
Möbius transformations

Hol. aut. of the unit ball. B of a JB*-triple (E, {. . .})

Φ ∈ Aut(B) extends holomorphically to a neighborhood of B.

Canonical form [Kaup MathZ. 1983]: Φ = Ma ◦ U

Ma(x) = A+Bergman(a)1/2[1 + L(x, a)]−1x, U surj.lin E-isom.

Faces: If E JBW*-triple and F is a (norm-exposed) face of ∂B then

∃ e TRIP in E F =
{
x ∈ ∂B : x− e ⊥ e

}
=

{
Mc(e) : c ⊥ e, ∥c∥ ≤ 1

}
.

Möbius equivalence: Φ ∼ Ψ if ∃Θ Möbius trf. with Ψ = Θ ◦ Φ ◦Θ

Basic assumption:

(0)
[
Φt : t ∈ R] str.cont.1prg. of Möbius trf’s

Example: 1-dim. cases up to Möbius equ.

Φt = Ma(t) ◦ Ut Ut ∈ Aut(E, {. . .}) surj.lin.isom.

t 7→ a(t) = Φt(0) cont. ⇒ t 7→ Utx = (2πi)−1
∫
|ζ|=1

ζ−1Φ(ζx) dζ cont. ∀x

Candidate of infinitesimal generator:

Φ′ := d
dt

∣∣
t=0+

Φt, dom(Φ′) = {x : ∃ v Φh(x) = x+ hv + o(h)}

Lemma. x ∈ dom(Φ′) ⇐⇒ t 7→ Φt(x) diff.

Proof. Φh(x) = x+ hv + o(h) =⇒ Φt+h(x)− Φt(x) = Φt
(
x+ hv + o(h)

)
− Φt(x) =

= h[Dz=xΦ
t(z)]v + o(h) In particular x ∈ dom(Φ′) ⇒ x ∈ dom

(
d
ds

∣∣
s=t+0

Φs
)
.

Φt−h(x)− Φt(x) = Φt−h(x)− Φt−h(x+ hv + o(h)) =

1



= −[Dz=xΦ
t−h(z)](hv + o(h)) + o(∥hv + o(h)∥) = −h[Dz=xΦ

t−h(z)]v + o(h). Q. e. d.

Corollary. x ∈ dom(Φ′) =⇒ {Φt(x) : x ∈ R} ⊂ dom(Φ′).

Open problem: ∃? [Φt : t ∈ R] nowhere diff. in t?

Assumption: dom(Φ′) ∩B ̸= ∅ or (up to Möbius equ.) 0 ∈ dom(Φ′), t 7→ a(t) diff.

Lemma. x ∈ dom(Φ′) ⇐⇒ t 7→ Utx diff.
(
Uh ∈ dom(Φ′)

)
.

Proof. Utx = M−a(t) Φt︸︷︷︸
Ma(t)◦Ut

(x). (a, z) 7→ Ma(z) real-anal.

Mc+hv+o(h)(u+ hw + o(h)) =

= (c+hv+o(h))+B(c+hv+o(h))1/2
(
1+L(u+hw+o(h), c+hv+o(h))

)−1
(u+hw+o(h)) =

= Mc(u)− h(L(w, c) + L(u, v))u+ h
(
1 + L(u, c)

)−1
w + o(h).

Corollary. dom(Φ′) is closed to the Jordan-prod. {. . .}

Proof. x, y, z ∈ dom(Φ′) ⇒ t 7→ Ut{xyz} = {(Utx)(Uty)(Utz)} diff.

Remark: In particular dom(Φ′) =
[
Jordan subtriple

]
∩B.

The orbit {Φt(0) : t ∈ R} ⊂ dom(Φ′).

Lemma. x ∈ dom(Φ′ =⇒ Uhx ∈ dom(Φ′ (h ∈ R).

Proof. Uhx ∈ dom(Φ′ ⇐⇒ t 7→ UhUtx diff.

Φt+h(x) = Φt ◦ Φh(x) = Ma(t) ◦ Ut ◦Ma(h) ◦ Uhx =U◦Ma◦U−1=MUa

= Ma(t) ◦MUta(h) ◦ UtUhx.

UtUhx = M−Uta(h) ◦M−a(t) ◦ Φt+h(x), a(h) ∈ dom(Φ′) ⇒ t 7→ Uta(h) diff.

t 7→ Φt diff., t 7→ a(t) diff., (a, b) 7→ Ma ◦Mb real-anal. ; =⇒ t 7→ UtUhx diff.
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Notation: D := dom(Φ′) closure in E, F := Span(D)

Proposition. We have seen: F closed JB∗-subtriple in E, D = Ball(F),{
Ut|F : t ∈ R

}
⊂ Aut(F, {. . .}),

{
Ma(t)|D : t ∈ R

}
⊂ Authol(D).

