Mbobius transformations

Hol. aut. of the unit ball. B of a JB*-triple (E,{...})

® € Aut(B) extends holomorphically to a neighborhood of B.

Canonical form [Kaup MathZ. 1983]: ® = M,oU

M, (z) = A+ Bergman(a)'/2[1 + L(x,a)]"*x, U surj.lin E-isom.

Faces: If E JBW*-triple and F is a (norm-exposed) face of 9B then
JeTRIPInE F={z€dB: z—ele}={Me): cle |c]] <1}
Mobius equivalence: & ~ U if 30 Mobius trf. with ¥V =0 o0 ® 0O

Basic assumption:

(0) [®@ : t € R] str.cont.1prg. of Mébius trf’s

Example: 1-dim. cases up to Mobius equ.

ot = Mgy o U U € Aut(E,{...}) surj.lin.isom.

t — a(t) = ®¥(0) cont. =t Uz = (2mi)~! f\C|=1 (1®(¢x)d¢ cont. Vx
Candidate of infinitesimal generator:

o = %‘tZOJrCI)t, dom(®') = {z : Jv ®"(x) =z + hv +o(h)}

Lemma. z € dom(®') <= t— &(x) diff.

Proof. ®"(z) =z + hv +o(h) = @' (z) — ®'(z) = ®*(z + hv + o(h)) — D' (z) =

= h[D,—.®*(2)]v + o(h) In particular z € dom(®') = z € dom(d%‘szH_O

P°).
Pt"(z) — ®l(z) = P (2) — x4+ hv + o(h)) =
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= —[D,— " (2)](hv + o(h)) + o(||hv + o(h)||) = —h[D.— @'~ (2)]v + o(h). Q. e. d.
Corollary. z € dom(®') = {®'(z) : x € R} C dom(®’).
Open problem: 3?7 [®! : ¢ € R] nowhere diff. in ¢?

Assumption: dom(®')NB # () or (up to Mébius equ.) 0 € dom(®’), t — a(t) diff.

Lemma. z € dom(®') < t+— Uz diff. (U € dom(@")).
Proof. Uiz = M_, @' (). (a,z) — Mgy(2) real-anal.
Ma(t)oUt

Meqhoto(ny(u+ hw +o(h)) =

— (c+hv+o(h))+B(c+hv+o(h) /2 (14 L(uthw+o(h), c+hv+o(h))) " (u+hw+o(h)) =
— M (u) — h(L(w, ) + L(u,v))u + h(1 + L(u,¢)) " w + o(h).

Corollary. dom(®') is closed to the Jordan-prod. {...}

Proof. z,y,z € dom(®) = t > U{ayz} = {(Usz)(Upy)(Us2)} diff.

Remark: In particular dom(®’) = [Jordan subtriple] N B.
The orbit {®%(0) : t € R} C dom(®’).

Lemma. z € dom(®’ = Upz € dom(®’ (h € R).
Proof. U,z € dom(®' <— t— UpU,x diff.
D (z) = B 0 B () = My 0 Uy 0 My 0 Upa =UoMaoU ™ =Mua
= M) © My,a(n) © UUpx.
UUpz = M_y,q(n) © M_q@y 0 7 (2), a(h) € dom(®’) = ¢+ Uia(h) diff.

t — Ot diff., t > a(t) diff., (a,b) — M, o My real-anal. ; = t — U, Uz diff.
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Notation: D :=dom(®’) closure in E, F := Span(D)

Proposition. We have seen: F closed JB*-subtriple in E; D = Ball(F),
{Ut|F 1t € R} C Allt(F, { . }), {Ma(t)|D 1t e R} C Authol(D).

Remark. [®!]7! =&~ <= U;'M_,) = My_yoU_y
< M—U;la(t) o Ut_l = My o Uy
— U;7'=U_;and U a(t) = a(—t).

