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On Hermitian interpolation of first order data with locally
generated Cl-splines over triangular meshes

By Laszlé L. Staché

Abstract. Given a system of triangles in the plane R? along with given data of
function and gradient values at the vertices, we describe the general pattern of local
linear methods involving only four smooth standard shape functions which results in a
spline function fitting the given value and gradient data value with C'-coupling along
the edges of the triangles. We characterize their invariance properties with relevance for
the construction of interpolation surfaces over triangularizations of scanned 3D data.
The numerically simplest procedures among them leaving invariant all polynomials of
2-variables with degree 0 resp 1 involve only polynomials of 5-th resp. 6-th degree,
but the characterizations give rise to a huge variety of procedures with non-polynomial
shape functions.

1. Introduction

Recently [7] we published a C!-spline interpolation method over 2-dimensional
triangular meshes with polynomials of 5-th degree with low operational costs: us-
ing first order data (value and gradient) at the mesh vertices for input. The result
relies on the following basic tool: given a non-degenerate triangle with vertices
P1, P2, P3 € R? along with three values f1, fa, f2 € R respectively three linear
functionals A1, Az, A3 € L(R?,R) and three vectors u;,us,uz € R? such that
u; [f pi — p;, we can construct a polynomial F : R? — R of 5-th degree of the
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form F = Fy— H where

3
Fo(x) = > [@(M(x)) fi + O (Xi(x)) As(x — py)]
- (1.1)
H(x) = M0 X322 (0° 32 M) ok

k=1

w

Gruy

in terms of the barycentric weights A1, Ao, A3 : R? — R of the triangle T =
Conv{p1, p2, p3} associated with the vertices and the shape functions

O(t) = t3(10 — 15t + 6t2),  O(t) = t3(4 — 3t) (1.2)

for an Hermite interpolant Fy on T with the data f; €R, A; € L(R% R) (i = 1,2, 3).
The correction term H is defined by means of the linear functionals R? — R

Gru= \u= p(x +tu) = A\ (x +u) — A\p(x),

d
— A
dt ’t:O

Myu = > [Giu] (30f; + 12A;(p; — pi))-
{6.d}={1,230\{k}

It is worth to notice that the function Fy in (1.1) restricted to the edge [p;, P«]
depends only on the terms f;, f;, A;, A; and the impact of the correction by adding
H results in the reduced side derivatives (RSD)

F'(x¢)ux = () Aju + O(1 —t)Ajuy,  for x, =tp; + (1 — t)p;,.

As a consequence, if we choose any family {uE : E being a mesh edge} of vectors
such that ug |[{ E, by applying the construction (1.1) with the associated data over
every triangle of the mesh, we obtain a Cl-smooth (continuously differentiable)
function on the union of the mesh triangles.

The shape functions ®, © and also the RSD method described above appeared
in [7] without heuristic introduction. Actually they arose from our earlier study [8]
with somewhat restrictive postulates on the possible polynomial C'-interpolations
over triangular meshes based on computer algebraic analysis of technics developed
in [2],/5]6],[11].

Our goal here is to characterize all RSD methods with shape functions
Uy, U, € C! ([0, 1}) instead of (1.2). This requires a completely different approach
as that in [8] relying heavily upon polynomial identities. From our main result
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Theorem 3.5 it turns out that there is a very general pattern behind (1.1) with
3
Fy(x) = Z {‘I’o (M) fe + W (M) Ag(x — pk)},
h=t (1.3)

Gou,
Hx) = . {fexO(Ae,Am,AnHAe(pmpz>xl<Az,Am,An>}.
{emn}={1,23§ 7"

If Wy, ¥, fulfill the minimal necessary condition (established in (2.1) later) for
giving rise to a Hermite interpolation of the type Fp in (1.3) then we can find
plenty of suitable functions o, x1 € C} (]Rﬁ_), namely those satisfying only the not
too restrictive conditions (3.6),(3.7), in order for H being an RSD correction for
Fy. This degree of freedom enables various canonical constructions for the modi-
fiers xo, x1 in terms of the shape functions ¥y, ¥; to ensure specific properties of
the interpolation operator §: {(pk, fi, Ak)k=1,2, 3} — [Fo—i-H by (1.3)].

We complete the paper with the investigation of two essential properties of
the interpolant § having obvious importance in applications used to construct
smooth surfaces in the form of the graph of a function R? — R passing through
a finite family of points in R3 (obtained as vertices of a triangularization from
scanned data):

(i) The range shift property S{(pk, 1,0): k=1,2, 3} = 1, that is all constant
functions remain invariant when interpolated with §. In this case the graph of
F{(Pr, f(Pr) + ¢ f'(pr)) : k = 1,2,3} is just a shifted form of the graph of
F{(pr, f(Pr). f'(Pr)) : k =1,2,3} for any function f € C*(R?).

(ii) Affinity invariance: F{(pr, Ax+b,A) 1 k =1,2,3} = Ax+b. That is all
affine (constant+linear) functions remain invariant when interpolated with §. In
particular if the graph of a function Conv{pi, p2, p3s} — R is a 3D plane triangle
then the function obtained with interpolation by § has the same graph.

In Section 4 we give a parametric classification of the procedures with range
shift property. Concerning affinity invariance, we have no complete results yet: in
Section 5 we provide several necessary and sufficient algebraic conditions. As a by
no means obvious fact, it turns out that the procedure (1.1) with the polynomials
(1.2) has range shift property but fails to be affinity invariant. We also provide
an affinity invariant procedure with polynomials of 6-th degree: namely that of
the form (13) with g = ¥; = & and Xo(tl,tg,tg) = 30t%t%t3, Xl(tl,tQ,tg) =
30t3t3ts.

Hermite interpolation involving triangular meshes became an attractive top-
ics nowadays, motivated by the enormous power of recent computer architectures.
Most highly intersting new works like [3],[4],[10] focus on methods with spectacu-
lar accuacy but involving large data for the values at generic points. In contrast,
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we primarily investigate the algebraic aspects of constructions resulting in inter-
polants over each mesh triangle being independent of the data outside its vertices.
Such constructions are suited in fitting a C'-surface to scanned data of points and
normal vectors of 2D surfaces in 3D not being homeomorphic to a plane (e.g.
sphere or torus). Though ”minimalist” approaches compromise the accuracy of
approximation, by modifying some ideas of [3, Section 2], one can prove that the
interpolation accuracy by an affinity invariant operator can be majorized with
the maximum norm of the second derivative of the underlying functions.

2. Preliminaries

For standard terminology, RY resp. Rf stand for the set of all real resp.
non-negative N-tuples [£1,...,&n]. Actually, we shall only be interested in the
cases of dimensions N = 1,2, 3.

