restart .
with(linalg) :

K =4,

a0 == matrix(1,K) :
aO[1,1]=2-(t—1)t-(t+1)-(t+2)-(t+3):
a0[1,2]1:=3-(t—=3)-(t—=2)-(t—=1)-t-(t+1):
a0[1,3]1=4-(t—=3)-(t+1)-(t+2)-(t+3):
a0[1,4]1=3-(t—=2)-(t—=1)t-(t+1)-(t+3):
print("Polynomials");
print(evalm(transpose(a0)));

a = matrix(1,K) :
for k from 1 to K do:
all, k] :=a0[l, k]:
od:

dd = vector(K) :

for £ from 1 to K do:

if expand(a[ 1, k]) =0 thendd[k] :=-1 :fi:

if expand(a[1, k] ) # 0 then dd[k] := degree(a[l, k]) : fi:
od:#k

print("degrees ", evalm(dd) ),

mc = vector(K) :

for & from 1 to K do:

ifdd[k] < 0thenmc[k] = 0:fi
ifdd[k]=0thenmc[k] == a[l, k] : fi:
ifdd[k] > 0 then

b:=all,k]:forjfrom1 todd[k]do: b := di ;b’ £) cod: mc[k]:==b:

fi:
od:#k
print("maincoeff s

1

', evalm(mc));

X = matrix(K,K) :
for i from 1 to K do: for j from 1 to K do: X[i,j] :== 0:0d: X[i,i] := 1 : od:
print("X initial ", evalm(X) );

S:=0:

for k£ from 1 to K do:

if expand(a[ 1, k]) =0 thendd[k] :=-1 : fi:

if expand(a[1, k] ) # 0 then dd[k] = degree(a[l, k]) : fi:
S:=S8+dd[k]:

od:

print("Sum of degrees ", S);
print("Degrees ", evalm(dd));



for s from 1 to S do:
print("

print("STEP ", s) :

print("Normalization") :

for k£ from 1 to K do:

if expand(a[1, k]) =0 thendd[k] :=-1 :fi:

ifexpand(a[ 1, k] ) # 0 then dd[k] := degree(a[l, k]) : fi:
od:#k

for k from 1 to K do:

ifdd[k] < 0 thenmc[k] = 0 :fi:

ifdd[k]=0thenmc[k] = all, k] : fi:

ifdd[k] > 1 then

b:=all,k]:forjfrom 1 todd[k]do: b = d ;b’ £) od: mc[k] == b
fi:
od:#k

print("polynomials", evalm(transpose(a))) :
print("degrees ", evalm(dd) ) :
print("main coefficients ", evalm(mc)) :

for k from 1 to K do:

ifdd[k] > 0 thena[1, k] :== expand(mc[k1"-a[ 1, k]) i
od:#k

A = matrix(K, K) :

for i from 1 to K do: for j from 1 to K do:

Ali,j1=0:

ifi=jand dd[j] > 0 then 4[4, /] :
ifi=janddd[j] <OthenA[ii]:
od:od:#ij

X = evalm(X &*A4) :
print("New polynomials ", evalm(transpose(a))) :
print("degrees ", evalm(dd)) :

print("New X with X=XA ", evalm(X)," A=",evalm(A)) :

mc [j]_lzﬁ:
1:fi

'

print("Reordering") :
P = matrix(K, K) :

for i from 1 to K do:for j from 1 to K do: P[i,j] := 0:od: P[i,i] := 1 :od:

for n from 1 to K do:

forifrom 1 toK — 1 do:

j=i+1:

if (0 < dd[i]and dd[i] <dd[j]) ordd[j]=-1 then
ddd == dd[j]:dd[j] == dd[i]:dd[i] := ddd :

aaa = all,jl:al[l,j]=all,i]:a[l,i] := aaa:
for & from 1 to K do:

ppp = Plk,j]: Plk,j] = Pl[k,i]: Pk, i] = ppp:
od:#k

fi:

#od:od: #ij

od:#i



od:#n

X = evalm(X&*P) :

print("New polynomials ") :

print(evalm(transpose(a))) :

print("degrees ", evalm(dd) ) :

print("New X=XP ", evalm(X)," with P= ", evalm(P)) :

print("Degree decreasing") :

