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Absract.  Partial Jordan-triples are algebras with three variables occur-
ing naturally in the description of the holomorphic automorphism groups of
bounded circular domains. The following question is studied: under which
conditions can all inner derivations of a partial Jordan-triple be recovered
from their restrictions to the complete algebraic base of the triple.

1. Introduction

Since the works [6,8,2] it is well-understood that the key to any kind of holo-
morphic classification of bounded circular domains in Banach spaces is the study of
the so-called partial Jordan-triples. By a partial Jordan-triple we mean an algebraic
structure E = (E, Eg, { * }) with a product of 3-variables where E is a complex
Banach space, Ep is a complex (closed) subspace of £ and { * } is a continuous
real-trilinear operation

ExEyx E—E (z,a,y) — {z,a",y}
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symmetric complex bilinear in the outer variables z,y and conjugate linear in a
such that the linear operators

(aOb*)z := {a,b", 2} (a,b€ Ey, z € E)
satisfy the axioms

(J1) (a0a*)Eo C Eo, (aOa*|Eg) € Hery(Eo), [laDa*|Eol| = ||a|)?
(J2) ala” € Der(E)

for all a € Eg. Here Her,(Ey) is the family of all Ey-Hermitian operators*) with
non-negative spectrum and Der(FE) denotes the set of all derivations of E. By a
derivation of E we mean a linear mapping D: E — E such that D(Ey) C Eo and

D{.’E‘,'v‘d*,y} = {(Dm))a*: y}—i-{:c,(Da)*,y}-{-{m,a*,(Dy)} (a:,y €F,a€ Eo) .

The inner derivations of E are the finite reallinear combinations of the derivations
of the form ialla* (a € Ey). In the sequel we shall call the space Ey the base
of the partial Jordan-triple E and we set Eq := (Ep, Eo, { * }). We shall use the
notations Derg(E) := {inner derivations of E}. Remark that the partial Jordan-
triples coinciding with their base spaces are the widely studied JB*-triples.

In 1990, Panou [11] obtained the complete partial Jordan-triple-axiomatics
along with a structure description of all the possible partial Jordan-triples of the
form E-= Eq @ E1, {E1, Ej, F1} = 0 which can be associated with some finite
dimensional bounded bicircular domain. His main tool to the structure description
was the following fact [11, Prop. 1.6]: every inner derivation of the base of a partial
Jordan-triple associated a finite dimensional bounded circular (not only bicircular)
domain admits a unique inner derivative extension to the whole space.

In 1991, [13] gave the complete partial Jordan-triple-axiomatics of the so-
called geometric partial Jordan-triples which can be associated with some bounded
circular domain in a Banach space. To obtain finer results concerning the structure
of such partial Jordan-triples, it seems to be useful to look for infinite dimensional
generalizations of [11, Prop. 1.6]. Notice that Panou’s proof relies heavily upon
the fact that, in a finite dimensional geometric partial Jordan-triple E, the norm
closure K of the group generated by exp(Dero(E)) is a compact subgroup of the
unitary group with Lie-algebra Derg(E). In infinite dimensions, even if the base

*) i.e. bounded linear operators A: Eg — Eg with [[exp(irA)]| =1 (r € R). We shall
always write || - || for the norm in any Banach space in consideration. For linear operators

we take the usual operator-norm automatically.



Inner derivations in partial Jordan-triple algebras 621

of the geometric partial Jordan-triple is finite dimensional, the group X may be
non-compact. Before the appearence of [11], there was already a positive infinite
dimensional result [12, Lemma 2.1] concerning the extendibility of inner derivations
in partial Jordan-triples with commutative base.

In this short note first we prove the analog of [11, Prop. 1.6] to infinite
dimensional partial Jordan-triples where the base is a finite dimensional Cartan
factor. Qur arguments are completely Jordan-theoretical and require no further
assumptions beyond the axioms (J1),(J2). Moreover, the version of axiom (J1)
used here requiring only aOa*|Ey € Her(Ey) is somewhat weaker than its usual
form in the literature postulating aOe* € Her,(E). Then, by introducing the
concept of gquasigrids and using norm-density considerations, we generalize the
result to partial Jordan-triples whose base spaces are ¢g-direct sums of elementary
JB*-triples. In particular we get that the restriction mapping D — D|Ej is a Lie-
algebra isomorphism between Dero(E) and Derg(Eq) whenever the base space Ey
is a so-called compact JB*-triple (for def. see [3]).