Given a subset 2 of R, we write C(Q) for the family of all continuous func-
tions with domain . If the interior Q° of Q is dense in 2, we define C1(Q)
as the set consisting of all functions f € C(2) with continuous partial deriva-
tives D1 f,..., Dy f on Q° admitting a continuous extension to ) with the value
denoted also by Dy f(x) at the points x € Q\ Q°. As a folklore consequence
of Whitney’s extension theorem [9], if © is closed in R then every function
f € CH(R) can be regarded as the restriction of a continuously differentiable func-
tion defined on RY. For any function f € C1(f2), we write f’ for its Fréchet
derivative defined at any po}ivnt x € () as the linear functional

Fu=> Dif(x)vr  (u=[or,...,0n]).
k=1

In particular f'(x)u = }51(1) t~1[f(x+tu)— fu] is the familiar directional derivative
at the points x € Q°. If  has dense interior, for k = 0,1 we define C§(Q) =
{fecCk(): f(x)=0 (xeQ\Q°)} (so that e.g. zy/(z* + y*)€C5(R2\{(0,0)}).
Given any subset P C R?, we write Conv(P) for its convex hull. If P =
{P1,P2,p3} and the triangle T = Conv(P) is non-degenerate, the barycentric
weights (weight functions associated to the vertices) [1] are the functions

det[x— pj,x—pk}

Ai=Ap X
Lo det[p; — pj, Pi — Pk

with (4,,k) € S5

where
53 = {(17 27 3)7 (2’ 17 3)’ (2737 1)’ (3a 2, 1)a (37 17 2)7 (la 3; 2)}
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denotes the set of all permutations of the indices 1,2,3. For the sake of brevity,
in the sequel we omit the background parameters in most formulas (like writing
i = )\;fi above) without danger of confusion. It is well-known that the mapping
x = [A1(x), A2(x), A3(x)] is a homeomorphism between T and the 8D-unit simplex
Ag = {[t1,t2,t3] ER3 1t +ty +t3 =1},

moreover [A1(x), A2(x), A3(x)] is the unique triple of non-negative numbers such
that x=>", Ag(x)px and >, Ax(x)=1. Furthermore A\i, A2, A3 : R =R are affine
(linear+constant) functions with the necessarily constant Fréchet derivatives

d
Giu:= \(x)u = %‘ OAi(x +tu) independently of x.
t=
Given any pair ¥ = [W, ;] with W, ¥, € C*([0,1]) such that
Wo(0) = W((0) = Wi (0) = Wi (0) = T(1) =0, (1) =Ty(1)=1 (21

we introduce the basic triangular interpolation of first order with the shape func-
tions Wy, Uy as the operator

3
o {(mek,A/c)}Z:l = {‘I’o()\k)fk+‘1’1()\k)z4k (X_Pk)} (2.2)

k=1
defined for all first order function germs {(pk,fk,Ak) k= 1,2,3} with T =
Conv{pi,p2,P1} C R? being a non-degenerate triangle, f, € R and A; €
L(R%/R) in terms of the weights A\, = AT. By definition, the domain of the
function Fy = &?{(pk,fk,Ak)}i:l is only the triangle T and Fy € C!(T). By

straightforward calculation, for its Fréchet derivative we have

Fo= 23: {15 () Fi + [ (M) Ak (x = 1)) G + W1 (M) Ay |- (2.3)

k=1
Remark. 2.4. (a) Conditions (2.1) do not restrict the value of ¥/ (1).
(b) In view of (2.2) and (2.3), it is not hard to see that (2.1) is sufficient and
necessary for Fy to satisfy the relations

Fo(pi) = fi, Fy(pi) = A (i=1,2,3) (2.5)

under any choice of the first order function germs {pk, T, Ak)}izl.

(¢c) We can express the terms Ag(x — pi) appearing in (1.3), (2.2) resp.
(2.3) in the form of linear combination of the weights due to the identity x =
S AP as
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Definition. 2.6. Henceforth we say that ¥ = [, U] is a pair of admissible
shape functions if Wy, ¥y € C([0,1]) and (2.1) holds. We also say for short
that {(pk,fk,Ak)}izl is an admissible function germ if p1, p2, ps € R? form a
non-degenete triangle, f, € R and Ay € L(R? R).

As an immediate consequence of (2.3), since

i(pj) =65, Gi(pj — Pr) = 6ij — G,
Ni(xf) =t Nj(xf) =1—t A(xf) =0, (2.7)
x; —pi=(1=t)(p; —Pi), x{ —pj = t(pi — p;),

we obtain the following observation.

Lemma. 2.8. Given an admissible pair ¥ = [¥, U] of shape functions
along with an admissible function germ g = {(p;€7 TEs Ak)}zzl, ifi, g,k € {1,2,3}
are three different indices then, at the generic point

x; =tpi+(1-t)p; (0<t<1) (2.9)
of the edge [p;, p;| in the triangle T = Conv{p1, p2, ps}, for the function Fy =
35 g we have

Fo(xf) = Wo(t)fi + V1 (t)(1 — ) Ai(pj — pi)+
+ Wo(1—1)f; + Wi (1 - 1)tA;(pi — Pj);
Fo(xt) = [Wo(t) fi + W1 (6)(1 = 1) Ai(p; — pi)] Gi + Wi (1) Ait
(WL = 0)f; + W5 (1 — Dt (ps — )]Gy + W1 (1 — DA,

(2.10)

3. Generic algorithm of reduced side derivatives (RSD)

In this section we are looking for C!-spline interpolation procedures analogous
to those described in [7] but with more general shape functions ¥, ¥; € C1[0, 1]
instead of ®,© there.

Henceforth let py, p2, p3 € R? be the vertices of some (arbitrarily fixed) non-
degenerate triangle T with respective weight functions \,, : R2 — R and derivative
weights G, := X, € L(R?,R) (m=1,2,3) and let u;, us, uz € R? be given vectors
such that uy |/ p; — p; whenever (4,7, k) € Ss.

Furthermore ¥ =[¥, ¥4] resp. g= {(pk,fk,Ak)}izl denote a fixed admissi-
ble pair of shape functions and a function germ. As earlier, we write

Fo=39

Our starting point is the following immediate consequence of (2.10):
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Remark. 3.1. Let H € C3(T). Then the function F := Fy — H coincides
with Fj along the edges of T and hence, at the vertices, it has also the properties
F(p;) = fi, F(p:) = A; (i =1,2,3) analogous to (2.5).

Definition. 3.2. We say that the function
F=F,—H, HecC}T) (3.3)

is an RSD modification of Fy (with respect to the directions uj,us,us along
the edges [pg,pg], [pg,pl], [pl,pg} respectively) if for any index pemutation
(iajv k) € S37

F’ (X) u, =9, ()\Z- (X))Aiuk + ¥y ()\j(x))Ajuk whenever x € [pi, pj].
Conveniently, in this case we refer to H as an RSD modifier of Fy.

According to Lemma 2.8, we have the following.

Corollary. 3.4. A function H € C}(T) is an RSD modifier of Fy with
respect to the directions uy, along the edges [pi, pj] if and only if

H' (xf)ug = [W4(6) f; + Wi (6)(1 = 1) Ai(ps — pi)] [Giug] +
+ [To(1 =) f; + Wi(1 — )t A;(pi — py)] [Gjus]
whenever x§ = tp; + (1 — t)p; with (i,j, k) € Sz and 0 <t < 1.