Lemma. F1 Jordan —

Proof. y 17vdan xy c F 24+ yeD = MopyU(z +y) = My)Us(x) +y diff. int
—_———
ot ()

Assumumption: e = d'(e) Vi€ R common fixed point
A':=D.®" (: 2 &| _ ®'(e+1tz) Fréchet derivative

Az = fm:l (~iot(e + (2)dC

[A': ¢t € R] str.cont.lprg LIN Z := dom(A’) dense lin. in E
®=MJU (=M,oU) tFIX

w+e=P(e+z) =M, (Uz+ Ue)

wHe=a+ B(a)?[1+ L({Ue+ Ue,a)] " (Uz + Ue)

1+ L(Uz+Ue,a)|B(a)"?(w + (e —a)) = Uz + Ue

d(e) =e <= [1+ L(Ue,a)|B(a)""%(e —a) = Ue

1+ L(Uz+Ue,a)|B(a)"?(w + (e — a)) = [1 + L(Ue,a)|B(a) (e —a) = Uz
[l + L(Uz+Ue,a)]B(a)"Y?w+ L(Uz,a)B(a)""/?(e —a) = Uz

w= B(a)'?[1 + L(Uz + Ue,a)] ' [Uz — L(Uz,a)B(a)""/?(e — a)]
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P(z+e)—e=w= (A, +B)"1Cz

A, =L({Uza)B(a)"'/?, B=[1+L(Ue,a)|B(a)"'/2, C=U+L(Ue,a)B(a)"*?(a—e¢)
Az=D.®= 2|, (A, +B)"'Cz=B"'Cz

Pl(z+e) —e= (A, + By) 102

2€Z =t Nz=DB'Cz diff.

B;'Cz = B(ay)Y?[1 + L(Use, ay)] ' [Upz + L(Uyz, a;) B(ay) ~Y?(a — e)]

Question: t+— B 'Ciz =" t — U,z diff.

a— B(a)*, uw [1+4 L(u,e)]™ norm-analytic in GL(E)

t Uz + L(Uyz,a¢)B(a;) "% (a —e) diff. (2 € Z)

L(Usz,at)B(ag) "2 (a — e) = {[Us2][as][B(as) /2 (a — €)]} =

= U,U_{[U2][as][B(ar)?(a — )]} = U{2[U_iai)[U_;B(a;)~*/?(a — €)]} diff. in ¢
Theorem. If 0 € dom(®’) and (,.g Fix(®") # 0 then the generator @' is of Kaup’s type:
dom(®’) subtriple in E, ®'(2) = a — {zaz} + iAz closed.

Proof. dom(®') = {z : t — U, diff.} = dom(A’) dense in E, A’ closed lin. op.
Pl(z+e)—e= (A, + B) 'Ciz

V(2 +e) = —(Arz + B)H[L(Arz + B)](Ar + B) " Ch|,_ + (Avs + Bo) 1 4Ciz],_,

1o

N(z) = B [£B) B Cl,_, + B [£B]|,_,

Let x,, = x, ¥'(z,) — y.

Zp = Xy — €,



Let 2 € dom(¥), [l =1, ¢ € B, (p,2) = lpl =1
@’ is a TANGENT vector field to dbf B
0=Re(por, ®(kx)) <« |k =1

¢ (o, @' (Cx)) =Y 07y an¢™ holomorphic

Re(RY 0" gank™) =0

Zzozo(anm”_l +apk!™) =0 (k| =1)

S Bk =0 Bhn=any1 (n>2), B, =01, (n<-2),

fr=ax+ay, Boi=agt+az, fo=a+ay
ap=0(n]>2), ai+a1=0, aw=-
CONSIDER €)() := ®'(z) — {zbz} INSTEAD OF @', b:=W'(0) = Za(t)],_,

dt

This is also tangent to 0bf B with Q(0) =0

Q(Cz) = ¢(Q(z) HOMOGENITY

SPIN FACTOR
(E, <])) Hilbert space, x + T conjugation, (z|y)~ = (Z|y)

{zay} = (z|a)y + (yla)z — (z[y)a
=y
[ TRIPOTENTS ] = {)\e . e €Re(E), A€ T, (ee) = 1} U

U {u Vv u,v € Re(E), (ulu) = (o) =1/2, (ufv) = o}

U = kVi: Vi real (¢|)-unitary, Re(E) — Re(E), k; € T.

5



Problem. : € D="zeD (ie t Uz diff. =7 ¢ Uz diff.)  [YES]

Lemma. Jz tw— Uz, Uz diff. = Jt e € {£1} ¢+ ek diff.

Proof. t — U, = k,V,T = R V,zx diff.

t = (ki Vix|RViz) = K7 diff.

VheR 31} open intv. around h, Re(k?/Kk2) > 0 (t € I)

coyd_9,J1,Jo,J1,J2, ... chain of intervals Ji C I, (k=0,%1,...)

dk — vy, € {£1} g1 = vpsgn(ke/kp) (t € Ji) well-def. and suits

Corollary. F Nconj(F) # 0 = F = conj(F)

Proof. 0 # z € Fnconj(F) = t — Uz, Uz diff. = terky, 6,5/{,5_1 diff.
zeF=>t—egViz= 5tmt_1Utz diff. = t + conj (stmt_thz) = U,z diff.