2. The case of finite dimensional factor base

Lemma 2.1. Given a derivation D of a partial Jordan-triple E and an element
a € Eqy in the base Fg of E, we have

(D, a0a"] = (Da)da™ + aO(Da)* .

Proof. For any z € E, by axiom (J2) we have

[D,a0a*]z = D{a,a*, 2} — {a,a",(Dz)} = {(Da),a",z} + {a,(Da)", z}
= ((Da)0a* + ali( Da)*)z.

Corollary 2.2. A derivation D € Der(E) vanishing on the base Ey commutes with
every inner derivaiion of E.

Proposition 2.3. Suppose the base Eg of the partial Jordan-triple E is a fintte
dimenstonal Cartan factor. Then for any inner derivation Dy of Eqg there is a
unique inner derivation D of E with Dy = D|Ey.
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Proof. Let Dy € Der(Eg). Using spectral decomposition [9], we can write Dy =
izgf:l aja;0af|Ep for some minimal tripotents ay,...,a, € Eg and ay,...,an €
R. Now the operator iE§'=1 aja;la} is an inner derivation extending Dg to the
whole E. Since real linear combinations of inner derivations are inner derivations,
it suffices to show that

n n
Zajajl]a;-' =0 whenever Zaj {aj,aj,c} =0  (c € Ep)
j=1 j=1

and ayg, ..., a, are minimal tripotents in Fj.

Since dim(Ey) < oo, the group of all linear isometries of Eg is a compact finite
dimensional Lie group whose Lie algebra is Der(Eg). Consider its identity com-
ponent . That is, U is the closed subgroup of L(FEy) generated by the operators
exp(taOa*) (a € Ep). Then

Span(Ua) = Ey (0#a€ Ey) .

Indeed, the subspace Span(l{fa) is Der(Eg)-invariant. It is well-known [5] that Der-
invariant subspaces are ideals in JB*-triples, and the only ideals in the factor Ey
are {0} and Ep. By writing simply [ dU for the integration with respect to the
normalized Haar measure®) on U,

/(Ue)D(Ue)*dU = /(Uf)D(Uf)*dU (e, f minimal tripotents in Ey)

because the group ¥ is transitive (i.e. f = Ue for some U € U above) on the
manifold of minimal tripotents in factors [9].
Let us fix a1,...,a, € R and minimal tripotents ay, ..., a, € Ey such that

Dec =0, (c € Ey) where D::Zajaj[]a;.
j=1

*) TFor Borel-measurable functions ¢:4 — L{E) with finite range, fzde =
ZLEramj; dU(¢~ (L)) - L. For continuous ®:U — L(E), the Cauchy-type definition

e

f SdU := limn f ¢ndU whenever (¢n) is a sequence of Borel functions of finite
n=1
range tending uniformly to ® makes sense.
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Since D|Ey = 0, by 2.2, D commutes with any inner derivation of E. Hence
D = exp ad(iala*)D = exp(iala*)D exp(iada*) ! (a € Ey),
D=UDU~Y (Ueu,

n n
D= /UDU*ldU = ZajU(ajDa;f)U‘ldU = Zaj(Uaj)D(Uaj)*dU

ji=1 j=1
n
= E ajZ
ji=1

where

Z = [/ (Ue)O(Ue)*dU : e min.trip. € Eg] .

By Schur’s lemma, the operator Z is a multiple of the identity when restricted to
Ey (since Z|Eq commutes with /). Morever

Z|Eg = v idg, with some v > 0,

because elle* # 0 is a positive E-Hermitian operator whenever 0 # e € Ej.
Consequently, from the assumption D|E, it follows Zj a; = 0 whence also

D=Y;0;Z=0. .

Corollary 2.4. If the base Ey of E is a finite dimensional Cartan factor, then the
restriction map D — D|Ey of the complez operator Lie algebra D := Spang EolIE}
15 wnjective. The center Z of D is 1-dimensional. The mapping

P: Zl\j@jue; — ZA,-Z (A; € C, e; min.trip. € Eg)
j i

15 @ well-defined contractive projection of D onto Z.

