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ON VOLUME AND SURFACE AREA OF PARALLEL SETS

JAN RATAJ AND STEFFEN WINTER

ABSTRACT. The r-parallel set to a set A in a Euclidean space consists of all
points with distance at most r from A. We clarify the relation between the vol-
ume and the surface area of parallel sets and study the asymptotic behaviour
of both quantities as r tends to 0. We show, for instance, that in general, the
existence of a (suitably rescaled) limit of the surface area implies the existence
of the corresponding limit for the volume, known as the Minkowski content.
A full characterisation is obtained for the case of self-similar fractal sets. Ap-
plications to stationary random sets are discussed as well, in particular, to the
trajectory of the Brownian motion.

1. INTRODUCTION

For r > 0, the r-parallel set A, of a subset A of R? is the set of all points with
distance at most r from A. As r tends to 0, the parallel sets A, approximate the
closure of A. The volume V4 (r) of A, was investigated by Kneser [10] and later by
Stachd [19] who also studied the relation to the (d — 1)-dimensional content of the
boundary 0A,. Recently, Hug et al. [9] derived a generalized Steiner formula for
closed sets in R? and obtained as a corollary relations for the volume and surface
area of parallel sets strengthening those of Stacho.

Also in fractal geometry, parallel sets play an important role. Minkowski content
and Minkowski dimension of A describe the asymptotic behaviour of the volume of
A, asr — 0. The Minkowski dimension (which is equivalent to the box dimension)
is an important tool in applications. The Minkowski measurability of a set A, i.e.
the existence of its Minkowski content as a positive and finite number, is deeply
connected with the spectral theory on domains "bounded” by A, cf. [I1] and the
references therein. For self-similar sets in R?, Gatzouras [7] gave a characterization
of Minkowski measurability and derived formulas for the Minkowski content (in case
it exists) and some suitably averaged counterpart. The idea of approximation with
parallel sets has also been used to introduce certain other geometric quantities for
fractal sets: Winter [20] and Zéahle [21] considered (total) curvature measures of the
parallel sets (whenever defined in a generalized sense) and introduced appropriately
rescaled limits (as r — 0) as fractal curvatures.

Parallel sets have also been used to approximate the highly irregular trajectory
of the Brownian motion. Formulas for the mean volume of the parallel sets are

Date: October 12, 2010.

2000 Mathematics Subject Classification. 28A75, 28A80, 52A20, 60D05.

Key words and phrases. parallel set, surface area, Minkowski content, Minkowski dimension,
self-similar set, random set.

The first author was supported by the Czech Ministry of Education, project no. MSM
0021620839. The paper was completed while both authors were supported by a cooperation
grant of the Czech and the German science foundation, GACR project no. P201/10/J039 and
DFG project no. WE 1613/2-1.


http://arxiv.org/abs/0905.3279v2

2 JAN RATAJ AND STEFFEN WINTER

known for decades. Recently, also the mean surface area has been investigated
([16]), as well as other curvature functionals ([12], [17]).

In this note we investigate more deeply the connection between the volume
Va(r) and the surface area Sa(r) :== HI"1(DA,) of parallel sets to a set A C R?
(H?! denotes the (d — 1)-dimensional Hausdorff measure). In Section 2, we
strengthen slightly a result from [9], using a rectifiability argument, and obtain
that V(r) = Sa(r), up to countably many r’s. In Section 3 we use this result
to compare the asymptotic behaviour of surface area and volume. We introduce
here, in analogy to the Minkowski content, the surface area based content and sur-
face area based dimension which under additional assumptions coincide with the
Minkowski’s quantities. To illustrate this relation, consider the case when A is a
(d — 1)-dimensional C? smooth compact submanifold of R?. Then, both V4(r)/2r
and S4(r)/2 converge to the same limit as » — 0, namely to the (d—1)-dimensional
Minkowski content of A which equals H?"1(A) in this case. We show that some
analogous results hold for general compact sets with zero volume (and arbitrary
dimension). This is closely related to a conjecture that has been communicated by
Martina Zéhle to the authors: If for a self-similar set A of dimension D the total
curvatures Cy(A,) of the parallel sets are defined, then the (appropriately rescaled
and averaged) limits of these quantities coincide for all integers k > D — 1. In
Section 4, we study the class of self-similar sets more closely and show that the
aforementioned surface area based content (the limit of the total curvatures of or-
der d — 1) coincides with the Minkowski content provided the set is non-arithmetic
while the corresponding averaged limits coincide in general; this partially confirms
the above conjecture. It also extends and sheds a new light on some results in
[20). Finally, Section 5 deals with mean values for stationary random closed sets.
As particular applications, we strengthen the results on mean surface area of the
parallel set to the Brownian motion from [I2] and [16], and derive some estimates
on the asymptotics of the surface area.

