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Abstract

We prove a structure theorem for strongly continuous one-parameter groups
formed by surjective isometries of the space of bounded N-linear functionals
over complex Hilbert spaces. As a consequence, the strongly continuous one-
parameter automorphism groups of Cartan factors of type I are classified.
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1. Introduction

Throughout this work let H, H®) ..., H) be arbitrarily fixed complex Hilbert
spaces. Our chief aim will be to study the structure of the strongly continuous
one-parameter automorphism groups of the space B = B(H®M, ..., HN) of all
bounded N-linear functionals H®) x .. x HN) — C that is the maps

U:R—2A:= {surjective linear isometries B — B }

with the group property U(¢t+h) = U(t)U(h) (t,h € R) and being such that
the functions ¢ — U(¢)® are continuous for all fixed ® € B. The case N =1 is
covered by Stone’s classical theorem [8, 12]: given a strongly continuous one-
parameter subgroup U : R — U(H) :={unitary operators H — H} ~ 2, there
exists a possibly unbounded self-adjoint linear operator A on some dense linear
submanifold of H such that U(t) = exp(itA) (t € R). In the case N = 2, as
a simple consequence of the theory of unbounded C*-algebra derivations [2],
in L(H) ~ B(H,H) we have a precise abstract description of the special one-
parameter isometry groups of the form U(t)X = exp(itA)X exp(—itA) with a
suitable possibly unbounded self-adjoint operator A. Our problems with N = 2
and BH® H®) ~ £(HM H®) are naturally associated with Jordan triple
derivations [7, 10], and may have far reaching importance even for the descrip-
tion of all strongly continuous one-parameter automorphism groups of general
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JB*-triples (complex Banach spaces with symmetric unit ball). Namely, by
the Hille-Yosida theorem [3, 12] the infinitesimal generator of a strongly con-
tinuous one-parameter group of automorphisms of a JB*-triple is a possibly
unbounded Jordan triple derivation. As far as we know, the bounded JB*-triple
derivations are well-understood [1]. However, no results seem to be concerned
with the unbounded case even for Cartan factors. From a Jordan theoretical
view point, E(H(l),H(Q)) is a typical Cartan factor of type I where the con-
nected component of the automorphism group containing the identity consists
of mappings of the form X +— UXV with suitable unitary operators Ue U (H(2))
and Ve U(HM) [6, 11]. Hence the structure of all norm-continuous one pa-
rameter groups W : R — Aut(L(HM , H®)) ~ A is immediate: in this case
W ()X = [exp(itAs)] X [exp(itA;1)] for a suitable couple of bounded self-adjoint
operators 4; € L(HM), B € L(H®). It seems that even the strongly contin-
uous one-parameter subgroups of Aut(£L(H® , H®)) are not fully described in
the literature. One may expect that, for any number N of factors, the elements
of the identity-component of 2l should be mappings of the form

U, - - @UN]|D = [(Xl,...,XN) — @(lel,...,UNxN)} (® € B).

This seems also not yet been established in full generality, and Jordan theo-
retical arguments cannot be expected to be suitable for the proof. Our main
result, which is prompted by this conjecture, is the following seemingly plausible
statement.

Theorem 1.1. Let U : R — AHD, ... HM) be a strongly continuous one-
parameter group such that

U(t) = U17t X R UN,t (t S R)

with suitable unitary operators Uy, € L{(H(k)). Then there are possibly un-
bounded self-adjoint operators Ay : dom(A) — H®) (k. =1,...  N) defined on
dense linear submanifolds in the respective spaces such that that

U(t)=[exp(itA;)] ® -+ @ [exp(itAy)] (t €R).

Corollary 1.2. If W:R — Aut (E(H(l),H(Q))) is a strongly continuous one-
parameter group then W (t)X =exp(tA;)X exp(tAs) for a suitable couple of
possibly unbounded self-adjoint operators Ay, : dom(Ay) — H®)

The main technical obstacle for the proof arises from the fact that an operator
U1®- - -®@Uy admits alternative representations as [(,%1 Ul)}@)- ® [(HNUN)] with
Ki,...,6ny € T:={xk € C: |k] =1} and HIICV=1 kr = 1. Our considerations,
which rely heavily upon complex Hilbert space structure, can be divided into
three main steps. First we establish that, under the hypothesis of Theorem 1.1,
there are multiplier functions s : R — T with Hszl kr(t) =1 (t € R) such that
each component ¢ +— k(t)Uy; is strongly continuous; that is, all the functions
t— ki (t) Uk thy (hy eH®; k=1,..., n) are continuous from R into H® with



norm topology. Assuming then without loss of generality the strong continuity
of the components ¢ — Uy, we show that the families {Uk,t : te R} are
Abelian and then, by means of their Gelfand representations we can choose the
multipliers ki : R—T even in a manner such that we have Uy ; = kj(¢t)U}, with
some not necessarily strongly continuous one-parameter groups t — Uf. We
finish the proof after a series of probabilistic arguments where we establish that
this representations can be improved to the form Uy = xx(t)U} with strongly
continuous one-parameter groups t — U £ and continuous functions x; : R — T,
respectively.