Remark. [Φt]−1 = Φ−t ⇐⇒ U−1
t M−a(t) = Ma(−t) ◦ U−t

⇐⇒ M−U−1
t a(t) ◦ U

−1
t = Ma(−t) ◦ U−t

⇐⇒ U−1
t = U−t and −U−1

t a(t) = a(−t).

Lemma. F⊥ Jordan = 0.

Proof. y ⊥Jordan x ∈ F, x+ y ∈ D =⇒ Ma(t)Ut(x+ y) = Ma(t)Ut(x)︸ ︷︷ ︸
Φt(x)

+y diff. in t

Assumumption: e = Φt(e) ∀ t ∈ R common fixed point

Λt := DeΦ
t (: z 7→ d

dt

∣∣
t=0

Φt(e+ tz) Fréchet derivative

Λtz =
∫
|ζ|=1

ζ−1Φt(e+ ζz)dζ

[Λt : t ∈ R] str.cont.1prg LIN Z := dom(Λ′) dense lin. in E

Φ = MaU (= Ma ◦ U) t FIX

w + e = Φ(e+ z) = Ma(Uz + Ue)

w + e = a+B(a)1/2[1 + L(Ue+ Ue, a)]−1(Uz + Ue)

[1 + L(Uz + Ue, a)]B(a)−1/2(w + (e− a)) = Uz + Ue

Φ(e) = e ⇐⇒ [1 + L(Ue, a)]B(a)−1/2(e− a) = Ue

[1 + L(Uz + Ue, a)]B(a)−1/2(w + (e− a))− [1 + L(Ue, a)]B(a)−1/2(e− a) = Uz

[1 + L(Uz + Ue, a)]B(a)−1/2w + L(Uz, a)B(a)−1/2(e− a) = Uz

w = B(a)1/2[1 + L(Uz + Ue, a)]−1[Uz − L(Uz, a)B(a)−1/2(e− a)]
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Φ(z + e)− e = w = (Az +B)−1Cz

Az = L(Uz, a)B(a)−1/2, B = [1+L(Ue, a)]B(a)−1/2, C = U +L(U•, a)B(a)−1/2(a− e)

Λz = DeΦ = d
dz |z=0(Az +B)−1Cz = B−1Cz

Φt(z + e)− e = (At,z +Bt)
−1Ctz

z ∈ Z ⇒ t 7→ Λtz = B−1
t Ctz diff.

B−1
t Ctz = B(at)

1/2[1 + L(Ute, at)]
−1[Utz + L(Utz, at)B(at)

−1/2(a− e)]

Question: t 7→ B−1
t Ctz ⇒? t 7→ Utz diff.

a 7→ B(a)α, u 7→ [1 + L(u, e)]n norm-analytic in GL(E)

t 7→ Utz + L(Utz, at)B(at)
−1/2(a− e) diff. (z ∈ Z)

L(Utz, at)B(at)
−1/2(a− e) = {[Utz][at][B(at)

−1/2(a− e)]} =

= UtU−t{[Utz][at][B(at)
−1/2(a− e)]} = Ut{z[U−tat][U−tB(at)

−1/2(a− e)]} diff. in t

Theorem. If 0 ∈ dom(Φ′) and
∩

t∈R Fix(Φt) ̸= ∅ then the generator Φ′ is of Kaup’s type:

dom(Φ′) subtriple in E, Φ′(z) = a− {zaz}+ iAz closed.

Proof. dom(Φ′) = {x : t 7→ Ut diff.} = dom(Λ′) dense in E, Λ′ closed lin. op.

Φt(z + e)− e = (At,z +Bt)
−1Ctz

Ψ′(z + e) = −(At,z +Bt)
−1

[
d
dt (At,z +Bt)

]
(At,z +Bt)

−1Ct

∣∣
t=0

+ (At,z +Bt)
−1 d

dtCtz
∣∣
t=0

Λ′(z) = −B−1
t

[
d
dtBt

]
B−1

t Ct

∣∣
t=0

+B−1
t

[
d
dtBt

]∣∣
t=0

Let xn → x, Ψ′(xn) → y.

zn := xn − e,

4



. . . . . . . . . . . . . . . . . . . . .

