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On curvature measures

L. L. STACHO

1. Introduction

It s well-known that Steiner’s famous polynomial formula for the volume
function of convex parallel sets is based on the following heuristical idea:

If 4 is a convex open subset of R" (the Euclidean n-space) whose boundary
04 is a C* submanifold of (n—1)-dimensions of R" and =0 then for its parallel
set (of radius @) 4,={ce€R": dist (x, 4)<¢} we have that d(4,) is also an (n—1)-
dimensional C%-submanifold of R", and denoting its infinitesimal surface piece
by dF one can find the following relation between the (n— 1)-dimensional
Hausdorff measures of dF and its projection on 4 (the closure of 4): %)

vol,_y dF = (14 gxy) ... (14 0%,_1) vol,_; dFO with dF° = pr;dF

where %y, ..., %,_, denote the values of the main curvatures of 04 at the place dF°.

Hence one easily deduces that for all bounded Borel sets QR” the #-dimen-
sional Hausdorff measure (which, by definition, coincides with Lebesgue measure
on R") of the figures 7(Q, 0)=AN{tcR": prytcQ} is a polynormal of degree
n in the variable ¢, of the form

) vol, T(Q, ¢) = = a,(0)¢’
J=
where for the coefficients we have

ay(Q) = vol, 0N 4, a,(Q) = vol,_, 0N d4,
and

o= [+ > I %@ @ol,-1 )

J IC{I, ., n—1} i€
QnNaod dI-—J
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Y) For any closed subset B of R” and for x€R"” we define pryx={b€B: dist (x b)=dist (x, B)} ..

For GCR" we define pryG= U PreX.
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for j=2,...,n (card =cardinality); »,(p), ..., %,-1(p) are the main curvatures of
04 at the point p€d4.

This result was considerably generalized by FEDERER [1]: If a closed ser
ACR" is such that

reach 4 = sup {6 = 0: Yxc4,, cardpr x =1} >0 (with 4, = 4),

then there exist (uniquely determined) signed Borel measures g, ..., @, over R"
such that (1) holds for all bounded Borel subsets Q of R" and for all o with
O<g=<reach 4.

Our purpose in the present article is to prove a result analogous to this
theorem which applies to every 4—R” and ¢>0 and which allows us to extend
the concept of curvature measure to the boundary of every 4 cR” in a reasonable
manner.

2. Summary and alternative formulation of some of Federer’s arguments

Theorem A. Let A be g non-empty closed subset of R” and f denote the Sunc-
tion x—dist (x, A) on R™A. The Junction f is totally derivable exactly at those
points of R™A which admit a unique projection on A, and for such a point x,
grad /' (x) coincides with. the unit vector (x—pr x)/dist (x;A). The function [ satisfies
a Lipschitz condition of order one with (exact) Lipschitz constant 1, and- the set
of the singular points Z={xcR™ A4: card pryx=>1} has vol -measure O. Removing
Z from R"™A, the remaining set O=R"™\(4UZ)={xcR™\4: card pr 4x=1} can
de uniquely decomposed into a Jamily Q of pairwise disjoint straight line segments so
that for any member L of Q there exists a (unigque) point D in 04 such that
{p}=pr ,L=LN0A.

Proof. See [2] p. 93, [3] pp. 271 and 216.

Definition. We shall call the members of the family Q described in Theorem
A the prenormals of the set 4. ILe. L(cR") is a prenormal of 4 if there exist a point
p€d4 and a unit vector k(€R") such that L={x¢R"™\4: pr,x={p} and
(x—p)/|x—p| =k}. |

Definition. A mapping f will be called Ct*-smooth if it is defined on some
open subset 2 of some space R*® with f¢ C1(Q) (i.e. if f has a continuous gradient

on £2) and its gradient locally satisfies a Lipschitz condition (ie. for all compact 4

subsets K of Q, Lip (gradf lg)<eo).
Since the composition of C?! +-mappings is also a C *.-mapping, it makes sense
to speak of k(=n)-dimensional C'*-submanifolds of the space R". In particular,
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F is an (n—1)-dimensional C'*-submanifold of R” if, for any y€F, one can find
an open neighborhood G of the point y so that for some Cl*-smooth function
fG—~R with nonvanishing gradient and a suitable constant y we have
GNE={x: f()=7}

Theorem B. If ACR” is a closed set with dA=0 such that go=reach 4 >0
then the function f()=dist(.,4) is Clt-smooth on the domain G=
= {x€R": O<dist (x, A)<g,}. The figures 0(4,)={x: dist (x, 4)=0} (O<o<gy)
are (n—1)-dimensional C**-submanifolds of R". By setting B=A, , we have
reach B=o, and 3(.4@):8(3@__91) whenever 0<g@—<g,=g,, that is, also introducing
parallle sets of negative radius®) we have 3(AQ)=8[(A91)9_91] Jor all 0<g<oco. The
main curvatures %,(p), ..., %,_,(p) of the hypersurface ((n—1)-dimensional C**-
submanifold) M E&(Ael) of R" oriented by its normal grad f exist at vol,_,-almost
every point p&M and their elementary symmetrical polynomials, i.e. the JSunctions
(e 3, 1)y s 2y ( Do, (), are vol, _,-measurable. Further, we have
-1/(@0-Qlj§%i§1/gl (=1, ...,n=1). If T is any subset of R" formed by the
union of some prenormals of the set A such that T Agy is vol,~measurable then, for
O<g~<reach 4,

@ vol,a TN, = [ [1+(e=e)ml ... [1+(e—e)%,-ild vol,_,
TOM
and :
4
2) vol, TNA, = [ [ [1+(@E—g)] ... [1+(z— 0) a1l d vOl,_, dr.
0 TNM

Proof. See sections “Sets with positive reach” and “Curvature measares” in [1].