L:=0:

for k from 1 to K do:

ifdd[k]=-1 then L := £ fi:

od:#k

L=L+1:

print("First nonzero pol with index L=",L) :

#STOP condition
if L < K then

dddd = dd[L] — dd[L+1]:
print("pol L=",4a[1,L]," pol L+1=",a[l,L+1]," t\d="

all, L] == expand(a[1, L1-{".a[1,L +1]) :

print("a L-t"dddda L+1=",a[1,L]) :

B = matrix(K, K) :

for i from 1 to K do: for j from 1 to K do:

Bli,j]1:=0:0d: B[i,i] :== 1 :od:

B[L+1,L] :=-{,

X == evalm(X&*B) :

print("New polynomials") :

print(evalm(transpose(a))) :

print("New X=XB ", evalm(X)," with B= ", evalm(B)) :

fi: #STOPcond

#STOP
if L=K thens := S :fi

print("CHEKING a -a0 X=0") :

DDD = evalm(a — a0&*X) :

DD := evalm(DDDI[1,1]) :

for k from 1 to K do: DD = expand(DD) :od:
print(evalm(DD)) :

od:#s

print("

ta’ddd )

print("




GCD = evalm(a[l,K]) :
print(" GCD =", GCD);

print("Cofactors in column K of X");

q = matrix(L, 1) :

forifrom 1 toK do: g[i, 1] :== X[i, L] : od:

print(evalm(q));

print("CHECKING GCD-a0 1q 1-..-a0 K q K =0");

DD := GCD:

for k from 1 to K do: DD := expand(DD — a0[ 1, k]-q[k, 1]) : od:

print(DD);
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"Polynomials"

2(t—1)t(t4+1) (142) (t+3)
3(t—=3)(t—2) (t—1)t(t+1)
4 (t=3) (t4+1) (t+2) (t+3)
3(t—2) (t—1)t(t+1) (1+3)

"degrees ", [ 5545 ]
"maincoeff's ", [ 2343 ]

(100 0]
0100
0010
0001

"X initial ",

"Sum of degrees ", 19

"Degrees ", (554 5]

"STEP ", 1

"Normalization"



20(t—=1)t(t+1) (t+2) (t+3)
3(t=3)(t—=2)(—=1)t(t+1)
4 (t—3) (t+1) (¢+2) (t+3)
3(t=2)(t—=1)t(t+1) (t+3)

"polynomials",

"degrees ", [ 5545 ]

"main coefficients ", [ 2343 ]

P+574+5F—5F—6¢
P—54+578+5F—6¢

"

"New polynomials ",
f 437 -774-271—18

P+ —T7F—F+6¢

"degrees-", [ 5545 ]

1 1
— 0 0 O — 0
2 2

1 1
0 - —_—

3 0 O 0 3

"New X with X=XA ", | ,A=",
0 O " 0 0 O
0 0 0 1 0 0
3
"Reordering"

"New polynomials "
PSP sP—5A—61
£ =545 +57—6t¢

P+i—778—F+61

A+3°8—774—271—18

"degrees ", [ 5554 ]




"New X=XP ",

1
— 0 0 O
2
1
O_
3OO
1," with P=",
o 0 0 —
4
1
0O 0 — O
3

"Degree decreasing"

"First nonzero pol with index L=",1

"a L-t"dddda L+1=",10/—107

"New polynomials"
10/ —107
P —5{+5°+5F—6¢
P+i—70—F+6t

A3 —774—271—18

(100 0]

0010

0100
0001

1
— 0 0 0
2 -
11 0 o 1 000
3 3 ' -1 100
"New X=XB ", ," with B=",
0o 0 0 % 0010
0001
. |
0O 0 — 0
3
"CHEKING a -a0 X=0"
0
"STEP ", 2
"Normalization"
104 =107
. P—50+5704+5F—6t1
"polynomials",

P+ =77 —7F+6¢

A4+37—77F—271—18

ol L="F +5/+57 =57 —64" pol L41="7 =5 +57 +5/—61" t™d=" 1



"degrees ", [ 455 4 ]

"main coefficients ",[ 10 1 11 ]