Let x ∈ dom(Ψ′), ∥∥ = 1, φ ∈ E∗, ⟨φ, x⟩ = ∥φ∥ = 1

Φ′ is a TANGENT vector field to ∂bfB

0 = Re⟨φ ◦ κ,Φ′(κx)⟩ ⇐ |κ| = 1

ζ 7→ ⟨φ,Φ′(ζx)⟩ =
∑∞

n=0 αnζ
n holomorphic

Re
(
κ
∑∞

n=0 αnκ
n
)
= 0

∑∞
n=0(αnκ

n−1 + αnκ
1−n) = 0 (|κ| = 1)

∑∞
n=−∞ βnκ

n = 0 βn = αn+1 (n ≥ 2), βn = α1−n (n ≤ −2),

β1 = α2 + α0, β−1 = α0 + α2, β0 = α1 + α1

αn = 0 (|n| ≥ 2), α1 + α1 = 0, α2 = −α0

CONSIDER Ω() := Φ′(x)− {xbx} INSTEAD OF Φ′, b := Ψ′(0) = d
dta(t)

∣∣
t=0

This is also tangent to ∂bfB with Ω(0) = 0

Ω(ζx) = ζΩ(x) HOMOGENITY

SPIN FACTOR

(
E, ⟨·|·⟩

)
Hilbert space, x 7→ x conjugation, ⟨x|y⟩− = ⟨x|y⟩

{xay} = ⟨x|a⟩y + ⟨y|a⟩x− ⟨x|y⟩︸ ︷︷ ︸
⟨y|x⟩

a

[
TRIPOTENTS

]
=

{
λe : e ∈ Re(E), λ ∈ T, ⟨e|e⟩ = 1

}
∪

∪
{
u+ iv : u, v ∈ Re(E), ⟨u|u⟩ = ⟨v|v⟩ = 1/2, ⟨u|v⟩ = 0

}
Ut = κtVt: Vt real ⟨·|·⟩-unitary, Re(E) → Re(E), κt ∈ T.
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Problem. z ∈ D ⇒? z ∈ D
(
i.e. t 7→ Utz diff. ⇒? t 7→ Utz diff.

)
[YES]

Lemma. ∃x t 7→ Utx, Utx diff. =⇒ ∃ t 7→ εt ∈ {±1} t 7→ εtκt diff.

Proof. t 7→ Utx = κtVtx = κtVtx diff.

t 7→ ⟨κtVtx|κtVtx⟩ = κ2
t diff.

∀h ∈ R ∃ Ih open intv. around h, Re(κ2
t/κ

2
h) > 0 (t ∈ Ih)

. . . , J−2, J−1, J0, J1, J2, . . . chain of intervals Jk ⊂ Ihk
(k = 0,±1, . . .)

∃ k 7→ νk ∈ {±1} εt := νksgn(κt/κh) (t ∈ Jk) well-def. and suits

Corollary. F ∩ conj(F) ̸= 0 ⇒ F = conj(F)

Proof. 0 ̸= x ∈ F ∩ conj(F) ⇒ t 7→ Utx,Utx diff. ⇒ tεtκt, εtκ
−1
t diff.

z ∈ F ⇒ t 7→ εtVtz = εtκ
−1
t Utz diff. ⇒ t 7→ conj

(
εtκ

−1
t Vtz

)
= Utz diff.

Proposition. F is closed under conjugation in any case.

Proof. The only case of a JB∗-subtriple H such that H∩ conj(H) = 0 is if H is a Hilbert

space spanned by a collinear grid {2−1/2(uk + ivk) : k ∈ K} where {ak, bk : k ∈ |K} is ⟨·|·⟩-

orthononormed. Also TRIP(H) = {w + iT (w) : w ∈ G, ⟨w|w⟩ = 1/2} with some subspace

G ⊂ Re(E) and an isometry T : Sphere(G) → Re(E). The case F = H is impossible:

then t 7→ at = wt + iT (wt) diff. ⇒ t 7→ at = wt − iT (wt) diff. ⇒ {at, at : t ∈ R} ⊂ F.

Assumption without loss of gen.: Ut = κtVt, t 7→ κt diff.

Notation: F⊥ := {x ∈ E : ⟨x|F⟩ = 0}. ( ̸= F⊥Jordan)

Proposition. E = F (i.e. F⊥ = 0).
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Proof. F = conj(F)⇒ F⊥ = conj(F⊥) spin factor. dim(F⊥) > 0⇒∃ y ∈ F⊥ 0 ̸= y = y

Calculate t 7→ Φt(y) = Ma(t) ◦ Uty.