We remark that the connection betwéen (2) and (2') is established by the

following more general observation: -

Lemma L If §=ACR" and T is a vol,-measurable subset of R™N\A4 then
(3) vol, 7= [ (vol,_, TN (4,)de.
0
Proof. See e.g. [3] p. 271.

#) For <0 and ACR", A,={xcR": dist(x, R™\4) > —d}.

13
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3. A separability argument

Definition. We shall call a subset S=0 of the product space R*XR" 3
generalized oriented surface (GOS) if for all (y, k)€.S we have ||k|=1 and one can
find an &>0 (depending on (y, %)) so that

dist (y, y+¢k) = ¢ = dist (y/, y+¢k) forany (y,k’)eS and 0= 0 =e.

If 4 is a non-empty proper subset of R” then let d+ 4 denote the figure in
R"XR" defined by

d*4 ={(y, k): y€d4, |k| =1 and 3L prenormal of 4 LD y-+(0, length L)- k}.
It is clear from Theorem A that all the sets d+ 4 are GOS-s.

Lemma 2. Suppose that A is a subset of non-empty compact boundary in R"
with go=reach 4>0. Then

a) the figure d* A is compact (with respect 0 the topology of R"XR")

b) the mapping :(d*A)X(0, o) ~R", O((3,k), 0)=y+0-k is a homeo-
morphism between the sets (d+A4)X(0, go) and A, N4, and P+ AX{o})= d4,
whenever 0-<g<g,.

Proof. a) The GOF d* 4 is bounded in R"XR” because it is contained in
the product of the compact figures 94 and OB"={kcR":|k|=1}. On the other
hand, it is also closed since in case of any sequence {(y;, k) i€Iycdt 4 with
(Vi» k) ~(», k) we necessarily have y€d4 and ||k|=1, and for O=g¢=<g, the
equalities  g=dist (y,+¢-k;, y)=dist (y,+0- kz,aA) dist (y,+0-k;, 4) imply
(by continuity of the function dist (., 4)) g=dist (y+¢-k, y)=dist y+e-k, A)
ie, yEpr4(y-+ek). This shows that {y}=pr (y+ok) (since g<reach A). There-
fore, by taking L={y+¢-k: 0<g<o and {y}=pr (y+0k)}, we obtain from
Theorem A that L is a prenormal of 4 and L=y+(0, length LYk ie. (y,k)ed+ 4.

b) By Theorem A and the definition of d* A4, the condition reach A=gy=0
means that the mapping & is one-to-one. By fixing an arbitrary pair ¢,, g, such
that 0<g;<g@,=<gy, we see that the figure D(g,, g)=(d* A)X[o,, Qo] is a com-
pact subset of dom @ (since the GOS d* 4 is compact). Since @ is obviously con-
tmuous, ®|D(g;, ¢5) is a homeomorphism (because the inverse of any continuous
function with compact domain between Hausdorff spaces is coontinuous). But
then the inverse of ¢ is necessarily continuous over the open set A4 \A con-

tained in ®(D(g,, 05)). Thus the relation range &= 4, \A~ U (4, \Aal)

0
immediately implies continuity of &2, “er=ea=e

Lemma 3. Let A4, g, @ bedeﬁned as in the previous lemma with the same

assumptions. Then there exists a Borel measure u and there are p-measurable SJunc-

on o



On curvature measures 195

tions g, ...,a,_; over dtA such that for each O<g<g, and vol,_,-measurable
Fcd(4,), we have
n—1 . .
) vol, s F= [ 1p(y+0-k) 2 ;00 )’ du(y, k).
= - -

dt4

(Here 15(.) stays for the characteristic Junction of F.)

Proof. Fix (arbitrarily) a value O<g;<g,. Consider the mapping ¥ ()=
=(., g,). Observe that ¥:d T4<-0(4,) and that &(¥-1(), 0): 9(4, )>0(4)
for 0<g~<g, are homeomorphisms. Therefore the measure ~

(59 dp = dvol,_,oy %)

is 2 Borel measure on d+A. Further, if »,, ..., %,_, denote the main curvatures
of the hypersurface M=9(4 o) oOriented by its normal directed outward from
A, then the functions gy, ..., a, , defined implicitly by

. . C n—1 .
5 [I+G—e) 3y +0 ] ... [14+(t—0) 26—y (P + 0, )] = ZO a;(y, k)t

j=

(for 0 <1< @4, (3, k)€ dt4)
are p measurable (cf. Theorem B). Now let T(F) denote the union of those pre-
normals of 4 which intersect F (the surface piece of d(4 o) occurring in (4)). Then
we have T(F)N4, =®(¥~1(F)(0, gp)). This shows that for any Borel measur-
able F, the figure T(F )4, 1is also Borel measurable. Then performing the sub-
stitutions (5") and (5”) in. the right hand side of (4), we obtain from Theorem B
(cf. also (2)) that (4) holds for any Borel subset F of 0(4,). Hence we derive (4)
for any vol,_, measurable F from the Borel regularity of the measures vol,_,
and u, respectively.

