star(n,1) = index of point i in triangle n");
print("Lexicographic order");

i star == matrix(N, 3, [1,2,3, 1,2,4, 1,3,4, 2,3,4]);

#Calculation for nuber of edges"
M:=0:

j star0 := matrix(R- (R — 1)-2_1, 2):
for i/ from 1 toR — 1 do:

for i2 from i/ + 1 toR do:

s:=0:

for n from 1 to N do:

ifil =i star[n,1]andi2=i star[n,2]thens := 1 fi:
ifil =i star[n,1]andi2=i star[n,3]thens := 1 fi:
ifil =i star[n,2]and i2=i star[n,3]thens := 1 fi:

od:#n
ifs=1thenM:=M+1:j starO[M, 1] =il :j starO[M, 2] = i2: fi
od:od:#il,i2

print("M=", M, "mesh edges");

print("j_star(m,ell)= index of point ell in edge m");

print("Lexicographic order");

J_Star == matrix(M, 2) :

for m from 1 to M do: for e//from 1 to 2 do: j star[m, ell] == j starO[m, ell] : od:od:
print(evalm(j star));

n_star == matrix(M, 2) :
for m from 1 to M do:
il :==j star[m, 1]: i2:=j star[m,2]:
s:=0:
for n from 1 to N do:
ifil =i star[n,1]and i2=i star[n,2]thens:=s+1:n star[m,s] = n:fi
ifil =i star[n,1]and i2=i star[n,3]thens:=s+1:n star[m,s] = n: fi
ifil =i star[n,2]and i2=i star[n,3]thens:= s+ 1:n star[m,s] = n:fi:
od:#n
ifs=1thenn star[m,2] = n_star[m, 1] : fi:
od:#m
print("n_star(m,ell)=index ell of neighboring triangle of edge m");
print(evalm(n_star) ),




k_star == matrix(M,2) :

for m from 1 to M do:

il ==j star[m,1]:i2 :=j star[m,2]:nl == n_star[m, 1]:n2 := n_star[m,2]:

k star[m, 1] :=1i star[nl, 1] +i star[nl,2]+i star[nl,3] —il —i2:

k star[m,2] =i star[n2, 1] +i star[n2,2]+i star[n2,3]—il —i2:

od:#m

print("k_star(m,1), k_star(m,2) indices of opposite vertices to edge m in neighboring
triangles");

print(evalm(k_star));

m_star := matrix(N, 3) :
for n from 1 to N do:
il ==1i star[n,1]:i2 :=1i star[n,2]:i3 :=1i star[n,3]:
for m from 1 to M do:

jl =j star[m, 1]: j2 :=j star[m,

2]
ifjl=il and j2=i2 thenm_star[n,3] := m: fi:
ifjl=il and ;2 =i3 thenm _star[n,2] := m: fi
ifj/=i2and;2=i3 thenm star[n, 1] := m:fi
od:#m
od:#n

print("m_star(n,ell) = index of opposite edge of vertex ell of triangle n");
print(evalm(m_star));

print("Degrees of vertices, cycles of neighbors");

degp = vector(R) : startm = vector(R) : innerp := vector(R) :

for i from 1 to R do:

innerp[i] == 1 :degpli] = 0:

for m from 1 to M do:

ifj star{m,1]=ior j star[m,2]=ithen

if degp[i]=0 then startm[i] := m : fi:
ifinnerp[i]=1 and n_star[m, 1]=n_star[m, 2] then innerp[i] := 0 : startm[i] := m : fi:
degpli] == degp[i] +1:
fi:#j star
od:#m
od:#i
print("Degrees of vertices", evalm(degp) );
print("Inner vertices", evalm(innerp));
print("Starting edges in cycles", evalm(startm) );

for i from 1 to R do:

dpli] == degp[i] + innerp[i] : cycm[i] := vector(dp|
m = startm[i]:n = n_star[m, 1]: ip :=j star[m, 1
cyeml[il[1] :==m:

cyeplil[1] = ip:

for e/l from 2 to dp[i] do:

n:=n_star[m, 1] +n_starlm,2] —n:

for k from 1 to 3 do:

ifi star[n, k]1=ip then kk := k : fi:

i]) : cyepli] == vector(dpli]) :
| +j star[m, 2] —1i:



od:#k

m = m_star[n, kk] :

ip=j star[m, 1] +j star[m,2] —i:
cyem[i]lell] == m:

cyeplillell] == ip:

od:#ell

print("Cycle of edges from point", 7, "

evalm(cycpli])) :
od:#i

" evalm(cycm[i])," Cycle of points",

print("Guessing normal vectors");

nn = matrix(R, 3) :
nn2 = vector(R) :
u == vector(3) : v == vector(3) :

for i from 1 to R do:

nnl(i,1]1:=0:nn[i,2] =0:nn[i,3]:=0:

nn2[i] = 0:

for ellfrom 2 to dp[i] do:

for £ from 1 to 3 do:

iii == cycpli]lell]:ii == cycplil]lell —1]:

ulk] == Pliii, k] — P[i, k]: v[k]:= Plii, k] — P[i, k] :

od:#k

nmnli, 1] :==mnn{i, 1]+ u[2]v[3]—u[3]V[2]:
nmn[i,2]==nn{i,2]+u[3]v[1]—u[l]Vv[3]:
nn[i,3]==mnn{i,3]+u[l]v[2] —u[2]V[]1]:
od:#ell

nn2[i] == nn2[il +nnli, 1> +nnli, 27 + nnli, 31*:
od:#i

print("Normal vectors", evalm(nn));
print("Norm squares", evalm(nn2));

print("Guessed Surface derivatives");

print("g_ij from point i toward j");

g:=array(1..R,1.R):

for i from 1 to R do: for j from 1 to R do:

gli,j] = vector(3,[0,0,0]) :

od:od:#ij

for i from 1 to R do:

for e/l from 1 to degp[i] do:

J = cyeplillell] :

sij = nn[i, 11-(P[j, 1] = P[i, 1]) +nn[i,2]-(P[j, 2] = P[i, 2]) +nn[i, 3]-(P[j,3] — Pl
3]):

§ji :3=])7m[j, 1]-(P[i, 11 =P[j,1]) +nnlj,2]-(P[i, 2] = P[},2]) +nn[j,3] (P[i,3]—P[j,

for k from 1 to 3 do:
Sij

gli,j1[k] = (PLj, k] — Pli, k1) — —L— -nn[i, k] :
nn2[i]



od:#k

n.n > = n

print("g", i, J, " evalm(gli,j1)," mnormalv", [nn[i, 1], nn[i, 2], nn[i, 31]) :
od:#ell

od:#i
print(

");
print(

");

print("Checking if the g vectors are suitable in a polynomial construction");

print("g_,ell-g ik) x g ijnot=0 when [p i,p j] is a double edge between the mesh triangles
[p_i.p_j.p_K].[pip_j.p_ell]");

suitable := 1 :

for m from 1 to M do:

i:=j star[m,1]:j:=j star[m,2]:

nl = n_star[m,1]:n2 := n_star[m,2]:

if nl #+ n2 then

al == g[i,jl[1]:a2 = g[i,j1[2]:a3 = g[ij]1[3]:

kl ==k _star[m, 1]: k2 := k_star[m,2]:

bl == gli, kIN[1] —gli, k2][1]:b2 = g[i, kI1[2] —g[i, k21[2]: b3 == g[i, k11[3] — gli,
k21131

cl :==a2:b3 —b2-a3: c2:=a3-bl —b3-al: c3:=al-b2—>bl-a2:

ci=cl’ + c2? + c3?: ifc=0 then suitable :== 0 : fi:

if c=0 then print("g[",i,j,"] , g[" i, kI,"] , g[" i, k2,"] FALSE") fi:

al =gl j,il[1]:a2 = g[j,i][2]:a3 =g[},i][3]:

kl ==k _star[m, 1]:k2 =k _star[m,2]:

bl :=g[j, ki[1]1—glj, k21[1]:b2 == g[j, kI1[2] — g}, k21[2]: b3 = g[ ], kI1[3]—gl},
k2][3]:

cl :=a2:b3 —b2-a3: c2:=a3-bl —b3-al: c3:=al-b2—>bl-a2:

c:=cl’ +c2+c3: ifc=0 then suitable == 0 : fi:

if c=0 then print("g[",j,i,"] , g["/j, kl,"] , g[",j, k2,"] FALSE") fi

fi:

od:#m

if suitable=1 then print("SUITABLE") : fi:
if suitable =0 then print("NOT SUITABLE - g data should be modified") : fi:




print("Basic RSD interpolation");

t :== vector(3) : lambda := vector(R) :

print( "Shape functions", "Pi_0=(", Phi, Theta, chi 0, chi 1,")");
Phi := 10°- (10 — 15-10 + 6-10°);