Proof. To prove the first statement, we only need to notice that any operator
D € D has the form

n n
D=A+iB, A=) aje;0a;, B=)  BibOb}
j=1 j=1

with ay,B1,...,an, 8, € R. Since the operators A|Eg, B|Ep are Ep-Hermitian,
D|Ey vanishes if and only if A|E, = B|Ey = 0. By Proposition 2.3, the latter is
equivalent to A = B = 0.
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To see that the mapping P is a projection, observe that if ¢ € Eg and U :=
UIEQ where U := exp(irela") and with 7 € R and @ € Eg then (Ue)O(Ue)* =
U(ede*)U~! (e € Eo). Therefore every operator U € U admits a (not necessarily
unique) surjective isomorphic extension U from E, to E such that (Ue)a(Ue)* =
U(ette*)J -1 (e € Eo). With such an extension operation

PD= /ﬁDﬁ“ldU (DeD).

Since [|I7Dl7‘1|| = || D} for all U € U, the mapping P is contractive. -
Remark 2.5. Although the closed subgroup ¥ of L£(E;) generated by the family
{exp(iaDa*)|Ep : a € Eg} of operators is a finite dimensional compact Lie group if
dim(Ey) < oo, the closed subgroup U of L(E) generated by {exp(iaQa*) : a € Ey}
need not be a finite dimensional compact Lie group if the partial Jordan- triple £ is
infinite dimensional. The proof by Panou [11] using Levi-Malcev decomposition for
the special case dim(£) < oo of the Proposition relies heavily upon the compactness
of the group of surjective linear isomerties of E.

3. Extendibility of derivations of co-direct sums

Definition 3.1. A partial Jordan-triple E := (E, Eg, { * }) has the inner derivation
ertension property (IDEP for short) if for every inner derivation Dy € Derg(Eq) of
the base Eq there is only a unique inner derivation D € Derg(E) with Dy = D|E.

Proposition 3.2, Suppose the base Ey of the partial Jordan-triple E = (E,Eo,{*})
is the co-direct sum of a family F of closed ideals such that the subiriples
(E,F,{ *}) have IDEP for all F € F. Then E has IDEP .

Proof. It suffices to see that

n
D= ZakakDaZ =0 whenever Dy := D|E; =0,
k=1
where ai,...,an € R and a;,...,a, € Ey. For any subfamily Z C F, let Pz
denote the projection of Ey onto the closed ideal ®° Z along the complementer
ideal ®@°° (.T\ Z). By the definition of co-direct sums, limz gnitec 7 ||a — Pzal| = 0
for any a € Ey). Therefore

Zﬁ%}lirtgcfHPzaDPga —ale*||=0 (a € Ey) .
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On the other hand, the operators alla* act componentwise on Ey, i.e.
PzaDPza*lEo = Pz (a[]a*) IE() (a €ekly, Z2C f) .

By passing to finite linear combinations, it follows

T ZAfniteCF Z finiteC F

n n
D= lim ZabPzakDPza; = lim Zak Z P{F}akDP{F}a;.
k=1 k=1 rez

Here we have

0= P{p}DglEo = ZakP{F}akDP{F}GZIEO (FeF).
k=1

Hence, by assumption, for the inner derivative extension of Do|F to (E, F, { * })
we get
0= oxPryasOPipja; (FEF).
k

Thus

D= Zﬁ£§gcf§ o F}é; Pypyar 0P pyay. -

Remark 3.3. By a result of Bunce-Chu [3], the ¢g-direct sums of finite dimensional
Cartan factors are the so-called compact JB*-triples i.e. JB*-triples whose inner
derivations are compact operators. Thus in view of Proposition 2.3 we have the
following.

Corollary 3.4. A partial Jordan-triple whose base is a compact JB*-triple, has
IDEP . In particular, partial Jordan-triples with finite dimensional base have
IDEP .

4. Quasigrids

Definition 4.1. A subset @ of the base Ey of a partial J’ordan-triple (E,Eo,{*})
is a quasigrid if every finite subset of @ generates a finite dimensional subtriple of
Ep.
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Remark 4.2. A family G consisting of tripotents in Ep is called [10] a grid if
(eOe*)f = Af for some X € {0, 3,1} whenever e, f € G. Clearly, grids consisting
of minimal tripotents are quasigrids.

A further important example of quasigrids is given by the following two lemmas.