Remark. a) It is clear that the system g, 4, ..., a,_, is not uniquely determined.
However, it is discovered from the proof that the measures dyv=aydy, ..., dv, =
=a,_;dy depend only on the GOS d*4 (in the sence that if A® and A® are
sets in R" of positive reach and (u®, a?, ..., a® ) are systems satisfying (4) for
A=49 (i=1,2), respectively, then for the measures dvf’zag.’")d/vz(") (i=1,2,;
J=0, ...,n—1) we have

AvP(d+*ADYN (d+A®) = dvPld+* AN (d*4@) (j=0,...,n—1)
n—1 .
b) For any (y, k)€d+ 4, the roots of the polynomial 3’ a;(y, k)¢’ are real
: <

J=
(cf. (5")) and lie outside ~of the open interval (0, go) (cf. with the relations
~1/(@o—e) =%, ..., %, ,=1/¢; in Theorem B).’

#) The measure vol,_; 0 ¥ is defined on the family of subsets of d* 4 F={¥-YE): EC ) Agds
E is vol,_;-measurable} by (vol,.,o ¥)(P)=vol,_,( ¥(D)) for any DEZ.

13%



196 . L. L. Stachd

Corollary (with the notations and assumptions of Lemma 2). Formula (4)
implies that for all vol,-measurable subsets T of A o \A (= D((d+ A)X(0, g0)))
we have

n—1
@) vol, 7= [ [1:(3+e-k) Z 2,00, )¢ dg dp(y, k).
d¥4 0 J=0

Proof. Consider the family of surface pieces F(g)= Tﬂa(A) For p¢=g,
we have F(¢)=0 and for almost every O< =<0, F(0) 1s a vol,_,-measurable
subset of d(4,). Thus we can apply Lemma 2 for almost every 0<go<g, whence
we obtain that

vol,—1 TN d(4,) = vol,_; Fo) = f Irnacay (v + ¢k) 2 a; (v, ke’ d(y, k) =

d+4

= [1:(r+gk) 2’ a;(y, )¢’ duy, k).

v
Hence, by Lemma 1,

vol, T = f [ 1T<y+ek> 2 a;(y, k) du(y, k) de.
0 dv4
Observe that in the above formula, y-+gk= o((y, k), 0) stays in the argument
of the function 1,(). Since @ is a homeomorphlsm between (d* A4)X(0, 0o) and
4, \A and since the measures du, d vol, and do are Borel regular measures, re-
spectlvely, this means that the product measure d’L‘ =duxXdp (l.e. =duxdvol)
satisfies
) n—1 .
voL, 7= [ 1:(+ek) 3 a,(, e’ dv(v, k, o).
i=

@+ 4} x (0,09

This immediately yields (4") by Fubini’s theorem.

Notation. If 4cR" is closed with 0450, then for any (y, k)cd* 4 let
LA(y, k) denote in the sequel the prenormal of 4 issued from the point y(€04)
in the direction of the vector k, and let h“4(y, k) denote the length of the line
segment LA4(y, k).

Remark. It is easy to see that the value reach 4 is not other than the greatest
lower bound of the function /* (i.e. reach A=inf h4(=inf {h4(y, k): (v, k) €d +A4}).

Lemma 4. Let A be closed and A4 =0.

a) For any ¢>0, the GOS {(y,k)€d*A: h*(y, k)=s} is closed (in R*XR")

b) d*A is Borel measurable (moreover it is an F,).

¢) For almost every 9=0, the set (9(A ) is of o-finite vol,_,-measure.

d) For the set Z*={y+h*(y, k)k: (y, k)cd*+ 4 with k""(y, k)y<o}, we have
vol, ;Z*N0(4,)=0 except for countably many values of o=0.
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Proof. a) From Theorem A we know that
© d* A ={(y, }): 3XER™\4, yeprex and k = (x—p)/|x—yl}

Now-if {(y;, k;): i€I}cd ¥ 4 is a convergent sequence such that #4(y;, k) =e
(i€l and (y,,k)—~(»,k), then for x=y+ek we have x;—x and y,Epr,x; with
k;=(x;—y)/llx;—y;ll- (for all i€I). Since, in general, the condition y’ €pr x’ is
equivalent to dist (x", 4)=dist (x’,»"), we infer from the continuity of the func-
tions || and dist(.,4) that dist{x,y)=dist(x, A)=¢ ie. yé€pryx and
k=(x—y)/|x—yll. This shows by (6) that (y,k)cd*A.