Proposition. F is closed under conjugation in any case.

Proof. The only case of a JB*-subtriple H such that HNconj(H) = 0 is if H is a Hilbert
space spanned by a collinear grid {2712 (uy, +ivy,) : k € K} where {ay, by : k € |K} is (-]-)-
orthononormed. Also TRIP(H) = {w + iT(w) : w € G, (w|w) = 1/2} with some subspace
G C Re(E) and an isometry T' : Sphere(G) — Re(E). The case F = H is impossible:
then t — a; = wy + 1T (wy) diff. = t — @ = wy — T (wy) diff. = {ay,a;:t € R} CF.
Assumption without loss of gen.: U; = k;V;, t+— k; diff.

Notation: Fl:={z € E: (z|F)=0}. (# FtJordan)

Proposition. E=F (i.e. FX =0).



Proof. F = conj(F) = F+ = conj(F') spin factor. dim(F+) >0=3ycF+ 0#£y=7
Calculate t — ®(y) = My o Upy.

M, (x) = a+B(a)Y?[1+L(z,a)] 'z, B(a) =1-2L(a)+Q?: z — z—2{aaz}+{a{aza}a}
yeF acF=  (ylf)=(ylf)=0(f€F)

{fay} = (flo)y + (Wlo) f — (Wl )g = (floyy, {fyg} = (fly)g+ (gly)f — (9l/)g=—(9|F)7
z1+y =1+ L(y,a) "'y

y =1+ L(y,a))(z1 +y1) = 21 + 1 + {yaz1} + {yay: }

0=ua — (ylgr)a (F-component),  y =1y, + (z1|a)y (FL-component)

v =7, y1) = (ln) = (1Y)

= lma=nya,  y=1—(x1la))y = (1 —~(@la))y

7= ly) = A —~(@la)yly), = 7:%

<y|y> +y

+ (@a)(y[y)

z L F= B(a)z=z-2{aaz} + {a{aza}a} = z — 2(ala)z + |(ala)|?~

1+ L(y,a)] 'y =21+ =va+ (1 —v{ala))y =

B(a)'?z = Bla)z  Bla) := /1 —2(ala) + [(a[a)[?
U = kVay, ¢ = (UlUyy) = 53 (y[y) diff.

t = ' (y) = Mu) © Ury = a(t) + B(a(t))'/2[1 + L(Upy, a(t)] " Uy =

» Sy _ugda(t) + Uy
= alt) + Bl S oy i)

IF dim(F+ =1 THEN V;y = y and Tyy = r;y = dim(F*) = 1 impossible

CASE dim(F+) > 1



We can find y € F- with 0 £y L ¥

Calculate t — ®(z +y) = My o Uz + y).

My(z +y) = a+ B(a)"?[1 + L(z + y,a)] (. +y), Ba) =1-2L(a)+Q? : z —
z — 2{aaz} + {a{aza}a}

yeF, aeF=  (ylf)=lf)=0(f€F)

{fay} = (flody + Wlo)f — WlF)g = (flayy, {fyg} = (Flyg+ (gly)f — (9l)g = —{9lf)7
rityr =1+ Lz +y,a) (z+y)

r+y=1+Lx+ya)(zs+y) =21 +y1 +{vax1} + {zay1 } + {yax1} + {yay: }

x = x1+{zax1}—(y[y1)a (F-component), y = y1+(xla)y1+{(z1|a)y (Ft-component)
%0 =0(z1,0) = (1= (z1]a)) /(1 + (zla))

Y1 =0y

Consider vectors y with 0 £y L 7: o =x1 + {zaz1} — <y}@>d =z + {zaxi}

1—([1+ L(w,a)]"'z|a)
1+ (z[a)

I = [1 —|—L(£C,CL)]_133, Y1 = = ’Y(.’B,CL)y
x4+ Y2 = B(a)/*(z1 +11)

My(z+y) =a+ B(a)"?(x1+ ) =a+ B(a)l/z([l + L(z,a)] "tz + (=, a)y] =
= My(s) +1(z,a)B(@)Y2y  ify LgeFt

z L F= B(a)z=2z-2{aaz} + {a{aza}a} = z — 2(ala)z + |(ala)|?z

B(a)'/?z = Bla)z B(a) = /1 - 2{ala) + [{afa)]?