Lemma4.3. Let H, K be Hilbert spaces. Then the family r(H, K) of all operators
with finite rank (finite dimensional range) is a quasigrid in L(H, K) (equipped with
the canonical triple product {a,b*,c} := %ab*c-}— %cb*a where b* means the adjoint
of the operator b).

Proof. Any finite rank operator is a finite linear combination of 1-rank operators
of the form e ® f* : h +— (h,f)e (where e € K, f € H). Ifey,...,eny € K
and fi,...,fn € H then {e; ® f (ex ® f7)*,em ® f1} € Span{e, ® fy pg=
1,...,N} = S. Thus if the finite family F € r(H, K) consists of finite linear
combinations of the operators e; ® f},...,exn ® fi then the subtriple generated

by F is contained in the N2-dimensional subtriple S of L(H, K). -

Corollary 4.4. If dim(H) < co or dim(K) < oo then L(H, K) is a quasigrid itself.
In particular H (~ L(H,C)) is a quasigrid itself.

Proof. In this case we have L(H,K) = r(H, K).
Lemma 4.5. A spin factor is a quasigrid itself.

Proof. According to [7,(4.11)], in general, Jordan-triples of finite rank are quasi-
grids in our terminology. A direct proof giving more insight is also very simple:
A spin factor can be viewed as a Hilbert space H endowed with the triple

product
{a,b,c} = 2(a,B)e+ ~(c, ba — +(@,3)b
) )C A 2 3 2 C) a 2 )
where the operation ~: 3, £ie; — 3, &e; is a conjugation with respect to a given

orthonormed bases {e; o . It is immediate that the subtriple generated by the
i€
family {a1,...,an} is contained in Span{a,dr, . ..,a.,d,}. =
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Definition 4.6. Given a partial Jordan-triple E := (E, Ep,{ * }) and a quasigrid
&) C Ey, the finite real linear combinations of derivations from {ia0a*|Ey: a € Q}
(respectively {iala*|Ej : a € @}) will be called Q-derivations of Eq (respectively
Q-derivations of E).

Theorem 4.7. If Q) is a quasigrid in the base Ey of the partial Jordan-triple E =
(E, Eo,{ * }) then every inner Q-derivation A of Eyo admits a unique extension A
to E wich s an inner derivation of E.

Proof. Suppose

A= aja;00]|Eo =Y Brbr0b}| Eo
j=1 k=1
where a3,...,an,b1,...,0yn € Q and ay,...,an,01,...,8m € R. Let Fy denote
the subtriple of Ep generated by the family {ai,...,as,b1,...,b}. Since Q is
a quasigrid, dim(Fp) < oo. On the other hand the mapping Ag := A|F} is an
inner derivation of Fy. Thus we may apply Proposition 2.3 to the partial Jordan-
triple (E, Fo,{ # }) and the derivation Aq of Fy to conclude that E;‘___l aja;lal =

> re, Bebr0b: on the whole E. .

Corollary 4.8. If the base Fy is isomorphic to L(H,K) and one of the Hilbert
spaces H, K is finite dimensional then the partial Jordan-triple (E, Eqg, { * }) has
IDEP .

Definition 4.9. Given a Q-derivation D of the base Ey, we call the unique Q-
derivation [} of E with D = D|Ey the Q-exztension of D.

5. Elementary triples in the base

In [4] one has introduced the concept of elementary JB*-triples as the small-
est infinite dimensional analogues of the classical finite dimensional Cartan factors.
Namely, an elementary JB*-triple of Type I is an isometric copy of a space co(H, K)
of all compact operators acting between two Hilbert spaces H, K (regarded as a
subtriple of L(H, K') with the mentioned operator triple product). An elementary
JB*-triple of Type II is an isometric copy of the subtriple ¢5 *(H) of some co( H, H)
consisting of the operators with symmetric matriz with respect to some given or-
thonormed bases B in H. Similarly, an elementary JB*-triple of Type Il is a copy
of some space c5~ (H) (the subtriple of co(H, H) consisting of the operators with
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antisymmetric mairic with respect to some orthonormed basis B). Elementary
JB*-triples of Type IV are spin factors (possibly infinite dimensional) and those of
Type V and VI are the 18- and 27-dimensional expectional Cartan factors.