b) Since d*A= ) {(,k): k(y, K)=1/m).
’ m=1
¢) Applying Lemma 1 we obtain

s> vol, [rB"N(R™\4)] = f vol, _,[rB*Nd(4)]do

-—cD

for all r=0%. Thus for any r=>0, there exists a set 4 ,C(0, =) such that
vol,_, [rB*Nd(A4,)]< - whenever ¢€(0, =)\ 4,. Thus if g¢ U 4,, then the vol,
measure of d(4,) (= U [mB*N0(4,)]) is o-finite.

d) Fix (an arbltrary) 6=0 such that d(4;) has o-finite vol,_,-measure, and
for all ¢=> let A, denote the binary relation 4,={(x, 2): 268(A )» XEPrz, z¥{=
={(y+05k, y+0k): (y, kyed* A and Ki(y, k)=p}. Now we know (see [4] p 254)
that for distinct z,, z, (€R") there cannot be found any x(€ERM with (x, z),
(X, z5) €4, and that the mapping 4, defined by A, (x)=z S (x, z)€ 4, is Lipschitzian
with dom A,=pr eB(AQ) and rangel =0(4,) for any ¢=9d. So for each ¢=0,
we have vol,,_1 Z*N0(A,)=0 whenever the set /1;1(2* NO(A4y) ={y+5k:h*(p, k)=0}
has vol,_;-measure 0. But the sets {y+06k: h4(y, k)=g} (0=0) are all pairwise
disjoint subsets of 0(4;). From a) we infer that they are Borel measurable. There-
fore the o-finiteness of vol,_; 0(4;) implies that there exist at most countably
many ¢=>3 such that vol . {y-+6k: h*(y, k)=0}=0. This suffices for d) since
the value of 6=0 can be chosen arbitrarily small.

Theorem 1. Let ACR" be closed and 0A#0. If one can find a sequence
AL, A2, ...(CR") of sets with non empty compact boundary such that

@) drdc | d+d,

i=1

| b) hy=reach4'>=0 for i=12,...,

%) B" is the standard notation for the open unit ball of R".
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) For all (3. K)€d* 4 we have h4(y, k)=sup {h;: (v, k)ed A, then there
exists a Borel measure  on d+ A and there are u-measurable functions a,, ..., a
(over d*A) such that '

n—1

R4y, k)

. n—1 )
(7) vol, 7= [ [ Ir(v+0k) 2 a;(y, K)o’ do du(y, k)
d+4 o 7=

Jor all vol,-measurable Tc R™ 4.

Proof. Set Sy=@@+A)NE+4Y, ..., S=[d*HNEr4HNU S, ... and

. . i<i .
for i=1,2,... let (4, ys -5 @, ;) be a fixed system satisfying (7) (putting 4 in
the place of 4, i/ instead of u etc. in Lemma 3). Now S1, S, ... 18 a sequence of
Borel-measurable GOS-s forming a partition of d*A4. We also have S;cdt 4

(=1,2,...). So we can defirie the system (g, dys ---> @,_5) in the following way:

oo

®) wE)Y=JU(ENS) for Ecd*d (= dulS; = di|S; for i=1,2,..)

i=1

(in the sense that a set F is y-measurable if and only if for all indices i, the sets
ENS; are p'-measurable), and

G a0k =d@.k) for 3,keS, (=0, .. n—1 and i=1,2,..).

Consider now a simple Borel function Jfid* 4]0, =] such that f<#A* and
range f={c, ¢y, ...}, and set G={y+ok: (y,k)ed+ A4, 0<g¢=<f(y, k)}. Then it
easily follows from Lemma 3 that . :

f(y, k) n—1.
&) voLTNG, = [ [ 1p(y+gk) 2 4,0, kel dedu(y, k)
d+t4 o J=
for each vol,-measurable Tc R™ 4.
To prove (9), take the following Borel-measurable partition {S,,:i, m=1, 2, o}
of d*4 defined by

Sy = {(y, kYe f~({c,}): i is the smallest index with i, k)ed+A4 énd h; > cm}.

Then consider the partition {Byn:i,m=1,2, ...} of G, deﬁﬁed by B, =
={y+ok:(y,k)cS,,, O0<g=<c,}. Then fix an arbitrary pair of indices i, m. Apply-
ing Lemma 2b) to A, we see that the domain B, is Borel measurable. -
Since for any (y,k)€S;, and O=g<h%( y.k) we have 1, s, (y+0k)=

=1(y+0k)-1 5,m(PK) 1 . (), using Lemma 3 (with A4’ instead of 4 and




On curvature measures 199
with g,=h,), we have

vol, TN B, = [ f Lr(y+0k)- 1, (v, k)lm,cm)(@) 2 ai(y, k)l dedu(y, k) =

dt4 0 .

ff Lr(y+ k) Z a; S0, D0 do d(y, k) =

im

S;

5.0 n—1
= i{ [ 1+ -1s, (7, B) 1,0 (0) 2 a;0n kel dedu(y, o,
+4 0 =
Summing this for 7, m=1,2, ..., we obtain (9).

