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Abstract

We establish closed formulas for all strongly continuous one-parameter semi-
groups of holomorphic Carathéodory isometries of the unit ball of a Hilbert
space in terms of spectral resolutions of skew self-adjoint dilations related to
Vesentini’s non-linear infinitesimal generator.
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1. Introduction

Throughout this work H denotes an arbitrarily fixed complex Hilbert space
with scalar product (x|y) being antilinear in y and the canonical norm ||z| :=
(z]x)'/2. We also keep fixed the standard notations B := {z € H : ||z| < 1},
a* := [x — (x|a)] for the open unit ball, and the adjoint representation of
bounded linear functionals, respectively. We regard the elements h, h* (h € H)
as column resp. row matrices and, given a linear map A : S — H on some linear
submanifold of H. We use the canonical matrix identifications z @£ = [g] resp.
[‘2*%] = [zt ®&— (Az +b) & (c*z + d)] with 2,b,c € H and &,d € C. This
gives rise to the familiar linear representation of fractional linear maps on H:

Ab

3([ . dD = [z (Fz+d)" (Az +b)].
c

Our object of chief interest will be the semigroup Iso(dg) of all holomorphic

isometries of B with respect to the Carathéodory metric dg. Recall [3] that

all its elements are fractional linear maps (restricted to B), namely they are

compositions of Mébius transformations' with linear isometries of H.
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IFractional linear transformations mapping B injectively onto itself.
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In 1987, in his pioneering work [9] Vesentini studied subsemigroups of Iso(dg)
arising from strongly continuous one-parameter matrix-semigroups.? He estab-
lished that the correspondence §% : [U! : te Ry ] — [F(U')|B : teRy] maps
the family & of all strongly continuous one-parameter semigroups of C-linear
isometries of the indefinite norm ||z[|?> — |¢|> on H @ C into the family B of
all strongly continuous one-parameter semigroups [¥? : t R, ] C Iso(dg). Ac-
cording to [9, Th.VII], given [U* : ¢ € Ry] € & with the infinitesimal generator
A=2 |t:0+ut, for the corresponding non-linear objects W' := F(U")|B we have
{p € B:t— Ul(p) is differentiable} = {z € B : 241 € dom(A)} which is
dense in the ball B. Tt is well-known [9,6] that here we can identify the in HGC
densely defined linear operator A with an H®C-split matrix if and only if the
orbit ¢ — W!(0) is differentiable. This happens if and only if the generator A
has the form

veC, beH, AcHers(H) (1.1)

A— [iA—i—u b]’

b*

with dom(A) = dom(A) @ C where Hergs(H) stands for the family of all un-
bounded H-hermitian operators (maximal symmetric, in H densely defined
closed linear operators). Even the cases with non-differentiable 0-orbit can
be treated by passing to a semigroup [®! : t € R.] of the form ©~ o ¥U! 0 ©
with any Mobius transformation © such that ©(0) € dom(T"). Indeed, since the
Mobius group is transitive on B, hence any strongly continuous one-parameter
semigroup V! : ¢t € Ry] € B is equivalent up to a Mdbius transformation
(Mébius equivalent for short in the sequel) to a semigroup [®' : ¢t € Ry] € B
whose infinitesimal generator has the form

d t .

I'(z)

with some maximal symmetric operator A defined densely on H and some vec-
tor b € H. Also conversely, if ¢A is the infinitesimal generator for some strongly
continuous one-parameter subsemigroup of L(H) then, for any b € H, the vector
field (1.2) is the infinitesimal generator of a strongly continuous one-parameter
subsemigroup of Iso(dg). In [10,6] these considerations were extended to semi-
groups of fractional linear transformations arising from a strongly continuous
one parameter semigroup of automorphisms of a Krein space, concluding with
a description of the fractional-linear image of a strongly continuous one param-
eter group by means of the solutions of Ricatti type equations & = I'(z) with
analogous vector fields to (1.2) in Pontriagin spaces. It should be noted that as
far no argument appeared in the literature concerning the seemingly plausible
surjectivity of the map 3. The question is rather harmless in our setting: in
the case of the unit ball of a Hilbert space an argument with joint fixed points

2Given a topological space X, a family [T*: t € Ry] [resp. [T%: t € R]] of self-maps
Tt : X — X is a strongly continuous one-parameter semigroup [resp. group] if TS+t = TS oT?
(s,t € Ry [resp. R]) and all the orbits ¢t — T*(x) (z € X) are continuous.