Theorem. 3.5. Let Q) C R? be a set whose interior contains AzN(0,1)3. As-
sume xo, x1 € C1(Q) are functions vanishing along the edges Az j = {(tl, to,t3) €
Aj: tk:O} (k=1,2,3) of Az such that

Dsxo(t,1—1t,0) = U((t), Dsxi(t,1—1¢,0) =W () (1-1t) (3.6)
with the following marginal conditions on the derivatives

X;(t) =0 (t S Ag’l @] Ag’g); Der(t> =0 (t S A3’37 m = 172). (37)
Then the function H in (1.3) is an RSD modifier for Fy under any choice of the
vectors uy, ug,uz with w; |f p; — px ((4,, k) € S3).

PRrROOF. Consider any permutation (7, j, k) € S3. According to Corollary 3.4,
it suffices to see that, at the points x; = tp; + (1 — ¢)p,; we have

H(Xt) = 0,
H'(x)uy, = [V (1) fi + W4 (1) (1 — ) Ai(pj — pi)] Giug+ (3.8)
+ (Yo (1= t) f; + Wi (1 = t)tA;(pi — pj)] Gjug.
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Notice that, in terms of the triples

té,m,n:()\Z(Xt)a)\m(xt)y)\n(xt)) ((£7m7n) € 53)7

and by setting (¢, m,n)1 =4, ({,m,n)2=m, (¢,m,n)s=n, we can write

H(Xt) = Z gfun |:fEXO(tZ,m,n) + Af(pm, - pZ)Xl(tZ,m,n):| 5

(£,m,n)€S3 nEn

3
H/(Xt)uk = Z Geun, [ff {ZDqXO(tf»m’n)G(é,mvn)quk}+
q=1

u
(emmnyess "

3
+ Ae(Pm — Pe) [Z Dle(tfmn)G(E,m,n)quk} }

q=1

Observe that we have tijk = (t, 1 -1, 0) S A3’3, tjik = (1 —t,t, 0) S A3’3, tikj =
(t,O,l — t) S A372, tkij = (O,t,l — t) S A371, tjk‘i = (1 — t,O,t) S A372, tkji =
(0,1 —t,t) € Az ;. Hence the relation H(x;) = 0 is immediate. According to
(3,7), all the terms Dyx,(tem,n) vanish except for the cases with A,(x;) = 0
and ¢ = 3 that is for (q,r,¢,m,n) € {(3,r,i,j,k),(3,r,j,i,k) o= 0,1}. In
view of (36) we have DSXO(tijk) = \Ifg(t)7 D3X0(tjik) = \I/(](l — t), D3X1 (tijk) =
Ui (t)(1—1t), Dsx1(tjix) = Ui (1—t)t which completes the proof of (3.8) and hence
the theorem. O

Definition. 3.9. Let [¥g, ¥41] be an admissible pair of shape functions and let
X0, X1 € C1(2) on a set Q C R? containing Az. We say that IT = [¥g, U1, X0, X1]
is an RSD tuple if the expression H in (1.3) is an RSD modifier for Fy under
any choice u; [ p; — px ((4,7,k) € S3). In particular we say that II is an RSD,
tuple if xo, x1 are functions satisfying the requirements of Theorem 3.5. Clearly
[Wo, Ty, X0|p,° Xl\A3] is and RSD tuple if IT is an RSD, tuple.

Lemma. 3.10. Given any function h€Cy(R?.), there exists x € C} (R3.) such
that for all t1,ts,t3 > 0 we have

0= DmX(07t27t3) = Dm(tlaoatfi) = Dm(t11t270) (m = 172)7
h(t1,t2) = D3x(t2,t2,0), 0= D3x(0,t2,t3) = D3x(t1,0,t3).

PROOF. For t = (t1,t2,t3) € R}, define the smoothing

N 1 ti1+ts plo+ts N
h(t):tﬁ/ / h(Sl,Sg)dSQd.Sl (t3>0), h(t):h(tl,tg) (thO)
3Js s

1=t 2=12
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of h(t1,t2,0) and let us fix a function ¢ € C* ([0, 1]) (e.g. ¢(t) = 3t — 2t3) with
bounded derivative and being such that ¢(0) = ¢’(0) = ¢’(1) = 0 and ¢(1) = 1
We show that the function

X(tl, ta, t3) = gb(tl i t3)¢(t2 f s )tg/]”;(tl, to, t3) (tl, to >0, t3 > 0)
extended with x(t1,t2,0) = 0 suits the requirements of the lemma.

It is folklore that, by the Newton-Leibniz theorem, the function % is contin-
uous, moreover its restriction to R%r X ]R++( = {(t1,ta,1t3) : t1,t2 > 0, t3 > 0}) is
C! smooth. In particular, for any point t = (t1,t2,¢3) with t3 > 0 and ¢t; = 0 or
to = 0 we have x(t) = 0 and x/(t) = 0. Furthermore, for any point t € Ry xR,
with the indices m = 1,2 resp. 3 we can write

, ) .
pur) (20 ) [ (2 0+ 225) 5
Dsx(t) = —¢' (tl +t3>¢(t2t+2t3) (tltjrtiz)ﬁ(t) -

/ 7 0 h
7¢(tlit3)¢(tgjftg,)(tgtj—ti?,) ()+¢<t1+t3)¢<t£t3) gtgj]'

Therefore it only remains to prove that given any point t* = (¢3,¢5,0) € Ri we

have

Dypx(t)—=0 (m=L1,2), Dsx(t)—=h(t],13) (3.11)
whenever RZ x R, 3t—t". '

Actually, these relation follow from the mean value expressions

Olt=h 1 t3—m+ts
[t3h] [ [h(tm +t3,52) — h(t mvs?)] dsy =

atm t3 S2=13_m
= h(tm + t3,73-m(t)) — A(tm, g3—m(t)),
t1+ts t2+t3
= 81782 dSQ ds1 +
atg tj \/91 t1 /SQ to
tat+ts 1 t1+t3
h(tl + t3, 82) dss + — h(Sl,tQ + t3) ds; =
t3 s2=t2 3 Jsi=ty

= —h(p1(t),p2(t)) + h(ts + t3,72(t)) + h(ri(t), t2 + t3)

with suitable

pi(t),qu(t), r1(t) € [tr,t1 + 3], pa(t),qa(t), ra(t) € [ta, t2 + t3].
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Indeed, let R xRy4 > ¢ — t* = (0,15,13). Then p(t) — (£],13), Am(t),Tm(t) —
ty, (m = 1,2), whence 9[tsh]/0t,, — 0 (m = 1,2) and J[tsh]/Ots — h(t],t5).
Since the function (s, )+ s/(s+t) is analytic on the open half plane {(s, ) €R? : s+
t>0} containing the rays Ry =R x{0} resp. Ro={0}xR;, (3.11) is immediate
in the cases t* € Ry, (m =1,2). If RZ xRy, >t — (0,0,0), we can deduce (3.11)
from the facts that, for £ = 1,2, 3, the functions tst3/(t, + t3)?,t3/(ts + t3)? resp.
(I)(tg/(t[-l—tg,)) , (tz/tg-l—tg,)) are bounded, furthermore 8[7533]/815@ —h(0,0)=0. O

Corollary. 3.12. By Theorem 3.5 and Lemma 3.10, for any admissible pair
[Wo, ¥4], there exist o, X1 € C} (Rj_ \ {(0,0,0}) such that [Ug, Uy, xo0, X1] is an
RSD,-tuple.