Theta = (0°- (4 — 3 10):

chi 0 :=30-¢t1*-12*13;

chi 1= 12-t1*12*13;

f=array( 1..N) : f lambda = array(1..N) :
for n from 1 to N do:
fn] = vector(3, [0,0,0]) : f lambda[n] := vector(3, [0,0,0]) :
od:#n
pi=array(1..R):
for i from 1 to R do:
pli] :== vector(3, [P[i, 1], P[i,2], P[i,3]]) :
od:#i

for n from 1 to N do:

for i from 1 to 3 do:

ip =1 star[n,i]:
fIn] = evalm(f[n]+ subs(t0=t[i], Phi) -p[ip]) :

for j from 1 to 3 do:
Jjp =1 star[n,j]:
fIn]:=evalm(f[n]+ subs(t0=t[i], Theta) -t[ j]-g[ip, jp]) :
od:od:#ij

for i from 1 to 3 do: for j from 1 to 3 do: for 4 from 1 to 3 do:
ifi #jand;j # kand k # i then

ip =1 star[n,i): jp =i star[n,j]: kp := i star[n, k]:
fln] = evalm( f[n] +subs(tl =t[i], 2=t[j], t3=t[k], chi 0) -plip] + subs(tl =t[i], t2
. =t[j], 3=tlk], chi_I)-glip,jp]) :

i:

od:od:od: #ijk
od:#n

for n from 1 to N do:
print("f"T,P,G_Pi0 over triangle ", n) :

il ==1i star[n,1]: i2:=1i star[n,2]: i3 :=1i star[n,3]:
for & from 1 to 3 do:
f lambda[n][k] = subs(t[1]=lambda[i/], t[2]=1ambda[i2], ¢{3]=lambda[i3], f[n][k]) :
od:

print(evalm( f[n][1])) : #print(evalm( f lambda[n][1])) :
print(evalm( f[n][2])) : #print(evalm(f lambda[n][2])) :
print(evalm( f[n][3])) : #print(evalm(f lambda[n][3])) :

od:#n



print("t"T,P,G_Pi0 displayed");

f su = matrix(N, 3) :

for n from 1 to N do:

for & from 1 to 3 do:

f suln, k] := subs(t[1]=sigma, t[2]= (1 —sigma)-tau, #[3]= (1 —sigma) - (1 — tau),
SfIn]lk]) :

od:od: #kn

Cl :=array(1.3): C2:=array(1.3): C3 :=array(1..3) : C4 :== array(1..3) :
for k£ from 1 to 3 do:

Cllkl=fsul[l,k]:C2[k] == f su[2,k]: C3[k] = fsu[3,k]: C4[k] = f su[4, k]:
od:

plot3d({Cl1, C2,C3, C4},sigma=0.1,tau=0..1);
a=0;b:=100"" ¢:=49-100" d:=1—49-100"";
plot3d({C3, C4}, sigma=a.b, tau=c..d);

print(

"

print(

print("Edge corrections");

print("Row m: double edge m between points 11,12 and opposite vertices j1,j2 in triangles nl,
n2");
print("ordering: 11<i2, j1<j2 and nl1<n2");

MM :=0:

for m from 1 to M do:

ifn_star{m, 1] #+ n_star[m, 2] then MM = MM + 1 : fi
od:#m

print("Number of double edges ", MM);

IJN = matrix(MM, 6) :

mm =0 :

for m from 1 to M do:

nl :=n_star[m, 1]:n2 := n_star[m,2]:
if n/ # n2 then

mm = mm+1:

il ==j star[m, 1]: i2 :=j star[m,2]:
jl ==k star[m, 1]:j2 ==k star[m,2]:
IJN[mm, 1] :=1il: [JN[mm,2] :=1i2:



IJN[mm, 3] :=jl: [JN[mm,4] :=j2:
IJN[mm, 5] =nl: IJN[mm, 6] = n2:
fi:

od:#m

print("IIM ", evalm(IJN) );

V= matrix (MM, 3) : VV := matrix(MM, 3) : dV = matrix(MM, 3) :
Y := matrix(MM, 3) : W := matrix(MM, 3) :
Bdet = vector(MM)

for m from 1 to MM do:
il =IJN[m,1]:i2:=1JN[m,2]:jl :=1I/N[m,3]: j2=IN[m4]: nl =IJN[m,5]: n2
= [JN[m, 6]:
print(" ")
print("On (directed Edge ", m, " points ", il," --> ", i2) :

for k from 1 to 3 do:
F = f lambda[nl][k]:

print(k, F) :

FL := subs(lambda[i]=tau — 2_1-sigma, lambda[i2]=1 — tau — 2_1-sigma, lambda[ j/]
= sigma, F)

Vim, k] := factor(subs(sigma=0, diff (FL, sigma)) ) :

F: f_lambda [n2][k]:

FL = subs(lambda[il] = tau — 2_1-sigma, lambda[i2]=1 — tau — 2! -sigma, lambda[ ;2]
= sigma, F) :

VVIm, k] —factor subs (sigma=0, diff (FL, sigma))) :

dVim, k] == factor(VV{m, k] —V[m, k]) :

FL == subs(lambda[z]] =tau, lambda[i2] =1 — tau, lambda[ j2] =0, F) :

Y[m, k] := factor( diff (FL, tau) ) :

od:

avl =dVim,1]:dv2 :=dV[m,2]:dv3 :=dV[m,3]:

yl = Y[m 1]1:y2:=Y[m,2]:y3 :=Y[m, 3]:

W[m 1] == factor(dv2-y3 —dv3-y2) : Wm, 2] := factor(dv3-yl —dvi-y3): W[m,3]
= factor (dvl-y2 —dv2-yl) :

vi=V[ml1l]:v2:=V[m2]:v3:=V[m,3]:

wl == W[m, 1]:w2:=W[m,2]:w3 = W[m,3]:

bb = v] w] +v2-w2 +v3-w3:

Bdet[m] = factor(bb) :

print("v . [V[m 11, V[m, 2], [m 31D :
print("wW'", [VV[m, 1, VV[m, 2], VV[m,31]) :
print("dv" [dVm,1],dV[m,2],dV[m,3]]) :
print("y", [Y[m, 1], Y[m, 2], Y[m,3]]) :
print("w " A Wm, 1], Wim, 2], W[m 31D :
print("b= det[V dv,y|", Bdet[m]) :

od:



print("Cofactors of GCD(w_1,w 2,w _3)");

K:==3:

Q = vector(MM) :
qw = matrix(MM, 3) :

a0 == matrix(1,K) : a := matrix(1,K) :

for mmm from 1 to MM do:
il == IJN[mmm,1]: i2:=IJN[mmm,2]:

print("W[", mmm, ",on points ", il , "-->",i2, "]")

0[1,1] == W[mmm, 1] :
0[1,2] == W[mmm, 2] :
0[1,3] == W[{mmm, 3] :
print("Polynomials");
print(a0[1, 1]) : print(a0[1, 2]) : print(a0[1, 3]) :

for & from 1 to K do:
all, k] :==a0[1, k] :
od:

dd == vector(K) : S :=10:

for £ from 1 to K do:

if expand(a[1, k]) =0 thendd[k] :=-1 : fi.

if expand(a[1, k] ) # O then dd[k] := degree(a[l, k]) : S := S +dd[k] : fi:
od:#k

#print("Degrees ", evalm(dd) );

#print("Sum of positive degrees ", S);

mc = vector(K) :

for k from 1 to K do:

ifdd[k] < 0thenmc[k] = 0:fi
ifdd[k]=0thenmc[k] == a[l,

if dd[ k] > O then

b:=all,k]:forjfrom1 todd[k]do: b :=
fi:

k]:fi

diff (b, tau)
J

cod: me[k]:==b:



od:#k
#print("maincoeff s

'

' evalm(mc));

X = matrix(K,K) :
for i from 1 to K do: for j from 1 to K do: X[i,j] := 0:0d: X[i,i] := 1 : od:
#print("X initial ", evalm(X) );

for s from 1 to S do:
#print ("