(Proposition 3.5) furnishes positive answer. However, e.g. in the case of the
unit ball of £(H) the surjectivity of the respective F" seems to be open and
highly not trivial.

2. Results

Henceforth, for short, CyS [resp. CyG | will abbreviate the terms strongly
continuous one-parameter semigroup [-group]. We shall write gen[U® : t € R ]
or gen[U® : ¢ € R] for the infinitesimal generator of the CoS [U* : ¢ € Ry]
or CyG [(7 t .t € R], respectively. Given a closed subspace K in the Hilbert
spaces H or Ce@®H we shall write Pk the orthogonal projection onto K without
danger of confusion.

In this paper we develop a triangularization method leading to explicit al-
gebraic formulas for a CyS generated by a vector field (1.2) in terms of fixed
points of I" and quadratures of a CyS formed by complex linear isometries of
a l-codimensional subspace of H. As a consequence we conclude that any CyS
of holomorphic Carathéodory isometries of B admits a dilation to a CyG of
surjective holomorphic Carathéodory isometries of the unit ball of some cov-
ering Hilbert space. Our fixed point approach seems to be new even in finite
dimensions (with uniformly continuous one-parameter groups).

Recall [3] that any Carathéodory isometry ¥ € Iso(dg) admits a continuous
extension W to the closed unit ball B. Given a CyS ¥ = [¥!: teR ]| CIso(dg),
the extensions W:=[U?: tcR ] form also a CyS (see [7] in more general setting).
According to [9, Section 7] ¥ admits common fixed points whose family Fix(®)
consists of one or two boundary points or it is the intersection of B with some
closed complex-affine submanifold containing points from B in which case ¥ is
simply M&bius equivalent to a CyS of linear isometries of H restricted to B.

Our main goal is the following classification of the remaining cases with
explicit formulas up to Mdbius equivalence.

Theorem 2.1. Suppose the vector field (1.2) is the infinitesimal generator of
a CoS ® :=[®':t e Ry] C Iso(dg) having a common boundary fized point

e € Fix(®) N 9B. Then we have

Pee '(€e+20) =1 = (1 = )™ for u(t, 30,6) | e

Bot, ®'(€et0)= [ (L=€)e™ (Jye Vg ds)ho+eViao] fion u(t.20.8)
for all points xg + e € B with xg L e where Hy := H & Ce, A := Re(e|b),

p = Im{elb), by := Pu,b, [V§ : t € Ry] is the CoS of linear Hy-isometries
generated by the skew-Ho-hermitian operator i Py, (A — u)|H0 and

(2.2)

anlt,20,) 1= 1+ (1= ) (Jye 2 [y eVy dr ds)bo| b )—

— (A=A +ip) ffePods + <(f0te**svos ds)x(]’ b0>.



Remark 2.3. The following converse can be discovered from the proofs later on
(see Corollary 3.12). Given any couple of vectors e, by € H such that |le|]| = 1 and
by L e along with any CoS [V : t € Ry] of linear isometries of Hy = H & (Ce)
and two real constants A, u, the maps (2.2) form a CpS in Iso(dp).

Remark 2.4. In case of A\ # 0, one can express the integrated operators in
(2.2) in terms of the resolvent R(£M\,iSy) of the Hyp-hermitian operator Sy :=
i~tgen[V{ : t € Ry]. Namely we have fot e MVy dr = (1 — e MVE)R(A,iS),
Jye T[TV do dr = & (1 M) R(= ), iS0 )1~ V) R(\, iSo) R(—, ).

Theorem 2.5. Let ¥ := [U!: ¢t € R,] C Iso(dg) be a CoS with e € Fix(¥) C
0B. Then, with the notations of Theorem 2.1, we have the alternatives

(i) Fix(®) consists of two points and ¥ is Mdébius equivalent to some CoS
[@!:t € Ry ] C Iso(dg) of the form

&+ tanh(\) e M
T 1+ ctanh(M) T cosh(M) + € sinh(M)

' (Ee + x0) Vi zo; (2.6)

(ii) {e} = Fix(¥), there is a ¥-invariant disc of the form () # (e4+ Cv)N B
and ¥ is Mobius equivalent to a CoS [® : t € Ry] of the form

L4ipt & —ipt/(1 4 iut) 1
(bt = t M 2
(Se+a0) = b T iute /(L —ipt) ¢ T 1 (i —g) 070 (27)

(iii) there is no ¥-invariant disc of the form 0 # (e+Cv)NB and ¥ is Mobius
equivalent to a CoS [P : t € Ry| of the form (2.2) with A = 0.