Ma(x) = a+B(a)1/2[1+L(x, a)]−1x, B(a) = 1−2L(a)+Q2
a : z 7→ z−2{aaz}+{a{aza}a}

y ∈ F⊥, a ∈ F ⇒ ⟨y|f⟩ = ⟨y|f⟩ = 0 (f ∈ F)

{fgy} = ⟨f |g⟩y + ⟨y|g⟩f − ⟨y|f⟩g = ⟨f |g⟩y, {fyg} = ⟨f |y⟩g + ⟨g|y⟩f − ⟨g|f⟩y = −⟨g|f⟩y

x1 + y1 = (1 + L(y, a))−1y

y = (1 + L(y, a))(x1 + y1) = x1 + y1 + {yax1}+ {yay1}

0 = x1 − ⟨y|y1⟩a (F-component), y = y1 + ⟨x1|a⟩y (F⊥-component)

γ = γ(y, y1) := ⟨y|y1⟩ = ⟨y1|y⟩

x1 = ⟨y|y1⟩a = γa, y1 = (1− ⟨x1|a⟩)y = (1− γ⟨a|a⟩)y

γ = ⟨y1|y⟩ = (1− γ⟨a|a⟩)⟨y|y⟩, =⇒ γ =
⟨y|y⟩

1 + ⟨a|a⟩⟨y|y⟩

[1 + L(y, a)]−1y = x1 + y1 = γa+ (1− γ⟨a|a⟩)y =
⟨y|y⟩a+ y

1 + ⟨a|a⟩⟨y|y⟩

z ⊥ F ⇒ B(a)z = z − 2{aaz}+ {a{aza}a} = z − 2⟨a|a⟩z + |⟨a|a⟩|2z

B(a)1/2z = β(a)z β(a) :=
√
1− 2⟨a|a⟩+ |⟨a|a⟩|2

Uty = κtVty, t 7→ ⟨Uty|Uty⟩ = κ2
t ⟨y|y⟩ diff.

t 7→ Φt(y) = Ma(t) ◦ Uty = a(t) +B(a(t))1/2[1 + L(Uty, a(t))]
−1Uty =

= a(t) + β(a(t))
⟨y|y⟩a(t) + Uty

1 + ⟨a(t)|a(t)⟩⟨y|y⟩

IF dim(F⊥ = 1 THEN Vty = y and Tty = κty =⇒ dim(F⊥) = 1 impossible

CASE dim(F⊥) > 1
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We can find y ∈ F⊥ with 0 ̸= y ⊥ y

Calculate t 7→ Φt(x+ y) = Ma(t) ◦ Ut(x+ y).

Ma(x + y) = a + B(a)1/2[1 + L(x + y, a)]−1(x + y), B(a) = 1 − 2L(a) + Q2
a : z 7→

z − 2{aaz}+ {a{aza}a}

y ∈ F⊥, a ∈ F ⇒ ⟨y|f⟩ = ⟨y|f⟩ = 0 (f ∈ F)

{fgy} = ⟨f |g⟩y + ⟨y|g⟩f − ⟨y|f⟩g = ⟨f |g⟩y, {fyg} = ⟨f |y⟩g + ⟨g|y⟩f − ⟨g|f⟩y = −⟨g|f⟩y

x1 + y1 = (1 + L(x+ y, a))−1(x+ y)

x+ y = (1 + L(x+ y, a))(x1 + y1) = x1 + y1 + {xax1}+ {xay1}+ {yax1}+ {yay1}

x = x1+{xax1}−⟨y|y1⟩a (F-component), y = y1+⟨x|a⟩y1+⟨x1|a⟩y (F⊥-component)

γ0 = γ0(x1, a) :=
(
1− ⟨x1|a⟩

)
/(1 + ⟨x|a⟩

)
y1 = γ0y

Consider vectors y with 0 ̸= y ⊥ y: x = x1 + {xax1} −
⟨
y
∣∣γ0 y⟩a = x1 + {xax1}

x1 = [1 + L(x, a)]−1x, y1 =
1− ⟨[1 + L(x, a)]−1x|a⟩

1 + ⟨x|a⟩
= γ(x, a)y

x2 + y2 = B(a)1/2(x1 + y1)

Ma(x+ y) = a+B(a)1/2(x1 + y1) = a+B(a)1/2
(
[1 + L(x, a)]−1x+ γ(x, a)y

]
=

= Ma(x) + γ(x, a)B(a)1/2y if y ⊥ y ∈ F⊥

z ⊥ F ⇒ B(a)z = z − 2{aaz}+ {a{aza}a} = z − 2⟨a|a⟩z + |⟨a|a⟩|2z

B(a)1/2z = β(a)z β(a) :=
√
1− 2⟨a|a⟩+ |⟨a|a⟩|2

If y ⊥ y ∈ F⊥ then Uty ∈ F⊥, ⟨Uty|Uty⟩ = ⟨κtVt|κtVty⟩ = κ2
t ⟨y|y⟩ = 0,

Φt(x+ y) = Ma(Utx+ Uty) = Ma(t)(Utx) + β(a(t))γ(Utx, a(t))Uty =
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= Φt(x) + β(a(t))γ(Utx, a(t))Uty

