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ABSTRACT. We prove that every JB* triple with rank one bicircular projection
is a direct sum of two ideals, one of which is isometrically isomorphic to a
Hilbert space.

1. INTRODUCTION

The topic, which we study in the present paper in a completely algebraic way, was
motivated by our previous investigation of continuous Reinhardt domains. These
are open subsets of Cy(f2), satisfying some additional properties (cf. [18]). In [1§]
we were led, at some technical point, to study projections with one-dimensional
range and additional norm property, which is called bicircularity. What we needed
to show was that their kernels are Hilbert spaces.

The definition of bicircularity is however a general Banach space notion, which is
not necessarily connected to Cp(Q2) . We thus expand, what was a technical point in
[18], into an independent study in its proper algebraic setting, which is that of JB*
triples. Our main result and its corollary can be interpreted as a characterization
of Hilbert spaces among JB* triples.

2. BICIRCULAR PROJECTIONS AND JB* TRIPLES

__ Let W be a complex Banach space and P : W — W a projection. We denote by
P the projection 1 — P. Clearly, PP = PP = 0 holds.

Definition 1. The projection P is called bicircular if for all «, 8 € R the operator
€®P + PP is an isometry.

_Every bicircular projection is automatically bicontractive, i.e., [IP]| <1 and
[|P H < 1. This follows from the above definition by taking * = 1 and e = —1.
Then ¢ = P — (1 — P) = 2P — 1 is isometric and so

1 1
1Pl = Sl + 1l < 51+ llgl) = 1.
In a similar way we can prove that H?H <1
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Example 1. Let H be a complex Hilbert space and a € H a unit vector. Then
the minimal projection, generated by a, is given by

Pr={(z,a)a:z¢€ H.

Obviously, P has one-dimensional range. Moreover, for every real o and 3 we have,
since the ranges of P and P are orthogonal,

le* Pz + ¢ Pa|* = ||Pal* +|[Po]|"
= ll{z, ) zll* + llz ~ (z,0) al|* = [|z/®
for all x € H, which shows that P is bicircular.
Example 2. Let P : M5(C) — M(C) be defined by
P[5 8]-15 5]
and consider the matrix algebra equipped with the operator norm. Then, since

112 2 1] 2 mex et let, .o

sl

the projection P is contractive. In a similar way we get that P is also contractive
and so P is bicontractive. We can see, however, that P is not bicircular. If

11
=11 1

then ||z|| = 2, but for § = P + iP we have

wel3 o]0 i) 1)

Since |[¢z|| = v/2, the projection P is not bicircular.

> max {Jof 4]} = l

Historically JB* triples arose in the study of bounded symmetric domains in
complex holomorphy. They can be defined as those complex Banach spaces W for
which there exists a continuous triple product

{ } WxWxW-W

such that
(JBi) . . . . . . .
{zyz} is symmetric and linear in z, z and conjugate linear in Y,
(JBi) the linear operators 20z , defined by (z0z)(y) = {zzy}
are skew derivations of the operation {...}
and they are Hermitian with nonnegative spectrum,
(JBiii) [{zzz}]] = [|=|f°.

In particular, we have, by linearization of (JBii),

{ab{zyz}} = {{abz}yz} — {a{bay}2} + {wy{abz}}.
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Recall that by a skew derivation of {...} we mean & linear operator D : W — W
such that

D {zyz} = {(Dz)yz} — {z(Dy)z} + {zy(D=z)} .

In the sequel we shall use the notation
W(D,a):={x e W : D(z) = az}

for the eigensubspaces of skew derivations. Skew derivations have real spectrum
and
{W(D,a)W(D,B)W(D,)} C W(D,a—B+).

Notice that a projection P : W — W is bicircular if and only if it is a skew
derivation. :

Indeed, if P : W — W is a projection, then exp(itP) = e*P + P . If P is
bicircular, then these operators are surjective isometries for all real values of ¢. It is
well known (see [12]) that surjective linear isometries and algebraic automorphisms
are the same in JB* triples. Furthermore, the infinitesimal generators of one-
parameter groups of surjective linear isometries are exactly the derivations of the
underlying triple product. Thus iP is a derivation, and hence P is a skew derivation
of {...} for bicircular P. Conversely, if P is supposed to be a skew derivation, then
P is also a skew derivation and hence itP + isP is a derivation for any real ¢. It
follows that e®* P + e**P = exp(itP + isP) is a surjective linear isometry for real ¢
and s.