Remark 2.8. In the setting of Theorem 2.1 a non-emty dics (e + Cv) N B is
[®' : ¢ € Ry]-invariant if and only if e Y v € dom(A) and (iA + (e| b))v € Ce as
established in Lemma 3.15. Hence, in finite dimensions only cases (i),(ii) may
apper. Example 3.16 with possible independent interest for physics or stochastic
processes shows that case (iii) is not void.

Recall that, as an implicit simple special case® of Deddens [1,Main Thm.],
every CoS [U': teR] of isometries of H admits a unitary group dilation in the
following sense: there exists a Hilbert space H containing H as a subspace along
with a CoG [U': t€R] of unitary operators of H such that U'=U*|H (teRy).
Applying a unitary dilation [V: r € R] of the isometry semigroup [V{: t € R, ]
in (2.2), we readily obtain the following result with non-linear dilations.

Corollary 2.9. Given any CoS [¥' : t € Ry] of holomorphic Caratéodory
isometries of B, there is a strongly continuous one parameter group [U! : t € Ry ]

3We begin Section 4 with an elementary proof in Banach space setting.



of surjective holomorphic Carathéodory isometries of the unit ball B of some
Hilbert space H containing H as a subspace such that W' = \I/t|B (t eRy).

By means of the functional calculus of the skew self-adjoint generator i§0
of the dilation group [V{ : ¢t € R] of the CpS [V{ : t € Ry] in the setting of
Theorem 2.1, we get the following.

Corollary 2.10. In (2.2) we can write
@, H(t x0,§ <(E0’f1 t A So)b0>+(].—f) [< Q(t )\ SO bo‘b0> )x—Hu fO 2A8d8}+1

Py, @ () = @ u(t, 20,6) " [6 texp(itSo)zo + (1 — E)e 2 f1(t, A, So)bo}
with the bounded analytic functions f;(t,A,-) :R—=C (j =1,2; A\ te€R)

1 — et Fio) A+io)" iy
fi(t, A, 0) = T N die ZTt ; fa(t, A 0) ==
e N 1 et i [ (=23" (*/\Jria)n}ﬁ
2A(\+io)  2A(A—io) A24+02 2A(A\ +io) A2 402 Inl

3. Triangularization with boundary fixed points

Lemma 3.1. Assume ¥ = [¥' : ¢ € R,] C Iso(dg) is a CoS where V' = 4| B
withUy € LH®C) (t € Ry). Then there is a family [u: : t € Ry] € C\ {0}
such that [y : t € Ry ] is a CoS in LH® C).

Proof. Let e be a common fixed point of the the transformations ¥t = §U,|B
(t € Ry). We are going to show that the choice p; 1= [Uy(e @ 1)](;1 entailing
uildi(e ® 1) = e @ 1 suits our requirements. Consider the matrices V= ;.
Clearly V! = 3U,; (t € Ry). Since the map U — FU|B is a homomorphism
with respect to compositions, and since its preimages are unique up to non-
zero factors, we have FVITS|B = Uit = ¥l o ¥* = F(V'V?)|B and hence
Vits = dy V'V* (t,s € R) with suitable constants dy s # 0. The fixed point
property

Vie®l)=edl (teRy) (3.2)
ensures that d; s = 1 that is the family [V' : ¢t € R, ] is a one-parameter matrix
semigroup. To see its strong continuity, recall [3, Ch. VI] that the Mdbius shifts

)
O = §Ma, Ma:= %], Qui=Peut VI[aP(1-Pcy) (a€B) (33)
act transitively on B. Thus, since every element of Iso(dg) keeping the origin
fixed is a restriction of a linear isometry of H, we can write ¥* = ©,, o U; where
a; := V'(0) and Uy is a suitable linear isometry of H. Since U; = S[Uot 10], with
suitable constants §; # 0 we can write

L Ui 0 _ QatUt a
Vt o 5tMat |:O 1:| - (St [[Ut*at]* 1:| (tER+)