γ(0, a) ≡ 0, t 7→ a(t) diff. ⇒

t 7→ Φt(y) = Φt(0)︸ ︷︷ ︸
a(t)

+β(a(t))y diff. whenever y ⊥ y ∈ Ball(F⊥)

Thus 0 ̸= y ∈ F⊥ = 0 contradiction if we assume dim(F⊥) > 1

Proof. F = conj(F)⇒ F⊥ = conj(F⊥) spin factor. dim(F⊥) > 1⇒∃ y ∈ F⊥ 0 ̸= y ⊥ y

Calculate the effect of Φt = Ma(t) ◦ Ut on F⊥.

Ma(x) = a+B(a)1/2[1+L(x, a)]−1x, B(a) = 1−2L(a)+Q2
a : z 7→ z−2{aaz}+{a{aza}a}

y ∈ F⊥ ⇒ ⟨y|f⟩ = ⟨y|f⟩ = 0 (f ∈ F)

{fgy} = ⟨f |g⟩y + ⟨y|g⟩f − ⟨y|f⟩g = ⟨f |g⟩y, {fyg} = ⟨f |y⟩g + ⟨g|y⟩f − ⟨g|f⟩y = −⟨g|f⟩y

x1 + y1 = (1 + L(x+ y, a))−1(x+ y)

x+ y = (1 + L(x+ y, a))(x1 + y1) = x1 + y1 + {xax1}+ {xay1}+ {yax1}+ {yay1}

x = x1 + {xax1} − ⟨y|y1⟩a, y = y1 + ⟨x|a⟩y1 + ⟨x1|a⟩y

y1 =
1− ⟨x1|a⟩
1 + ⟨x|a⟩

y = γ0(x1, a)y

Consider vectors y with y ⊥ y: x = x1 + {xax1} − ⟨y|γ0y⟩a = x1 + {xax1}

x1 = [1 + L(x, a)]−1x, y1 =
1− ⟨[1 + L(x, a)]−1x|a⟩

1 + ⟨x|a⟩
y = γ(x, a)y (y ⊥ y)

x2 + y2 = B(a)1/2(x1 + y1)

Ma(x+ y) = a+B(a)1/2(x1 + y1) = a+B(a)1/2
(
[1 + L(x, a)]−1x+ γ(x, a)y

]
=

= Ma(x) + γ(x, a)B(a)1/2y if y ⊥ y ∈ F⊥

z ⊥ F ⇒ B(a)z = z − 2{aaz}+ {a{aza}a} = z − 2⟨a|a⟩z + |⟨a|a⟩|2z

B(a)1/2z = β(a)z β(a) :=
√
1− 2⟨a|a⟩+ |⟨a|a⟩|2
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If y ⊥ y ∈ F⊥ then Uty ∈ F⊥, ⟨Uty|Uty⟩ = ⟨κtVt|κtVty⟩ = κ2
t ⟨y|y⟩ = 0,

Φt(x+ y) = Ma(Utx+ Uty) = Ma(t)(Utx) + β(a(t))γ(Utx, a(t))Uty =

= Φt(x) + β(a(t))γ(Utx, a(t))Uty

γ(0, a) ≡ 0, t 7→ a(t) diff. ⇒

t 7→ Φt(y) = Φt(0)︸ ︷︷ ︸
a(t)

+β(a(t))y diff. whenever y ⊥ y ∈ Ball(F⊥)

Thus 0 ̸= y ∈ F⊥ = 0 contradiction if we assume dim(F⊥) > 1

x1 := Φt(x), y1 := β(a(t))γ(Utx, a(t))Uty ⟨y1|y1⟩ = 0

Φt+h(x+ y) = Φh
(
Φt(x+ y)

)
= Φh(x1 + y1) = Φh(x1) + β(a(h))γ(Uhx1, a(h))Uhy1 =

= Φt+h(x) + β(a(h))γ
(
(UhΦ

t(x), a(h)
)
β(a(t))γ

(
(Utx, a(t)

)
UhUty

Φt+h(x+ y) = Φt+h(x) + β(a(t+ h))γ
(
Ut+hx, a(t+ h)