2. Preliminaries, adjusted strong continuity

Throughout the paper R and C are the standard notations for the sets
of real and complex numbers, respectively and T := {k € C : |x| = 1}
denotes the unit circle. Without danger of confusion, in each of the spaces
H,HY ... H®) we shall write (.|.) and ||.|| for the inner product and the
norm, respectively. The products (.|.) are supposed to be linear in their first
and conjugate-linear in their second variables. With this convention, h* will
denote the linear functional x — (x|h). Conveniently, we shall use the custom-
ary tensor product notations [9, Sec.1.3] in the space B = B(HW, ..., HW)
of all bounded N-linear functionals H) x ... x H®™) — C equipped with the
usual operator norm [|®[| := supjx, =...ojxy =1 |P(X1,- .., XN)[. Given a fam-
ily hy € HY, ... ' hy € H®Y) of vectors, we shall write hi @ --- @ h%; for the
elementary functionals

(xx|hg).

=

N
I@...@h”;v: (xl,...,XN)’—)HhZ(Xw:
k=1

k=1

Also we shall write A; ® --- ® Ay for the composition operators
[Al R AN](I) = |:(X1, S 7XN) — <I>(A1X1, ... ;ANXN):| ((I) S B)

if A€ L(H®) = {bounded linear operators H*) - H® 1. Notice that
(A1 ®--- @ Ay]h] ® ---@hy = [AThh]" ® --- @ [Ayhy]"

The factorization of non-trivial composition operators is unique up to constant
coefficients: if Ay,..., Ay #0 we have A1 ® - - ® Ay = B1 ® --- ® By if and
only if By = [ Ay for constants with H,ivzl Br = 1.1 In particular for unitary

ndeed, evaluated at ¥Yi ® - ®y}, the relation 41 ® ---® Ay = B1 ® --- ® By entails
Hiv:l(AkxMyk) = Hszl(kak|Yk> for any x1,...xy. Given any index k, if x,,y, € H®)
l k) are so chosen that (B;x,|lye) = 1 then for any x,y € H*) we have (Bpx|y) =
J
Br(Akxly) (x,y € H(k>) with 8y := Hejbﬁk(Agxdyg). The converse implication is trivial.



operators Uy, Vi € U(H®),

N
U1 @Un=V1® - @Vy < Vi=reUs, ki €T with an.:l.
k=1

Lemma 2.1. Assume H<I> - \I/H <e where =gl ®---®@gy and ¥V :=h] ®
- ®@ hyy with unit vectors g, hy, € H® | Then

dist(Tgg, Thy) := minTF |kgr — phy| <2V te (k=1,...,N).
K, E

PrRoOOF. Fix any 1 < k < N. Define & := H&#kﬁg where for ¢ # k we set
Kg i = <gg|hg>/|<gg|hg>‘ if gg £ hy and kg :=1if gy L hy. With this choice

N
k1, kv €T, [] km=1 and (gelrehe) = [(gelhe)| >0 (€ #E).

m=1

Observe that for the vectors xy := gy + rkoh, with the values p; := 1+ |(hy|ge)|
we have

(xelge)=(xelrche)=po€ [1,2], |xell=(xe|xe)"/?=(2p0)" 2 € [V2,2]  (L#E).

Thus, since also ¥ = [k;h]* ® - - @ [syhy]*, for any x € H*) we can write

[‘I’—‘I’](X1,~~~an71,X,Xk+17~~,XN) = <X|gk —fikhk> H pe -
0:4#£K

Therefore we have the norm estimate

(x| g — mch)| T pe < [lo— | Il TT Ixell -

L0k 00k

Since here ||®— V|| <&, 1 < py and ||x|| < 2, it follows |(x | g —krhy)| < 2V~
for all vectors x € H®), Hence dist(Tgy, Thy) < |lgr — rrhy| < 2V 1e. |

In particular, with € := 0 we see that g] ® --- ® gy = h] ® - - - ® h}, implies
hj, = kg for suitable xy,...,xny € T with Hivzl ki = 1 whenever the vectors
gk, hx have norm 1. For later use, notice also that if g,h € H are unit vectors
in a Hilbert space then

dist (Tg, Th)= dist(g, Th) = min [2 — 2 Re(g|sh)] 12 _ (2.2)
= V2[1 - [(gh)[]""*.

Lemma 2.3. Suppose F : R — P(H) := {Tg : (glg) = 1} is a continuous
mapping with respect to the distance (2.2). Then F(t) = Thy (¢t € R) for some
continuous function t — hy € 0Ball(H) := {g: (g|g) = 1}.



PROOF. Since the real line R is o-compact, it suffices to establish the local
version of the statement: for every s € R there is an open interval I, around
s where the set valued function F admits a continuous section say Iy 5 t —
hﬁ e f(t). [Proof. In this case there is a strictly increasing double sequence
(Tn):o:_oo such that R = | J,, [T, Ty+1] and each interval [T;,, T}, +1] is contained
in some [, . Since hgf:‘ll,h[;:] € F(T,), for each n € {0,%£1,£2,...}, there
is a (unique) constant x, € T such that h[;:] = /@nh[TSz:‘l]. Then the function
assembled as h; := unh,[f“] for T,, <t < T, where po := 1, p,, := [[7_, k& and
0 — . .

p—p = lpep 1 Fx (p=1,2,...) suits our requirements. |

To prove the local statement, we may assume s = 0 without loss of generality.
The continuity of F entails the continuity of function (t,u) — dist(F(¢), F(u)).