Remark. 3.13. It is an immediate corollary of Theorem 3.5 that given any
RSD* tuple [(I)(), \Ifl, X0, Xl], [\I/07 \Ifo, X0, X0 (tl, tQ, tg)tg] is also an RSD* tuple.

Unfortunately, our convolution type generic construction provided by the
proof of Lemma 3.10 is far from being optimal in most cases from numerical view
points. In contrast, in view of Theorem 3.5, in many cases we may apply the
following satisfactory construction:

Proposition. 3.14. If [V, ¥4] is an admissible pair of shape functions and
ho,h1 € C§(R3) are functions such that ho(t,1—t) = ¥((t) and hy(t,1—1t) =
UL (8)(1—t) (0<t<1) then [¥o, V1, X0, x1] is an RSD, tuple with

Xr(t1,ta, t3) = hy(t1, t2)ts (r=0,1).
Example. 3.15. Cases with a factorization
\116(15) = ’LUOl(t)’lUOQ(l — t), \Ifll(t)(l — t) = wn(t)wlg(l — t)

for suitable functions w,j € C§(R4) such that w,;(0) = w’., (0) = 0.

(a) The procedure (1.1) with the shape functions (1.2) corresponds to the case
[(Wo, U1] = [@,0], xo(t1,t2,t3) = 30t3t3ts, x1(t1,te, t3) = 12t3t3t5 with weq(t) =
30t2, w1 (t) = 1262, woa(t) = wi2(t) = t2 since &' (t) = 30t2(1—¢)? and O'(t) =
12t2(1—t).

(b) [<I>,<I>,30t%t§t3,30t%t§t3} is an RSD, tuple by Proposition 3.14, corre-
sponding to the case wo1(t) = w1 (t) = 30t2, wea(t) = 12, wia(t) = 3.

(c) Let Wy (t) = 3t2—2t> be the 1-dimensional basic Hermite polynomial.
Then [\I/H, U, XH, XH(t17t27t3)t3] is an RSD, tuple with the choice

2
3t3 3t2 2t3
t1,t2,13)= — — 2t t
XH( 1,02, 3) D) kl_‘[l |:(tk+t3)2 (tk+t3)3 ( kt+ 3)
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obtained by taking h(ti,t2) = 6t1t2 and ¢ = Uy for smoothing weight func-
tion. Notice that, by the classification in [8], there is no RSD tuple of the form
[Up, Uy, *, %] since deg(¥p) < 5.

(d) As for an RSD, tuple with non-polynomial shape functions, the perhaps
simplest example is [\I!s, \I/S7XS,XS(t17t27t3)t2] with Wg(t) = Sin2(7rt/2) and

16
xs(t1,ta,t3) = — sm < tg) H sin (2 tk+t3> sin (%(Ztk + t3))

obtained with the construction in the proof of Lemma 3.5 using h(ti,ts) =
msin (7t1/2) sin (7rt2/2) and ®(t) = Wg(t), respectively.
(e) Since 16(nt3) " sin?(wt3/4) =ntz+o(t3) =2sin(wt3/2)+o(t3), the function

~ . . ™
Xs(t1,ta,t3) = 2sin ( t3> H sin (2 tk+t3> sin (Z(th + tg))

also satisfies the relations (3.6) and (3.7). That is [\Ils, \Ils7)~(3,t2)ZS] is an RSD,
triple with algebraically simpler expressions for the shape functions in (d).

(f) By restricting xg to the simplex Ag, due to the relations ) .t; = 1
((t1,t2,t3) € Ag), we can write Hi:l sin ((7/4)(2tg+t3)) = cos ((7/2)(t1 —t2)) /2.
Thus the tuple IIga = [\IIS, g, XsA, t2x5A} defined in terms of the expression

XSA(tl,tQ,tg) = sin (gt‘3> cos( t1 — 19 ) H sin? (21 — tg_k)

is an RSD, tuple: despite its different algebraic form, it fulfills the marginal

conditions (3.6), (3.7). By replacing the variables ¢; with the weight functions A,
we obtain the same interpolating functions as with the formulas in (e).

(g) Given any RSD, tuple IT = [\IIO, ¥y, o, Xl] along with a function ¢ €
C(R) such that ¥(1) = 0 # ¥'(1), its perturbation ILy = [Wg, ¥y, xo+9(s), x1]
where s = t; + t3 + t3 is an RSD tuple but no RSD, tuple.

Remark. 8.16. Tt is an easy consequence of Whitney’s extension theorem [9]
that for any function ¢ € C([0, 1]) with ¢(0) = ¢'(0) = ¢'(1) = 0 there exists a
function h € Cj(R%) such that ¢'(¢t) = h(t,1 — t). Hence every admissible pair
[¥o, ¥1] with the property ¥ (1) = 0 admits functions hg, h1 € C(R?%) such that
[\I’(), \Ifl, ho (tl, tg)tg, hl (tl, tg)tg,] is an RSD* tuple.

We complete this section with a brief description of the local approximation
operator corresponding to Theorem 3.5 and its use in constructing C!-splines over
a 2D triangular mesh analogously as done in [7, Algorithm].
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Definition. 3.17. Let TI = [¥q, Uy, x0, x1] be an RSD tuple and write ¥ =
[To, ¥1] resp. X = [x0, x1]. We introduce the RSD modification of ¥ by means
of the complementary shape functions X as the operator

31-[5 {(pkafk7Akauk:)}z:1 = gw{(pkafkaAk)}izl - ﬁX{(pkafkaAkauk)}zzl

defined for all tuples {(pk,fk,Ak,uk)}zzl where {(pk,fk,Ak)}izl is a non-de-
generate function germ and uy, |/ p;— p; ((i,j7 k) 53) and

¥ {(or. S Arw) = | H in (13) ],

Recall [7] that, given a set V = {V17 . ,VR} of points in R?, by a triangular
mesh over V we mean a family {T1,..., Ty} C R? of non-degenerate triangles
of the form

T = Conv{Vitm 1), Vitm.2)s Vim,3) }»  i(m, 1) <i(m,2) < i(m,3)

with pairwise disjoint interiors whose intersections are either empty or a common
vertice or a common edge, furthermore V C Ufle T,,. A crucial ingredient
of the construction, we enumerate the edges of the mesh triangles T,, in the
form Eq,...,Eg and associate a vector uy || E; with each edge Eg, furthermore
let s(m, k) denote the index of the opposite edge to the vertex v, ) in the
triangle T,,,. By replacing ®, © with ¥y, W1, respectively the functions 30)\%)\?)%,
12)\3)\?/\k with xo, x1 in a straightforward manner in [7, Proof of Thm. 2], we can
conclude the following: Given any germ {(v;, fi7Ai)}i1 of first order function
data over V, the union of the functions

3

F = SH{ (Vime)s Ficmkys Aigmk) s Qs(m.k)) }k:l €CY(Ty,) (m=1,...,M)

is continuously differentiable on the mesh domain D = Uﬁf:l T,..