1 —t

) P—5/f4+5+5F—6¢

"New polynomials ", s .
r+t =7t —t+6t¢

A+378—T77F4—-271t—18

"degrees ", [ 455 4 ]

1
20 0O 0 o 1
1 1 E 000
"3 3 00
"New X with X=XA ", | ,"A="| 0 100
0 0o 0 — 0O 010
4
1 0 01
0 0o — 0
3
"Reordering"
"New polynomials "
P—50+5°+57—61¢
P+ —7F8—7F+6¢
i — 7
f4+378—774—-27t—18
"degrees ", [ 55 4 4 ]
| ]
0 o0 20 0 _ |
1 0 - 1 0 0010
3 30 . | 00
"New X=XP ", ," with P=",
0 0 0 1 0100
4 0001
1 i ]
0 — 0 0
3

"Degree decreasing"

"First nonzero pol with index L=", 1

"ool L=".7 =5 +57+5F—61" pol L+41="7F+F -7 —F+6¢" trd=",1



"a L-t"dddda L+1=", -6/ +12F +6F —12¢

"New polynomials"

S

6+ 128 +67F —121¢
P+t =778 —7F+61¢

A3 —T774—271t—18

1 —t

1
0O 0 — 0
20 )
1 . 1 . 1 000
3 30 -1 100
"New X=XB ", ," with B= ",
0 0 0 1 0010
4 0001
1 1 )
-— — 0 0
3 3
"CHEKING a -a0 X=0"
0
"STEP ", 3
"Normalization"
61 +12°+67 —121¢
. P+ =770 —7F+6¢
"polynomials",
l‘4—t2

A4+37—774—271—18

"degrees ", [ 4544 ]

"main coefficients ",[ -6 111 ]

"New polynomials ",

=270 —F+21
P4+ —7F—7F+6¢
A7

"

"degrees ", [ 4544 ]

A+378—77F4—-271—18




1
0 0 — 0
20 |
| { - 000
ESTIRRE TR
"New X with X=XA ", | ,"A=", 0 100
0 0 0 — 010
4
0 001
I
18 3
"Reordering"
"New polynomials "
P+ =77 —F 461
=270 —7F+21
£ —7
F 437 —-774-271—18
"degrees ", [ 5444 ]
1
0 0 — 0
20 _
o -L -1 0100
18 30 1 00
"New X=XP ", ," with P= ", |
0 0 0 % 0
01
1 1
3 18 0 0

"Degree decreasing"
"First nonzero pol with index L=",1

"ol L=",F +{' =77 —F+64" pol L+1="7 =27 —F+24" td=",1
"a L-t"dddda L+1=",3F—67 —37+61
"New polynomials"
34 —67—37F+6t¢
=270 —F+21

=7

A+37P—774—271—18



"New X=XB ",

"CHEKING a -a0 X=0"
0

," with B= ",

(1 00 0|
t100
0010

0 001

"polynomials",

"STEP ", 4
"Normalization"
34 —6—3F+6¢1
=27 —7F+2¢

=7

A4+37—77—271—18

"degrees ", [ 4 4 44 ]

"main coefficients ", [ 3111 ]

"New polynomials ",

"New X with X=XA ",

1
9

=270 —F+21
=270 —F+21

i —7

"

"degrees ", [ 4 4 44 ]

R
54 18

"Reordering"

A3 —774—271—18

" _n
s A= )

000

1 060
010
001

o o o W~




"New X=XP ",

0 0 % 0
54! 1_18 T
0 0 0 %
_5L4’ % 0 0

"New polynomials "
=20 —7F+21
=27 —F 421

t4—t2

A43P—774—271—18

"degrees ", [ 4 4 4 4 ]

"Degree decreasing”

"First nonzero pol with index L=",1

(100 0]

" with P=",

0001

0100
0010

"pOI_L:"Q t4_2t3_t2+2t, " pOl_L+1 :", t4—2l‘3—12+2t’ " t/\d:n’ 1

"New X=XB ",

0 0 % 0
_tJrng_ll_g_;O 0
0 0 o0 %
——it 11—8 0 0

"a L-t"dddda L+1=",0

"New polynomials"
0

F—2F8—F+2¢

t4—t2

A43P—774—271—18

"CHEKING a -a0 X=0"
0

," with B=",

1000 |
-1100
0010
0001




"STEP ", 5

"Normalization"
0

f=2F—7F+2¢

=7

"polynomials",

f+30-77-271—18
"degrees ",[ -1 4 4 4]