Hence we can choose I to be an open interval around 0 such that v2 >
dist(F(t), F(u)) (t,u € Io) that is

[(v|w)| >0 whenever v € F(t),w € F(u) and t,u € .

Fix any vector fy € F(0). Since, by (2.2).

dist (F(t), F(0)) = V2 [1 - Jnax, Re(fo|v)|] %,

for every t € I there is a unique unit vector f; such that
1
f, e F(t) and (f|f)) = max Re(fy|v) = 1 — =dist(F(0), F(t))* > 0.
veF(t) 2

In particular, with suitable unit vectors u; L fy and with suitable angle param-
eters 0 < oy < /2 we can write

f; = cos ¢, fy + sinpy uy (t € Ip).

Given any convergent sequence t,, — t in Iy, the continuity of F means that
(£, £)] = 1 — 272 dist (F(t,), F(£))* — 1, that is

‘ COS (1, COS ¢ + sin ¢y, sin i (uy, |ut>| —1.

Since ¢y, , 1 €[0,7/2], we have 1> cos(py,, — @) =c08 @y, €Os @i+sin g, sin p; >
‘ COS 1, COS Y +sin @y, sin i (uy, ut>‘ — 1. Thus necessarily ¢, — ;. Hence,
for any cluster point ¢ of the sequence ((utn|ut>)z<>:17
¢ sin? <pt’ =1 that is ¢ = 1 unless ¢y = 0. In any case we must have

it follows fcos2 vt +

(£, |f:) = cos iy, cos py + sinpy, sinpg(ug, |ug) — 1

which implies [|f;,—f;|| = [2—2Re(f;, |f;)] Y20 for any sequence t, —t in Iy. O



Proposition 2.4. Assume ¥ :R — B is a continuous function of the form
U(t) =hi,®---®@h}y, with suitable unit vectors hy; € H®) . Then there are

functions k1, ...,ky : R — T such that Hi\;l kr(t) = 1 and the modified compo-
nents t +— ry(t)hy.; are continuous (as mappings R — [H*®) norm topology]).

PROOF. According to Lemma 2.1, the functions Fy, : ¢t — Thy ; are continuous
from R into the metric space [P(H®),dist] in the sense of (2.2). Thus, by
Lemma 2.3, we can find functions p1,...,uxy : R — T such that the sections
t £ = pr(t)hg e € Fr(t) (k=1,...,N) are continuous. Then their product
- U(t) = £/, ®---@fy , is also a continuous map R — B. Observe that U(t) =
p(t)P(t) (t € R) with the scalar valued function p(¢) := HkN:1 (). From the
continuity of both ¥ and T we infer the continuity of p : R — T.2 Hence also
the functions ¢t — fj ; := p(t)fy; are continuous. Since fj; = Hz:e;ék pe(t)hy ¢
and since W(t) = p(t)¥(t) = ?ft ®@fy, @ @£y, the choice k1 (t) := H;VZQ i (t)
along with s (t) := px(t) for k£ > 1 suits our requirements.

O

Conventions 2.5. To simplify notations for the proof of Theorem 1.1, hence-
forth let U : R — 2A = AHD ..., H®™) be a one-parameter subgroup of
operators of the form

Ut)=Uf,®@--- Uy, , Uy € UHP))

An application of Proposition 2.4 to functions of the form U(¢)[hj®---®@h¥] =
[U1,:h1]* ® -+ @ [Un,hn]* yields immediately the following.

Corollary 2.6. Given any family hy, € H® (k = 1,...,N) of unit vectors,
there are functions kr : R — T such that H,ivzl kr = 1 and the functions
t — ki (t)Uk,thy are continuous. O

As usual, we say that a net (Va) of bounded linear operators B — B is

acA
strongly convergent to V' (notation: V,, — V) if ||(V, —V)®|| — 0 for all ® € B.
Accordingly, a function V : R — L(B) is strongly continuous, if V (t,) - V(t)
whenever t, — t in R.

Proposition 2.7. For some functions k1,...,kn : R — T, the operator-valued
functions t — ki (t)Ur+ are strongly continuous.

2In general, if vo — v # 0 and pave — pv are convergent nets in a locally convex
Hausdorff vector space V, then necessarily puo — p for the scalar coefficients. Proof: there
exists a continuous linear functional ¢ on V such that ¢(v) = 1. Beyond some index ag we

have ¢(va) # 0 and pa = ¢(pava)/P(va) = ¢(u)/d(v) = p.



PRrOOF. Fix any family h; € HY ... hy € H®) of unit vectors along with
a family £1,...,kn : R — T of scalar functions with vazl r;(t) = 1 such that
the functions ¢ — rky(t)Uy hy are continuous. This is guaranteed by Corollary
2.6. Consider any index k € {1,..., N} and let 0 # x € H*) be any vector. It
suffices to see that the function ¢ — ky(t)Ux is continuous.