)
Ut+hy

UhUty =
β(a(h))γ

(
UhΦ

t(x), a(h)
)
β(a(t))γ

(
Utx, a(t)

)
β(a(t+ h))γ

(
Ut+hx, a(t+ h)

) Ut+h

(
Span{admissible y}=F⊥)

x := 0 ⇒ x1 = Φt(x) = a(t), Φh(x1) = a(t+ h), γ(0, a) = 1

UhUt = λ(h, t)Ut+h, λ(h, t) :=
β(a(h))γ

(
Uha(t), a(h)

)
β(a(t))

β(a(t+ h))

Fractional linear forms

A =

[
A B
C D

]
∈ L(H1,H2),

F(A) : X 7→ (AX +B)(CX +D)−1 =
[
A(X 1)T

]
1

[
A(X 1)T

]−1

2

F(AB) = F(A) ◦ F(B)

Ma = F(Ma, Ma = diag

(
(1− aa∗)−1/2

(1− a∗a)−1/2

)[
1 a
a∗ 1

]
Surj. lin. isom: X 7→ UXV ∗, unitary U ∈ L(H1), V ∈ L(H2)

Φt := F(At),
[
ϕt : t ∈ R

]
str.cont,1prg.

At = Ma(t)diag(Ut, Vt)
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Attention: U ⊗ V ∗ = F
(
diag(U, V )

)
= F

(
κdiag(U, V )

)
with any κ ∈ T

Adjusted str.cont.: [Stachó JMAA 2010, Cor. 2.6]

∃ t 7→ κ(t) ∈ T t 7→ κ(t)Ut, t 7→ κ(t)Vt str.cont.

Case of E = L(H1,H2) with r := dim(H2) < ∞

Assumptions without loss of gen. up to Möbius equ.:

(1) AtAh = λ(t, h)At+h, λ(t, h) ∈ T = {ζ ∈ C : |ζ| = 1}

(2) At =

[
At Bt

Ct Dt

]
t 7→ At, Bt, Ct, Dt str.cont.

(3)∗ ∃ common fixed point (by reflexivity): F(At)E = E (t∈R).

Interesting only: ∥E∥ = 1, E TRIP

λ(t, h) = A−(t+h)AtAh cont. in t, h (prod. of unif.bded. str.cont. lin. maps)

St := [At(E 1)T
]
2
.

At(E 1)T = (E 1)TSt,

StSh = λ(t, h)ShSt

Proposition. [St : t ∈ R] Abelian family, λ(t, h) ≡ λ(h, t).

traceAB = traceBA.

traceStSh = λ(t, h)traceShSt = λ(t, h)traceStSh.

[λ(t, h)− 1]traceStSh = 0

traceStSh → trace 1 = dim(H2) (t → 0).

∃ ε > 0 λ(t, h) = 1 (|t|, |h| < ε).

St ⌣ Sh for |t|, |h| < ε.

11



u, v ∈ R, u/m, v/m ∈ (−ε, ε),

Su = λ̃Sm
u/m, Sv = µ̃Sm

v/m ∃ λ̃, µ̃ ∈ T, =⇒ Su ⌣ Sv Q.e.d.

Remark: In infinite dimensions, AB = λBA ̸= 0 ̸⇒ A ⌣ B even if λ ∈ T.

Example: A : en 7→ en+1 (n = 0,±1, . . .) bilateral shift, B : en 7→ λnen.

St = σ1(t)e1 ⊗ e∗1 + · · ·+ σr(t)er ⊗ e∗r +N Jordan normal form

σk(t) ∈ T, r = dim(H2), N nilpotent, N ⌣ σ1(t)e1 ⊗ e∗1 + · · ·+ σr(t)er ⊗ e∗r .

StSh = λ(t, h)St+h

σk(t)σk(h) = λ(t, h)σk(t+ h) (k = 1, . . . , r),

λ(t, h) = σk(t)σk(h)σk(t+ h)−1.

κ(t) := σ1(t)
−1, S̃t := κ(t)St.

λ(t, h) = κk(t)
−1κk(h)

−1κk(t+ h).

S̃t = e1 ⊗ e∗1 +
∑r

k=2 σ̃k(t)ek ⊗ e∗k + Ñ Jordan form, σ̃k(t) = κ(t)σk(t).

σ̃k(t)σ̃k(h)σ̃k(t+ h)−1 = σk(t)σk(t)σk(t+ h)−1κk(t)κk(t)κk(t+ h)−1 =

= σk(t)σk(t)σk(t+ h)−1λ(t, h)−1 = 1.

Ãt := κ(t)At.

AtAh = λ(t, h)At+h =⇒ ÃtÃh = Ãt+h.