The value of &, is determined unambiguously by (3.2): &; = [1 + (Usela,)] -
Thus to complete the proof, it suffices to see the continuity of the functions
t at, t = [Upz, Qq,x] (x € H). Tt is an immediate consequence of [2,App. A6)
that the product ¢t — A, B; is strongly continuous for any couple of uniformly
bounded strongly continuous operator valued functions t — A; € £(Xy,Xs),
t — B; € L(X2,X3 in case of normed spaces Xj. By assumption, the orbit
t — a; = V¥(0) is a norm-continuous map Ry — B entailing the norm continuity
of the function t — Q,,. We deduce the strong continuity of the H-isometry
valued function ¢ — U; as follows. Consider any vector x € H. We may assume
x € B without loss of generality. Then, by the aid of the Mobius shifts (3.3) we
can write

Uiz = [0, o Uy (z) = O_q, (¥(2)) (teRy)

whence the continuity of ¢ — Uy = (1 — (z]as)) " [Qa, 7 — a¢] is immediate.

3.4 Standard notations, assumptions. Henceforth, for the proofs for Sec-
tion 2, we assume without loss of generality the following facts.

(i) ¥ :=[¥"teR,]isan arbitrarily given CyS of holomorphic Carathéodory
isometries of B having no common fixed point within B.

(i) @' :=O oW oO~! (t € R,) with a suitable Mébius transformation ©;

(iii) the orbit ¢ — ®%(0) is differentiable and ®' = F*U!|B with some CoS
[U': teR,] of linear H-isometries,

beH, iA=gen[U':t € Ry];

A:=gen[U' :teR,] = [iA b},

b* 0
(iv) e € OB is a joint boundary fixed point of the maps ®!, we write

Hy:= HoCe, P:=Pc., Py:=Pg, =1-P, T:x—xte, T := [ldH e}

0 1

Proposition 3.5. We have e€ dom(A) with A(e®l) = v(e®dl) and b = (v—iA)e
for some veC. The possibly unbounded operator

Ag = POA’HO Ndom(A) is Ho-hermitian and, in terms of (Ce ® Hy & C)-
matrices, we have

7 0 0
TYAT = | ~by iAg 0| where by:= Pob, v = (e|b). (3.6)
v by v

Proof. By assumption 3.4(ii), e®1 is a joint eigenvector of the linear operators
U'. Hence U'(e®1) = ((e®1) (t€R,) with a continuous solution [t — (;] of
the Cauchy equation (s ¢ = (s¢;. Thus for some v € C, (; = e”t and we have

e®1 € dom(A) = {3 : t = U'; is differentiable}, A(e®1) = v(e®1).



As a consequence, e € dom(A) = Pydom(A) and the operator
Ay:=A—PA— AP+ PAP = (1 — P)A(1 — P) = RyAP,

is a bounded perturbation ranging in Hy of A € Hers(H) with a self-adjoint op-
erator of finite rank. Hence its restriction Ag to Hy is a well-defined unbounded
Hy-hermitian operator. Since A is a (Ce @ Hy)-matrix operator, we can write

A b o dal B
N =ltag Ao bo|, bo:=Fodb, B:=(ble), ag:=PyAe, av:=(Aele)
b 0 = .
8 by O
in terms of (Ce ® Hyp @ C)-matrices. The eigenvector equation A(e®l) = v(e®l)

means iAe + b = ve with (e|b) = v entailing i + 3 = v, iap + by =0, B = v.
Since

.

1 0 1 1 0 -1
T=10 1 0|, 7'=1]0o 1 o0},
0 0 1 0 0 1

in (Ce®Hy®C)-matrix form, hence (3.6) is immediate.

Notation 3.7. Henceforth [Uf:t € R;] denotes the CypS of Hy-isometries
generated by 4.

Lemma 3.8. Let Ei, Ey be Banach spaces, G := [31 82] with H € L(Eq1, Es)

and Gp=gen[W}: teRy] for some CoS [Wi:teRL]CL(Ey). Then the family

Wi 0

t.__
&= [T Wi HWds Wi

(teRy)

is a CoS in L(E; ® Eg) such that gen[S':t e R, ] =G.