Applying Corollary 2.6 with the vectors hy, ..., hy_1,x/||x||,hgi1,..., hy,
we see the existence of functions Ki,...,ky : R — T with Hévzl Rre(t) = 1
such that the functions ¢ — Ki(t)Ugx, t +— Ke(t)Upthe (£ # k) are con-
tinuous. Given any index ¢ # k, it is a consequence of the continuity of
both the functions ¢ — Ke(t)Uhe and t — ke(t)Ushy that the coefficient
ratio t — Rg(t)re(t) is also continuous (see footnote 2). Hence we deduce
the continuity of ¢ — [H[:E;ﬁk Eg(t)m(t)]f{k(t)U;’tx. However, here we have

[[Lses R (t)re(D)] Rk (t) = [Ty Fm(t)] [[Lres re(t)] = ri(t). o

Corollary 2.8. In the setting of 2.7, the functions t w— ri(t)Uy, are also
strongly continuous.

PRrROOF. It is a well-known elementary fact [5] that the adjoints of the elements
of a strongly convergent net of unitary operators in a Hilbert space form a
strongly convergent net. O

3. Separate commutativity

In view of 2.7 and 2.8, we may use symmetric strongly continuous factors
in the one-parameter group U by passing from Uy, to ki (t)Ug, if ¢ > 0 and
Hk(ft)U;;ft for t < 0 with suitable functions x1,...,kn : Ry — T.

Conventions 3.1. In addition to 2.5, henceforth we assume without loss of
generality that, for k =1,..., N,

1) t — Uy, 1is strongly continuous;
2) Ugo=1d, Ugx—+=U;, (t€R).

Proposition 3.2. The families {Up:: t€R} (k=1,...,N) are Abelian.

PRrROOF. Consider any ¢t > 0. We can see by induction on n = 1,2,... that

Uit = 50 Ukd® 1<k <N), T, sl =1 (3:3)
for some family {/f,(c") 1 <EkE<N, n= 1,2,...} C T of constants. Indeed,
for n = 1 the choice I{Ecl) := 1 suits trivially. Assume (3.3). for some n > 1. We
have then

*

[E—

U((n + 1)t) = [ 1*,(n+1)t X UX/,(nJrl)t

U Uty = [Uf, @ 0U%,]" [($701)") @0 (80 (03)")] =

= [(“(1”) (Uik,t)nH) Q- ® (”Y/L) (U;/,t)nﬂﬂ )



Since factorizations of composition operators are unique up to constants, it
follows

N
Ui = oy i U0 1<k <N),  [[eof” =1
k=1

for some a%n),...,aj(\?) € T. Thus (3.3) holds with n + 1 in place of n for

Pl olin)nén)7 which completes the induction step. As a consequence of

k
(3.3), the families
U = {Ugne: n=0,%£1,42,...}

are Abelian because Uy, _p: = Uk_'rlLt =Uj (t >0, 1 <k < N)and the powers
of Uy commute. Since

U CUR 120 CURK 1730 C v

each family {Uy, : ¢ € Q} = U2, U1/t where Q := {rational numbers} is
Abelian. Given any couple s,t € R, choose sequences ( n), (qn) in Q converging
to s and ¢, respectively. Then the commutator Uy, s, Uk | (:= Uk,sUg 1 — Uk 1 Uk, s)
is the strong limit of the commutators [Ug p, , Uk,q,] = 0 because the product of
two bounded strongly convergent sequences of normed space operators converges
strongly to the product of their limits. O

Theorem 3.4. Given a strongly continuous one-parameter group U : R — A
of the form 2.5, there are functions ki,...,kn : R — T and there are (not
necessarily strongly continuous) one-parameter groups t — U}, € U(H(k)) such
that

Ut = k(UL kx(0)=1  (teR, 1<k <N).

PrROOF. By Proposition 3.2, the families Uy, := {Uk; : t € R} are necessar-
ily Abelian. Thus, given any index k, the complex norm-span A; of Uy, is a
commutative unital C'*-subalgebra in L(H(k)). In particular, for some compact
topological space Q, Ay is isometrically isomorphic to the algebra C(€2) of all
continuous functions 2, — C equipped with the spectral norm, and there is a
surjective linear isometry T} : C(Q;) < Ai along with a family of continuous
functions uy ;. : Q — T (¢t € R) such that

Truk,s = Ug s (t € R).

Similarly as in the proof of (3.3), the relations U(s)U(t) = U(s+¢t) (s,t € R)
imply that
Uk, sUkt = /\k(sat)Uk,s-i-t (S,t S R)

with suitable functions Ay, ..., Ax : R? — T satisfying Hivzl Ax(s,t) = 1. Fix
any index k € {1,..., N} along with an element wy € Q) and define

Ki(t) := ug (wo), Up = Kk (8)Ug 1 (t e R).