2. SURFACE AREA CONTENT OF THE PARALLEL SETS

Let A be a bounded subset of R? and 7 > 0. Denote by d4 be the (Euclidean)
distance function of the set A, and by A, and A., the closed and open r-parallel
neighbourhood of A, respectively, i.e.,

A, ={z€R: da(z) <7}, Ao ={z€R%: ds(z) <7}
Finally, let Va(r) = H?%(A,) be the volume of the r-parallel neighbourhood.
Staché [19] showed (using the results of Kneser [10]) that the left and right

derivatives (V4)', (1) < (Va)_(r) exist at any 7 > 0 and are equal up to countably
many 7’s. He also showed that for any r» > 0,

(2.1) MY DAL, = (Va)_(r) ‘;‘ (VA)'JF(T)7

where M1 is the (d — 1)-dimensional Minkowski content. Recently, Hug, Last
and Weil [9] proved a generalized Steiner formula for closed sets and they obtained
as corollary the relation (see [9, Corollary 4.6])

(Va)p(r) = HTH0::4,), 7 >0,

where H41 is the (d — 1)-dimensional Hausdorff measure and 0, Z is the set of all
boundary points z € Z for which there exists a point y ¢ Z with dz(y) = |y — z|.
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We thus have the inequalities
(Va)i(r) < MPTHOAL) < (Va)_(r)
I
HEY0, A) < HETNOA) < HITHOAL,).

The following two examples confirm that none of the inequalities above can be
replaced by equality.

Example 2.1. Let A be the union of two unit parallel line segments of distance 2r
in R%. Then H'(9A,) = 2+4nr < 3+4mr = HY(OAL,). Also, (Va)',(r) = 24+4nr <
3+4mr = (V)" (r), which, together with (21J), implies that the inequalities on the
first line of the diagram are sharp.

Example 2.2. Let C be a totally disconnected compact subset with positive one-
dimensional measure of the segment [(0,0), (1,0)] in R? and let A = CU(C +2re3),
where e5 = (0,1). Then C + res belongs to the boundary dA,, but not to 94 A,,
hence, H!(9+ A,) < HL(A,).

Hug et al. claim in [9] p. 257] that A<, need not be (d—1)-rectifiable and, hence,
the equality of the Minkowski content and Hausdorff measure does not follow in
general. However, the counterexamples of Ferry [5] mentioned in [9, p. 257] only
show that 0A., need not be a (d — 1)-manifold and do not disclaim rectifiability.
We shall show that, in fact, 9A«, is (d — 1)-rectifiable for all » > 0 and, as a
consequence, derive the equivalence of Minkowski content and Hausdorff measure
of 0A., in general. We recall that a set is k-rectifiable if it is a Lipschitz image of
a bounded subset of R¥.

Proposition 2.3. If A C R? is bounded then OA, and DA, are (d— 1)-rectifiable
for any r > 0.

Proof. Since 0A, C 0A«,, it suffices to prove the rectifiability of A<, and, since
Ao = A, for any r > 0, we can assume without loss of generality that A is
compact. Given a point z € A, denote

Ya(z)={a€ A: |z—a|=da(2)},

the set of all nearest points of A to z. The point z is called regular if z does not
belong to the convex hull of ¥ 4. A number r > 0 is called a reqular value of d 4 if all
points of A, are regular (cf. [5]). Fu [6] showed that A, is a Lipschitz manifold
if r is a regular value. It is not difficult to see that if r > diam A then r is a regular
value of d AEl For r < diam A, partition A into finitely many subsets of diameters
less than r, A = E'U---U E*, and note that 0A., C (EY) ., U---UJ(E"),.
Each of the sets d(E¥).,. is a Lipschitz manifold and, since it is compact, it is
(d — 1)-rectifiable. Since rectifiability is preserved by finite unions, it follows that
0A<, is (d — 1)-rectifiable. O

Applying now [3, §3.2.39], we get
Corollary 2.4. For any r > 0, we have
MIETHOA,) = HIH(OA,) and MPTTHOAL,) = HIHOAL,).