Proof. The operator G is a bounded perturbation by the operator H :=

[ATOPO 0H 0] of the generator G; ®Ga(= [%1 6?2]) of the CpS [W! : te

R.] with W' := W@ W} and dom(G) = dom(G;) @& dom(G3). According to
[2,Thm.II1.1.10], for every fixed 3 =x®y € dom(G) we have

[e%e] t
Sty =3 8u(t) where So(t) = Wis, Spei(t) = / W15 (5) ds.
n=0 0

Since H is an off-diagonal 2x2 triangular operator matrix, S, (t) =0 for n > 1.

3.9. Proof of Theorem 2.1
Since T a bounded invertible H&C-operator and A = gen[U’ : ¢ € R, |, we have

T AT = gen [Vt 1te R+] for V'.=TU'T.

Since ® = F(U")|B (¢t € Ry), in terms of the translation Tz := x + e we can
interpret the CoS [V' : ¢ € R*"] as the linear representation by means of § of



the semigroup [T~ o ®* o T : t € Ry] formed by holomorphic isometries of the
shifted ball B — e whose continuous extensions leave the origin fixed. Due to
the projective identities F(7*VT) =T ' oF(V)oT (VeL(H® C)), for the
points € T~'B = B — e we have

Vi (z) =[BT U] (z)=[T""o®oT)(z)=P(x+e)—e.

Therefore
O (x) =FV'(r —e)+e (x€B).

By the aid of Lemma 3.8 and (3.6) we calculate a quadrature form for V? as
follows. Regarding the top left 2 x 2-corner of the matrix 7' AT we get

v 00 gen [Vt :teR ] Vi=1 4 e‘ft ; (3.10)
—bo iAQ ' +th fO Uéise_us(—bo)ds US ' '

Another application of Lemma 3.8 to 7L AT yields
Vvt 0
Dt [ft s e”t} (t €R,). (3.11)
0

As a consequence of (3.11), since V! (z®1) = [Viz]| @ e”!| fot<e_”SVTa:| bydr +1],
we get

etV (z —e)
<f0te—"5VS(x —e)ds|b)y +1

B (z) = te (zeB,teRy).  (3.12)

We substitute (3.10) into (3.12) in terms of the new parametrization
A=Rev, p:=Imv, Vj:=e "U{.

Given any vector z = zg + Ce,zg € Hp, and recalling the commutativity of
convolutions,

t t

e ViVl = Ce M [e 7/ e’\SVOSbO ds} + 67)‘tV0tzo, / <e*”SVSz}b> ds =
0 0

1_6—2kt

t s t
= (i) - g/e—% e (Vibo|bo) dr +/e—*5<v(fzoybo> ds ds.
0 0 0

The statement of Theorem 2.1 is immediate from (3.12) with z = z—e=1z¢+

(E-1e.

Remark 3.13. It is discovered from the above proof that any tuple
a:= (Hvev [V()t : tERJr]»bOa A?M)
with a Hilbert space H, a unit vector e € H, a CoS [V : t € Ry] of Hy(:=

H © Ce)-isometries, a vector by € Hy and two real constants gives rise to a CpS
[@f : t € Ry] of holomorphic Carathéodory isometries of the open unit ball B



of H = Ce®H, whose generator I'(z) = %!t:m_@a(x) = %’t:0+&(TVtT_1)x
has the form (1.2) with

= {/\—W} , A= [QH _Zbo} , iAg=gen[Vy : t € Ry]. (3.14)
’Lbo AO

In particular we can extend [®f : ¢ € Ry] to a CoG [®4 : ¢t € R] C Iso(dg)
if and only if [V{ : ¢t € Ry] consists of Hy-unitary operators (cf. [9,Thm.II]).
Furthermore, given any tuple b := (H, A, e, \) with a densely defined maximal
symmetric linear H-operator A, there is a unique CoS [V} : ¢ € R}] C Iso(dg)
whose infinitesimal generator is of the form (1.2) with b := (v — iA)e where
v:i=A+ipand p = (Ae|e).

Lemma 3.15. The CyS [®':t € Ry] C Iso(dg) with generator (1.2) and joint
boundary fized point e € OB admits no invariant disc of the form BN(e+Ce) # )
if and only if the operator A+ (e|b) is not injective or e € range(iA — (e|b)).