By convention 3.1(2), Uk = Idgx whence ugo = 1 and x(0) = 1. Since
Ak (8, ) st = T 'k (8, ) Uk s1t] = Ty U s U ] = uk,suk,¢, we have

Ak(s,t) = up,s(wo)uk ¢ (wo) Uk, s+t (wo)-
It follows

URUk = un,s(wo)uk e (wo) Uk s Uit = ks (o)t ¢ (wo) M (5, ) Uk s =
= pstt(wo)Upsie = U (s,t €R). O

Remark 3.5. In contrast with previous constructions, the product of the
functions k1,..., kN in Theorem 3.4 may differ from 1 in general.

4. Local Gelfand-Neumark representations

Conventions 4.1. Throughout this section let k& € {1,..., N} be an arbitrarily
fixed index and write H := H®*) for short. We shall consider a one-parameter
group t — U' € U(H) of operators along with a function x : R — T such that

1) t— U :=k(t)U" is strongly continuous,

9)  k(—t)=r(t) (teR), r(0)=1.

For motivation recall the decomposition r(t)Uf = Uy of the strongly contin-
uous factor ¢ — Uy, of U(-) in Theorem 3.4. As further standard notations,
define

A := {the C*-subalgebra of L(H) generated by {U’: t € R}},
T : C(Q) « A the Gelfand representation of A,
u' = T'U'  (teR).

Representation 4.2. Modifying slightly a familiar construction [5], for any
unit vector x € H, let

H, := Span{Ax: Aec A}

be the closed (necessarily separable) subspace of H spanned by the range of
the continuous function ¢ +— k(¢t)U'x. Since A is spanned by its self-adjoint
elements and since the orthocomplement of any eigensubspace of a self-adjoint
operator is also an eigensubspace, we have a complete orthogonal decomposition

H == ®j€J ij (43)

with any maximal family {Hx]. NS J} such that Hy, L Hy, (j#ke€J)
guaranteed by the Zorn Lemma. For later use we fix a decomposition (4.3).
Given any index j € J, the mapping

9i(¢) = ([Telx; | x;)  (peC()



is a positive linear functional with ¢; (19) = 1. By the Riesz-Kakutani Repre-
sentation Theorem, there is a unique probability Radon measure 1; on €2 such
that

/ P () = 65(e) (o e CE)

Since
(U'[T)x; | [T]x;) = ([T0] U [T)xs | x;) = / P @)ple) py(de),

the representation T extends to an isometric isomorphism
T, : L2(Qp) < H,

with the property

(U257 Tog) = [ 0@ @IgG] mlde) (R, £ L p).

weN

Notice that the restricted operator U'|Hy, € U(Hy,) is unitarily equivalent to
the multiplication operator

Ml(ft)f =utf (f GLQ(Q,Mj)).
Namely we have ijt) = Tj_lU;Tj.

Remark 4.4. According to the usual convention, the space L?((2, ft;) consists
of equivalence classes of functions modulo zero sets with respect to ;. Actually
such zero sets may be rather ”large” in the sense that ; (supp(pr)) = 0 (j # k)
in general.

Ezample. Let H = C(=A{l&22 + X, 1&]? < oo}) and U'[E,)52, =
[€&,]22,. We can take J = Q = {1,2,...}, x; = [§;,]02,. In this case, each

measure f; is supported by the single point {j}, and p;(©2\ {j}) = 0.

Remark 4.5. Recall the following simple fact concerning the strong conver-
gence of bounded sequences (or even nets) of operators: Given an orthogonal de-
composition H = @, ; H;, a sequence A1, A, ... € L(H) with sup,, [|A,|| < oo
converges strongly to 0 if and only if it converges to 0 strongly componentwise
that is if lim, ||A.x||=0 (5 € J, x € Hj).

In terms of the representation 4.2, we can interpret Remark 4.5 as follows.

Lemma 4.6. Given a mapping t — wy from R into C(?) such that max |w| < 1
(t € R) the statements below are equivalent:

(i) the operator valued function t— Wy := Tw; is strongly continuous;

10



(ii) all the restrictions t+— WiHy, (j € J) are strongly continuous;
(iil) all the multiplication operator valued functions t+— Mg()t) (j € J) with
ij()t) = [f — wt)f] € LIL2(Q, pu;)) are strongly continuous. a

Remark 4.7. The main step in our proof of Theorem 1.1 will be to show that,
given any index j € J, we have

k(U Hy, = x;()UF  (t€R)
with a suitable continuous function x; : R — T and a strongly continuous
one-parameter subgroup t+— U]'-5 of U(Hy;).

5. Probabilistic arguments

We are going to carry out the program of Remark 4.7.

Conventions 5.1. Throughout this section let 2 denote a compact topological
space and let p be a probability Radon measure on it (i.e. pu(Q2) = 1). Given
any bounded p-measurable function a : € — C, we shall write M, for the
multiplication operator M, : f — af on L?(Q, ). Furthermore let [u! : t € R]
be a one-parameter family of continuous functions 2 — T in the sense that
u' (W) = ut(w)u(w) for all t,th € R and w € Q. Finally we assume that
k:R — T is a function such that

k(0) =1, k(—t)=r(t) (teR)

and the mapping ¢ — k(t)M, is strongly continuous that is

Tim, | [£(t+ h)Myeen — 6(E) Myt ] f|? = (5.2)
=lim [ |5t + B () f@) = KOu' @) f@)]” pldw) =0
weN

for any t € R and f € L?(Q, p).