4. Range shift property

One of the most frequent applications of splines over triangular meshes is
reconstructing approximately a smooth surface with a function graph passing
through a family of points. Such procedures correspond to a model of the following
pattern: We are given a smooth surface S C R? which can be represented in
the form S = graph(f) = {[p, f(p)] : p € R?} with some (a priori unknown)
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function f € C'(R?). Accurate data (obtained with scanner equipments) are
available for a finite family of points vi,...,vy € R? concerning the first order
data fl(p) = [p, f(p), f’(p)] and we approximate a piece of S with the graph
of a Cl-spline function F' € C*(D) on the domain D of a triangular mesh with
vertices v,,. The procedures used in constructing F' are usually investigated from
the view points of estimating various biases between graph(F') and S, respectively
from exhibiting features of algebraic-geometric character. In this note we only
discuss two kinds of the last category in the context of RSD methods: if the spline
graps are invariant with respect to tranlations of first order data and the property
that plane surfaces remain invariant.

Definition. 4.1. Throughout this section [P, U] denotes an admissible pair
of triples P = {pi}?zl,U = {ui}?zl with p;,u; € R% We write T = Conv(P)
and A1, Ao, A3 resp. G1,G9, @3 for the weight functions resp. their derivatives
associated with the vertices of the triangle T. Given any function f € C!(R?), we

shall use the shorthand notations

3

1[)1,]U = {[Pz‘,f(Pi)7f/(Pi)7ui]}i:1, &l;l,uf = 5Hf1[)17]U'

An RSD tuple IT = [¥q, Uy, xo, x1] has the range shift property if the procedure
5! leaves the constant functions invariant, that is if for all admissible pairs P, U
and the constant unit function 1 : R? 3 x — 1 we have

SE,UI = 1\T

Remark. 4.2. Since 1(p;)=1, 1'(pi)u; =0, we can write

3
Geu,
3E,U1 = Z@(](Ai) - Z Ge X()()\b)\n’m)\n) =

i=1 (¢,mn)eSg

Gnu,
Gru,

X0 ()\m" ) >\€n ) >\n):| }

3 Ge u
= v )\’I’L - s >\ 7>\m 7)\TL
;{ 0(An) [Gnun X0(A,s Am,, s An )+

with (Zlvml) = (273)a (527m2) = (173)7 (63,7’)13) = (172)

Lemma. 4.3. For any a1, oz, a3 € R there exist uy,u;,u; € R? such that

G, 3 1 —1 — (g Qa3
|:(;z ]:| = ap 1 -1-— Qs
Milii=t |1y ag 1
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PROOF. A suitable choice is u; = p; — %[pg + ps3] + (% + a1)[p2 — p3l,
u = p2—%[p3+p1]+(%+az)[P3—P1], us = p3—%[P1+P2]+(%+043)[p1—pz]- O

Proposition. 4.4. An RSD tuple IT = [V, U1, xo, x1] has range shift prop-
erty if and only if

Wo(t) + Wo(l— 1) =1, Wp(H) = Wp(l—1)  (0<t<1), -
4.5
Xo(t1,t2,t3) = xo(t2,t1,13) ((t1,t2,t3) € As)
3
and 1= Vo(N\)+ > Xo(Ae, Ay An).
i=1 (é,m,n)ES;r

PROOF. Consider the points x; = tp; + (1 — t)p2 (0 <t < 1). Since 1’ =0,
1(x:) =1, Mi(xe) = ¢, Aa(x¢) =1 — ¢, and A3(x¢) = 0, by assumption

3
1=1(x;) =Fpul (x) = Z o (Nil(x¢)) = Wo(t) + To(1 —t) + ¥ (0)

i=1

where ¥o(0) = 0 due to (2.1). Thus in view of Remark 4.2 and Lemma 4.3, the
expression of SgUl has the form

3
ngl = Z {\IJO(An)_ [anXO(A&”)\mna /\n)+(_1 - an)XO()\'rm”)\&”)\n)] }
n=1

where the coefficients a7, ais, a3 may assume any real value. This is possible only

3
if SgUl = Z \PO(AZ) + XO()‘Zv >\m7 )\n) + XO(AA )\ma /\n) + XO()\Z; Am.a An) and
=1
X0(Aty s Ay An) = X0(Am, s A,y An) (n=1,2,3).

3
In particular, for n = 3 and given a generic point x = Y txpx (with >, tp =

1, t > 0) of the triangle T we get Xo(tl,tQ,tg) = Xo()q(X),)\Q(X),/\g(X)) =
xo(A2(x), A1 (x), A3(x))=xo(t2, t1,t3) which completes the proof. O

Lemma. 4.6. Given any smooth function ¢ defined on a domain ) C R3
containing Az and given any point x € T, for the function f = ¢(A1, A2, A3) we
have f'(x) = 0 if and only if

Di1(t) = Dyp(t) = D3p(t) where t = (A1(x),A2(x), A3(x)).
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PROOF. For any vector u € R? we have f/(x)u = Zizl Dy ¢(t)Gru. Hence
the statement is immediate from the relation {(Giu,Gou,Gzu) : v € R?*} =
{(0417Ck270[3) Py ROk = 0}. (Actually, given any triple (i,7,k) € S35 of indices,
by taking u = p; — p; we have G;u = 1, Gju = —1,Giu = 0 implying D;¢(t) =
D;¢(t) if f'(x)u=0). O

Corollary. 4.7. An RSD, tuple IT = [V, ¥y, x0, x1] has range shift prop-
erty if and only if (4.5) holds and

0%

19)) oY
871(751, ta,t3)= 872(751, to,t3)= 87153(751’ ta,ts)  ((t1,t2,13) €A3), (4.8)

3
Z(tlatQutS): Z\IIO(tl) + Z Xo(thtmutn% S;: (13273)3 (27371)7 (37172)}
=1

i
(£,m,n)€S]

PrOOF. We established that IT has range shift property if and only if
S(A1(x), A2(x), A3(x)) =1 (x€Conv(P)). (4.9)

Since II is an RSD tuple, in any case we have Sng(pi) =1(i=1,2,3). Hence
the relation (4.9) holds if and only if the Fréchet derivative of the function ggUl
vanishes, that is if

[Z(}\h)\g,)\?,)]/(x) =0 (x€Conv(P)). (4.9")

An application of Lemma 4.6 with ¢ = ¥ completes the proof. O

Ezxample. 4.10. The RSD procedures corresponding to tuples of the form
[t3(10 — 15t + 6t%), %, 30t3t3t3, %] as in Examples 3.15 have range shift property.
This highly non-trivial fact can easily be established by verifying (4.8) as follows.
In such cases, we have

3
Sty to,ts) =Y _3(10 — 15t; + 6t7) + 30(713t5 + t3t5t1 + t3t7t2)
=1
and it suffices to show that the polynomial 3721 is symmetric in t1,%o,t3 when
replacing t = 1—ty—t3. Since [t3(10—15t+6¢%)]" = 30t2(1—1)2,if (t1, t2, t3) € Ag
then [t3(10 — 15t; + 6t3)]" = 30¢3(t2 + t3)? and

1 9%
B - 13 (tg + t3)2 + 2t1t3ts + 1515 + 231ty =
= 1313 + 1315 + 1313 + 2y totz(ty + by +t3) = 133 + 1315 + 1513 + 2ty tots.
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Definition. 4.11. We say that a function ¥ € C1([0,1]) is d-symmetric if
U(t)=0'(1—-¢t) (0<¢t<1).