Proposition. [κ(t)St : t ∈ R], [κ(t)At : t ∈ R] str.cont.1prg.

Proof. Proved: they are 1prg’s. Strong cont.: t 7→ κ(t) = σ1(t)
−1 = ⟨Ste1|e1⟩−1 cont.

Assumption without loss of gen.:
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(1)∗
[
At : t ∈ R

]
,
[
St : t ∈ R

]
str.cont.1prg. St :=

[
At(E 1)T

]−1

2
= (CtE +Dt)

−1

A′ :=
d

dt

∣∣∣
t=0

At =

{[
x
y

]
7→ d

dt

∣∣∣
t=0

[
At Bt

Ct Dt

] [
x
y

]}
D := dom(A′) dense lin. submanifold in L(H1,H2)

Observation: t 7→ Φt(X) diff. whenever
[
Xy
y

]
∈ D ∀ y ∈ H2.

Proof: X ∈ L(H1,H2) =⇒ since dim(H2) < ∞,

t 7→ At

[
X
1

]
diff. ⇐⇒ t 7→ At

[
X
1

]
y = At

[
Xy
y

]
diff. ∀ y ∈ H2.

A′ is of H1 ⊕H2-split matrix form if D = D1 ⊕D2

r := dim(H2) < ∞, {e1, . . . , er} lin.indep. basis in H2

A′ is H1 ⊕H2-split ⇐⇒ 0⊕ ek =
[

0
ek

]
∈ D (k = 1, . . . , r).

Lemma. ∃F ∈ L(H1,H2) ∥F∥ < 1, MFA′M−1
F is H1 ⊕H2-split.

Proof. E =
r∑

k=1

gk ⊗ e∗k, {g1, . . . , gr}, {e1, . . . , er} ortn. (E TRIP fixed point)

gk ⊕ ek =
[
Eek
ek

]
∈ D, D = D0

1 ⊕ 0 +
r∑

k=1

Cgk ⊕ ek, D0
1 := {x : x⊕ 0 ∈ D}

∃? F =
r∑

k=1

fj ⊗ e∗j , ∃? hk ∈ D MF (hk ⊕ ek) = 0⊕ ek

MF := diag

[
(1− FF ∗)−1/2

(1− F ∗F )−1/2

] [
1 F
F ∗ 1

]
, M−1

F = M−F

dom
(
MFA′M−1

F

)
= MFdom(A′) =

[
1 F
F ∗ 1

]
D if ∥F∥ < 1[

1 F
F ∗ 1

]
hk ⊕ ek =

[
1 F
F ∗ 1

] [
hk

ek

]
=

[
hk + Fek
F ∗hk + ek

]
Choice for fk, hk: ∥F∥ < 1, F ∗hk + ek = 0, hk = dk + gk with dk ∈ D0

1

H :=
r∑

k=1

dk ⊕ e∗k, H = E +∆ with ∆ :=
r∑

k=1

dk ⊕ e∗k,

(F ∗H + 1)ek = F ∗hk + ek,

[
1 F
F ∗ 1

] [
H
1

]
=

[
E + F

F ∗H + 1

]
13



Requirement: F ∗H = −1(= −idH2), ∥F∥ < 1.

Choice for F : F := HΘ, Θ ∈ L(H2).

F ∗H = Θ∗H∗H, Θ = Θ∗ = −(H∗H)−1

F ∗F = Θ∗H∗HΘ = (H∗H)−1H∗H(H∗H)−1 = (H∗H)−1 =

=
[
(E +∆)∗(E +∆)

]−1

⇒ the requirement can be fulfilled.

Special choice for ∆ to MF (E) TRIP

{d1, . . . , dr} = λ·[ORTN] = λ∆0 with ⟨dk|eℓ⟩ = 0,

Possible since D1
0 is of finite codim.

H∗H = (E +∆)∗(E +∆) = 1 + |λ|2 in L(H2)

E,∆0 collinear TRIPs, F ∈ RE +R∆0, ⇒ MF (E) TRIP.

By means of Möbius equivalence, we may assume:

(4) A′ :=
d

dt

∣∣∣
t=0

[
At Bt

Ct Dt

]
=

[
A B
C D

]
H1 ⊕H2-split,

A : [H1−dense] → H1, C ∈ L(H1,H2), D ∈ L(H2,H2).

At = Ma(t)diag(Ut, Vt) = diag

(
[1− a(t)a(t)∗]−1/2

[1− a(t)∗a(t)]−1/2

)[
1 a(t)

a(t)∗ 1

]
diag(Ut, Vt).