In terms of the representation 4.2, given any index j € J and, by taking
i = p;, for the existence of a decomposition required in Remark 4.5 we have
to prove that s(t)u’ = x(t)u’ (t € R) with some continuous function y : Q@ — T
and a suitable one-parameter group [a' : t € R] of continuous functions Q — T

such that the operator valued function ¢ — Mj: be strongly continuous.

Lemma 5.3. Given a sequence ai,as,...: < — C of u-measurable functions
such that  sup, supla,| < oo, the multiplication operators Mg, ,Mg,,... €
E(LQ(Q,M)) converge strongly to 0 if and only if the functions a, converge
stochastically to O with respect to the measure u; that is, if

lignu{w €Q: |ap(w)| >} =0 (e >0). (5.4)

11



ProoF. If a,, # 0 stochastically then liminf, u{w : |a,(w)| > €} > 0. Since
Mg, 1oll* = [lan]® p(d.) > e®p{w : |an(w)] > €}, in this case we have
lim inf,, [|[M,, 1q||? > 0 that is M, 1q /4 0 in L2(Q, u).

Assume (5.4) and let M := sup,, supla,|. Let € > 0 and a function f €
L?(9, u) be given. By the Markov inequality, p{w : |f(w)| >y} < [|f]? u(d.)/y
(y > 0). Thus we can choose a value y > 1 such that [ _¢ |M f(w)]? u(dw) < e/3
with the set S :={w: |f(w)| > y}. As a consequence of (5.4), there exists an in-
dex N such that, with the sets Q,, := {w: |a,(w)y|* > &/3} we have y?u(£,) <
/3 whenever n > N. Then, for any n > N, [qla,f|* p(d.) < e/3 and also
an lanf|? u(d.) < e/3. For the remaining points w € Q\ (2, US) we have

lan(@)? < /(357 and |f(@)|2 < 42. Therefore [[Ma, fI12 = [ |anfI? u(d) < <
for the indices n > N. Thus (5.4) entails [|[M,, f|| — 0 (f € L3(, pn)). 0

Proposition 5.5. We have

. 2
lim ’uh(wl) — uh(wg)‘ p(dwr ) p(dws) = 0.
h=0 Ju ,wae0

PROOF. By assumption u® = 1q is the unit element in [u’ : ¢ € R]. Also
k(0) = 1. Thus, according to Lemma 5.3,

}llimo plw: [k(h)u"(w) —1] > e} =0 (e > 0). (5.4")
Notice that

|uh(w1) — uh(wg){ = ’Ii(h) (uh(wl) — uh(wg))| <
< |/~$(h)uh(w1) — 1| + |/£(h)uh(w2) — 1|.

Hence, with the product measure p ® p, from (5.4") it follows
lim @ p{(wi,wz) € Q% ¢ |u(wy) —u(ws)| >} =0  (e>0). (5.4”)
Since always |u"(w1) — u”(w2)| < diameter(T) = 2, given any € > 0, with the

abbreviation S, := {(wi,w2) € Q% ¢ |u(w1) — u"(w2)| > €} we have the
estimate

/ [ 1) = (w2) 2 pe(dion ) u( i) <
w1,w2E€0
< 21— p@pu(She)] +2°1@ p(She).

Then (5.4"”) implies lim sup fw1 wa €D " (w1) —uh(w2)|2 p(dwr ) p(dws) < €2 for
h—0 ’

any € > 0. O

12



Remark 5.6: By the aid of Euler’s identity 2isinkx = ()% — (e7*)* and
the closed formula for sums of geometric sequences, we get

ismz ol 1 sin(2?1 + 1)z
4 4 sin

k=1

In the standard reference [4, p.36] we find ) sin® kx = n_cos(nt )x e
=1 2 2sinx

The form above is obtained hence by the aid of the identity cos O‘w sin “2;6 =

i(sina —sinB) with a:= (2n + 1)z and 3 := z.

Notation 5.7. Henceforth we write
1 n
= - E sin? kz.
n
k=1

Lemma 5.8. For any indexn =1,2,... we have

4 1)(2 1 4n?
‘ﬁn(m)zﬁwﬁzﬁsm% for 0<1’§%
1
gzﬁn(x)zi for %§x<g

PRrROOF. Recall that y > siny > 2y/7 for 0 <y < w/2. Hence

™ R I ~/2, \2
0<x§%:> = Zsm ImZEZ(;kQO =
k=1 k=1
_ 4 (n+1)(2n+1) 2>@ 9
2 6 = 3n27
On the other hand,
1§x35 :>4nsinx28—n 28£1_4:>
2n 2 s T 2n

2n + 1 sin(2n + 1)z
— Z sin? kz -
4nsinx

>2n+171>1 -
~ 4dn 4~ 4

Definition 5.9. On T we introduce the arc length distance

k1 — Kol

5 (K1,k2 € T).

d(K1, Kk2) := 2arcsin
Furthermore we define

A =sup [ Jutfen) —ut(wn) P pldeon)n(den)
[t]<é Jwi,w2eQ
QE2) = {(w1,w2) € V¢ d(u'(w1),u'(w2)) <7} .