Thus, in terms of quasigrids, one can characterise elementary J B*-triples as
irreducible JB*-triples admitting a norm-dense quasigrid. Indeed, if we consider
an elementary JB*-triple I of Type I, II or III as a subtriple of a eo(H, K)-space
as described above then F (N r(H, K) is a norm-dense quasigrid in F. (Triples of
Types IV,V,VI are quasigrids).

Our next aim will be to extend the result of the Proposition to elementary
JB*-triples of Type I, II, Iil.

Remark 5.1. Recall that if Hy, Ky are finite dimensional Hilbert spaces then the
inner derivations of the typical factor Fy := co(Ho, Ko) of Type I are the map-
pings of the form z +— iBz + izA whith any couple of self-adjoint operators
A € L(Ko, Ko), B € L(Ho, Ho) such that trace(A) = trace(B). The inner deriva-
tions of the triples of Type II, resp. IIl F, := cg*(Hp) and Fs := B~ (Ho)] are
the mappings of the form & — iAz + iz AT (defined on F and Fj, resp.) with any
self-adjoint A € L(Hg) where AT is the operator whose matrix is the transpose of
that of A with respect to the basis B.

It follows immediately that for the norm closure of the inner derivations
of the infinite dimensional analogues of the factors Fi, Fy, F3 (i.e. the spaces
co(H, K ),cé3 * with infinite dimensional Hilbert spaces H, K) are the mappings
of the form z + iBz + izA resp. ¢ — iAz + iz AT (with arbitrary self-adjoint
compact operators A: H — H and B: K — K).

Lemmab.2. Given a self-adjoint operator A with finite rank on a Hilbert space H,
there ezists a finite sequence 6y,...,6, € R and there are orthogonal projections
Py, ..., Py, with finite rank such that

m

A=SS6p, 3l <24l .
k=1

k=1

Proof. We can write

v
>
=
I
[a]
I
=
3
v
=
a
L
v
v
=

A= i:(/\jRj-Wij) A 2Ag >

ji=1
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with projections Ry, Sy, ..., Bn, Sy to pairwise orthogonal finite dimensional sub-
spaces. Here ||A|| = max i, —py. Thus the choice m := 2n — 2,

Op 1= Ap — Apyr P = ZQ;‘ ,
i<k
Bpin_1 = Mp — HE41 Prn 1=25j (k:—‘ 1,--.,73—1)
<k

suits our requirements.
]

Lemmab.3. Lel H, K be infinite dimensional Hilbert spaces with an orthonormed
basis B in H. Fork =1,2,3 let E* be a partial Jordan-triple whose base E¥ is the
elementary JB* -triple

E} = co(H,K), E? =Bt (H), E3:=c5 (H),

and in each case let Q* be the quasigrid of all finite rank operators in E¥. Suppose
A€ r(H,H) is a self-adjoint operator with trace(A) = 0. Then the Q*-extensions
Dy of the derivations

D El5aw—idd, Dy: E2 3 a v iAa+iaAT, Dy:E3 5 a v iAa+iaAT,
where T denotes operator transposition with respect to B, satisfy the norm-estimate
[1De]l < 4M]] Al

whenever ||{z,a*,z}|| < M||z||}|al] (e € Et, € E*, k=1,23).

Proof. Let us write the operator A in the form

m

A=) "5P, Y I8 <24
i=1

i=1

with orthogonal projections P; € r(H, H) and coefficients §; € R. Choose a a finite
dimensional subspace Hy in H such that N := dim(Hp) > rank(P;) (j =1,...,n)
and let Py denote the orthogonal projection of H onto Hy. Consider the derivations

o . o rank(P;)
Dl),.anar—ma(P] 5 P0>,

Dz,j:Eg JawriPja+ z'aPJ-T,

. k{P; . k(P; T
Ds;: E3 SaHz(Pj+EL_r_I__]\§_12po)a+za(Pj+ranl\§ ])Po)
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for any index j. Observe that

Dy =) i6;Dp;  (k=1,2,3)

j=1

due to the assumption trace(4) = Z?:l 6;rankP; = 0. Thus, by the previous
lemma, it suffices to check that each Dy ; is a Q*-derivation of Ef whose Q*-
extension Dy ; to E* satisfies the norm estimate

| De 1l < 4M .
Let us fix an index j arbitrarily and write
P = P;, r:=rank(P).

Remark that r < N. Let us fix orthonormed bases {e;,...,e;} and {fi,..., fv)
in PH and PyH, respectively.