"main coefficients ", [ 0111 ]

0
=20 —7F+21
"New polynomials ", PR
1 —t

A+3°8—77F4—271—18

"degrees ",[ -1 444 ]

1
0 0 — 0
20 ] _
U B S B 1000
54 18 18 30 0100
"New X with X=XA ", A=Y,
0 o 0 % 0010
0001
1 1 1 ) .
8§ sat g 00

"Reordering"

"New polynomials "
0

=27 —7F+21

=7

A3 —774—27t—18

"degrees ",[ -1 44 4 ]



1
0 0 — 0
20 _ _
U N B B Lo00
54 18 18 30 . 0100
"New X=XP ", . , " with P= u, |
0 0 0o — 0010
4 0001
1 1 1 ) :
— ——t — 0 0
18 54 18
"Degree decreasing"
"First nonzero pol with index L=",2
ol L="F =27 —F+24" pol L+1=" =72 " td=",1
"a L-t"dddda L+1=", -2/ +2¢
"New polynomials"
0
20421
£ —7
437 —774—27t—18
1 1
0 20 20 0 _
1 000
B ERPETD S T
54 18 45 30 ‘ 0 100
"New X=XB ", , " with B= n’
4 0 001
1 1 1 :
18 54 ! 18 0 0
"CHEKING a -a0 X=0"
0
"STEP ", 6
"Normalization"
' 0
2P 421
"polynomials", P
t—t
F 437 —774-276—18




"New polynomials ",

"New X with X=XA ",

R
1%’%0%
0 o%o
itOO—;—6

"degrees ",[ -1 3 4 4 ]

0

£—t

-7

"

"degrees ",[ -1 3 44 ]

0 o 55 O
EXARTE T
0 0 0 %
wos T 0
"Reordering"

"New polynomials "

"Degree decreasing"

"main coefficients ", [ 0 -2 11 ]

A+378—77F4—-271—18

" _n
5 A= )

," with P=",

"First nonzero pol with index L=",2

1
54
"New X=XP ",
L
18
"pOl_L — n’ t4 _ fz, "

pol L+1="7 437 —-77F—271—18,"

(100

000
010

001

t°d=", 1




"a L-t"dddda L+1=", -3 + 67 +27¢+ 18

"New polynomials"
0
3 2
3P4+ 6 +27t+18
A+3°8—774—271—18

r—t
] 1
0 ) _ _
RS R B oo
54 18 30 90 . 0 100
"New X=XB ", ," with B= ",
11 0 -110
0 —— = 0
4 4 0 001
1 1 ] ' '
TR T
"CHEKING a -a0 X=0"
0
"STEP ", 7
"Normalization"
[ 0
3P 4+64+271+18
"polynomials",

A4+37—77—271—18

£—t

"degrees ",[ -1 343 ]

"main coefficients ", [ 0 -3 11 ]

"
2

"New polynomials

0
£F—27£—9t—6
A+378—77F4—271—18

£—t

"degrees ;‘,[ -1 3 43 ]




"New X with X=XA ",

"New X=XP ",

"ool L=",/+3F =77 —27t—18," pol L+1="F—2F—9¢—6," t"d="¢

o oL L
W 0 % w
o Ll
Lolig oo L

T
W o 0w
0 = 40
et 00 oo
"Reordering"

"New polynomials "
0

A+3°8—774—271—18

F—27—-91—6

£—t

"degrees ”,[ -1 433 ]

"Degree decreasing”

" _n
s A= )

," with P= ",

"First nonzero pol with index L=",2

"a L-t"dddda L+1=",57+27 —21¢— 18

"New polynomials"
0
50427 —211—18
£—27-91—6

t3—t

(100

001
010

000




"New X=XB ",

"New X with X=XA ",

"Reordering"