#print("STEP ", s) :
AR
#print("polynomials", evalm(transpose(a))) :

for £ from 1 to K do:

ifexpand(a( 1, k]) =0 thendd[k] :=-1:fi:

if expand(a[1, k] ) # 0 then dd[k] := degree(a[l, k]) : fi:
od:#k

for k£ from 1 to K do:

ifdd[k] <0 thenmc[k] := 0 : fi

ifdd[k]=0thenmc[k] == a[l, k] : fi:

ifdd[k] > 1 then

b:=all,k]:forjfrom 1 todd[k]do: b := M od: mc[k] == b
fi:
od:#k

#print("degrees ", evalm(dd)) :
#print("main coefficients ", evalm(mc)) :

#print("Normalization") :

for k£ from 1 to K do:

if dd[k] > 0 thena[1, k] = expand(mc[k1"-a[ 1, k]) i
od:#k

A = matrix(K, K) :

for i from 1 to K do: for j from 1 to K do:

Ali,j1=0:

ifi=jand dd[ j] > O then A[7, j]
ifi=jand dd[ j] < 0 then A[i, i]
od:od:#ij

X = evalm( X &*A4) :
#print("New polynomials ", evalm(transpose(a))) :

# print("degrees ", evalm(dd)) :

#print("New X with X=XA ", evalm(X)," A=",evalm(A4)) :

AR

#print("Reordering") :

P = matrix(K, K) :

for i from 1 to K do:for j from 1 to K do: P[i,j] := 0:od: P[i,i] := 1 :o0d:
for n from 1 to K do:

for i from 1 to K — 1 do:

j=i+1:

if (0 < dd[i]land dd[i] <dd[j]) ordd[j]=-1 then

mc[j]_1 : fi:
1:fi



ddd == dd[j):dd[j] == dd[i]:dd[i] == ddd :
aaa = a[l,j):a[l,j]=a[l,i]:a[l,i] = aaa:
for & from 1 to K do:
ppp = Pk, j]: Plk,j] = Plk,i]: P[k,i] = ppp:
od:#k
fi:
od:#i
od:#n
X = evalm(X&*P) :
#print("New polynomials ") :
#print(evalm(transpose(a))) :
#print("degrees ", evalm(dd)) :
#print("New X=XP ", evalm(X)," with P= ", evalm(P)) :

#print("Degree decreasing") :

L:=0:

for k from 1 to K do:

ifdd[k]=-1 then L := k fi:

od:#k

L=L+1:

#print("First nonzero pol with index L=",L) :

#STOP condition
if L < K then

dddd == dd[L] —dd[L+1]:

#print("pol L=",a[1,L]," pol L+1=",a[1,L+1]," taurd=", tau™) :
all,L] = expand(a[1, L] — tau”.a[1, L+ 17]) :
#print("a L-taudddda L+1=",4a[1,L]) :

B = matrix(K, K) :

for i from 1 to K do: for j from 1 to K do:

Bli,j1:=0:0d: B[i,i] := 1 :0d:

B[L+1, L] :=-tau™

X = evalm(X&*B) :

#print("New polynomials") :

#print(evalm(transpose(a))) :

#print("New X=XB ", evalm(X)," with B= ", evalm(B)) :

fi: #STOPcond

#STOP
if L=K thens := S :fi

#print("CHEKING a -a0 X=0") :

DDD = evalm(a — a0&*X) :

DD = evalm(DDDI[ 1, 1]) :

for k from 1 to K do: DD = expand(DD) :od:
#print(evalm(DD)) :



od:#s
GCD = evalm(a[l,K]) :
print(" GCD over double edge ", mmm ," =", GCD);
Olmmm] == GCD :
#print("Cofactors in column 3 of X");
for i from 1 to K do: gw[mmm, i] := expand(X[i, L]) : od:
print("qw", mmm, 1, "=", gw[mmm, 1]) :
print("qw", mmm, 2, "=", gw[mmm, 2]) :
print("qw", mmm, 3, "=", gw[mmm, 3]) :
# print("CHECKING GCD-a0 1q 1-...-a0 K q K=0");
# DD:=GCD:
#for k from 1 to K do: DD := expand(DD — a0[ 1, k]-gw[mmm, k]) : od:
#print(DD);

od:#mm

print(

print(

")

print("Z polynomials along double edges");
Zq = matrix(MM, 3) : ZqL := matrix(MM, 3 ) :

for mm from 1 to MM do:
il =IJN[mm,1]:i2 :==IJN[mm,2]:
print("Double edge ", mm, " ", il,"-->",i2) :

Bdet[mm ] )
)? )) '

Q[mm]-tauz-(l — tau

zl == simpliﬁ/( factor(

print(zl) :

for & from 1 to 3 do:
z2 == factor(qw[mm, k]) :

Zglmm, k| = zI-z2:



z() == subs(tau=1lambdal[il ], zI) -factor(subs(tau=1 — lambda[i2], z2) ) :
z0 = z0 + factor(subs(tau=1 — lambda[i2], zI) ) -subs(tau =lambda[i/ ], z2) :
ZgL{mm, k] = 27120:
print("Zq[", mm, k, " resp. ZqL[", mm, k,"]") :
print(Zq[mm, k]) :
print(ZgL[mm, k]) :

od:#k
od:#mm

Fg == matrix(N, 3) :

for n from 1 to N do:
for k from 1 to 3 do: Fq[n, k] :== f lambda[n][k] : od:#k
od:#n

for mm from 1 to MM do:
il == IJN[mm,1]: i2 == IJN[mm, 2] :
jl == 1JN[mm,3]: j2 := [JN[mm, 4] :
nl == IJN[mm,5]: n2 :=IJN[mm, 6] :
for £ from 1 to 3 do:
Fg[nl, k] == Fg[nl, k] -lambda[il T*-lambda[i2]*-lambda[ jI1- ZgL[mm, k] :
Fq[n2, k] == Fq[n2, k] -lambda[il *-lambda[i2]*-lambda[ j2]- ZgL[mm, k] :
od:#k
od:#mm

for n from 1 to N do:

print("Triangle ", n, [i_star[n, 1],i star[n,2],i star[n,31]]) :
print("Spline over triangle ", n) :

for k from 1 to 3 do:

print(Fqln, k]) :

od:#k

od:#n

print(

print(

");
print("Final result displayed");

Fgts := matrix(N, 3) :

for n from 1 to N do:

il ==1i star[n,1]:i2 =i star[n,2]:i3 :=1i star[n,3]:

for k& from 1 to 3 do:

Fqts[n, k] := subs(lambda[i/ ] =tau, lambda[i2] = (1 — tau) -sigma, lambda[i3]= (1 —tau)- (1



—sigma), Fq[n, k]) :
#print(Fqts[n, k]) :
od:#k

od:#n

Cql = [Fqts[1, 1], Fgts[1,2], Fgts[1,3]]: Cq2 = [Fqts[2, 1], Fqts[2,2], Fqts[2,3]]:
Cq3 == [Fqts[3, 1], Fgts[3, 2], Fgts[3,3]]: Cq4 = [Fqts[4, 1], Fqts[4, 2], Fqts[4,3]]:

plot3d({Cql, Cq2, Cq3, Cq4},tau=0..1,sigma=0..1);

plot3d({Cql, Cg2}, tau=0-10"2..100-10 "2, sigma=99-10">..100-102);
plot3d({Cql, Cg2}, tau=0-10"2..100-10 "2, sigma=90-10"2..100-102);
plot3d({Cql, Cg2}, tau=0-10"2..100-10 2, sigma=80-10"2..100-102);
plot3d({Cql, Cq2}, tau=0-10"2..100-10 2, sigma=70-10"..100-102);
plot3d({Cql, Cg2}, tau=0-10"2..100-10 % sigma=60-10"..100-10"%);
plot3d({Cql, Cq2}, tau=0-10"2..100-10 2, sigma=50-10"2..100-102);
plot3d({Cql, Cg2}, tau=0-10"2..100-10 % sigma=40-10"2..100-10"2);
plot3d({Cql, Cg2},tau=0-10"2..100-10"% sigma=30-10"2..100-10"%);
plot3d({Cql, Cg2}, tau=0-10"2..100-10 % sigma=20-10"2..100-10"%);
plot3d({Cql, Cg2}, tau=0-10"2..100-10 % sigma=10-10"2..100-10"%);

plot3d({Cql, Cg2},tau=0-10"2..100-10"% sigma=0-10"2..100-10"2);



"Mesh vertices"
R:=4
4," points"

"3D-Coordinates of the ", 4, " points in the rows'
) o /3 .