,T
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Remark 5.10. 1) From Proposition 5.5 we know already that
A6\ 0 (0 \,0).

2) It is a simple fact from elementary geometry that
T
d(k1,k2) < — = d(k¥,kE) = kd(rk1,m2) (k=1,...,n).
n
3) Since ut*t¢ = utu® (s,t € R), for any pair of positive integers m,n and for
any t € R we have v = [u™]™ and hence

(2)
Qt/(7’rL'rL),71'/(mn)

4) In terms of the principal branch of the complex logarithm

(2

- Qt/n,'n’/n .

log, (re'?) :=logr + iy (r>0, -7 <p<m),

in case of k € T with d(k,1) < m/n we have log,(k*,1) = klog,(k,1) =
+kd(k,1) for k =1,...,n. Hence

(wl’wz) € Qi?;,ﬂ'/n
log, [ukt/”(wl)/ukt/"(wg)} = %log* [uf(w1)/uf(w2)] (k=—n,...,n),
WP (w1) JuF ™ (wo) = exp (% log, [ut(wl)/ut(wg)]) (keZ).

Proposition 5.11. For any t € R we have

=

@ u( () 2y 21— AUl -
n=1

PROOF. Let ¢t € R be arbitrarily fixed and write € := A(J¢|). According to
Remark 5.10(3),

(2) (2) (2)
Qt,n o Qt/2,7r/2 2 Qt/3!,7r/31 D
that is the sets le, /! form a shrinking sequence. Thus it suffices to establish

that p ® /L(Q(2)

t/n 7T/n) >1—¢ (n=1,2,...). Fix also n > 0 arbitrarily. Then

[ ) — )P o) S5 (b= 1)
wl,wgeﬂ

It follows

n

IS ) - ) e ) =

=1 Y w1,w2€EQ

™
Y

= l Z/ 4sin2 %d(ukt/n(wl)7ukt/n(u}2)) M(dW1)M(dWQ) _

n k=1 Y w1,w2€Q

- 4/“;174«0269 %(%d(uwn(wl)’ut/n(w?))) p(dwr ) p(dws)
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By Lemma 5.8 we have ¢, (3 d(u®/"(w1),ut/"(ws))) > 1/4 for all (w1, ws) €

02\ QE?L n/n- Lherefore
€ 1
Tz Bu (A5 @1), '/ (@2) ) o) (o) >
4 (w1,w2)€ Qz\Qg)ﬁ’ﬂ/n 2
1 2\ o2 _1 2)
> qren(@\90 ) = [t-een(9 )]
whence the statement is immediate. O

Corollary 5.12. There is a i ® p-measurable function o :Q? — R such that
we have

w9 (wy) /ud (w2) = exp (i qa(wr,ws)) (¢ € Q := {rational numbers})
for 1 ® p-almost every (wi,ws) € Q2.
PROOF. Let t,,:= 1/m and consider the pairwise disjoint u® p-measurable sets

Smo= (VU2 iy (M=1,2,..),

n=1

L
Dy :=5,\ U S, (£=1,2,...).
m=1

Since A(t) \, 0 for ¢ \, 0, we have p@p Uy, Di) > p@p(Sm) = 1-A(tn) /1
(m — oc). Thus the set Q2\|J%_; Dy has p®pu-measure zero. Let (wy,ws) € Dy
and ¢ € Q be any rational number. For some pair of integers k and n with n > 0
we can write ¢ = k/(¢n!) = (k/n!)ty. Thus, according to Remark 5.10(4),

(wl,WQ) eDy— (whwg) S 9(2)

te/nlmw/
uq(wl) _ u(k/nl)t/z(wl) . k t ' B
uq(w2) - u(k?/’ﬂ!)tz (w2) = exp (ﬁ 10g* [U (wl)/u ((,UQ):I) =

= exp (% log, [u'(wi)/u’ (wz)])~

n!

Therefore the real-valued function
1
a(wy,wsy) := Elog,k [ut@(wl)/ut‘(ujg)] ((wl,wg) € Dy; 0= 1,2,...)

is well-defined p ® p-almost everywhere and suits the requirements of 5.12. O

Theorem 5.13. In the setting of 5.1, there is a continuous function x : R — T
along with a p-measurable function a : Q@ — R such that

K(t)u' (w) = x(t) exp (ita(w))

for allt € R and p-almost every w € €.
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PrOOF. With the function a : Q2 — R constructed above,

p p{ (@ w) : wt(wn)/ut(wn) = exp (igalwrw) (g€ Q) = 1.

Thus, since p is a probability measure, there is a point wy € Q (moreover wy
can be chosen p-almost everywhere in Q) such that

p{w € Q: uwi(w) = ul(wp) exp (iga(w,wp)) (¢ €Q)} =1.

Fix wg with this property. Recall that there is a function x : R — T such that the
mapping ¢ — x(t)ut is continuous from R into C(£2) equipped with the topology
of stochastic convergence. Then there is a (unique) function xo : @ — T such
that

xo0(q) exp (igo(w,wp)) = k(q)u’(w) for all g€ Q and p-almost every w.