If y Ly € F*then Uy € FL, (Uwy|Upy) = (Vi Vay) = k2 (yly) =0,
Otz +y) = My (U + Upy) = Moy (Uz) + B(a(t))y(Usz, a(t)) Uy =
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= ®'(z) + B(a(t))y(Usz, a(t)) Uy

v(0,a) =0, t — a(t) diff. =
t— ®f(y) = ®'(0) +B(a(t))y diff. whenever y L 7 € Ball(F1)
——

a(t)
Thus 0+# y € F+ =0 contradiction if we assume dim(F*t) > 1

Proof. F = conj(F) = F+ = conj(F!) spin factor. dim(F+)>1=3ycFt 0#£y L7y
Calculate the effect of ®' = M, o U; on F+.

M,(2) = a+B(a)/2[1+L(z,a)] ‘2, B(a)=1-2L(a)+Q2 : z — z—2{aaz}+{afaza}a}
ycFt = Wlf) = Wlf)=0(f €F)

{9y} = {floyy + Wlo)f — WIHg = (flo)y, {fyg} = (fly)g+ (gly)f — 9If)T = —(9|F)y
14y =0+ Lxz+y,a) Hz+y)

r+y=14+Lz+y,a))(r1+y1) =21 +vy1 + {zaxi} + {xay:1 } + {yax1} + {yay }

z =x1 + {zazx1} — (y|y1)a, y =1+ (z|la)y1 + (z1|a)y
1 — (r1]a)
— — :L‘ 7a
Y1 T (@la) y = yo(r1,a)y

Consider vectors y with y L 70 = = 21 + {zaz1} — (y[Woy)a = 1 + {xaz1}

1—([1 4 L(x,a)]"'x|a)

w1 =1+ L(z,a)] 'z, y = 1+ (z]a)

y =v(,a)y (y L7y

2

z2 +y2 = B(a)?(z1 + y1)

My(z +y) = a+ B(a)'2(z1 + 1) = a+ B(a)*([L + L(z,a)] 'z + v(z,a)y] =
= M, (z) + v(x,a)B(a)'/?y if y LyeFt

z LF = B(a)z=z-2{aaz} + {a{aza}a} = z — 2(ala)z + |(ala)|?z

B(a)/22 = B(a)z Bla) = /T~ 2(ala) + [(aa) ]
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If y L 5y € F+ then Uy € FY (Uy|Uy) = (ks Vil ke Vay) = 2(y|y) = 0,
Dz +y) = My(Upz + Upy) = Ma(t)(Utx) + B(a(t))y(Urz, a(t)) Uy =
= () + B(a(t))y(Urz,a(t))Ury

v(0,a) =0, t — a(t) diff. =
t > ®(y) = ®Y(0) +B(a(t))y diff. whenever y L7y € Ball(Ft)
——

a(t)
Thus 0# y € F+ =0 contradiction if we assume dim(F1) > 1

xy = @ (x), y1 = Bla(t)y(Usz,a(t))Usy (yalyr) =0
(x4 y) = " (D' (2 +y)) = D" (a1 + y1) = D" (x1) + B(a(h)y(Unz1, alh))Unys =
= &' (z) 4 Ba(h)y((Un® (), a(h)) B(a(t))y (U, a(t)) UnUsy

(I)t+h($ + y) = (I)t+h(113) + ﬁ(a(t + h))’}/(Ut+h.T, CL(t + h))Ut+hy

B(a(h))y(Un®'(x), a(h)) B(a(t))y(Usz, a(t))
Bla(t + h))y(UtJrhx, a(t + h))

r:=0= 1= z)=a(t), ®"(z1) =a(t +h), v(0,a) =1

B(a(h))y(Una(t),a(h)) B(a(t))
Bla(t +h))

UpUsy = Uiin (Span{admissible y} :FL)

UpUs = A, )Uin,  A(hyt) =

Fractional linear forms

A B

A:[C D

} € L(H,,H,),

F(A): X = (AX + B)(CX + D)' = [A(X 1)T],[A(X 1)T],"
F(AB) = F(A) o F(B)

: 1—aa*)"/2\ [ 1
M, = F(Ma, M, = diag (El - gf}ag_l/z) { ﬂ

Surj. lin. isom: X — UXV™*, unitary U € L(H;), V € L(Hs)
ot .= F(A), [¢' : t € R] str.cont,lprg.

A = Ma(t)diag(Ut7 Vi)
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Attention: U @ V* = F(diag(U,V)) = F(kdiag(U,V)) with any x € T
Adjusted str.cont.: [Staché JMAA 2010, Cor. 2.6]

dt— k(t) € T t— k(t)Us,t — k(t)V; str.cont.