2 0 V2

0 -2 -J2

0 2 -J2

"Mesh triangles"
N =4
"Point Indices of the ", 4, " triangles,"
"i_star(n,1) = index of point i in triangle n"

"Lexicographic order"
12 3]
1 24
1 34
2 34

"M=", 6, "mesh edges"
"j_star(m,ell)= index of point ell in edge m"

I star =

"Lexicographic order"
Ty
3

B~ W A

1
1
2
2
3 4

"n_star(m,ell)=index ell of neighboring triangle of edge m"
o

W N = N =
~ B~ BB W W



"k star(m,1), k_star(m,2) indices of opposite vertices to edge m in neighboring triangles"
34

—_ = = NN

N W R W RN

"m_star(n,ell) = index of opp;)site e(ige of vertex ell of triangle n"
42 1]
531
6 32
65 4

"Degrees of vertices, cycles of neighbors"

"Degrees of vertices", [ 3333 ]
"Innervertices",[l 111 ]

"Starting edges in cycles",[ 1123 ]

"Cycle of edges from point", 1," ", 1 321 :, " Cycle of points", 2432
"Cycle of edges from point", 2, " ", 1 541 :, " Cycle of points", 1 431
"Cycle of edges from point", 3," ", 26 42 :, " Cycle of points", 1 421
"Cycle of edges from point", 4, " ", (3653 _, " Cycle of points", (132 1]
"Guessiﬁg normal Ve_ctors" _ _
(37 0 -8 |
"Normal vectors", V20 i
0 8J2 8
0 8J2 -8 |

"Norm squares", | 192 192 192 192 |

"Guessed Surface derivatives"
"g ij from point i toward j"

"g",1,2, " u’[ i 0 i\/?

3 ,"  normalv", [8 \/7, 0, —8]

[98)

2

2 -—\/7]," normalv",[8\/7,0,—8]

W [0

g,1,4, 2 3




2

"g" 1,3," [ N %ﬁ] normalv", [8 V2,0, -8]

"gH’ 2’ 1’ "

Hgﬂ’ 2’ 4’ "

"g"’ 2’ 3’ "

Hgll, 3, 1, "

"gH’ 3’ 4’ "

Hgﬂ’ 3’ 2’ "

"g"’ 4’ 1’ "

HgH, 4, 3, n

"gH’ 4’ 2’ "

[ -3 0 %ﬁ] normalv", [8 /2", 0, 8]

(O8]

232 3T | woma [s . 0.5]

2 =27 " normanv, [842.0,8]

-2 —% %\/7 ," normalv", [0,8\/7,8]

1 0 % —%\/7 " normalv",[0,8\/7,8]

| 2 —% %\/7 " normalv",[0,8\/7,8]

[ 2 % %ﬁ ] " normalv", [0, 82, -8]
\/7 ], " normalv", [0,8\/7, —8]

[2 % %ﬁ‘ normalv", [0, 82, -8]

"Checking if the g vectors are suitable in a polynomial construction"

p_kl.[pi,p_j.p_ell]"

"g ell-g ik) x g ijnot=0 when [p i,p j] is a double edge between the mesh triangles [p i,p j,

"SUITABLE"

"Basic RSD interpolation"

"Shape functions", "Pi_0=(", ®, ©, chi_0, chi 1,")"

®:=10° (610°—15t0+10)
0:=10° (4 —310)
chi 0:=30t1*12* 13



chi 1:=12t*t2*13
"fAT,P,G_Pi0 over triangle ", 1
2 22 3 2 4 3 2 3
2664 —926664—216(664—151+10) 30 (430 LT 0 (4-3) 5+

5(66—154+10) —%t;(4—3t2) tl+%t§ (4=36)—20(4=34) 4 +2

h(4—386)4
2

2666 —92666—-26 (4=34)-26(4=34)5-24 (66— 154+10) -3
2
3
92z§r§z3ﬁ+rf(6z§—15tl+1o)ﬁ+%z§(4—3tl)tzﬁ—%f;’m—wl)%ﬁ

+z§(6r§—15t2+10)ﬁ+it§ (4—=31) tlﬁ—%tg(4—3tz) 62 -4 (610

3
—15t3+10)\/7+%t§ (4—31) tlﬁ+%t§(4—3t3)t2\/7
"fAT,P,G_Pi0 over triangle ", 2

N6GH—92666—26(664—151+10) +%t§ (4—3t1)z2—%ﬁ(4—3r1)z3+2

H(4-36)4— 56 (4-386)4

5(66—154+10) —%t§(4—3tz) zﬁ%é (4=36)—20(4=34) 1 +2
5 (4—386)4
RO +2666+20 (4=34)6+20 (4=34)6+24(66—154+10) +%

5 (4-31) t1+%tg(4—3t3)t2

92zft§t3\/7+tf(6zf—1511+10)\/7+%tf(4—3t1)tzﬁ—%tf(4—3t1)t3\/7

+t§(6t§—15tz+10)\/7+%§ (4=31) f1\/7—%f§(4—3t2) (N2 —£ (62

2 2
?tg (4—318) tl\/7+?l§(4—3t3)t2\/7

"fAT,P,G_Pi0 over triangle ", 3

—15t3+10)ﬁ+

026669266626 (64—154+10) —%tﬁ(4—3t1) tz—%tf(4—3t1)t3—2
H(4—36)4—26(4=314)1

R GL—=92666—260(4=34)6+20 (4=34)5-26(66—154+10) —%
5(4—31) ll+%t§(4—3tz) b+26(66—1564+10) +%t§(4—3t3)t1—%

h(4-34)1



2

—92t§z§t1\/7+tf(6tf—15t1+10)ﬁ—?z?(4—3tl)t2\/7—

4
?tg(4—3tz) 62 —5 (64

2

?t?(4—3t1)t3\/7

—5 (66— 15t2+10)\/7+—t2 (4=36)4V2 —
4 3

—15t3+1())\/_—i-?t3(4—3t3)tl\/?—?t3(4—3t3)t2\/7
"fAT,P,G_Pi0 over triangle ", 4
NHGL+92666+26 (64— 15t1+10)+%tf(4—3t1)t2+%tf(4—3tl)t3+2

H(4—36)n+286(4=314)1

R GL—=2666—260(4=34)6+20 (4=34)5-26(66—154+10) —%
3 4 3 3 2 3
H(4=30)Hh+ 5 5 (4-31) b+26(66—1564+10) +36(4-38) -

t§(4—3t3) t,

4
3

—92t§t§t1\/7+ﬁ(6tf—1511+10)ﬁ—%t§(4—3t1)t2\/7—%tf(4—3t1)t3\/7
—5(66—154+10) 2 + ?tz (4=314)1 ﬁ—%tg(4—3tz)t3\/7 5 (64
—15t3+10)\/7+%t§(4—3t3)t1\/7 §t§(4—3t3)t2\/7

"fAT,P,G_Pi0 displayed"



Q
Il
—_ O

=700
A9
100
4. 51

100



"Edge corrections"
"Row m: double edge m between points 11,12 and opposite vertices j1,j2 in triangles n1,n2"
"ordering: 11<i2, j1<j2 and n1<n2"
"Number of double edges ", 6

1 2341

HIJM H’

A W OB~ W
—_— = = NN

N W R WA

[SSE \O R S
W N = N =
E N L VS B \S)

"On (directed Edge ", 1," points ", 1," --> "2



LKA A —92 K, =2, (64— 154 +10) + 3 A (4=32) = 5 A (4
—30) M 420 (65— 15,4+ 10) — T A (4=30) A + =2 (43 4) 4, =2
3

X (4=30) A 24 (4-34) A,

2, =920 h — 92K A, — 24 (4=3h) A =2 (4=30,) 4 24, (64— 154,
F10) = 3 (4=30) A - 2 A (430 &,

392K MVE ] (60 =152 +10) VT + 5 A (4=3%) L2 — 3 4] (4

17273 3
SNV (625 — 150, +10) VT + 5 05 (4= 30) AT — 345 (4
“30) MV = (625 =152 +10) VT + 5 A (4= 30) AT + 3] (4

=3 V2

4 (21-1) (212—21:—1),121:4—24134-121:2—2,%\/7(31:—2+\/7) (31

"y, n
V’