Define
o(w) == a(w,wp) (we).

Observe that the mapping ¢ — exp (it&(w)) is continuous from R into the space
S(Q, ) of all p-measurable functions Q@ — C equipped with the topology of
stochastic convergence (because t,, — t implies the convergence exp (itn&(w)) —
exp (ite(w)) p-almost everywhere in we?). It is well-known that the product
of bounded stochastically continuous maps is stochastically continuous. Hence
t — u exp(—iga) as a mapping R — S(, p) is stochastically continuous. How-
ever, the functions x(t)u’ exp(—iqa) (t € R) are constant p-almost everywhere.
Therefore the function

g+ xo(q) = [,u—almost everywhere value of k(g)u? exp(—iq&)]
ranging in T must admit a continuous extension x from Q to R. O

Corollary 5.14. There is a point wy € 2 such that for all q € Q and for
p-almost every w € Q0 we have uf(w) = u?(wy) exp (igo(w,wo)) and the
function q— r(q)ul(wo) admits a continuous extension from Q to R. O

6. Proof of Theorem 1.1

Remark 6.1. According to Theorem 5.13 and in view of Remark 4.7, we can
represent each operator valued function ¢ — Uy, = ki (t)U, ,ﬁ in Theorem 3.4 in
the form

U= @ X\Pt)exp (@A) (teR) (6.2)

j € Th

with suitable families [X§k) : j € Ji] of continuous functions R — T, respectively

not necessarily bounded self-adjoint operators

Ag.k) : Dék) — H;k), D§k) dense linear submanifold C Hgk)

16



for some orthogonal decompositions

HW = ¢ HY  (k=1,....N).
JEJ
Thus, with the operators
M* = ¢ ¥ ()1d

JET) Xj

(7,2 = @ exp (z'tAg.k))

(k)
H;™ JET

we can represent our object the semigroup U(+) in Theorem 1.1 in the form
U(t) = B'C' where B! := [Ul] ®"'®[(71tv]*7 Ct.— [Mt(l)]*®"'®[Mt(N)}*.

According to Lemma 4.6, the Hilbert space operator-valued functions ¢ — Mt(k)
respectively ¢ — U i are strongly continuous. Recalling the elementary fact
[5] that the product of bounded strongly convergent nets of linear operators is
strongly convergent, we see that both the operator-valued functions ¢ — B,
t — C! are also strongly continuous. Since the restrictions of the operators
Mt(k) are multiples of the identity on the subspaces Hgk) (j € Ji), the family
{U(t),B!,C": t € R} is Abelian. Consequently

Cth=U(t+nB """ =UlUMRB'B™"=U@#B'UKB" =C'C"
for all t,h € R.

Lemma 6.3. Assume (as in the setting described in 6.1) that we have the or-
thogonal decompositions H*) = ®jEJk Hgk), and the operators

1) /s * . *
Ct .= {@jEJl X; )(t)ldHﬁl):| R ® |:®J€IN Xg )( )1dH§_N):| (t € R)

form a strongly continuous one-parameter group R — A(HD .. HWN) with
some (not mecessarily continuous) functions X() R =T (j € Ji; k =

1,...,N). Then, with suitable real constants agk) (j € Ji; kK =1,...,N),
we can write

Ct — |:®j€J1 exp (2 (ON ) dH“)r ®--® [@JEJN exp (iag.N)t) idH§N):|* (t € R).

PROOF. Given any index 1 < k < N, for any j € Ji choose a unit vector
hgk) S H;k). Notice that

C' (1@ - @ b)) Hx"“) hi] @0 )] (6.4)

]1

for all t € R, and j; € Ji,...,jn € Jy. Since t — C! is a strongly continuous
one-parameter group R — Q[(H(l), ceey H(N)), each coefficient function

H 0
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in (6.4) must be a continuous homomorphism (R, +) — (T, ). Therefore

¢j1’m,jN (t) = exp (Z Cir\ein t) (tER; n€Jr, .., IN EJN)

with suitable constants ¢;, .. j, € R. Fix any tuple (j{,...,jy) € J1 x---x Jn
of indices. We can write
! (CTT R T T T L () B
ng)(t) — 1 k—1 k41 N X;;)(t) —

Dy (1)
_ W :
= Xj; () exp (l [t it sdmodigniie — Citonii) t) :

Thus the statement of the lemma is fulfilled with the choice

a5 = Gt kdtasedl — Citeendty (B <N J1 € J1,. vt € In-1),
(N) . .. ) o ) i
I R RO N [ O 1 (jyvedy). O

6.5. Finish of the proof of Theorem 1.1

In the setting established in 6.1, it suffices to see that in (6.2) we can also write

Ukt = @ exp (z'tzzl\§-k))

€T

with suitable possibly unbounded self-adjoint operators A\gk) : D;k) — Hgk)
(j € Jg; k=1,...,N). This is possible in view of Lemma 6.3 with the choices

AW = AW 1 oMiq 0

(k) -
HJ
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