Case of E = L(H;,H;) with r := dim(H;) < o
Assumptions without loss of gen. up to Mobius equ.:
(1) AcAp = A(t, h)Appn, At,h) e T={CeC:|¢|=1}

At Bt :| t+— At, Bt, Ct, Dt str.cont.

(2) A = [Ct D,

(3)* 3 common fixed point (by reflexivity): F(A;)E = FE (teR).
Interesting only: ||E|| =1, E TRIP

A(t,h) = A_yn) A Ay cont. int,h  (prod. of unif.bded. str.cont. lin. maps)
Sy = [A(E 1)1],.

A(E DT =(E 1)TS,,

SeSp = A(t, h)SpSt

Proposition. [S; : t € R| Abelian family, A(t,h) = A(h, t).

trace AB = trace BA.

trace Sy.Sp, = A(t, h)trace S, Sy = A(t, h)trace S;S},.

[A(t, h) — 1]trace S; Sy, =0

trace Sy Sy, — tracel = dim(Hz) (t — 0).

de>0 Mt,h) =1 (]t],|h| <e).

Sy — Sy, for |t],|h] < e.
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u,v € R, u/m,v/m € (—¢,¢),

S, = AS™ INGET, = S, — S, Q.ed.

w/m’

Sy =[Sy},
Remark: In infinite dimensions, AB = ABA #0#4 A — Bevenif A € T.
Example: A : e, +— e,41 (n =0,£1,...) bilateral shift, B :e, — A"e,.
Sy =o01(t)er ®ej +---+or(t)er ® el + N Jordan normal form
or(t) € T, r =dim(Hz), N nilpotent, N — o1(t)e; @ ej + -+ o.(t)e, ® €.
S¢Sh = A(t, h)Sin
or(t)or(h) = A, h)or(t+h) (E=1,...,r),
At h) = o(t)or(h)or(t + h)~L.
k() =01 (t)7Y,  S; = K(t)S,.
At h) = ki (t) " Lre(h) " thp(t + h).
Si=e ®er+ 31 _,or(t)er ® ef + N Jordan form, or(t) = k(t)ok(t).
ok (t)ar(h)or(t +h)™r = op(t)or(t)or(t + h) ek () ki (t)kp(t + h) " =
= o (t)or(t)or(t + h)"IA(t,h) " = 1.
Ay = k(1) A,
AeAn = Mt h) Ay = Ay = Ay,

Proposition. [k(t)S; : t € R], [k(t)A; : t € R] str.cont.1prg.

Proof. Proved: they are 1prg’s. Strong cont.: t — r(t) = o1(t)"! = (Sieq]er) ™! cont.

Assumption without loss of gen.:
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(1)* [A;:t € R], [S; : t € R] str.cont.lprg. S, := [A(E 1)T}2_1 = (CtE+ Dy)™!
=gl =)= le Bl

D := dom(.A") dense lin. submanifold in £(H;, Hs)

Observation: t +— ®¢(X) diff. whenever [X?;y] €D Vye Hs.

Proof: X € L(H;,Hy) = since dim(H3) < oo,

b Ay | Y] difl = 0o A [ |y = A [N diff ¥y € Hy,

A’ is of Hy @ Hy-split matrix form if D = Dy & Dy

r:=dim(Hs) < oo, {e1,...,6,} lin.indep. basis in Hy

A is Hy @ Ho-split <= 0@ e = [0} eD (k=1,...,r).

Lemma. 3F € L(H,Hy) ||F| <1, MpA'M:"is H; ® Ha-split.

r

Proof. E= ) g.®e;, {g1,-..,9-}, {e1,...,er} ortn. (E TRIP fixed point)
k=1

gk@ek:[izk]eD, D=DY®0+ > Cgr®er, DY:={r:290ecD}
k=1

J7 F = ij@)e;‘f, 3?7 h, €D Mp(thBek):O@ek
k=1

. 1— FF*)~1/2 1 F _
MF = dlag [El—F*F3_1/2:| |:F* 1:|7 MFl :M—F
dom(MpA' M) = Mpdom(A') = {;* }1?} D if ||F||<1

1 F |1 F||hg| | he+ Feg
|:F* 1}hk@€k_|:F* 1:||:€k}_|:F*hk;+€k
Choice for fi, hy: ||F||<1, F*h +ex =0, hp =d + gr with deD(l)

T T

H:=5Y dy®e;, H=FE+Awith A:= ) dp®de},
k=1 k=1
. . 1 F][H] [ E+F
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Requirement: F*H = —1(= —idn,), || F| < 1.