Proof. Consider any vector v € H such that e + v € B. The disc A} :=
BN (e+ Co)is [® : t € Ry]-invariant if and only if the vector field (1.2)
is tangent to it that is if b — (e + Tv|b)(e + Tv) + iA(e + 7v) € Cv whenever
e + v € B. This happens if and only if —(v|b)e + iAv = (v for some ¢ €
C because we have e € dom(I') = dom(A) and T'(e) = b — (e|]b) + ide =
0 (due to the fact that the point e is [®f : ¢ € R, ]-invariant). According
to Proposition 3.5, here we have b = (v — iA)e where v = (e|b). Therefore
Cv=—(v|(v —iA)e)e +iAe = ((—V — 1A)v|e)e + iAe. Notice that, in general,
rmPcex = (zle)e = 2 — Pu,z (z € H). Thus the disc AY is [®' : ¢t € Ry]-
invariant if and only if —ZPc.v + P, (i4Av) — (v = 0 i.e. Py, (iAv —Cv) =0
and Pce(—7 — ¢)e = 0 for some ¢ € C. By assumption AY # () which is
possible if and only if Pe.v # 0 implying ¢ = —7. Hence we conclude that the
[@ : t € R ]-invariance of AY is equivalent to the relation Py, (iAv +7)v = 0
i.e. to (1A +7)v € Ce which completes the proof.

Example 3.16. The CyS of the type [\IIE : t € Ry] in Remark 3.13 with
H = L*R), Af == [z = zf(2) (dom(A) = {f : [ |zf(z)]*dz < oo}),
e:=(2m)~/2exp (—(2—1)?/2) and A:=0 admits no invariant 1-dimensional disc.
Proof: We have (Ae|e) = (2m)~! [*_zexp(—(z—1)%)dx = (2m)*/? # 0. Thus,
according to the construction of the CoS Wy, v=(e| b) =iu=1i(Ae| e) /2 €iR\{0}.
The relation (i4 + 7)v = (e would imply v = —iexp(—(z — 1)2/2)/(x — p) €
L?(R) which is possible only if v = 0.

3.17. Proof of Theorem 2.5

Recall [3] that the 1-dimensional complex affine discs the form A, 4 := (p+C(g—
p)) NB (¢ # p, g € OB) are the ranges of complex geodesics for the Carathéodory
dg, and dg-isometries map complexmetric their family into itself. In particu-
lar, in the case when p # ¢ € OB are joint fixed points of the continuous
extensions W7 the disc A, , is automatically [¥? : ¢ € R, ]-invariant. Suppose



W' (Apq) = Apg (t € Ry). Then the restricted maps ¢}, := ¥*|D,, , form a CyS
of holomorphic automorphisms of a 1-dimensional Hilbert ball, thus their con-
tinuous extensions ¢},  to D), , admit at least one fixed point which is necessarily

a joint fixed point for the maps ¥f. A 1-dimensional application of Theorem 2.1
shows that all the orbits t — ! (z) = V' (x) (z € A),) are automatically real
analytic. Hence, given any Mobius transformation ©, the CoS [P : ¢t € R,]
with ® := © 0 U' 0 @~ ! leaves the dg-geodesic Deg(p),0(q) invariant with differ-
entiable 0-orbit ¢ — ®'(0). Also conversely: if [®! : ¢ € Ry] is a CoS leaving
the disc A, _.(= {Ce : [¢|] < 1}) invariant and ®'(e) = ¢, ¥ = O Lo Pt 0 O
(t € Ry) as in 3.4, then the image O(A, _.) is a [U! : ¢t € R, ]-invariant 1-
dimensional affine section of B containing a joint fixed point (the point ©~1(e))
of [Uf: ¢ e Ry

Proof of (i),(ii). It remains only to verify the possibility of the simplified rep-
resentations (2.6),(2.7) by means of an appropriate choice for the coordinatizing
Mbobius transformation © in 3.4. By setting z := 0 in (2.2), it is straightforward
to check that a CpS [®' : t € R ] of the form 2.2 leaves the disc A, . invariant
if and only if by = 0 and D' (£e) = wy . (¢, &)e (|€] < 1) with the function

2M(1 — )M
2A— (1= (A +ip) (1 — e )’

w,\,u(t,f) =1

It is also easy to see that the constant 1 is a joint fixed point of all functions
wx,u(t,-) and, for fixed A\, u € R, the family wy ,(¢,-) t € Ry) admits another
fixed point namely the constant &, , := zuli with modulus 1 if and only if we
have ;1 = 0. Due to folklore 2-transitivity properties of the Mobius group (for
direct proof see [7]), given any two couples (e1,e2), (f1, f2) € [0B]? of distinct
boundary points there exists a Mobius transformation ©(¢1-f1.¢2:2) with the
effect ep — fr (k = 1,2). Thus in case if [U? : t € R,] has only a unique
fixed point p € OB but the disc A, , is [V’ : ¢ € R, ]-invariant, with any choice
0 := 095 where |k| = 1 we get a formula for ®! by substituting by = 0
and = 0 in (2.2) which is (2.7).

