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ABSTRACT. It is known that a necessary and sufficient condition for a well-
bounded operator on a weakly complete complex Banach space to be scalar-type
spectral is that its decomposition of the identity be of bounded variation. We
show in this paper that this condition is necessary and sufficient exactly when
the Banach space does not contain a subspace isomorphic to ¢y .

A well-bounded operator on a Banach space X is one which admits a func-
tional calculus for the absolutely continuous functions on some compact interval
of the real line. It is often of interest to know whether a well-bounded operator
is scalar-type spectral. Scalar-type spectral operators possess a larger functional
calculus and give rise to unconditional, rather than conditional, spectral expan-
sions. Whereas scalar-type spectral operators can be represented as an integral
with respect to a spectral measure, a well-bounded operator on X possesses
a representation in terms of a uniformly bounded increasing family of projec-
tions known as a decomposition of the identity for X . This representation is
much less satisfactory than that for scalar-type spectral operators since if T is
a well-bounded operator on X, the projections in an associated decomposition
of the identity act not on X but on X" . Furthermore, the decomposition of
the identity is not in general uniquely determined by the well-bounded opera-
tor. If the operator T € B(X) possesses a functional calculus for the absolutely
continuous functions on the compact interval [a,b] C R, then T and any de-
composition of the identity {E(4)}, ., associated with T are related by the

condition that b

(Tx,x") = b(x,x") - / (x, EQ)x") dA
a
forall x € X and x* € X*. We refer the reader who is not familiar with the
above notions to [2] where the theories of spectral and well-bounded operators
are fully developed.
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In [1], Berkson and Dowson found a condition on the decompositions of the
identity associated with a well-bounded operator 7 which is sufficient to allow
one to construct a spectral measure.

Definition. 4 decomposition of the identity for X {E(A)},cq is said to be of

bounded variation if the function A — (x,E(A)x") is of bounded variation for
all xeX andall x* € X".

Theorem 1 [1, Theorem 5.2]. Suppose that T is a bounded linear operator on a
complex Banach space X andthat o(T) C R. Then the following are equivalent:

(i) T is well-bounded and possesses a decomposition of the identity of
bounded variation;
(ii) there exists a compact interval [a,b] C R and a constant M such that

lg(T)|| < M sup |g]
[a .b]

for all polynomials g ;
(iii) T* is a scalar-type prespectral operator of class X .

In general it is possible for T to possess a decomposition of the identity
of bounded variation without 7T being scalar-type spectral. However, using
the following two facts, Berkson and Dowson showed that this cannot happen
if X is weakly complete. On such spaces, every well-bounded operator whose
decomposition of the identity is of bounded variation is real scalar-type spectral
(i.e., is a scalar-type spectral operator whose spectrum is contains in R).

Fact 1 [2, Theorem 6.24). An operator T € B(X) is scalar-type spectral if and
only if it has a weakly compact € (a(T)) functional calculus (i.e., forall x € X,
the map f — f(T)x from €(o(T)) into X is weakly compact).

Fact 2 [3, Theorem V1.7.6]. Let Q be a compact Hausdorff space. Then every
bounded linear operator from %(Q) into a weakly complete Banach space is
weakly compact.

The following theorem shows that one can characterize the Banach spaces
for which Berkson and Dowson’s condition is sufficient for an operator to be
scalar-type spectral as exactly those spaces which do not contain ¢ .

Theorem 2. Suppose that X is a complex Banach space. Then the following are
equivalent:

(i) X does not contain a subspace isomorphic to c,;
(ii) every well-bounded operator on X with a decomposition of the identity
of bounded variation is real scalar-type spectral.

Proof. (i) = (ii). this is an easy consequence of Theorem 1, Fact 1 and the fact
that every map from the continuous functions on a compact Hausdorff space
into a space not containing ¢, is weakly compact [5, Theorem 5].
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(ii) = (i). Suppose that X contains a subspace Y which is isomorphic to
¢o- Then Y is also isomorphic to the space ¢ of all convergent sequences. We
shall follow the methods of [4] to embed a suitable operator on ¢ into B(X).
If we regard Y as being identified with ¢, we can equip it with either of the
two equivalent norms; | - ||, from ¢ and | .|, from X. We shall assume
that K[|+ ||y < |- llp S K|+l -

Let e, € Y be the element of ¢ which has 1 in the nth position and 0
elsewhere, and let (p:l be the nth coordinate functional on ¢ (i.e., (3 e,
q);) = a, ). It is easy to check that [(y, ¢;)| <K|y|ly forall y € Y. We shall
denote by ¢, a fixed norm-preserving extension of (o; toall of X.

Define S on X by Sx = Z:’;l(l/n)(x,(pn)en. Note that for x € X,
{x .9, < K|x||,,sothat (1/n){x,¢,) tends to zero as n tends to co. Thus
SxeY forall xe X. Now

ISx]ly < K|ISx||
=ngpl(1/n)(x,¢,,)|

2
<K sgp(l/n)IIXle

so S is a bounded operator on X . Indeed, if g is a polynomial then

¢Sx=3 (¢(5) - 2@) tx.p,0e, + 0%

n
n=1

(¢(5) - 2@) tx.0

2
< (2K° + 1) sup |g] || x|l 4-
[a .b]

Thus

lg(S)x|l < K sup + 118 (0)x||

By Theorem 1 then, S is a well-bounded operator which possesses a decomposi-
tion of the identity of bounded variation. However, as is shown in [2, Example
14.6], S|Y is not a scalar-type spectral operator. Thus, by [2, Theorem 12.16],
S cannot be a scalar-type spectral operator on X .
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