Case of E'. Choose also an orthonormed set {91,-.-,9n} in the space K and
write Rg for the orthogonal projection of K onto the span of {gi,...,gx}. For any
system 1 <73 <43 < - < i, <N, the operators

r N
Ii;,..,,i,- = Zgil ® e:’ I = th ® ft*
s=1 t=1

are partial isometries belonging to the quasigrid @'. Indeed, an immediate calcu-
lation shows that I;,, i, If, ;L .i, =L, ., For any a € E} we have

2 Z (Iil,...,irDI;,,“.,z'r>a

1<i << <N

) # *
E (Iil,.u,irjil,u,,i,a + alil,...,irlilx'--yir)
1<i1<<i, <N

Z ig:-,@y}‘,)a—i-a( }: Zr:esébe;‘)

1<i1<- <, <N s=1 1<i1< - <in <N s=1
N r
N-1 . N .
-(M2 D (Ewen)era(M) Ca e
=1 s=1

- (N*I)Roam(“’)p,
r—1 r

2(IDI*>a = IT*a + al*I = Rya + aPy.
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Hence
N\ L 9
Dy ja= 22‘( ) > (Ly,..i,0I _; Ja~==(I0")a (a € EY).
r o . e N
1< <ig< <i, <N
Therefore for the Q'-extension of D; to E' we get
~ N\"? 2ir
Dy = 21’(7,) > Ly, 08, ., — 7100

1€41<ia<-<i, <N

Since [|b0b*|| < M for any b € E} with |[b]| = 1, it follows

~ N\"! 2
140 < 2( ) Y. M+TM<aMm
T/ iiicis<cingN

Case of E2. Now we have simply
Dyja=2i(J0T")a  (a€ E})

with the partial isometry

n

J ::Ze,@ﬂ* .

s=1

Hence the Q%-extension of Dy, j to E? is 52,]- = 2¢J0J* with [[5;;,” <2M .
Case of E3. For any system of indices 1 < i1 < iy < -+ < iy < N set

Ty, iy 1= Z(e ®fi," - fi ®‘€;*).
s==1

Since the set {ey,...,er, fi,..., fn} is orthonormed in H, we have Jigyoin =
Jiy,ipdiy i Jiy, i, that is the operators J;, ;. € @3 are partial isometries.

L3 TR
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Observe that, for any a € E§,

2 Z (Jil,u.,zrDJz*l, Wir )a’

1<61< - <ir <N
*
S (s i et ai i i)
1<i1<<i, XN

> Z(e ®cl+fi, ® fF)at

1<ii << <N s=1

+a Y Zr:('e',“®€§*+f7,®ﬁ*)

1< <+ <ip <N s=1

() Sosmr o)

s=1

(M) (g(ft ® fi)ata ;m ® )"
= (’;’) (Pa+aPT) + (1:_“11) (Poa + aPT).

il

Thus
N\ !
D3,ja = 2i(r) ' Z (Jilr»»,erJ;‘h 'h)a (a € Eg)
1<i1 <iz< - <ir <N
whence for the Q3-extension to E3 we obtain

~ A
Ds,; = 21'(,,) > Jigyin 0I5 i

1<i < <ir <N
~ N\t
l1Da,3]l < 2( ) 3 M=2M
"/ i< <icgN

Remark 5.4. By changing the roles of the spaces K and H in the treatment of the
case of E above, we can see that also that the Q*-extension D’ of a Q'-derivation

D, :E}2awiBa (B self-adjoint € r(K, K), trace(B) =0
109

satisfies the norm estimate

D1l < 4M||BY.
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Lemma5.5. With the notations of Lemma 5.3 and Remark 5.4, we have the norm

estimates
AM ()| AL+ IBI) = |11 + Dyl > max{||A]l, ||Bl]},

AMI|A[| = [I1D:]l 2 11 All,
4M||All > || Dsl| > (1Al

even if trace(A), trace(B) # 0*).

Proof. For the cases trace(A), trace(B) = 0, the upper estimates are already estab-
lished. Each of the quasigrids ¢2¥(H)Nr(H, H), r(H, K) contains partial isometries
of arbitrarily large rank whenever the underlying Hilbert spaces H, K are infinite
dimensional. Hence, for k = 1,2, 3, any Q*-derivation of Ef can be perturbed by a
Q*-derivation of the form eI0I* of arbitrarily small norm in a manner such that the
perturbed derivation have the form a — iB’a+ia A’ with trace(A’) = trace(B’) = 0.
Therefore the upper norm estimates extend also to the case. Next we proceed to
the lower estimates.