Corollary. 4.12. IfTII = [V, ¥4, X0, x1] is an RSD tuple with d-symmetric
shape function ¥q then TII¥ = [Wy, Uy, ng]’ X1] with

s 1 1
XB](tlth,tS) = §X0(t17t27t3) + §X(](t2,t1,t3) (4]_3)

is also an RSD tuple such that

[s] 1
SHol= > {5%00) 00 A A - (4.14)
(¢,m,n)ESs

PrOOF. The marginal conditions (3.7) for ng] are immediate. As a conse-

quence of the d-symmetry of ¥q, we have

s 1 1
D3X[O](t7 1-— t,O) 7D3X0(tv 1- tvo) + §D3X0(1 - tvta 0) =

2
1 ! 1 I I
iq’o(t) + 5‘110(1 —t) = Wy(t)

establishing that ITl* is an RSD tuple. Due to the symmetry of ng] in the

variables ¢1,ts in Remark 4.2 applied to xg‘g], we can write

3

Gou, Gy u

I1 ¢ n ¢ n

1= Uo(An)— || m2—+—="— Aoy A An) | p -

Spu ;1{ 0(An) “Gnun G, )Xok Am, )]}

Taking Lemma 4.3 into account, we obtain (4.14). O

Theorem. 4.15. Let [¥y, V1] be an admissible pair of shape functions,
with ¥ being d-symmetric. Then we can find x; € Co(RY) such that II* =
[Wo, U1, x§, x7] is an RSD, tuple with range shift property where x{ is symmetric
in its first two variables.

PROOF. According to Theorem 3.5 there exists an RSD, tuple of the form
I = [Vo, Uy, x0,x1] with xo,x1 € CA(R3). By Corollary (4.12), TIlsl =
[\Ilo,\Ill,ng],Xl] is also an RSD, tuple where the complementary shape func-
tion ng] is symmetric in its first two variables and such that (4.14) holds. Then,
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independently of the choice of the vector triple U = [uy, uz, us], we can write the

. . el .
difference function of 1 and SEU 1 in the form

d=1-F351 =560\, N, g) with

3 (4.16)
5(t) =d(Ypy tapr)=1- ) Wt Xo(tes tms tn).-
=1 (é m,n)ESy
Observe that
dx)=0, d(x)=0 (x € 9T). (4.17)

Indeed, at the generic point (2.9) of the edge opposite to the vertex pg, by (2.2)
we have d(xF)=1—[¥¢(t)+¥o(1—¢)]=0. In particular the functions 1 and SPE?J
coincide along the edge [p;, p;], thus d’(x})(p; —pi) =0 with d(x)=0 for x€dT.
On the other hand, since trivially 1’(p) =0 everywhere, the RSD construction
ensures that d'(x})u, =1'(x§)up—[¥o(t)1' (pr) ) ue+¥o(1-t)1' (px))uy| =0. Thus
§'(x¥) vanishes in two linearly independent directions implying that d’(x¥)u = 0
(u e R?) ie. d'(xF)=0.

Notice that x € OT if and only if (A1(x), A2(x), A3(x)) € Ui:l As j. Hence,
due to (4.17), we can apply Lemma 4.6 with f = d and ¢ = § to conclude that

3
(5(1’;) =0, Dlé(t) = DQ(S(t) = D35(t) whenever t € U A3’k. (417/)
k=1

On the domain Q := R} \ {0}, define

s 1~
X = xg] + 55 where

By =o( b )

t1+to+it3 t1+ia+t3 t1+ta+13

By writing s(t) = t; + t2 + t3 for short, for £k = 1,2,3 we have

35(1?1 to tg):

ot \s(t) s(t)” s(t)

t 0 t t 0 i t 0 s
=Di0|—)=— ——~4+D20|—)=— ——~+D30| — | — ——.
L (s(t)) Dty s(t) (s(t)) Dty s(t) T (s(t)) Bty 5(t)
In particular, if 0 # t € R3 then s(t) "'t € Ag, furthermore s(t)~'t € Uizl As g
whenever 0 # t € BRi. Thus, as a consequence of (4.17), we get

> t t\ O s(t)
—lel( )atks(e)_D”;(@)aTk%:O (0#£t€IR?)

Dyd(t) =
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It follows Dyx§(t) = Dyxo(t) for 0 # t € OR3 = {(t1,ta2,t3) € R3 : t1tats = 0}
and k = 1, 2,3 whence, in view of Theorem 3.5 we conclude that IT* with x7 = x1
is indeed an RSD, tuple. O

Remark. 4.18. Since s(t) = 1 for t € Az and since Zi:l A =1in T, we
simply have x§(A1(x), A2(x), A3(x)) = [ng] — ] (M(x), A2(x), A3(x)) for x€T.

Ezample. 4.19. From the function xsa in Example 3.15(f), the construction
of the proof of Theorem 4.15 results in

3
1
e =g 1S5
k=1
3603 — 1 oo
- 5 P (G em (G-t T (552)

(¢,m,n)€Ss j=m,n

+

Thus [\I/S, Vs, XA, tgng] is an RSD tuple with range shift property.

5. Affinity invariance

Definition. 5.1. An RSD tuple IT = [¥q, ¥y, x0, x1] (and the related proce-
dure SH) is affinity invariant if

%E,Uf = f\Conv(P)

for all admissible pairs [P,U] (i.e. Conv(P) is a non-degenerate triangle,
Pr—Pm Pn ((E,m, n) € Sg)) and affine (linear+constant) functions f:R?—R.

Remark. 5.2. (a) Affinity invariance implies range shift property.

(b) Given any non-degenerate triangle T =Conv{p1, p2, p3} C R?, any affine
function R? — R is a linear combination of the weights A1, A2, A3. Hence to
verify the affinity invariance of II, it suffices to prove the relation SEU)\l(x) =
A1(x) (x € Conv(P)) for all admissible pairs [P,U].

(¢) In view of Remark 2.4(c) and the identities G1(x — pr) = A1(x) — 1%
resp. Gi(pP; — Pr) = Ai(P;) — Ai(Px) = di; — 0ix, we can write

3
FHuA = - NP To(h) + Galx = p)er ()| -
k=1
G n
- Z Gilllln [M(pe)Xo(/\e, )‘mv /\n) + Gl(pmfpf))(l()‘fa /\m7 )\n)} =

(€,m,n)ES3
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= \I/()()\l) + \:[11()\1)()\1 - 1) + \111()\2))\1 + \IJ()\g))\l_

G1U3 G2u3

— A1, A, A3)— A1, A, A — A2, A1, A3)—
Ggus{XO( 15 A2, 3) Xl( 15 A2, 3)} G3u3X1( 2, A1, 3)
Giuy Gsuy

G D00 A 22) =1 (O A3, Aa) | = EEE (A A o) 00,

with the ordering (1,2,3),(2,1,3), (1,3,2), (3,1,2),(2,3,1), (3,2,1) for Ss.