At = [1− a(t)a(t)∗]−1/2Ut, Bt = [1− a(t)a(t)∗]−1/2a(t)Vt,

Ct = [1− a(t)a(t)∗]−1/2a(t)∗Ut, Dt = [1− a(t)a(t)∗]−1/2Vt

dom(A′) = D1 ⊕H2, D1 = dom(A) = dom
(

d
dt

∣∣
t=0

Ut

)
.

t 7→ a(t) = BtD
−1
t is differentiable, a(t) = tb+ o(t) at t = 0
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A′ =

[
A′ B′

C ′ D′

]
=

[
U ′ b
b∗ V ′

]
, U ′ := d

dt

∣∣
t=0

Ut, V ′ := d
dt

∣∣
t=0

Vt.

At

[
E
1

]
=

[
At Bt

Ct Dt

] [
E
1

]
=

[
ESt

St

]
=

[
E
1

]
St

[St : t ∈ R] str.cont.1prg, S′ := d
dt

∣∣
t=0

St = gen[St : t ∈ R]

y ∈ H2 ⇒ t 7→ At

[
Ey
y

]
=

[
E
1

]
Sty diff.,

[
Ey
y

]
∈ dom(A′), Ey ∈ D1.

Projective translation: T :=

[
1 E

1

]
, T −1 :=

[
1 −E

1

]
Bt := T −1AtT , B′ := T −1AT

A′ = gen
[
At : t ∈ R

]
, B′ = gen

[
Bt : t ∈ R

]
, dom(B′) = T −1(D1 ⊕H2).

dom(B′) =
{
[d−Ey]⊕ y : d ∈ D1, y ∈ H2)

}
= D1 ⊕H2(= dom(A′)).

T −1

[
At Bt

Ct Dt

]
T =

[
1 −E

1

] [
At AtE +Bt

Ct CtE +Dt

]
=

[
1 −E

1

] [
At ESt

Ct St

]
=

=

[
At − ECt 0

Ct St

]
.

B′ = T −1A′T =

[
A′ − EC ′ 0

C ′ S′

]
=

[
U ′ − Eb∗ 0

b∗ b∗E + V ′

]
Wt :=

[
Bt

]
11

str.cont.1prg. W ′ = gen[Wt : t∈R] = A′ − EC ′ = U ′ − Eb∗

St :=
[
Bt

]
22

str.cont.1prg. S′ = gen[St : t∈R] = C ′E +D′ = b∗E + V ′

Triangular lemma [Stachó JMAA 2016, Lemma 3.8] ⇒

B′ = gen

[ [
Wt 0∫ t

0
St−hC

′Wh dh St

]
︸ ︷︷ ︸

Bt

: t ∈ R

]

Ψt = F (Bt) : X 7→ WtX
[ ∫ t

0
St−hC

′WhX dh+ St

]−1
,

A′ = T B′T −1 = gen
[
At : t ∈ R

]
, T := F(T ) : X 7→ X + E

Φt = F
(
At

)
= F

(
T BtT −1

)
= T ◦Ψt ◦ T−1
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Closed integrated form: For all X ∈ Ball
(
L(H1,H2)

)
,

Φt(X) = E +Wt(X−E)

[ ∫ t

0

St−h C ′︸︷︷︸
b∗

Wh(X−E) dh+ St

]−1

.

Vector fields

Φt(X) ∈ L(H1,H2)
[
H1 → H2 operators

]
t 7→ Φt(X) diff. ⇐⇒ t 7→ Φt(X)y diff. ∀ y (⇐ dim(H2) < ∞.)

If ran(X) ⊂ D1

(
= dom([A′]11)

)
then

t 7→ Φt(X)y = [AtX +Bt][CtX +Dt]
−1y diff. ∀ y

Φ′ := d
dt

∣∣
t=0

Φt, dom(Φ′) = {X : ran(X) ⊂ D1}

Kaup type formula up to Möbius equ.:

Φ′(X)y = d
dt

∣∣
t=0

[AtX +Bt][CtX +Dt]
−1y = [A′X +B′]y −X[C ′X +D′]y =

=
[
b−Xb∗X + U ′X −XV ′]y

Φt(E) = E (t ∈ R) ⇒ Φ′(E) = 0

0 = b− Eb∗E + U ′E − EV ′

Φ′(E) = 0 ⇐⇒ E∗Φ′(E) = 0 ⇐⇒ V ′ = E∗U ′E + E∗b− b∗E since E∗E = 1

B′ =

[
U ′ − Eb∗ 0

b∗ b∗E + V ′

]
=

[
U ′ − Eb∗ 0

b∗ E∗U ′E + E∗b

]
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