(e}

- O

. S B
60 60 40 ) ]
IS S EPERS N o PO00
54 18 90 90 90 01 00
11 A
0 R N
4 12 12 00 01
1 1 ) ‘
18 54! 0 0 36
"CHEKING a -a0 X=0"
0
"STEP ", 8
"Normalization"
' 0
5P +27F—211—18
"polynomials", 3 )
£ —=2t—9t—6
£ —t
"degrees ”,[ -1 333 ]
"main coefficients ", [ 0511 ]
0
"New polynomials ",
r—27-9:—6
l‘3—t
"degrees ",[ -1 333 ]
1 1 1
0 —t -—  —
300 60 40 1 0 0
1 1 1 1 1
54 rr 18 450 ! 90 90 0 1 00
, " A:", 5
1 1
0 0 60 t 12 0 0 0 1
0 0 O
L B 0 0 _ L }
18 54 36




"New polynomials "

0
s, 22 21, 18
t+5t 5l‘ 5

£—27—-91—6

-"degrees ",[ -1 333 ]

0 BT
300 60 40 _ _
U S U B LO00
54 18 450 90 90 _ 0100
"New X=XP ", | | | ," with P= ", 001 0
0 — ——f — 0
20 60 12 000 1
1 1 ' ‘
18 54 0 O 36
"Degree decreasing"
"First nonzero pol with index L=",2
"pol L=",7 + % r— % t— % pol L+1="7—27/—9¢—6," t\d=", 1
"a L-tdddda L4+1=" 12 24 24, 12
5 5 5
"New polynomials"
0
12 >, 24 | 12
5 r+ 5 t+ s
£ —27—9t—6
£ —t
1 1 1 1
0 60 300 60 40 _
IS NS U SRR B B oo
54 18 90 450 © 90 90 _ 0 100
"New X=XB ", . | . ," with B= ", 0 -1 10
0 —— -t — 0 )
30 60 12 0 00 1
1 1 1 ‘
18 54! 0 O %6

"CHEKING a -a0 X=0"



"New X with X=XA ",

(1 0 00
5

0 -5 00

0 0 10

0 0 01

"STEP ", 9
"Normalization"
' 0
2, 04 1
5 4+ 5 t+ 5

"polynomials",
r—27—91—6

£—t

"degrees ",[ -1 23 3]
12
0 5 1 1]

0

"main coefficients ", [

P+21+1

"New polynomials ", | .

£—2£—9t—6
£—t

"degrees ",[ ;1 233 ]

1 1 I

0 124 T 720" 60
1 1 1 1 1
52718 T216 1080 ¢ 90

S S S

72 144 12
1
18 54! 0 0 -
"Reordering"

"New polynomials "

" _n
s A= s



"New X=XP ",

"ol L="£—2F£—9¢—6," pol L+1=",7 —

"New X=XB ",

0
£—27—-91—6
£—t

F+2t+1

"de;grees ",[ -1 33 _2 ]

" w W T
R T T

L
AT 0

"Degree decreasing”

"First nonzero pol with index L=",2

"a L-t"dddda L+1=", -2/ —8¢—
"New polynomials"
_ . _
27 —81—6
£—t
2
F4+2t+1
1 1 1 1
0 24 40 144 T 70 !
] ] 1 ] ]
s T8 Y 90 216 1080
1 1 1
0 12 0 72 " 1aa !
] 1 ]
18 54’ 36 36 0

" with P= ",

t, n
6

td =", 1

," with B= ",

(100 0|

0010

0001
0100




"CHEKING a -a0 X=0"
0

"New X with X=XA ",

1 0 00
1

0 -— 00
2

0 0 10

0 0 01

"STEP ", 10

"Normalization"

"polynomials",

F+2t+1

"degrees ", -1 232 ]

"main coefficients ", [ 0 -211]
0
2
r+4t+3
"New polynomials ", 3
r—t
2
r+2t+1

"degrees ",[ -1 232 ]

] ] ] ]
0 48 40 144 " 720 !
1 1 1 1
s¢ ‘T O 90 216 _ 1080 '
] ] 1
0 T T
S DR S 0

"Reordering"

"New polynomials "

n —n
5 A= s



"New X=XP ",

"New X=XB ",

0 00|
1 00

"pol L=", £

1

0

0 -t10
0 0 01

r—t

F+41+3

F+2t+1

"degrees ",[ -1 322 ]