1One can even show that there is no critical value of d4 greater than 1/d/(2d + 2) diam A and
this upper bound is attained if A consists of the vertices of a regular d-simplex, cf. [6) p. 1038].
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With the result of Staché we get immediately the following strengthening of [9]
Corollary 4.7] and [8, Lemma 1]:

Corollary 2.5. The function V4 is differentiable at r > 0 with
Vi(r) = HTH(04,) = HYH (04 Ar) = HYH(0AL,)
for all r > 0 up to a countable set.

Corollary 2.6. For any r > 0,
HITL(DA,) < lim Vi(s)

S§—T_—

(the limit is understood over those s < r where V) exists).
Proof. Using Corollary 2.4] and (2.1]), we get
HITHDA,) = MITHDA,) < MTHDAL,) < (Va)(r).

The assertion follows now from the left continuity of (V4)” and from the fact that
the left derivative of V4 coincides with the derivative up to a countable set of values,
see [19]. O

3. ASYMPTOTIC BEHAVIOUR

Given a compact set A C RY, we shall use the notation S4(r) := HI"1(04,),
r > 0, for the (d—1)-dimensional Hausdorff measure of the boundary of the parallel
set. We shall discuss in this section the asymptotic behaviour of S4(r) as r — 0.
This is, of course, closely related to the asymptotic behaviour of V4 (r) through
Corollary

Recall the s-dimensional lower and upper Minkowski content of a compact set
A C RY, which are defined by

M?®(A) = lim inf L(Z) and HS(A) := lim sup 7‘/‘4(? ,
r—0 Kg_gr% S 0 Kd_srd—s
where r; 1= 7/2/T(1 + %) (If ¢ is an integer, then k; is the volume of a unit

t-ball). If M*(A) = M’(A), then the common value M?*(A) is the s-dimensional
Minkowski content of A. We denote by

dim,,A :=inf{t > 0: M*(A) =0} =sup{t > 0: M*(A) = o}

and
dimprA = inf{t > 0: M (A) =0} = sup{t > 0: M’ (A) = oo}
the lower and upper Minkowski dimension of A.
In analogy with the Minkowski content, we define for 0 < s < d

o Sa(r) =5 . Sa(r)
S(A) =1 f d A) =1 )
§°(4) = limin (d — 8)rg_yrd—1—3 and S (A) 1 Sup (d = 8)rg_rd—1-3

If both numbers coincide, we denote the common value by S*(A) and call it the
surface area based content or, briefly, the S-content of A. For convenience, we
set S?(A) := 0. (Note that the above definition would not make sense for s = d.
However, setting S?(A) zero is justified by the fact that lim, 0754 (r) = 0. Indeed,
by Corollary 241 and [10, Satz 4], we have H4™1(9A4,) = MI71(DA,) < 4(Va(r) —
V4(0)) for each r > 0. Since (V4(r) — V4(0)) — 0 as r — 0, we obtain

lim, o 7H?"1(0A,) = 0, as claimed.)
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We call the numbers
dimgA :=sup{0 <t <d:S'(A) =oc} =inf{0 <t <d:S(A) =0}

and

dimgA :=sup{0<t<d: S (A)=oo} =inf{0<t<d:S (A) =0}
the lower and upper surface area based dimension or S-dimension of A, respectively.
Obviously, dimgA < dimgA, and if equality holds, the common value will be re-
garded as the surface area based dimension (or S-dimension) of A and denoted by
dims A.
Remark. The upper S-dimension dimgA is closely related to the curvature scaling
exponent sq_1(A) defined in [20]. In fact, it is the natural extension of this concept
to arbitrary compact sets (just with a different normalization). Since 2Cy_1(A4,) =
HI=1(DA,), whenever Cy_1(A,) is defined, one has dimgA = s4_1 —1+d. Similarly,
S%(A), with s = dimg A, generalizes C({_l(A), the fractal curvature of order d — 1.
If the latter exists, then these numbers differ by the constant factor 1r4—s(d — s).