In possession of (9) we can conclude as follows: Lemma 4a) shows that the
function 2%: d*A—~(0, =] is Borel-measurable (moreover that it is upper semi-
continuous). Therefore there exists a sequence 0=f;=f;=... of simple Borel-
functions such that f, /A% (pointwise). For any such- a sequence {f};", we

have U Gy ={y+ok: (y,k)€d* 4, 0<o<h'(y, k)} R™N(AUZ* where Z*=
_{y+h‘4(y, k) k: h*(y, k)<<s}. So, for i—es, it follows from (9) that

h4(y, k) n—1 .
(7) v, INZ* = [ [ 120+l 3 0,0 K)o’ dedu(y, ).
- j=

dt4d o
But now the relation Z*——(R"\A)\U shows that Z*™ is a Borel-set. Thus

we may apply Lemma 1 to Z* (in place of T there) which implies (by Lemma 4d))
that. vol, Z*=0.

4. Some convexity properties of parallel sets

Our aim in this section will be to prove that there always exist sets A%, 42, ...
satisfying the conditions of Theorem 1.

Lemma 5. Let x,€R" and 0,>0. Then the function g(.)= dist (., x,)— ——-—-ﬂ |2

is concave on the domain G={x:dist (x, x,)>0,}. (A function f is said to be
concave on a domain H if it is concave in the usual sence when restricted to any
convex subset of H.)

Proof. Evaluate the eigenvalues of the second derivative tensor’) of the
function f at a point x,€G. It is convenient to use a Cartesian coordinate system

%) The second derivative tensor of a function f: H(CcR")~R at a point x€H is considered

here as the bilinear form D, f(x): R"XR"*-R, (v, v5) l—+3913,,2f(x) where the symbol 8, means
the directional derivation in the direction v(€R") ie. 9, f(¥)=lim A~ *[f(y+ lv) —FO)].
AN
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with origin x, and first unit vector e, =H Then, independently of the
L —

choice of the further basic vectors e,, ..., ¢,, the function JC)=dist (L, %) s
represented by the form o(¢&,, ..., ,,)=f(x0+§1e1+....+€,,e,,)=1/£§+...+§§ in
this coordinate system. Since Xy =Xg+[ % — 3]l e;, the eigenvalues of D, f(x;)

.. . . 0? " ..
comcide with those of the matrix M 5( 4 ) . But it is
351‘ 851‘ (> —xgil, 0,...,00/4, j=1

easy to see that M is of diagonal form with 0, fleg —x, 2, ..., 16, — 2]~ in its
main diagonal. On the other hand, D,|. |2 is represented in any Cartesian system
by the matrix I=(2. 01t j=1 (6;; denotes the “Kronecker 6°). Therefore the eigen-

values of D, f(x,) are -EI- and [x; —x,| ‘1——-;- (with multiplicity 7 — 1), all negat-
0 0

ive numbers. This completes the proof by recalling that any function of negative
definite second derivative tensor is concave on any open convex subset of its domajr.

Theorem 2. Let AR be sych that 040 and Jix 0,=0. Then the Junction
g(.)=dist(., 4) -—22— .17 is concave on the domain G= {x€R": dist (x, A)>g,}.
0 N .

Proof. fis the infimum of the function family F= {dist(., 4) ——2+;— 112 xe4}.
0

By Lemma 5, all members of F are concave functions on G. But the mnfimum of
any family of concave functions in concave.

Corollary. All directional derivatives of the Junction f(.)=dist (., 4) exist
in R"™\A4. For a fixed X ER™4, the function 10, f(xo) is continuous and Super-
linear (i.e. positive homogeneous and concave ).

Proof. Apply Theorem 2 with QOE—;: dist (x,, 4). This shows that the func-
tion g(.)zf('.)-iég- I.II* is concave on some neighborhood of the point x,.

1] . ) :
Therefore 0, f(x,) exists for all Z€R" and satisfies 4,7 (xo)z-&‘tg(xo)-l—-gl(t, Xg)-
(i] R

Thus 10, f(x,) is the sum of a continuous superlinear and 2 linear form of ¢
(since the directional derivatives at a fixed point of any concave R"-R function
are continuous and superlinear.)

Theorem 3. Ler ACR" pe closed and f(.):—:dist (., A). Then for any xo§ A4
and for any te€R™ we have : » - .

9, f(xs) = min {< : ﬁ> yepr, xo},
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Proof. Consider an arbitrary y,€pr, x,. Now we have f(x,+At)—f(x,)=
= dist (xo+ Az, A)—dist (xy, A) = dist (x,+ Az, A)—dist (xq, yo) = dist (xg+ A1, yg) —
—dist (x4, ). Thus, by writing A(.)=dist (., y,), we obtain 9,1 (x)=0,k(x,)=

= (e smad b= (1o =)= min{ (P00 ) veprn).

1y — %ol
- The proof of the inequality in the converse direction: Let us associate with

any x€R™\4 a point y(x) from the set pr x and then let ¢, denote the function
¢, ()=dist(., y(x)). Now we have f= eiﬁ}‘{A @, and for all x¢ 4, f(x)=¢, (x).

Thus, by writing Y ()=, (), we obtain

UGt 20)=F el & 5[ oot ) = (el = -1 G A1) — G = 0,0/ (o)

for any arbitrarily fixed €R” and A>0. (The last inequality is a consequence of

the convexity of ¥.) Hence from the relation grady (x,)= %=y (¥o+24) , we
deduce that 166 =y (xo -+ AD)||

Xo— Y (Xg+ AL)
%=y Co-+ A0

(10) % [f(xe+A)—f(x)] = <t, > whenever 1> 0.