3
—14+v2) (-3142+2) (—3r+1+\/7)}

%(2«:—1) (27 —21—1), -1zr4+24«:3—1212+2,%ﬁ(u—z

+V2) (31—14+V2) (-3t+2+V2) (-3r+1+ﬁ)}

rdy, [0, 247 +487 — 247 +4,0]

"y, [% —801:2+16013—801:4,0,%\/7<212—2T—1) (21—1)}

"VV",

w[g—6 (61 —127+67 —1)y2 (27 —21—1) (21—1),0, —13—6 (67 —127

+67 —1) (60r4—12013+6012+1)]

"b=det[v,dv.y]", —% 2 (67 —127+67 —1) (48607 —97207 +4892 7 — 321
—63) 7 (1—1)

n "

"On (directed Edge ", 2," points ", 1," --> "3
2,2 2,2 3 2 4 .3 2 .3
L9225 A =920 A hy =20 (64 =154 +10) + 5 Ay (4 =34) A, — T X (4

—30) M 420 (65— 15, +10) = T A (4=30) A+ =2 (43 0) 4, —2

K (4=30) N +20 (-3 A,



2,2 2,2 3 3 3 2
2,-92 M A =92 M A, =2 A (4 =30) Ay =2 (4 =34 A =2 (64— 152,

F10) = 0 (4=30) A = 2 A (4-32,) 2,

2 3 2.3
3,920 GV 2Z X (6%—15%+10)J_+3x1(4—3x) V2 =50 (4
—3A) VT AR (6 - 15A, +10) VT + 4 1 (4—30,) A, VT — 2 1 (4
I 2 2 3 3
2 2 3 2
“3h) MV = (6 =15+ 10) V2 + S0 (430 4 V2 + 5 A (4
—3%)%5
w3 — 641 +33ﬁr3—601 441 +23ﬂr3—48 %,—%\/7(181:4—2813
-|—61:2—1)]
VV",[I—SZ +2;L613—48 * %—sm +% 3—6014,%ﬁ(18r4—44r3
+3012—5)]
vt (127 —247 4127 -2, - 121 4247 — 12T 42,22 (61— 127 467 —1)]
y[ 407 +%13—32 —2,—%4—48172 2§6 40T iﬁ(601¢4—12013
+6012+1)]

"w",[—%\/7(614—12134-612—1) (307" —621+33) 7, —%ﬁ(m“—lz?

t6r—1) (307 +271+1) (1—1)% -2 27-1) (2 —21-1) (67 — 127

3
+61:2—1)]

"b=det[v,dv,y]", % J2 (67 =127 +67 —1) (48607 — 97207 + 48921 —32 1

2 2
—63) T (t—1)
"On (directed Edge ", 3," points ", 1," --> " 4

2,2 2,2 3 2 4 .3 2.3
1922 Ay hy =92 A A A =2 (62 — IS A, +10) + - A7 (4 =3 %) Ay — 5 & (4

—3x)x4+27; (6715 —150,+10) = 30 (4=32) & + 3 2y (4—=32) &, =2

M (4=30) A 20 (4=30,) 4,

[\

2 2,2 3 3 3 2
2,92 050 A + 92 A h, 240 (4 =34 A, +205 (4 =3 4) &, +24, (64, — 152,

N




F10) + 30 (4=30) A+ 2 A (4-30)

392K MVZ 4 (60 =152 +10) VT + 5 A (4=3%) L2 — 3 4] (4
“30) VT (625150, +10) VT + 505 (4= 30) AT — 345 (4
“30) VT = (625 =150, +10) VT + 5 0 (4= 30) AT + 3 4 (4
—32) V2

w3 — 641 +33ﬁr3—60 441:2—23&134-48 +;,—%\/7<1814—28*c3
+61:2—1)]

1 —521 +23&r3—48 5612—3%213+60 4—%,%\/7(1814—441:3

+3012—5)]
v, [127 247+ 127 -2, 127 —247 + 127 2,22 (61 — 127 +67 —1) ]

" H

0t + 2 P o0 2 —ag 20 P a0t 2 V7 (607 — 1207

3 3 3 3
+6O1:2+1)]
16 4 3 2 2 2 16 4 3
"w",[Tﬁ(ér —127T 467 —1) (301 —621:+33)1:,—T 2 (67 —121
+6Tz—1)(3012+21:+1)(1—1)2,13—6(2r—1)(212—21:—1)(614—1213
+61:2—1)]
"b=det[v,dv.y]", % 7 (67— 127 +67 —1) (48607 —97207 +4892 7 — 321

—63) 12(1—1)2

n n

"On (directed Edge ", 4," points ", 2," -->" 3
2 4 .3 2,3
L9205 Ay =92 I hy =2 (62 =150 +10) + T Ay (4 =32,) 2y — 5 4, (4

—30) M 20 (65— 15, +10) — T4 (4=30) A + =2 (43 4) 4, =2

X (4=30) A 24 (4-34) A,

3 3 3 2
229200 M h =92 A, — 24 (4=34) A =2 (4=30,) 4 24, (61— 154,

F10) = T (4=3) A = 2 A (4-3R,) 2,



392N AVE ] (60 =152 +10) VT + 5 A (4=3%) A2 — 3 4] (4
“3N) VT (625 - 150, +10) VT + 505 (4= 30) AT — 345 (4
5—15x+10)J_+% (4—3x3)xlﬁ+%x(4

—32,

2 368 3 280 3 1 1
47 3’C+60’C 441—!-31 48 1 3,3

" H

)
—3x2)xf—x (6
)%

J2 (187 —28 7

-3+

+61:2—1)]

4527 = 20 P agr T -6+ 22 7 —601, V2 (187 — a7

+30a:2—5)]

4 3 2 4 3 2 4 3 2
v [-12T 4247 — 127 42, -127T 4247 — 127 42,22 (61 — 127 +671

~1)]

g [40 -2 P, -2 et - 20 a0t 2 VT (607 - 1207
+601:2+1)]

"w",[—%\/7(614—12173+612—1) (307 —621+33) 7, 136 J2 (61 =127

+61’2—1)(30124-21:-1-1)(1:—1)2,13—6(21:—1)(212—21:—1)(614—121:3
+61:2—1)]
"b=det[v,dv,y]", —% 2 (67 —127+67 —1) (48607 —97207 +4892 7 — 321

—63)1:2(r—1)2

n "

"On (directed Edge ", 5," points ", 2," --> " 4
LO2 A Ak =92 2%, =2 (64— 154, +10) + 3 &) (4=32) = 3 & (4
—3x)x4+2x§(6x§—15x2+10)—%x§(4—3x2)x1+%7§(4—3x2)x4—
M (4=30) A 20 (4=30,) A,
2,92 N +92 A A, + 24 (4=30) A, +20 (4=30,) A, +2%, (64, — 154,

1

3

+10)+%x4(4—3x4)x1+%xj(4—3x4)x2



2.2 3 3 2 .3
392N 0,2 + A (64— 152, +10)F+3xl(4—3x)xf—?xl(4
IR AVZ AR (6 =150 +10) V2 + 2 A (4=30) A2 — = 1 (4
1) ( 2 2 ) 3 ( 2) 1 3 2(
2 2 2 53
=30) V2 =y (604 =152 +10) V2 + 5 (4= 3) V2 + 5 % (4
—32) V2
o 3+642—33ﬁr3+60 44r2—23ﬁr3+48 +%,—%\/7(18T4—2813
+61:2—1)]
1452 2—23&r3+48 5612—3%21:3%0 4—%,%\/7(181:4—4413
+30a:2—5)]
vt (-2t 44T 12T 42, 127 247 + 127 2,22 (61 — 127 467 —1) ]
gy [40 4—2§—41‘3+32 +2,%—48 +2§—6 T 407 §E(6014—12013
+601:2+1)]
"w",[%\/7(61:4—1213+61:2—1) (3012—621:+33)1:2,13—6\/7(6r4—121:3+612
16

—1) (307 +21+1) (1—1)4 -2 (21—1) (27 —21—1) (67 — 127 +67

_1)

"b=det[v,dv.y]", % J2 (67 =127 +67 —1) (48601 —9720 7 +4892 7 —32 1

3

—63)12(1—1)2

n "