Proposition 3.1. Let A C R be compact and let h : [0,00) — [0,00) be a con-
tinuous differentiable function with h(0) = 0. Assume that b’ is nonzero on some
right neighbourhood of 0. Let

S :=liminf Salr) and S := limsup Sa (T)

minf e )
Then
L. VA (T) — VA (0) . VA (7") - VA (0) =
1 <1 f—72 2 <] —— - 5.
(3.1) S<limipt =y Stimsup ——rs—— <5

In particular, if S = S, i.e. if the limit

g Salr)
= }1—% R (r)

€ [0, 0]

exists then
lim Va(r) — Va(0)
r—0 h(’l”)

exists as well and equals S.

Proof. We follow the lines of the classical proof of I’'Hospital’s rule, using the abso-
lute continuity of V4 (see e.g. [19, Lemma 2]).
We shall use the following fact: For any r > 0 there exist 0 < ty,to < r such
that
(Va)'(t) _ Va(r) = Va(0)
h'(t)  — h(r)

To see this, fix an » > 0. Since the function
O(t) := (Va(r) = Va(0))r(t) — h(r)Va(t), 0<t<r,

is absolutely continuous and ®(0) = ®(r), we have [, ®'(t)dt = 0. Hence, either
®'(t) = 0 for almost all ¢t € (0,r), or there exist t1,¢2 € (0,7) such that ®'(¢;) >
0 > ®'(t2). This proves (3.2)).

(Va)'(t2).

(3.2) W)

<
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Note that V}(t) = Sa(t) whenever V}(t) exists. Thus, taking the limsup as
r — 0 in the right inequality in (3.2)), we get
Salr) _ 5

) Valr) = Va(0) . Sa(ta(r)) ..
fmsup ===y < lmsup 57Ty = imsup 7705 =5,

which is the right inequality in BI)). Analogously, the left inequality is obtained
by taking the liminf as r — 0 in left inequality in (B:2).

If S =S, then the existence of the limit lim,_ W follows immediately

from (B)). O

Proposition Bl yields the following general relations between Minkowski content
and S-content.

Corollary 3.2. Let A C R? be compact and assume that V4(0) = 0. Then, for all
s <d,

S*(A) < M*(A) < M°(A) < S°(A).

Proof. In the case s = d, we have S%(4) = gd(A) = 0 by definition, and it follows

from the assumption and the continuity of the volume function that M%(A) =
ﬂd(A) =0 as well.

Fix now s < d and let h(t) = kq_st%*. Applying Proposition B3Il we get
Sa(r) o Va(r)

N . VN
S7(A) = Hminf 275" < limnf 5055 = MA(4)

The relation M (4) < S (A) is obtained analogously by applying the third in-
equality from (B.1)). O

It is obvious, that the middle inequality in Corollary can be strict. There
are many sets for which the Minkowski content does not exist. However, it was not
immediately clear, whether the left and right inequalities can be strict or whether,
in fact, equality holds in general. The following example illustrates that all three
inequalities in Corollary 3.2] can be strict.

Example 3.3. The Sierpinski gasket F is the self-similar set in R? generated by

the three similarities ®1(z) = 2z, ®2(2) = 1z + (3,0) and P3(x) = 2z + (4, \/Tg)
It is well known that its Minkowski dimension is D := dim; F' = %E—g We compute
its upper and lower (D-dim.) Minkowski contents and S-contents directly. It turns
out that all four values are different, providing an example where all inequalities in
Corollary are strict.

Observe that the diameter of F' is one and that the inradius u of the middle cut

out triangle is u := 4—\1/5. It is not difficult to see that for n € N and r € I, :=

[27"u, 2" 1y), the area and boundary length of F. are given by

vir=(n-5vBe -n) s (3) reva(3) 2

and

S(r) = (277 —3V3(3" — 1)) r+3 (g)n :
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Let t,(a) := a2 "u, a € [1,2), be a parametrization of I,,. We have t,(a)!=P =
al~Pu!=P (3)" and thus
S(tn 2 3V3
(tn(a)) _ oDyl [ 27T V3 —3v3 | +aP13uPt = aPc, + oP 1,
tn(c)—D 3n

where b := 3uP~ ! and ¢, := uP (37"(71' +3V3) — 3\/5) Clearly, if we choose the
sequence (av,) in [1,2] such that a, is the value where the function a?c,, + a”~1b
attains its maximum in [1, 2], then