Since for any bounded GCR™ A the set {y(x): x€G} is also bounded, there can
be found a sequence 4,\\0 such that the sequence {y(x,+41,7)};° be convergent.
Fix such a sequence {4,};" and set y*E_liim Y{(xo+A;2). Now by (10) we have

’ — xﬁ_y*
10) G = (1, 220,

On the other hand from the equivalence of the relations dist (x,+4,2 4)=
=dist (xo+A1, y(xo+4;2)) and y(xo+A,)€pr,(x,+7;t) we infer for i—eo that
y*€pr 4x,. Thus for some y*€pr, x,, (10") holds.

From now on, throughout the remaining part of this section, let 4 denote
a fixed closed subset of R”, let x,€R™\ 4 (also fixed), r=rad pr x, %), o=dist (x,, 4)
and f(.)=dist (., A). '

Lemma 6. max(i) Flt)=V1—(/o)* if r<e and max(3 Fx)/ltl) O
if and only if r=g. (Since prAxOC{y | y—xoll =0}, the posszbzlzty r=0 is
excluded).

%) For any set HCR", rad H=inf {§=0: 3pc¢R" HCp+6B".
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Proof. Since the function 10, f(x,) is superlinear and continuous, a simple

compactness argument shows that max 2, (x)/llz|l is always attained for some

LER™ with ||z =1. Now if 0, S (x,)>0, then the set Pryxy 1s contained in the
spherical cap '

K={yeR" |ly—x| = o, (to: Y=%0) = 0+ 0, f (x0)).

But then, by writing pzxo-(goc‘)tof(xg))to, we have Kc{y:(y—p|=
=Yo*—(o-0, JS(x0))*}.  Thus 0, f(x)=0 implies that r=y1-(, S(x))? and
therefore 9, Flx)=V1= (r/0)2.

On the other hand, if r<g then, because of the compactness of the set pr , x,,
there exists a unique closed ball B(<R") of radius r such that pr x,CB. Con-
sider the spherical cap K'={ycB:| y—xll=¢}. It is not hard to prove that the
closed bali B'(cR" of minimal radius containing the set K’ is that whose center
and radius coincide with those of the (n—1)-dimensional sphere S’=
={y€oB:|y—x,| =g}, respectively. Since pr 4% CK'CB’, we necessarily have
B’=B. Let g denote the center of B and set L=Xo—q. Since the point ¢ is the
center of S”, we have angle (¢, y—g)=x/2 for all y€S’. Hence we deduce
(812 =Vxo—y]2= 1y—qll* =Vo*—r? (with arbitrary y€.S’). Observe now that

K'={y:|y—x,] = and angle(t;,y—q) = 7:/2}={J<; 1y —2x,]l = o, ;(153;“_“ 7)=0}.

Therefore, by Theorem 5 we obtain
0 fG) = min{(8, 20 oy = g, (5 ) = 0 = (1, 20) — o,

S0 r<g implies that maxd, f(x)/lel =ll/o= YT= GTF.

Definition. We call a vector £(€R") a tangent vector of a set S(CR") at the
point x€S if =0 if there is a sequence XF X1, Xg, ...€S such that x;—~x and

a 1 ZS :t * 1 i
)

The set of the tangent vectors of S of x will be denoted by Tan (x, S).

Lemma 7. If r<g then Jor any teR™ we have

a) t€Tan (%0, 0(4,)) if and only if 9, f(x,)=0,

b) #€Tan (x,, R™4,) if and only if 0, f(x,) =0. 4
(I.e. Tan (%0, R"™\4,) is a closed convex cone with non-empty interior and bound-
ary and its boundary coincides with Tan (%o, d(4,)).)




|
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Proof. Since R™\4,={x:f(x)=¢} and f(x,)=¢, we can immediately
establish that 0,f(x,)=0 implies #€Tan (xy, R"™\4,) and that in case of
t€Tan (x;, R"™\4,) we have 0,f (xg) 0. Therefore it suffices to prove just the
statement a).

~ Since o(4)=1{x: f(x)= Q} it is clear that- 9 J(x0)=0 for all z€Tan (x, 0(4,)).
To prove 9, f(x,)=0=¢€Tan (x,,0(4,)) we can proceed as follows. Let
C={t: 9,f(x,)=0} and F(¢)=0,f(x,). From the continuity and superlinearity
of the functional F it follows that C is a closed convex cone. Lemma 6 ensures
that, for some t,€ C, we have F(¢,)=0. Since there also exists a vector #; such that
F(t)<0 (e.g. the vector t,=y—x, with an arbitrary y€pr x,), from the super-
linearity and continuity of F we easily deduce that

F(t)>0¢;>t€é (the interior of C), F(f)=0«1€dC, and F(t) <014 C(VIERY).

Therefore we have to show that for any 0x¢/€0C and &=>0 there exists a point
x€8(4,) such that O<[x—x,l<e and angle(z, x—x,)<e. But it is a directe
corollary from continuity of F.