"On (directed Edge ", 6," points ", 3," -->" 4

2,2 3 2 2 .3 2,3
L-9220 A =92 A, =24 (64 =154, +10) = 2 A (4=32) 4, — < A, (4

3

3A) A =20 (4=30) A =24 (4=30,) 4

2,921 A —92 X, 1A, — 22, (4 —3x)x +20 (4=32) A, =21 (64,152

[t

F10) = T (4=30) A+ 34 (430 i 420 (64,152, +10) +

(O8]

M (4=30) A = T (430

3, -2 A VZ ] (64— 15K +10) V2 = 2] (4=34) 4VZ — 3 4] (4



=30 A2 = (61— 15 A, +10) V2 + 54 (434 A V2 — S A, (4
“30) VT 2 (62— 152, +10) VT + 5 0 (4= 30) AT — 3 (4
—32) V2

4

127 247+ 127 -2, (2t-1) (21:2—21—1),—%\/7(31—2

+V2) (3r—1+v2) (-3t+2+2) (—3r+1+\/7)]

—121:4+241:3—121:2+2,% (21-1) (27 -21-1), —%\/7(31—2

+V2) (B1—14+V2) (-3t+2+V2) (—3r+1+\/7)}

rdy", [-241 +487 — 247 +4,0,0]

W [
W

W [
w

" n

n

" [O,—%—80124-16013—8014,—%\/7(212—21:—1) (21—1)}
" [o % (6¢ —127+67—1)v2 (27 —271-1) (21—1), 136 (6¢ —127
+61:2—1)(6014—1201:3+6012+1)}
"b=det[v,dv,y]", —%\/7<61:4—12 T4+67 —1) (48607 —97201 + 48927 —321

—63)12(1—1)2

"Cofactors of GCD(w_1,w 2w 3)"
"W["’ 1, ",On pOintS "’ 1, "__>"’ 2’ "]"
"Polynomials"

4 3 2 2
—% (67 —127 467 —1)V2 (27 —21—1) (21—1)
0
—% (67 =127 +67 —1) (607 —1207 +607 +1)
4 3 2 1
" GCD over double edge ", 1,"=",1 —271 +71 iy
255 225 675 2
" " 1 1 ” " . 2 _ 2
aws L5 4864 T2 = 10456 V2 ™ Tses VZE+ g o728 T V2
"qW”’ 1’ 2’ "= ", 0
" n ”:" _ 49 _ 15 15 2
A L3 = e T 2430 YT ©



HW[H, 2, ",On points H, 1, "__>H’ 3’ H]H
"Polynomials"

16 7 (6d'—12]+67—1) (307 —6214+33) 7

—13—6 2 (67 —120+67—1) (30T +21+1) (1—1)°
136 (21-1) (27 -21-1) (67— 127 +67 —1)
4 3 2 1
" GCD over double edge ",2,"=",1 —271 +71 iy
" " n_mn _ 637 225 3 645 2
w2, 1,"=" 19456 W2t S0 38912 V2 + 5ea 4864 Vit - g tV2
833 225 3
" " 2 2 ":" - N ———— 2
', 2,2, "=" - 3o V2 Toase 19456 W2+ 9728 T2 as6a V2T
225 225
" " 2 ":” —
V2,3, "% J0456 ~ oma8
"W[", 3, "’On points "’ 1, "__>"’ 4’ "]"
"Polynomials"
% 2 (67 —127+67—1) (307 —621+33) 1
13—6 (67 —127+67 1) (307 +21+1) (1—1)°
136 21—1) (27 —27—1) (67— 127 +67 —1)
4 3 2 1
"GCD over double edge ", 3,"=",1T —21T +71 %
" " n_n ﬂ 637 225 3 645 2
', 3, 1" " 5a5e T2 - 38912 V2 - 4864 2T+ g TV2
833 225 3
" n32u:n_ - === 2
"3, 2" 30015 V2 F Toase 19456 W2 e 9728 T2 4864 ¥
225 225
" " 3 3 ":” _
av’ 3,375 " Toa56 T o8 °
"W[", 4, ",On points ”, 2, "__>"’ 3’ "]"
"Polynomials"
16 7 (6r'—12]+67—1) (307 —6214+33) 7
176 7 (61 —127+67—1) (30T +21t+1) (1—1)°
136 (21-1) (27 -21-1) (67 —127 +67 —1)
4 3 2 1
" GCD over double edge ", 4,"=",1 —271 +71 iy
w4, 1,"=", - 345 \/—_+_ 637 \/—+ 225 \/7 3 645 1:2\/7

19456 38912 4864 9728



W, a,2, =, - Ao +
nq "4 =" 833 \/_ 225 \/— 705 \/_ 225 \/7 3

38912 19456 9728 4364
" " "= " _ 225 225
V43" " 0456 T omg ”

"W[", 5, ",Ol’l pOlIltS H, 2, H__>", 4, "]"

"Polynomials"
% 2 (61 —127+67—1) (307 —621+33) T
4 3 2 2 2
% 2 (61 —127 467 —1) (30T +21+1) (t—1)
2 4 3 2
136 2t—1) (27 -21-1) (67 — 127 +67 —1)
4 3 2 1
" GCD over double edge ",5,"=",1 —21 +1 — 3
345 637 225 645 2
" " 1 ": " 2
w5, L= e V2 T 502 V2 T s I+ o708 * V2
o . 833 225 705 225 3
.52, "= 2eg1 V2 " Toase V2 T o7g PR a86a V2T
A\l W" 5 3 ": n 225 — 225 ,-c
W5 2275 9456 T 9728
"W["’ 6’ ",On points ”’ 3’ "__>", 4, "]"
"Polynomials"
0
16

- (67 —127+67-1)y2 (27 -21-1) (21—1)

% (67 —127+67 —1) (607 —1207 +607 +1)

4 32
" GCD over double edge ", 6,"=",1 —21 +1 — %

"qW"’ 6’ 1’ "= "’O
15 255 225 675 2
" "G D M=" 2 — 2
Q' 6,2,"=", e W2 = e V2~ e V2T 9728 T V2
49 15 15 2

Vs 6,3, e T a3 T 2430 ©

"Z polynomials along double edges"
"Double edge ", 1," ", 1,"-->",2
-63—4 (4860 7' —9720 1 + 48927 —321—63) V2

HZq["’ 1’ 1’ " resp' ZqL[H, 1, 1, H]H



5

= (4860 1" —9720 7 + 48927 —321—63) (307 —301—17) (21 —1)

5 2
- Sor (48602 97202 +4892 4, =322, =63 ) (304, =302, —17) (-1 +21,)
5 4 3 2 2
+5op (486070, —9720 &, +4892 2, =324, — 63 ) (304, —302, —17) (22, — 1)
"Zq["’ 1’ 2’ " resp. ZqL[H, 1, 2, "]"
0
0
"Zq["’ 1’3 " resp ZqL[H, 1,3, "]"
64 49 15 15 2
4 —972 48927 — 321 — 2 |- -
(4860 ¢ —9720 T +4892 7 — 321 63)\/_( o 2432 T+ 2432 r)
32 4 3 2 49
- 22 (4 —972 4892 — 32, — 2 |- 2
2 (48600 —9720 4] + 48924 =322, 63)\/—( =5y Mt 3 x)
E?) 49 15 15
+ (486025 — 9720 2, + 489225 — 322, 63)ﬁ( 5128 ~ 2433 M 2anz
2
xl)
"Double edge ", 2," ", 1,"-->",3
5% (48601" — 97207 + 48927 —321—63) V2
”Zq[" , 1," resp ZqL[" 2’ 1’ ”]”

912 (48607 —9720 7 + 48927 —321—63) (301 —13) (607 — 60T —49)
L (486001 —9720 2] +4892 ° =324 —63) (~174+30,) (6042 —60 A, — 49
s ) ) (6015602, —49)
1 4 3 2 2
+ T23a (486Ok3—97207L3+4892k3—32k3—63> (304, —13) (60%1—6Ok1

—49)
”Zq[" 2 2 " resp ZqL[H 2’ 2’ ”]”

912 (48607 — 97207 + 48927 —321—63) (301 —17) (607 — 607 —49)
L (48601 —9720 " +4892 X =320 —63) (-13+304,) (6022 — 602, —49
1824 ( ) ( ) (602 = 49)
1 2
— o5z (48607 — 97202 + 489205 =322, = 63 ) (302, —17) (602 — 602,

—49)
”Zq[", 2, 3, " resp. ZqL["’ 2’ 3’ ”]”
64 4 3 2 225 225
22 (4 —972 48927 — 321 — 2 -
2 (48607 —9720 7' +4892 7 327 63)\/—(19456 = r)