This notion of JB* triples can be regarded as a simultaneous generalization of
Hilbert spaces and C* algebras. If H is a complex Hilbert space, we can define its
JB* triple product by

1 1
{:ryz} = —2— <$7y> z+ 5 (Z,y> z.
If A is a C* algebra, we can define its JB* triple product by

favz} = Lay'z + Loy
TYz} = STY L+ GEYT.

JB* triples were studied from algebraic (see for example [9], [10] and [14]), holomor-
phic (see for example [4], [11], [12] and [19]), operator-theoretic (see for example [7]
and [15]) and Banach geometric (see for example [2], [3] and [5]) viewpoints. For a
recent survey see [16].

In our first example we saw that every Hilbert space is a JB* triple with many
rank one bicircular projections. This can easily be extended in the following way.
Let H be a complex Hilbert space and P : H —» H a bicircular projection of rank
one. Let J be any JB* triple and define

Q:JeH—-JQH

by Q(4,h) = (0, Ph). Then @ is also a bicircular projection of rank one. Our main
result shows that this is in fact the only possibility. More precisely, we shall prove

Theorem 1. Let W be a JB* triple and P : W — W a bicircular projection of
rank one. Then there exist two closed ideals J and H of W such that W = J & H,
where H is isomorphic to o Hilbert space, P(W) C H and J C ker(P).

Corollary 1. The only prime JB* triples admitting bicircular projections of rank
one are Hilbert spaces.
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Before we start our proof, we note that the assumption of rank one cannot be
omitted from the above results. If W = M(C), then P : W — W, defined by

el5sl=lo el-[o ol 8]

is bicircular, since for every real ¢ and s,

; N etto et et 0 a
(eztp+ezsp) [ ~y 158 } = l: eis,y eisg } = [ 0 eis } { y ? :,
is a left multiplication with a unitary matrix.

3. PROOF OF THE MAIN RESULT

Since the range of P is one-dimensional, we have P(z) = f(z)a for some func-
tional f € W’ and a € W, both of norm one.

We divide the rest of the proof into several steps, to make its logic more clear.

Step 1. P(W) = Ca where a is an atom (also called minimal tripotent) of W.
This means that {aaa} = a and {aWa} = Ca.

Since P? = P, we have f(a) = 1. Since P is a skew derivation,

f({aaa})a = P {aaa} = {P(a)aa} — {aP(a)a} + {aaP(a)} = {aaa}.

By the C*-equality (JBiii) in the definition of a JB* triple, we have

1= |lal|* = ||{aaa}|| = |f({aca})| - [la]| = |f({aaa})|.
Consequently, {aaa} = e*?q for some real ¢. From (JBii) it follows that
e € o(ada) C RT,

and so {aaa} = a.
It remains to be proved that {aWa} = Ca. Actually, a stronger fact is true. Let
z € W be arbitrary. Decompose

z = P(z) + P(z) = f(z)a + P(z).
Since P is a skew derivation with spectrum o(P) = {0, 1}, we have
{aP(z)a} € {W(P,1)W(P,0)W(P,1)} ¢ W(P,2) =0,
and so
{aza} = f(z) {aaa} + {aP(z)a} = f(z)a.
Step 2. To every atom a € W there corresponds a so-called Peirce decomposition
(¢f. for example [14])

W=W:® W_%_ SWy=Cad® W% @ Wy, with {GWOW} = {Wan} =0,
where Wy, = {x € W : {aaz} = az} = W(ala, ). Now we claim that the Peirce
projections Py : W — W, are skew derivations and P; = P.

Before we proceed with our argument, we note that general Peirce projections
are far from being skew derivations. By axiom (JBii), the operator alda =

Y a=0.1 20 @FPa =P+ %P% is a skew derivation. Since P is also a skew derivation,
we have

P (a0a)z = P {aaz} = {P(a)az} — {aP(a)z} + {aaP(z)} = (alla) P(z),
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that is, the operators P and alJa commute and hence they leave the eigensubspaces
of each other invariant. In particular,
PWo CWoaNPW)=WonNCa=0 for a=0,1.

Thus Wy EBW% C ker(P). Since PW = Ca = W; and since W = W; EBW% DWW,
it follows that P; = P is a skew derivation. Since real linear combinations of skew
derivations are skew derivations, P_% =2(P— P;) and Py =Id—-P; ~ P_% are skew
derivations, too.