Lemma 8. If S is any subset of R", x€ 8 and L denotes the smallest cone con-
taining the unit vectors k(ER") satisfying (x,k)€d™S then Tan (x, §)Cdual L7)
(or which is the same Lcdual Tan (s, S)).

Proof. We must prove that in case of (x, k)ed ™S, for any z€Tan (x, S) we
have (f,k)<0. Proceed by contradiction. Suppose that (x,k)€d*S and
téTan (x, S) are such that {z,k)>0. Since the figure Tan (x, S) is a cone, we
may assume without loss of generality that [¢||=1. Consider a sequence
X#Xy, Xg, -..~% in S such that angle (¢, x,—x)—>0 (i—o) and set A=]|x,—x]|
and tiE-};l— (x;—x) (i=1,2,...). Observe now that ¢,—¢ and that for any arbitrar-
ily fixed ¢’=0, the function ¥ (.)=dist (., x+0’k) satisfies

lim - [dist Gx;, -+’ k) ~@'] = Hm o [ G-+ byt ()] =
= fim [ e+ bt~ ()] = D () = (5, ) = 0.

This shows that dist (x;., x+o’k)<¢o’ holds for some index i. Thus we necessarily
have (y, k) ¢d*S by the arbitrariness of ¢">0 and the definition of the GOS d*S.

7} For any set HCR" we define its dual by dual H={tER™: YucH(, u)=0}.



204 : L. L. Staché

Remark. The converse inclusion L>dual Tan (x, S) failsin general. Example:
In n=2 dimensions for S= {& meRre: y=|¢ %}, x=(0, 0) and k=(0,1) we have
Tan (x, $)={(z;, 1,): 7, =0}={rcR2: (k, £Y=0} while (»,k)¢d*S. However, one
can conjecture that if S =R"\4, and x=x, then L=dual Tan (xg, R™4,)
always holds. It will suit our requirements the following simpler special case:

Theorem 4. Suppose r<g. Then :
a) the figure D= {y: x, €Prgm 4, Y} is comvex and closed (this holds even

Jor r=p),
b) one can represent the set D°=conv ({x,} Upr 4%0) °) as the union of straight

line segments issued Jrom the point Xo and of length Vo?— 12,
©) If L=[0, ){k: (x,, k)ed* R™N4p)} then we have
L =10, «)(D~x,) = [0, ©)(D°—x) = dual Tan (%0, R™\4,)

&) BN, K) = V@7 whenever (3, k)€ d* (R™A,),

Proof. a) From the definition of Prpms 4,y We infer that

D ={y: VxcR™\4,, dist (y, x,) = dist (o, x)} =xERQ\ ) Wy —xll = lly—xf).

Thus D is the intersection of some family of closed half spaces (or D=R" if
{xo}=R"\4,). ’ _
b) For the sake of simplicity, we can assume (without loss of generality)

that x0=0. .
It is well-known that, in general, the closed convex hull of any compact subset

of R* coincides with its algebraic convex hull. Hence

conv ({xo}U pr4 x,) =
={a Ay 0=a=1,J,, o dm =0, 32, =1 and y,, wovs Ym€ Py Xo b
1 1 _

Thus we can write D=0, 1]. conv (pr4x0)=J{[0, 11- ¢: ceconv (pr xo)}). There-
fore it suffices to see that for any ceconv (pr,x,) we have lel=Vo? =72 Let fo
be a unit vector such that 8,0 Fx)=V1=(r/o)? (its existence is established
by Lemma 6). : ‘ '

¥ For HCR” conf H denotes the closed convex hull of & .(i.e. the smallest closed convex
subset of R» containing ). S
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From Theorem 5 we infer that for any finite convex linear combination
c=Myi+...+24,y, of some points of pr x, we have

(tor &) = 3 2lto, 9 = = 3 2ltos 503 = = 92/1<t0, — l>>

m

%’ 10 f (X0) = —00:, fx0) = — V¢ "‘7"2,
whence [l =llto] - el = Kty, ) =VT= 7.

¢) The relation L=[0, «)(D—x,) directly follows from the definitions. From
Lemma 7b) and Theorem 5 we also have that z€Tan (x,, R"™\ 4,0, f(x)=0=
oV yepr  xo{t, Xo—y) =0, et €dual [(pr 4 x,) — X}t € dual (D° —xp) € dual [0, ) -
- (D°—xg). Thus Tan (x,, R™\4,)=dual [0, «)(D°—x,). Since both Tan (x,, R"™\4,)
and [0, «)(D°—x,) are closed convex cones in R”, respectively, from Farkas’s
well-known theorem we infer [0, «)(D°—x,)=dual Tan (x,, R"™\4,)- Then observe
that from the definition of the set D it follows x,€D and pr,x,cD. This implies
by a) that D°cD and therefore [0, e)(D°—x,)C[0, )(D—x,). At this point
the proof of ¢) is completed by Lemma 8 which shows (for S=R™ 4, and x=x,)
that Lcdual Tan (x, R™\4,), since we have proved here L=[0, «)(D—xy)D
[0, «o)(D°—x,) =dual Tan (xy, R™\4,).

d) is immediate from b) and c).