Choice for F: F:= HO, O € L(H,).

F*H=0©*H*H, ©=0*=—-(H*H)™!

F*F=0©*H*HO = (H*H) " 'H*H(H*H) ' = (H*H) ! =
= [(B+A)(E+4)]"

= the requirement can be fulfilled.

Special choice for A to Mp(E) TRIP

{di,...,d;} = \-[ORTN] = AAy with  (dkles) =0,

Possible since D} is of finite codim.

H*H =(E+A)*(E+A)=1+|\? in L(Hy)

E,; Ay collinear TRIPs, F € RE+ RA,, = Mp(FE) TRIP.

By means of Mo6bius equivalence, we may assume:

,__i A, Bi| |A B
(4) A":= dt‘t:o Cy Dy ¢ D

A [Hl—dense] — Hl, Ce E(Hl,Hg), D e ﬁ(Hg,Hg).

:| H1 D HQ—Split,

—alBalt)* -1/ a
Ar = Mo diag(Us, Vi) = diag <E — agi;*c(zzf)%—l/z) [a(}f)* (1t>} diag(Us, V4).
A = [1 - a(t)a(t)*]—l/ZUt, B, = [1 _ a(t)a(t)*]_l/Qa(t)W,
C, =1 —a(®)at)*]"Y2a()*U,, Dy = [l —a()a(t)*]~/2V,

dom(A") = D; @ Hy, D; = dom(4) = dom(%{t:OUt)'

t + a(t) = B;D; ' is differentiable, a(t) =tb+o(t) att=0
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b* VI

A B
=l o

U b d d
[ } U= E’t:oUt’ V= dat t:OVt'

E . At Bt E o ESt . E
-l B10E- T 12
[S¢ : t € R] str.cont.1prg, S’ := %Lﬁ:OS’f = gen[S; : t € R]
yeHy, = ts A [% - [’f] Sy diff., [Eyy] e dom(A)), Eye D
Projective translation: 7 := {1 Lf], T-1:= {1 _IE}
By =T AT, B :=T''AT

A =gen[A,:teR|, B =gen[B,:tcR], dom(B)=7T '(D;®Ho).

dom(B') = {[d—Ey] @y :d € Dy, y € Hy)} = Dy ® Hy(= dom(A4")).

T_l[At Bt}T:[l —E} [At AtE+Bt]:{1 —E] {At Est}:

Cy Dy 1 C; CE+ Dy 1 Cy S
o At - ECt 0
B Cy St |

B,:T_lA,T:[A—EC O}Z{U—Eb* 0 }

c’ S’ b* b*E + V'

Wy = [Bt]u str.cont.lprg. W' =gen[W;:teR]= A" — EC' =U' — Eb*
Sy = [Bt}zz str.cont.lprg. S’ =gen[S;:teR|=C'E+ D =b*"E+V’

Triangular lemma [Staché JMAA 2016, Lemma 3.8] =

[\ /

! __ Wt 0 .
B _geanJSt_hC”thh St:| .tER]

By
U =F(B): X o WX[ g S C'WiX dh+ 5]

A =TBT t=gen[A :teR], T:=FT):X—X+E

ol = f(At) = f(TBtT_l) =To \I/t o1
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Closed integrated form: For all X € Ball(£(H;, H,)),

t —1
@%X%:E+WMX—E4/Q&41C'WﬂX—EMh+&
0 ~~~

b*
Vector fields

®'(X) € L(H;,H;) [H; — H, operators]

t— X)) diff. <<= t— ' (X)y diff. Vy (< dim(Hz) < 00.)
If ran(X) C Dq( =dom([A'];1)) then

ts (X )y = [AX + BJ[C:X + D'y diff. Yy

P = %‘t:()@t, dom(®') = {X :ran(X) C D, }
Kaup type formula up to Mobius equ.:

¥ (X)y = 4|, _[AX +BJC:X + D] 'y = [AX + By - X[C'X + D'ly =

=[b- XV X +U'X - XV']y

PE)=E (tecR) = & (E)=0
0=b—EV'E+UE—EV’
(E)=0 < E*®'(E)=0 < V' = E*U'E+ E*b—b*E since E*E =1

g [U—EV 0 yww—m* 0

b* b*E + V' b* E*U'E+ E*b

16