Lemma. 5.3. If the RSD tuple IT = [, ¥y, X0, x1] is affinity invariant
then necessarily

\Ifl(t) = \I/()(t) and \I/()(t) + \I/()(l - t) =1 (0 S t S ].),

(5.4)
Xo(t1,t2,t3) = x1(t1,t2,t3) + x1(t2, t1,t3) ((t17t27t3) € A3)-

PRrROOF. Since IT is an RSD tuple, by Definition 3.2, the directional deriva-
tives F’(x})us along the side [pa, p3] with generic point x} = tps + (1 — t)p3 of
the function F' = SE,UAI are the linear combinations

F/(x%)ul = \Ill(t)F’(pg)ul + 1111(1 — t)F/(pg)ul =
= \Ill(t)GlU.1 + ‘I’l(l — t)G1u1 = [\Ill(t) + \111(1 — t)] Giuy.
Due to the admissibility of [P,U], Giu; # 0. In case of the affinity invariance
of II, F = )\ with F'(x})u; = Giu; implying Wy (¢) + ¥;1(1 —¢) = 1. Also if
F = SgUz\l = A; then, as a consequence of the relations (2.7), at the points
x3 = tp1 + (1 — t)p2 we have
Wo(t) = Wi (t)(1 — 1) + Ui (1 = t)t,

t=lx}) = F(x) =
)+ t[T1(t) + U1 (1 —t)] = [Wo(t) — V1 (t)] + ¢

= [Wo(t) — Uy (t)]

whence the first statement in (5.4) is immediate.

The proof of the second statement relies upon the fact that the formula for
SE,U in Remark 5.2(c) must be independent of the choice of the vectors in U.
Using the argument of the proof of Proposition 4.4, this means that the expression

Wo(A1) + Wi (A) (A1 = 1) + Ui (A2) A + W(A3) A —
—Oés{Xo(M,>\2,)\3)—X1()\17>\2,)\3)}—(—1 —a3)X1(A2, A1, Az3)—

— 29 Xo(A1, Az, A2) —x1 (A1, Az, A2) p— (=1 — a2)x1 (A3, A1, A2)
{

must be independent of the scalars a;g, as, a3 € R. In particular it follows
X0 (A1, A2y A3) —x1 (A1, A2y Az) —x1 (A3, A1, A3) = 0 which completes the proof. O
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Remark. 5.5. (a) According to (5.4), affinity invariant tuples are of the form

= [V, % x0,x1)],  xo|lAs=2x\7]A; (5.6)

with a d-symmetric shape function ¥ and the symmetrization (4.13) of x;.
(b) From the final argument in the proof of Lemma 5.3 it readily follows the

below converse statement.

Corollary. 5.7. Assume II = [U, U, xq,x1] is an RSD-tuple with (5.6).
Then, independently of the choice of the vectors uj, us, uz we get

3
3£[,U)\1 = Z \IJ(/\Z)Al + X1 ()\Za )\1; /\3) + X1 ()\3, /\1, /\2) (58)
=1

Proposition. 5.9. An RSD tuple Il is affinity invariant if and only if it is
of the form II = [V, U, ¢, x1] with range shift property, (5.6) and

Xi(ta, 1, t3)+xa(ts, 1, t0) = 11 D Xa(testmst) - ((t1,t2,13) €Ag). (5.10)
(¢,m,n)€Ss

PRrROOF. Necessity: Assume the affinity invariance of II. According to 5.5
and Corollary 5.7, we can write IT = [U, U, xq, x1] with

3

A= W(A)AL+ x1(A2, Ar, Ag) + X1 (As, A1, Aa). (5.10)
i=1

On the other hand (Remark 5.2(a), Lemma 5.3) II has range shift property with
3

(56) and 1 = Z \I/()\l) +X0()\1, )\2, )\3) +X0()\2, )\37 )\1) +X0(>\3, )\1, )\2) by (49)
i=1

Hence, in view of (5.6) we conclude that

3

1= "U)+ Y xa(heAms An)- (5.11)

=1

t (£,;m,n)€Ss3

We obtain (5.10) by subtracting (5.10) from A; - (5.11).

Sufficiency: We obtain (5.10) i.e. the affinity invariance of II by adding

the equations 0 = x1(Az2, A1, A3) +x1(A3, A1, A2) = A1 > x1(Ae, Am, An) and (5.11)
(€,m,n)ESs

multiplied with A;. O
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Corollary. 5.12. A tuple II = [¥q, Uy, x0, x1] with range shift property
and such that x1 = xop for some ¢ € C*(dom(xo)) is affinity invariant if for
every (t1,ta,t3) € A3 we have

1 =p(t1,t2,t3) + p(t2,t1,t3),
Xo(ts, t1,t2)@(ts, t1, t2) + Xo(ta, t1, 3)@(t2, 11, t3) = (5.13)

= t1|xo(t1, 2, t3) + xo(t2, t3, 1) + XO(t8>t17t2):|~
Ezxample. 5.14. The tuple IT = [CIJ, P, xo, Xoga] is affinity invariant with
O(t) = t3(10 — 15t + 6t%), xo(t1,ta,t3) = 30t5t5ts, @(t1,to,t3) = to +t3/2.

Proof. The range shift property of Il is established in Example 4.10. The
identities (5.13) follow with straightforward calculation.

Inspired by [3, Section 2], we proceed to estimates for the accuracy of in-
terpolation with affinity invariant RSD operators. Conveniently, without loss

of confusion, we write ||(x1,...,zN)| = [Zf\il x?]l/Q resp. ||A]| = Hm”aX [eA]
e||l=1

(A= [ag]M, I, € RM*N) for the Euclidean norm in RY spaces and the spec-
tral norm of M x N matrices, respectively. As previously, T denotes an arbitrarily
fixed nondegenerate triangle in R? with vertices p1, p2, p3 and associated weights
Ai : R? — R composed in a vector function A(x) = [A;(x), A2(x), A3(x)] in terms
of the gradient Vf = [D1 f, Do f] and the Hessian V2 f = [DiDjf] ?,jzl' We write
or =max};_, [[pi —p;| , ar=area(T), & =07/[2aT]

for the diameter, the area and the flatness ratio of T.

Notice that, given an RSD tuple IT = [¥g, ¥y, x1, x1] along with a family
U = {u;,uy,u3} C R? the mapping C}(T) > f SE,U[f] is a bounded linear
operator C}(T) — CY(T) of finite rank. Namely, by setting f; = f(p;) resp.