32
3

\ . ) 25 225
(4860 2 — 97204 +4892 %, =324, 63)5( o156 + 9728 K)



32 4 3 2
+ = (4860 45— 9720 & +4892 &, — 324, — 63 ) V2 (

225 225 )
19456 9728
"Double edge ", 3," ", 1,"-->",4

8% (48601" — 97207 +48927 —321—63) V2

qu[n 3’ 1’ " resp. ZqL[" 3’ 1, u]u

L (48601" — 97207 +48927 —321—63) (30t —13) (607 —607—49)

912
18124 (4860 %) —9720 X, +4892 &, — 32, —63) (-17+302,) (60X, — 602, —49)
g (00 om0z i1, ) (107, 1) (07—,

—49)

HZq[" 3 2 " resp ZqL[H 3, 2, H]H

L (48607 —9720 7" 148927 —321—63) (301 —17) (607 — 60T —49)

912
18124 (4860x —9720 %, +4892 4 —32 [ —63) (-134302,) (6oxj—6ox4—49)
g (002 om0 e -2, ) (03, 17) (03—,

—49)

HZq[H 3 3 " resp ZqL[H 3 3, H]H
_ 64

225 225
(48607 — 97207 + 48927 — 321 63)5( 19456 T 9723 T)

3
32 4 3 2 225 225
-2 (4860%1—9720k1+48927L1—32k1—63)\/7( S T o x)
32 225 225
y (486024 —9720 4, +48922, =320, ~ 63 ) V2 (- i2e + oo )
"Double edge ", 4," ", 2,"-->", 3
—63—4 (48607 — 97207 + 48927 —321—63) V2
”Zq[" 4’ 1’ n resp ZqL[H 4’ 1’ ”]”
912 (48607 — 97201 +48927 —321—63) (301 —13) (607 —60T —49)

1
1824
1

1824 (48602, —9720 &, +4892 %, — 324, — 63 ) (302, —13) (604, — 602,

—49)

(4860% —97207L +4892x — 32\ —63) (<17 +302,) (607@—60%—49)

HZq["’ 4’ 2’ " resp. ZqL[H, 4, 2, H]H
1

- 517 (48607 —9720 7 +48927° — 32t -63) (301 —17) (607 — 60T —49)



(486025 — 9720 2] + 489225 — 322, — 63 ) (~13 +30,) (6023 — 602, —49)

1824
1 4 3 2 ,
— aoq (48604, — 97202 +4892 7 =324, — 63 ) (304, —17) (60, — 602,
—49)
HZq[" 4 3 " resp ZqL[" 4 3’ H]H
64 225 225
3 (48607 — 97207 + 48927 —327—63) ﬁ( 19456 T 9708 T)
" \ X ) 225 225
- 2= (4860 A, — 9720 1 + 48920, — 32 A, — 63) V2 ( 19456 — 9728 ™ )
n 225 | 225
; (4860 2, Ay — 9720 X, +4892 A — 32, 63) V2 ( Toase T 978 7‘2)
"Double edge ", 5," ",2,"-->", 4
O (48607 97207 +4892¢" ~3271-63) VT
HZq[" , 1, " resp ZqL[" s 1’ H]H
912 (48607 — 97207 +48927 —321—63) (301 —13) (607 — 60T —49)

18124 (4860 2, — 97202, +4892 10 — 324, — 63 ) (17 +302,) (60, — 602, —49)

1 4 3 2 2
ST (4860x4—9720x4+4892x4—32 k4—63> (304, —13) (60%2—6Ok2

— 49)
”Zq[" 5 2 " resp ZqL[H 5’ 2’ H]”

L (48607 — 97207 + 489217 —3271—63) (301 —17) (607 — 60T —49)

912
18124 (48607» —9720 1, + 48923 — 32 A —63) (-13+302,) (6oxi—6ox4—49)
o (4860 2 — 9720 2 + 4892 & =324, —63) (304, — 17) (607, — 602,

—49)

HZq[H, 5, 3, " resp. ZqL[H’ 5’ 3’ H]H

% (48607" —9720 ¢ +4892 7" —321—63) ﬁ( e ot T)
32 (4860k —9720 A, + 4892 —32 ,—63)V2 ( 1;326 + 9272258 7“)
.“ \ . , 225 225
+ (4860 A, — 9720 A, + 4892 &, — 32 x4—63) ﬁ( 19456 9728 7“2)

"Double edge ", 6," ", 3,"-->" 4

8% (48607 97207 + 48927 —3271—63) V2

HZq[H, 6, 1, " resp. ZqL[H’ 6’ 1’ H]H



0

0
HZq[" 6 2 " resp ZqL[H 6’ 2’ H]H
S5
152

(4860, — 9720 1, +4892 &, =324, — 63 ) (304, =302, —17) (22, — 1)

(48607 — 97207 +48927 —321—63) (307 —301—17) (271—1)

5
© 304
5

+5oq (48600, 97200, +4892 =327, —63) (304, =302, —17) (22, — 1)

"Zq["’ 6’ 3’ " resp. ZqL[H, 6, 3, "]H

64 4 3 2 49 15 15 2
(48607 — 97207 +4892¢' — 321 63)\/7(9728 + 25333 T 2an2 T)

32 4 3 2 49 15 15 42
3 (4860 2 — 9720 4 +4892 %, — 32, 63)\/7(9728 T 2430 M7 3 7‘)

_32 (4860% —9720x +4892x — 32 —63)ﬁ( 49 L o, 15

9728 2432 3 2432

"Triangle ", 1, [1, 2, 3]
"Spline over triangle ", 1
1 2
( oy (4860% —9720x +4892k — 32 —63) (<17 +302,) (60x3—60x3—49)
1

- 53 (4860 2, — 9720 2, +4892 1, 324, — 63 ) (302, — 13) (602, — 602,

1
—49)) MM, — ( o (486027 —9720 &, + 4892 1, — 324, — 63 ) (17

2 1 4 3 2
+30) (60 A — 60 A, —49) + Teoa (4860 Ay — 9720 A + 4892 A, — 32 A,

—63) (302, —13) (607»?—607»1—49))7»17»375 ( 2

304
+4892 00— 322, —63) (305 -302, —17) (-1 +24) +

(4860 A —9720 x

5
304

+489220—322, — 63 ) (30 —304 —17) (27»1—1)) A A+ 2R, — 92

(4860 A —9720 x

MA =20 (64— 15% +10) + T A (4=32) k= 2 A} (4=32,) &, +2

W (6715 — 150, 410) = 320 (4=30) A + = 1) (4=3%) k=2 (4 =34 4,
+20 (4=30) 4,

( 18124 (48607, — 9720 &, +4892 &, =324, — 63 ) (-13+302,) (60X, — 602, —49)
1

- (4860 %, — 9720 &, +4892 A, =324, — 63 ) (302, —17) (601, — 602,



—49) 2500, — o (48602 — 972027 + 48924 =32, — 63 ) (-13

1
1824

~63) (302, —17) (6oxf—6oxl—49)) KA, — 920000 A — 924 A, — 2%, (4

+302,) (601, — 602, —49) — (4860 13 — 9720 A, +4892 A, — 321,

2

“3N) A =200 (A=30) A =20 (61— 15 A, +10) = T A (4-34) A — 5
K (4=30)
(5 (436023972000 4489200 ~320, —63) VT oz — oo )

— 22 (4860 1) — 9720 1] +4892 4 — 32 —63)ﬁ(- R ) )%
= (5 (48600 972000 + 48925 =322, —63 ) VT o + o
+ 22 (4860, — 972023 + 4892 2] — 32 k3—63>\/7( 225 _ 25 )) x
A, —(33—2 (4860%‘1‘—97207;:’+48927ﬁ—32kl—63)ﬁ(— s~ 34 M
+%73) 25 (486025 — 97201, +4892 1, — 324 —63)ﬁ( e
~ 5 Mt e ) R RN ANT (62— 152, +10) VT
FEN (430 VT - A (430 AT 40 (615154, +10) V2
FER ) AT -2 (4 3x2)xJ— X (670152, +10) VT
PR (A3 AT S0 (43

"Triangle ", 2, [1, 2, 4]
"Spline over triangle ", 2
1 2
( oy (4860x —97207» +4892k — 32\ —63) (-17+302,) (607»4—607»4—49)