If [Tf : ¢t € Ry ] admits two distinct fixed points p,q € OB then, as we have
shown, the disc A, , is automatically [U* : ¢ € Ry]-invariant, and with the
choice © := ©P¢:%=¢) we get a formula for ®¢ by substituting by = 0 and p =0
in (2.2) establishing (2.6).

Proof of (iii). Suppose indirectly that 0 # A = Re(elb). Then the skew
symmetry of iA entails range(iA — (e|b)) = H. By the previous lemma, we
have a non-trivial I'-invariant disc and we are in the settings of (i) or (iii). By
assumption, (i) is not the case. However, in the case of (iii) we have (e|b) =
ip € iR automatically.

3.18. Proof for Remark 2.4. The operator Sy is closed with dense do-
main in Hy. Since Sy is also symmetric, both +iSy are dissipative (namely
Re(£iSzo|zo) = 0 for 2y € dom(S)) with the properties that both range(+iSy+
d) are dense in H for any § > 0 and that the operators (iS + §)~! : range(S) —
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Hy (0 # § € R) are all bounded and densely defined.* Given §€R \ {0}, by [2,
II. Lemma 1.3] for any zq € range(iSo—9) and ¢ >0 we have fot e TV xo dr =
fot e Vi (iS0—0)[(iSo—8) Lmo] dr = (e 79!V —1)(iSo— &) 'zo. The bounded-
ness of both the operators V' and the resolvents R(d,iS) = closure((6 —iSp) ")
establishes 2.4 for t € Ry and 0 # A € R with integrals of strongly continuous
bounded operator valued functions.

4. Dilation

Lemma 4.1. Let [U':t € Ry] be a CoS of linear isometries of a Banach space
E. Suppose E is a subspace of another Banach space F and there is a surjective
isometry V € L(F) such that Ut = V|E. Then there is a subspace E C E C F
along with a CoG [ﬁf 1 t € R] of surjective linear isometries off) such that
Ut = ﬁt’E (t € Ry) with dom(gen[ﬁt :t € R]) D dom(gen[U* : ¢ € R])

Proof. Let E:= closure(Eoo) in F where Eo, := UZOZO with E,, := V "E.
By assumption VE = U'E C E whence, by induction we conclude that the
subspaces E,, (n € Z.) form an increasing sequence. Therefore all the operators
UL:=V=2nUtnyn|E, (t>—n, n€Zy) are well-defined isometries E, —E,_.
We have U}, = U}, ., |En for all indices n€Z, . Indeed if Z€ E,, and > —n then
Ut+1§j\ — V_Qn_QUt+n+1Vn+1§f\ — V—2’n,—2Ut+’n,+1 Ulvni,\ —

_ V—Qn—ZUt-l-n-l-QVn/x\ _ V—Qn—QVQUt—i-nvn/\ _ V—QnUt-i-’ﬂVTL’\ — Ut‘,’f
since V extends U' and we have V"2 € E implying V"'Z = U'V"Z. Hence
ULz := lim Uz=[UZ: neZy, n>t (T € Ex)

n—roo
is a well-defined linear isometry of the linear manifold E., for any ¢ € R. Since
range(U!) D V22U ItI+"E = VII="E for t > —n, we have range(U’,) = E,
(t € R). Thus the operators U' := closure(U%,) (¢t € R) are well-defined surjec-
tive linear E-isometries, each of which extending the respective U t. We check
they form a CoG as follows. Since [U? : ¢t € R] is an equilipschitzian family, it
suffices to see that its restriction [U* : ¢ € R] to the dense submanifold E, of E is

A

a CoG . Given s,t € Rand 7 € Ey, we havep't’f = V2t ¢ By, when-

ever n > t¢ and U*(U'Z) = V= 2mUtHmy ™tz whenever m > max{—s,2n}. It

follows U*U'T = US*'Z because hence, with k > 2(|s| + [t| + £) we have
(/js(ﬁtiﬁ) — V74kUS+2kv2kV72k‘Ut+kvk"/f —

— V74kUS+t+3kvk‘EE — V74kUS+t+2kv2k‘§V}€ — Us+t§:\.