Case of E'. Given a couple of unit vectors « € H and v € K, we have
—i(D; + Di}v ® u*) = v @ (Au)* + (Bv) ® u*, llv ® u*|| = 1. Choosing
first u to be an eigenvector of A with eigenvalue of highest modul and v from the
kernel of B (by assumption A, B have finite rank), we have ||[(Dy + D)) (v Q@ u*)|| =
[l(Au) @ v*|| = |[|Aul] - ||v]] = ||A]]. Therefore [|Dy + D}|] > [|4]]. Choosing v to be
an eigenvector of B with eigenvalue of highest module and u from the kernel of A,
similarly we get ||D; + Di|| > || Bl

Case of E2. If u,v € H are unit vectors and u is an eigenvector of A with
eigenvalue A € {+||A[|} and v belongs to the kernel of A then

Dy(u®7" +v@7") =iMu®7 +v®T*).

Hence immediately || Dq]| > [JA]l.
Case of E3. A similar argument to the one used for E? with u® 7 — v Q T*

instead of u Q@ T* + v Q@ U*. .

Proposition 5.6. A partial Jordan-triple E := (E, Eo, { * }) whose base Eq is an
elementary JB* -triple has IDEP .

*) For any operator ¢ € r(H, K') we have trace(c*c) = trace(cc*). Since (cOc*)a = (cc”a+
ac*c)/2 (a,c € co(H, K)), it follows that the mapping [co(H, K) 3 a — iBa + iaA] with
A€r(H, H), BE€r(K,K)is an r(H, K)-derivation if and only if trace(A) = trace(B).
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Proof. If Eq itself is a quasigrid then the statement is already contained in Propo-
sition 2.3.

If Eo is not a quasigrid then Ey is isometrically isomorphic to some space of
the form ¢o(H, K) or ¢c2*(H) with infinite dimensional underlying Hilbert spaces
H, K. Thus we may assume that Ey coincides with one of the mentioned operator
spaces. These cases are considered in Lemmas 5.3, 5.5. In any case, let Q@ denote
the quasigrid of all finite rank elements of Eg. Furthermore, let D resp. Dy be the
families of all Q-derivations of E resp. the base space Ej. According to the norm
estimates of the previous lemma, the Q-extension

1¥D0—%Z)
D [DeD: D|E; = D]
is a bijective linear operation Dy «— D such that

1T < 4M, T < 1.

(The inverse T : D ~ D|Ey is obviously contractive). Therefore the operation
T admits a unique linear bicontinuous extension

T:Dy =D

where Dy resp. D denote the closures of the linear submanifolds Dy resp. D in the
spaces Der(Ep) resp. Der(E) with respect to operator norm. Since the quasigrid
@ is norm dense in Eo, and since {ia0a* : a € Q} C Dy, by the continuity of the
mapping a — alla* we have

alla* = Qaltllrr_x_m a;0a) = QalgﬁaT(aiDa*lEo) = T(Q;iga a;alEo)
= T(ala*|Ey) (¢ € Ey).
Hence, by the linearity of the mapping T,
n n n
Z ararOay = T(Z akakDaZlEg) ={ whenever ZakakDa;[Eo =0.
k=1 k=1 k=1

Thus inner derivations of Eg admit unique inner derivative extensions to E.

In view of Proposition 3.2 our main result is immediate.
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—————‘1 . . . . .
heorem 5.7 4 partial Jordan-triple whose base 15 ¢ co-direct sum of a family of

e lementqry 3B -triples has IDEP .

Wefinitign 5-8. Let us call a derivation of a partial J ordan-triple a o-inner deriva-
~ion if it is the norm limit of some sequence of inner derivations.

As 2 by-product of the proof of Theorem 5.6, we have also obtained the

following result.

Corollary 5-9- Let (E,Eo,{ * 1) be a partial Jordan-triple whose base Eq is an
clemeniery IB” -triple with infinite rank or finite dimensions”‘). Then any o-inner

deripation of Eo admits o unigue o-inneT derivative extension to E
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