(4860 14 — 9720 1} +4892 %, — 322, — 63 ) (302, — 13) (6025 — 6012,

1824
1
—49)) ALK, — ( o (48600 —9720 0] + 48920 =324, —63) (17
2 1 4 3 2
+300,) (602, —60 A, —49 ) + - (4860, —9720 &, +4892 %, — 322,
~63) (302, —13) (60, —60 % —49))% A Ay — ( 2 (4860 X, —9720 4]
1 | 1 174 304

5

+48927Lf—32x1—63) (307;—3075—17) (-1+20) + 50

(4860 A —9720 x



+489200—322, — 63 ) (30 =304 —17) (24, — ))xlx2x4+92x A A, — 92

Mgh =20 (62— 15A +10) + 54 (4=30) h = 5 ] (4—=3%) &, +2

1 4

W (675152, +10) = 220 (4=30) A + = 1) (4=30) A —225 (4 =32 %,

+273(4—3x)x

( 18124 (48607» —9720 ), +4892 3, — 32 A ,—63) (~134301,) (607Li—60k4

—49) + 5 (4860 &, — 9720 + 48922, — 322, — 63 ) (302, — 17) (602

1 4
—60%2—49))k2k47»1 ( o (4860 —9720 1) + 48921 =322, —63) (-1

2 1 4 3 2
+300,) (607, —60%, —49) + —— (4860 &, —9720 &, +4892 %, — 322,

~63) (302, —17) (60%?—60%1—49)) KA, + 92000 A + 9240 A, +2 4, (4

17472

—30) R+ 20 (430 A 20y (67— 15, +10) + 524 (4=30) A + 5

ﬁ(4—3x)x

- 225 225
( S (486075 — 97200, + 489205 — 322, 63)ﬁ( 70456 T 973 7‘4)
32 :

+ 32 (4860%4—9720ki+4892ki—32k4—63)\/7( 225 _ 225 xz))x

3 19456 9728 2

(72 (4860%?—9720%?+48927ﬁ—32x1—63)ﬁ( 225 _ 2% x)

19456 9728

4 3 2 225 225 2
(4860% 9720 X, +4892 A, — 32, 63)ﬁ( i T o8 7“1))7“1

2 32 4 3 2 49 15
x4x2—(—7 (4860%1—9720kl+48927L1—32k1—63)\/7(— 598 " 3437
15 2) 32

) (4860%—97207» +4892k—32k—63)ﬁ(_m
15 .2

15 3 2
55 Mt 3 xl))xlx2x4+9zx NAZ + (60— 154 +10) VT

32
3

49

FEN(A-30) VT - A (4-30) AT 42 (65— 154, +10) V2
IR (A3 VT - 2 (4 3x2)xJ_ % (674, —152,+10) V2
FIA (AR VT + S (430

"Triangle ", 3, [1, 3, 4]
"Spline over triangle ", 3



( 18124 (4860 %, —9720 &, +4892 &, 324, —63 ) (-17+302,) (60X, — 602,

—49) + 18124 (4860 %, — 9720 &, +4892 &, =322, — 63 ) (304 —13) (60 %]
1
—60&1—49))x1x4x3 ( o (48600 —9720 4] + 4892 =322, —63) (17
2 1 4 3 2
+300;) (6045 —60 Ay =49 )+~ (48604, —9720 & +4892 4 — 32,

2 2.2 2.2
—63) (304, —13) (60%1—60x1—49))x1x3x4 92 A, Ay Ay — 92 4, A; A, —2

[0o

M (63 =153, +10) = 24 (4=30) A = = &) (4=32) k=225 (434 %,

—273(4—3%)%
( 3(5)4 (4860x — 9720 )\, + 48923 — 32 —63) (307@—30&-17) (22, 1)
5

T (4860 &, — 9720 &, +4892 1, 32, — 63 ) (302, =302, —17) (2;%_1))

1
7‘3 7‘4 M~ (

1824

—607\,4—49) +ﬁ (4860xj—9720xj+4892xi—32x4—63) (302, —17) (60

2
M =600 =49 ) | 1A — (e

(4860% —9720% +4892x — 32\ —63) (-13+302,) (607;

1
1824
1

2 4 3 2
+300) (6045 =602 —49 ) — ——— (4860 & — 9720 &, +4892 %, — 32,
2,2

—63) (304, —17) (6oxf—6oxl—49)) NS, 92K WA — 92K Ayh, — 2 (4

(4860% —9720% +4892x —32 —63) (-13

S3N) A2 (430 A —2] (65 154 +10) = 225 (4—30) 4, + 5

N (4=30) 2, +2 %, (62, =152, +10) +£xj(4—37»4) kl—i%3(4—3k4) A,

32 49 15 .2
( ; (4860% 9720% +4892x 32, 63)\/2 (9728 + 2432 = a3 x)
P 49 15 15
(4860% 9720% +4892x 324, 63)\/2 (9728 + 257 T 30
x))xxx ( 32 (48607»—9720% +48927»—327»—63)\/2 ( 225
3% 3 19456
225 32 3 > 225
s M)~ (486004 9720, +48927 322, 63 ) V2 ( T
225 2.2 32 4
+ 5o xl))xlx4x3—( + (48602 — 97202, + 48922, — 322, — 63 ) 2 (

225 225 32 4 3 2
19456 + 9728 l)-l— 3 (48607\,3 97207%4—48927»3 327\,3



~63)VT (Jong ~ oo M) | MR =2 KA VT 1) (64~ 15,
F10) VT = 200 (4 =30 MVT = 2 A (4-34) V2 -1 (625152,
F10)VT + 220 (4=30) AVZ = T (4304 VT =% (64— 154,
F10)VT + 20 (4=3R) VT = T (4-30) VT

"Triangle ", 4, [2, 3, 4]
"Spline over triangle ", 4

( 18124 (48607, — 9720 &, +4892 &, =324, — 63 ) (-17+302,) (60X, — 602, —49)
1
1824

_49)) A A — ( 18124 (4860 A, 9720 2, +4892 1, — 324, — 63 ) (-17

(4860 %, — 9720 &, +4892 2, =324, — 63 ) (302, —13) (601, — 60,

2 1
+30) (60%—60%—49) o (4860% —97201 +4892x —321,

—63) (304, —13) (60%2—60% —49))x2x3x4+92x x Ay +92x x A, +2
M (61— 154, +10) + 22 (4=30) A+ = & (4=32,) A 225 (4 =32 4,

+273(4—37L)A
( 3(5)4 (4860x — 9720 )\, + 48923 — 32 —63) (307@—30&-17) (22, 1)
5

T (4860 &, — 9720 &, + 48921, — 32, — 63 ) (302, =302, —17) (2;%_1))

1
k3 }L“ M ( 1824
1
1824

2
=600, =49 ) | 50— jeoe

(4860% —9720% +4892x — 32\ —63) (<13 +302,) (607;

—607L4—49) (486% —9720% +48927L — 32\ —63) (304, —17) (60

1

o (4860% —9720% +4892x — 32\ —63) (-13

2 1 4 3 2
+300) (6045 =602 —49 ) — —-— (4860 & — 9720 X, + 4892, — 32,

—63) (302, —17) (6ox§—6ox2—49))x2x3x4+92x KA =920 A, — 2 (4

S30) A2 (4-30) A —205 (65 — 154 +10) = 22 (4=3) A, + F
M (4=30) A 422 (625 =152, +10) + 2 2 (4 =3 1,) xz—ix3(4—3x4) A,

32 4 3 2 49 e
( (48602 —9720 1 + 48927 — 32, 63)5(9728 + 2432 M a3 M)



332 (4860 %, — 9720 &, +4892 2, =324, — 63 ) V2 ( 9‘7‘38 + 2}122 2}122
o) |y = (5 (486025 97205 +489225 =322, =63 ) V2 (-2
+9272—258x4) +32 (4860xj-wzoxi+4892xj—32x4—63)ﬁ( e
- xz)) g — (—2 (4860 A, — 9720 1, +4892 2, — 32,

_ 3>ﬁ( 15226 - 9272258 )—% 4860 A — 9720 A, +4892 A — 32 ),
63 ( 22+ 2 o)) 15050, =920, 1, VT 1 (675 - 150,

M (4=30) 42 =1 (65— 152,
N (4=30) V2 =1, (60,152,
431( _37‘4)7‘3\/7

J2
VI =20 (4=30) V7 -
ﬁ+2( 30) V2 —
Jz T -

L"l"; L")l"; L")ll\) W —

"Final result displayed"
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