Step 3. We have {aWW,} = 0.
By the general rules of Peirce arithmetic we have

{aWoWo} C {WiWoW} =0 and {aWiWo} C {WoWiW} = 0.

So it remains to be proved that {aW% Wo} = (. However, since P% is a skew

derivation,

{aW%WQ} c {W(P%,O)W(P%,l)W(P%,O)} C W(Py,~1) =0.

Step 4. The subspaces J = Wy and H = Ca @ W% are ideals of W and so

W =J@H, where P(J) =0 and a € H.

At this point we recall [2, Proposition 2.1}, which states that given any sets
A,B C W with {AW B} = 0, there exist two norm closed ideals J, H of W, such
that

J={zeW:{AWz} =0} D> B,
H={zeW:{zWJ}=0}D A4, and
{JWH}=JnH =0.
We use this for A = {a} and B = Wy. Thus Wy C J. On the other hand, the ideal
H contains the atom a and hence
H>{aWW} D {aaW} = (aa) W =W; @& Wi.
Since W = W; & Wi @ Wg and JNH =0, necessarily J =Wy and H =

Wi @ W%.

Now it only remains to prove that H is isomorphic to a Hilbert space. In the
special case of the so-called JBW* triples it is a well-known classical result that an
atom is a maximal tripotent in the same time iff the underlying space is Hilbert.
We also feel that it should be known for the general case, but were not able to find
such a statement in the literature. Since the argument is short, we include it for
the sake of completeness.

Step 5. The ideal H is isomorphic to a Hilbert space, with the triple product
being the same as in the previous section.

It will be sufficient to construct an inner product on W%. Take any z,y in this
subspace. Since

{ayx} S {W1W%W%} C W1~%+% = Ca,

there exists a complex number (z,y) such that

fayz} = 5 (m.9) 0.
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From (JBi) it follows that this mapping is linear in z and conjugate linear in y.
Since

(z,z) € o(z0x),

the axiom (JBii) implies (z,z) > 0.
If (z,z) = 0, we have {azz} = 0. Since, on the one hand,

{zac} € {WyWiWy } C W (aDa, 3~ 1+ 1) =Wo=J

and on the other hand, since H is an ideal of W, we have {zaz} € H, it follows
that {zaz} = 0. Now we can use (JBii) to obtain

—3 {zzz} = — {z(32)z} = — {z{zaa} z} = {az {zaz}} — 2 {{azz} az} = 0.

Using (JBiii), we get z = 0, so that the mapping z,y — {(z,y) is in fact an inner
product on H. Now it remains to verify the relation between this inner product
and the triple product restricted to W% . By linearization it suffices to prove that
{zzz} = (z,z)x for z € Wi

Take any x,w € W'%. Then by (JBIi),

e = ({zzz} — (z,z)z,w)a
= ({zzz}, w)a — (z,z) (z,w)a
= 2{{zzz}wa} — 4{zz{zwa}}
= —2{z{waz}z}.

Since {waz} € HN Wy = 0, e = 0, and since w was arbitrary, we obtain {zzz} =
(x,z) z as required. It now follows by (JBiii) that

el = (2, 2) : @ € W,

which means that the norm of W, when restricted to W% , is a pre-Hilbert norm.
Since W1is closed in W, the completeness of (W%, {.,.}) also follows.
Now it is not difficult to verify that the inner product on H, given by

(aa+,Ba+y) = of + (z,y)

satisfies the same equalities. So, in fact, all of H is a Hilbert triple.

With this, the proof of the main theorem is concluded. The corollary is now
immediate. Since the ideal H is always nonzero, its complement J must be zero if
W is assumed to be prime. We conclude the paper with the following

Remark 1. The range of a contractive projection on a JB*-triple is again a JB*-
triple in an abstract triple product ([6], [L3] and [17]). If the projection is bicon-
tractive, the range is a JB*-subtriple (see [8]).

Conjecture 1. Let W be a JB* triple and P: W — W a nonzero bicircular projec-
tion whose range P(W) is finite dimensional. Then W is isomorphic to a direct
sum of two ideals; one of them, containing P(W), is either finite dimensional or
isomorphic to a Hilbert triple. A prime JB*-triple with nonzero bicircular projection
of finite rank is either finite dimensional or isomorphic to a Hilbert triple.
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