IIV

Corollary. If ¢=0, ACR" is closed and rad A<g then Hh¥ o=
= V0% — (rad A)2 »

Proof. Let (xy,k)€d+(R™\4,). Now we have x,€0(R"™\4,)=0(4,) and
r=rad pr xy=rad A<g. Thus Theorem 4d) can be applied.

5. Main Theorem

On the basis of the previous section we can construct the sets 4!, 4% .
required by Theorem 1.

Lemma 9. For any closed subset A of the space R™ with 0A#0 there exists
a countable family A={A4": acl} of subsets of R" with positive reach and compact
boundary such that |Jd+*A>d*A* and hi(y, k)=sup {reach 4*: (y, k)€d* A%}

acl

hold for any (y,k)ed™A.

. Proof. Let g4, @2, ... be an enumeration of the-positive rational numbers
and for i=1,2,... let the set B’ defined by B'=9(4,). Now we obtain from
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the definition of the function rA(:d+ 4, )) that
(11H B = d(4,) = {y+ o:k: (v,kyed+4 and Ay, k) = o) (i=1,2, ).

Then let each set B’ be covered by a countable family K% K52 . of closed balls
of radius 0,/(27) and define the sets  A%5s (i, s=1,2, ...) as follows: set GS=
=B'NK" and et AP =RN(G™), (={: dist (3, G*9)=g,}).

Observe that if (y, k)ed+ 4 i such that 4(y, k)=g, and Y+0,k€G*S then
(for the same pair of indices I,s) we have dist (y+o;k, A"’S)::g,. and hence

(r k)ed* 4% (i, s=1, 2,...). Since D G**=PR', this means by (11) that
g=1
(12) ORed 4 o = o} [ arars =15, )
s=1

It follows from (12) that d+4c (] g+ 4is
iy8=1

Since the figure G* is contained in the ball K*»* whose radius equals to ai/(21),
we have from the Corollary of Theorem 4 that reach AP =inf b4 =inf RNG 9, =
=0, /1— (4% >0 (i, s= 1,2,..). So from (12) we also infer that

sup {reach 4%%: (3, kyed+4-s) = W (y, k)

for each (y, kycd+4. Finally, the inclusions &4”’3:3[R”\(G"’S}Qj:3((Gi’?})gijc
C(Gi’s)gic(f("’s)g_ immediately imply compactness of 94"* (, s=1,2, ...). Thus
the choice A={4"s: s=1,2, ...} suits our requirements.

Theorem 3. For every closed A4cR® of nom-empty boundary there exists
a Borel measyre 1 over the generalized oriented surface d* 4. and there can be found
U-measurable functions ay(.), ..., w—1(.) such that Jor any Lebesgue integrable
Junction @:R™ A-R" e have

h4(y, k)

. =1
(13) J odvol, = [ PO+ek) 3 ay(y, el dodu(y, k) =
R™\ 4 d+d o F=0

n—1 - .
== fgo(y-{-gk) 2{} aj(y: k)QJdT(ya ka Q)
D J= , ‘

where D={(y, k, 0): (¥, k)edr 4 and ¢ oe<h*(y, k)} énd duv denotes the pmduct ‘
measure duxdlength over {d™*4).
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Proof. From Lemma 9 and Theorem 1 we immediately obtain (13) for char-
acteristic functions of vol,-measurable subsets of R"™\ 4. By taking linear com-
binations we can pass to simple R"™\4~R functions and then a standard density
argument establishes (13) for arbitrary Lebesgue integrable R™\4—~R functions.

Corollary. For p-almost every (y,k)eéd™ A, the zeros of the polynomial
nZ’ a;(y, k)@’ are real and lie outside (0, h*(y, k)).
=6

Proof. Recall the construction of the measure p and the functions a; in
Theorem 1 (8’) and (8”). Applying the same notations (and definitions) as in The-
orem 1, we can proceed as follows: From Remark a) after Lemma 3 we infer that
for any fixed pair of indices i#,,i, one can write a’ldu‘l—a’ldu’z (j=0,....,n=1)
when restricted to the 'set (d+A")N(d+4%). This shows now that there exists
a subset Rv: of (d*AM)N(d+4%) such that p(R»%)=p2(Rv2)=0 and
there is a function Ci iyt [(d*‘A’l)(d T AR N R (0, o) such that all(y, k)=
(y, k)a’?(y, k) (j= O .,n—1) for any (y, k)edom Cipoiy- This 1s equwalent

z1 iy

to the condition that the roots of the polynomials Z’ a3 (y, k)¢’ and Z’ a?(y, k) o’
are the same with the same multiplicity (for all (y, k)edom ¢; ) Let then
(3, KYe(d ™4\ U Rv% be arbitrarily ﬁxed Now Remark b) after Lemmma 3

i1, ia=1

implies that the zeros of the polynomial Z’ a;(y, k)yo’ are real and lie outside the

interval (0, reach 4% for any i, such that (», k)ed* A, Therefore p(.) cannot
have any zero inside (_{(0, reach 4): (y, k)ed + 47} =(0, sup {reach 4*: (y,k)ed T 4'})D

(0, 7*(y, k)). Since by (8) we have u((d+*A)N U le_() the previous

iy,ig=1

statement holds for .u-almost every (y,k)ed* A.
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