U N W
40 48 144 720 ) ]
1 0 11 t 1000
90 216 1080 0010

," with P=",
0 111 ; 0100
24 72 144 000 1
1 1 ) '
36 T2 0
"Degree decreasing"

"First nonzero pol with index L=",2
—t," pol L+1=", F+4t+3," t™d="¢

"a L-t"dddda L+1=", -4 —41¢

"New polynomials"
_ 0 ]
47— 41
F+4r+3
F+21+1
1 1 1 1 1
20 ' a8 144 70!
1 1 1
— 0O -——-——-t
90 216 1080
," with B= ",
IS RS B B
24 24 72 144
1 1 1
36 * 72 ! 72 0




"CHEKING a -a0 X=0"
0

"New X with X=XA ",

I 0 00
1

0 -— 00
4

0 0 10

0 0 01

"STEP ", 11

"Normalization"
’ 0

47 — 4t
"polynomials",
£+4c+3

F+2t+1

"degrees ",[ -1 222 ]

"main coefficients ", [ 0 -4 1 1]

0
£+t

"

"New polynomials ", |
r+41r+3

"degrees ",[ -1 222 ]

] ]

0 “T60 T 102 ' as

1 1

54 1T g 360 0
1

0 96 ' 24

Lt v
18 54 144 288 72
"Reordering"

"New polynomials "

P+21+1

1 1
144 * 720 !

1 1

=

216 1080

n —n
5 A= ’



"New X=XP ",

(100 0]
0100
0010

0001

"New X=XB ",

0
£+t
F+41+3

F+2t+1

"degrees ",[ -1 222 ]

1 1 1 1 1
0 160 + 192 1 48 144 T 720
1 1 1 1 1
IT 360 216 1080
," with P=",
0 D S S S L
96 24 72 144
S p 11 .o 1 0
18 54 144 288 72
"Degree decreasing"
"First nonzero pol with index L=",2
"pol L=", £+ t," pol L+1=", A+dr+ 3," tAd=" 1
"a L-t"dddda L+1=", -3¢—3
"New polynomials"
) . )
-3¢—3
F4+4t+3
F4+2t+1
13 1 1 1 1
0 480 T2 a8 144 T 720!
1 1 1 1 |
JE— t - o O I S t
IT 360 216 1080
," with B=",
0 LU UV B S
24 96 24 72 144
18 54 48 288 72




1 000
0O 100
0 -110
0O 001
"CHEKING a -a0 X=0"
0
"STEP ", 12
"Normalization"
0
-3t—3
"polynomials",
POy F+4t+3
42141
"degrees ",[ -11 2 2 ]
"main coefficients ", [ 0 -3 11|
0
t+1
"New polynomials ",
Powy P+41+3
P4+2141
"degrees ",[ -11 2 2 ]
13 1 1 1 1
0 1440 5760 a8 144 " 720!
1 1 1 1 1
54 (r 18 1080 0 216 1080 !
"New X with X=XA ", ,"OA="
0 L U RS NS B I
72 288 24 72 144
1 1 1 1 1
18 54 ! 144 + 864 ! 72 0
1 0 00
1
0O -— 00
3
0O 0 10
0O 0 01




"New X=XP ",

(100 0]
0001
0100
0010

"Reordering"

"New polynomials "

0
2
rF+4t+3

F+21+1
t+1

"degre-es ",[ -1 221 ]

1 1 13 |
144 T 720" 1440 576 ¢
R T
216 1080 1080
I 1 1 1
"0 T 1as b T Togg !
1 1
0 144 T !

"Degree decreasing"

0
2t+2

F+21+1
t+1

864

"First nonzero pol with index L=",2
"ool L=",7+4¢+3," pol L+1="7F+2¢+1,"
"a L-t"dddda L+1=",2¢+2

"New polynomials"

," with P=",

t°d =", 1



0 DN I L, 1 131
72 720 144~ 720 1440 576

1, r .t 1 1 . 1

54 18 216 ' 1080 216 1080 1080

New X=XB 5 1 1 1 1 1 1
0 36 T T Tt T Toass !

1 1 1 1 1
TR 72 0 144 " Rea !
(1 000

0 100

" with B= "
0 -110
0 001
"CHEKING a -a0 X=0"
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