4Indeed yo L range(+iSp + ) means 0 = (+iSpzo — dxo|yo) that is 0 = (xo| FiSoyo — 0yo)
for (zo € dom(S)) entailing FiSoyo + dyo = 0 with d|jyo||> = £i{Sovo|yo) € iR which is
possible only if y = 0. Thus by the Lumer-Phillips theorem [2, II. Thm. 3.15], also the ope
rator —iSo generates a strongly continuous contraction (actually isometry) semigroup and all
the values 0 # § € R belong to the resolvent set of iS.
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To see strong continuity, consider any vector ¥ € Eg. Then for any integer n > ¢
the orbit (—n,00) 3 t = Ulz = V=2U"(V"7) is continuous since V2" is
an isometry and (V"Z) € E. Hence we can see also the required generator
domain inclusion property: with Z := 2 € dom(gen[U’ : t € Ry]) we have
Vme = Umz € dom(gen[U" : t € Ry]) entailing even the differentiability of the
orbits (—n,00) 3 t — Uz

In particular, since every linear isometry of a Hilbert space admits a unitary
dilation [8], in our setting of interest we conclude the following.

Corollary 4.2. If [Ut:t e R,] is a CoS of linear H-isometries, there exists
a Hilbert space H containing H as a subspace along with a CyG [fft it € R]
of ﬁ—unitary operators such that U = ﬁ't|H (t € Ry) whose generator is an
extension of gen[U':t € R.].

4.3. Proof of Corollaries 2.9-10

Given any Hilbert space H containing H as a subspace, every Mobius trans-
formation of H extends to a Mdbius transformation of H. Hence it suffices
to see only that any CyS of the form of Theorem 2.1 admits a group a dila-
tion of the same algebraic form in a larger Hilbert space. Let [®! : t € R,]
be given as in Theorem 2.1. According to Corollary 3.13, for some tuple
a:= (H,e,[V{ : teR4], by, A, ) we have @' = & = FU") (t € Ry) with

b 0 b§ 2ip A—ipl . (4.4)

iR b:| i(SO+N) 7b0 bO
by Atip 0

genU' :teR ] = [

in terms of [Ho @ (Ce) @ C|-matrices. Let [V{ : ¢ € R] be the dilation CoG  of
[V{ : t € Ry] consisting of unitary operators of a covering Hilbert space H, of H
with the skew self-adjoint extension iSy = gen[%t : teR] of iSy guaranteed by
Corollary 4.2. Also by Corollary 3.13, the tuple a := (ﬁ, e, [1//\3 (teRL], bo, A, ,u)
where H := Hy @ (Ce) gives rise to a CoG <I>ta : t € R] such that ®%L = 3’(];{\'5)
(t € R) whose infinitesimal generator can be written in the form of the right
hand side of (4.4) when the entry Sy is replaced with §0. Hence, by Theorem
2.1, the transformations @, can be written in the form (2.3) with So in place
of Sp and ‘70t in place of V{. Since ‘70t|H0 = V¢ (t € Ry), it readily follows
@%|H = @} (t € R;) which completes the proof of Corollary 2.9.

To prove Corollary 2.10, consider any CoS [®! : ¢t € R, ] with its dilation
group [®f : t € R,] as above. By construction, the dilation CoG [V{ : t € R]
consists of ﬁo—unitary operators. Thus, in view of Stone’s classical theorem,
we can apply the functional calculus [8] with its skew self-adjoint generator S
when evaluating the transformations ®j by means of (3.12). Actually, for any
t € R we have

t t T
/ e MVydr = 91,t(S0), / 672)‘7/ Vg do dr = 92.1(S0)
0 0 0
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with the functions stOt e~ elTSdr resp. s»—>f(;5 e [ erei7Sdo dr which
are real analytic R — C. Straightforward calculation establishes their algebraic
form and the Taylor series appearing in Corollary 2.10.
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