Ai(pj —pi) = (Vf(x)|p; — pi) in (1.3),
331; = Z [Aiji + Bijr]  with i [f1(x) = f(pi)aijr(A(x)),
(i.d.k)€Ss (5.15)
and - Bii[f](x) = (VF(p:)|p; — Pi)bij (A(x))
as the sum of 12 bounded operators C1(T) — C!(T) of rank one where

Giu]'
titit .
Gjuj XO( iy bg k) resp

Gill

k
titity) -
Gkukxl(l J k)

1
aiji : Az 2 (t1,t2,t3) — §‘I/o(ti) +

(5.16)

bijk : Az 3 (t1,t2,t3) — Wy (t:)t; +
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Given any function f € C(T) along with a point p € T and a unit vector e € R?
we write fpe for the section ¢ — fp + te. According to the Taylor formula
with remainder in integral form, |fp.e(t) — f(p)] < Mi(f)t for any f € C*(T),
furthermore in the case of f € C?>(T) we have

Fool) = [P UV FDIIE])| < S resp. ||V olt) = V1) < (1)1

For the investigation of affinity invariance, we introduce the operator

3
L[f] = Z FPi)A (f ec(T)). (5.17)

Observe that £ is a linear projection onto the space of all affine functions on
T spanned by the weigths A;, such that g € kernel(£) if and only if g(p;) = 0
(i =1,2,3). The affinity invariance of § can algebraically be formulated in terms
of the identities

$e€=¢ =3l = (- Ll -3 - LD (5.18)

Theorem. 5.19. Let § : C}(T) — C(T) be a bounded linear operator
leaving all affine functions T — R invariant. Then for any function f € C*(T),

1
1 =81 < Ma(F) (14 |8 pemmercey ) (1 + x + 50 ) o -

PRrOOF. Consider a function f € C?>(T) and let g := f — £f. According to
(5.18), f = §f = g — §g. In particular max |f — Ff| = Mo((I — F)g) max ||V(f —
SHI = M ((I - 3)9), and hence

Hf _§f||1 < ||(I—S)QH1 < H(I_§)|kernel(£)“||g||1 >~
< (U I8 permangy D 19l

A

(5.20)

Since the Hessian of any affine function vanishes, we have V2f = V?2¢ implying
that Ma(g) = Ma(f). Thus the statement of the theorem follows from the below
lemma of possible independent interest (but containing rough constants in the
estimates). O

Lemma. 5.21. Let g € C?(T) be a function vanishing at the vertices
P1, P2, P3 of the triangle T. Then

1
max|g| < ZMa(g) 6% . max|[ Vgl < Ma(g)(1+ ki )or -
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PROOF. Let p. be a point where the function |g| assumes it maximal value
(well-defined due to the continuity of g and the compactness of T). Disregarding
the trivial case g = 0, we may assume without loss of generality that g(p.) > 0.
We have the alternatives:

(1) p« is an inner point of T;

(2) p« is a relatively inner point of some edge [p;, p;] of T.

In case (1) we have Vg(p.) = 0 while in case of (2) the directional derivative
g (p+)(pPi — p;j) = 0. In both cases we can find a vertex p; such that, toward the
unit vector € = ||p; — p.||~'(pi — P»), we have g, .(0) = 0. Then, by setting
t=[lp; — P,

max [g] = g(p.) = —[9(pi) + 9(P+)] = —[9p..e(t) = gp..c(0)] <
< 16 o(0)] + 5Ma(9) = 5 Ma(g)[p: — pul? < 5 Mo(9)5%

For the proof of the second inequality, we may assume that E = [po, p3] is the
largest edge of T (i.e. ||p2 — p3|| = dr and q is a point where |g| attains its
maximum on E. Define v = Vyg(q), p=|q—-pil, e=p(q—p1). Since
0 =g'(a)(ps — p2) = (Vg(a)|ps — p2),

v | p3 — p2, ’<Hv||_1v|p1 — q>} = [ height of T over the edge E| = %.
According to the Taylor formula, we can write

1
0 =9(P1) = gae(P) = 9q.e(0) + pgg o(0) + 51/1\42(9)/72 where |y < 1.

On the other hand, also
1094,6(0)] = [p(Va(a)le)| = [(vIpe)| = [VII[{[[v|~'vIp1 — @)| = ||V||7

1
9a.e(0) = g(a) = pmax|g| = p;Ma(g)0%  where |u <1.

That is, since vp® = v|lq — p1[* < [l — p1]|* < 67,

V/
- M2(9)0%5  ul, V| <1=]ol.

(0]
0= EM ()03 + 20| v]| SE +
or 2

2

It follows ) 53
+ v
vl = -~ My(g) T
4o

We complete the proof with the argument that given any point r € T we have

V(@) < [[Vg(a)| + [Vg(r) — Vg(a)l| =
= [[v[[ +[[Vg(r) = Vg(q)| < [[v] + Ma(g)diam(T). O

I /\

1
— M- —_
5 2(9) -



24 Lészlé L. Staché

Corollary. 5.22. Let SE’U be an affinity invariant RSD operator given in
the form (5.15 — 16) with the ratios G;u; /G u; in terms of the coefficients ; in
Lemma 4.3. Then for any function f € C*(T) we have

Mo(f = Fpulf]) < Ma(f)o% [% +(1+ nT)q?fU},
My (f = 3p.ulf]) < Ma(f)or(1+ k) [1 n "chlrLU}

. e AILU 1o 3l ) }
with the constants C,"~ = 6{Trél[%§] |y ()| + (2 +max v max [x1(t)|| and

3
O =6 mas 1941+ o ()] + (3 i ledl) 32 mas D8]

PROOF. We can refine the arguments of the proof of Theorem 5.19 relying
upon the specific form (5.15-16) of the operator SE’U as follows. Consider any
function f € C%(T). Using the abbreviations g = f — £[f], § = SEU, M =
Msy(f) = Ma(g), 6 =1, kK = kT, we know that

My (f = 3(f]) = My(g9 — $lg]) < Mi(g) + My (Slg)) (k=0,1);
Mo(f—%[f])éMngmaxmg]L My (f—31f]) <M (1+k)+max || V[g]|-

We estimate the values |§[g](x)| resp. [VF[g](x)| (x € T) as follows. Since
g9(p;) =0 (i = 1,2, 3) by construction, we have the reduced formulas

G, —
8lol = > Bulal = D (Va(pa)|p;—p) [#1 () + G () .
(i.5,k)€S3 (1.5,k)€S3 Rk
Vsl = Y (Valeilp, - pe) V[ ()N + oy ()]
(i1 k) ESs R ’ YT Gy, "

where Ajji : x — [Xi(x), Aj(x), Ak(x)]. By Lemma 5.21, [|[Vg(p;)|| < Mi(g) <
M(1+ k) implying that ‘(Vg(pi)‘pj — pz>| < M6&2(1 + k) for any pair of indices
i,j. Also |Giu;/Gju;| = |3 + o5 < § 4 max; |a;| with ¢ # j in all the 6
terms expressing §[g] resp. Vg[g]. Since for x € T we have |);(x))] < 1 and
Xijk(x) € As, the estimate for My(f) is immediate.

To estimate M;(f), we proceed analogously. Recall from plain geometry [1]
that, in terms of the rotation, R:[¢1, &)+ [—&a, &1] of R?, for any triple (4, j, k) € S3
we can write VA (x) = g} with the vector g} = <R(pj—pi)’pk—pi>_1R(pj—pi)
and ||g; || = [2area(T)] ' ||p; — px|| < £/0 independently of the location x. Hence

VI8 (X)) A (x)] = A5 ()87 (Ni(x)) g7 + ¥1(Xi(x))g],

3
VX1 (i s (%) = > [Dexa (N ianis (%)) 5,

m=1
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implying [[V[%1 (As(@) A (x)][| < max (15(0)] + Wa(n))a/d (i # 4, x € T)

_ 3
respectively ||[Vx1(Aijn(x))|| < 2 1{relziux|Dm><1(t)|n/§ ((i,5,k) € S, x € T)
m=1 3
which completes the proof. ([l
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