_ S(tn(an)) —=D
. D D-1 . n\®n)) _ (9 _
nhm e+ o, b= nhm (@)D (2= D)ko_pS (F).
Moreover, since ¢, — ¢ := —3v3uP as n — oo and since the function g: R? —

R, (z,y) = 2Py + 2P~1b is continuous, we have lim, o g(n,cn) = g(Qmax, C),
where apmax = limy, o0 v, is the (unique) value where the maximum of the function
g(z,c)in [1,2] is attained. A simple calculation shows that omax = 4(1— 7). Hence,

<D _ g(amaxac) _ aﬁaxc_FO‘an;xlb
ra-pS (F) = 55— ==
~ (2-D)(D-1) D) ~

Choosing the sequence (a,) such that the minima are attained, a similar argument
shows that amin = 1 and hence

1—-D
; +b V3
5Py = 9omine)  ctb ~ 1.747.
K2-pS"(F) 5-D 2-D 2-D

For upper and lower Minkowski content we can argue in the same way. We have

V(tn(a)) pl D—-1 D—2
W = §Cn + (07 b + (e b,

with b and ¢, as above. Now we consider the function h : R? — R, (z,y)
2Pyl + 2P~1b + 2P~2b. Choosing o, such that the maximum of h(z,c,) in [1,2]
is attained, we have

A 4 tn n .
a0 = li D = lin o) = s )
where ¢ = lim, ¢, = —3v3u? and amax = lim, a, is the value, where h(z,c)

attains its maximum in [1,2] (similarly for the minima and the lower Minkowski

content). It turns out that cmayx /min = % (D —1+,/3D?-3D+ 1) and thus

we obtain

mg_DﬂD(F) = h(omax,c) = ...~ 1.814
K/Q_DMD(F) = h(amin,c) =...~ 1.811.

This shows that for the Sierpinski gasket F' we have the strict inequalities

SP(F) < MP(F) < M7 (F) < S”(P).
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The relations between Minkowski content and S-content in Corollary are
obtained only in the case when V4(0) = 0. Indeed, it is easy to see that e.g. for
the unit square we have Minkowski dimension equal to 2, while the S-dimension
equals 1. This could be repaired by replacing the volume V4 (r) with the difference
Va(r) — V4(0) in the definitions of the Minkowski content and dimension; we shall,
however, not follow this way here. Note that in both our applications, self-similar
fractal sets and Brownian path, the sets considered have zero volume.

For the dimensions, it is clear from the definitions that, in general, one has
dimgA < dimgA < d and dim,,A < dimjsA < d. From Corollary 3.2l we get

Corollary 3.4. For A C R? compact, we have

(i) dimgA < dim,, A,

(i) dimpsA < dimgA, provided Va(0) =0.
Proof. If dim,;A = d, assertion (i) is obvious. So assume dim,,A < d (which
implies V4(0) = 0). For each dim,;A < s < d, we have, by Corollary 32 S*(A) <
M?(A) = 0 and hence dimgA = inf{t : S"(4) = 0} < s. Since this holds for s
arbitrary close to dim,,; A, we get dimgA < dim,, A as claimed.
If V4(0) = 0, assertion (ii) follows by a similar argument as (i). O

In the following, we shall show that even dimy;A = dimgA holds whenever

V4(0) = 0.
Lemma 3.5. If 0 < s < d then
Va(r) S d—s Sa(r)

lim su limsup ———.
’I"*}Op Tdis - d r~>0p (d - 5>Td7571

Proof. Using Corollary [Z6] we find that there exists a sequence (r;) of differentia-
bility points of V4 decreasing monotonely to 0 and such that
Vi(r; S
lim 7‘4(23 — = limsup 7‘4(?
i—~oo (d— s)ri”® r—0  (d—s)rd—s—1
For all r;41 < r < r; such that V}(r) exists (which is the case for H!'-a.a. r), we
have

=:a € [0, 00].

Viri) _ Valr) _ Vi(riy1)
S y a—1
T r Tit1

see [19, Theorem 1]. Hence,

Valrs) = /OHVA(T)dr—i/” VL) dr

Ti+1
0 T ’f‘d_l
> Vilri))——d
> Y [ Vi) G ar
j=i J+1 J
e rd —op
= > Vhlr) 5
= drj
- i Valry) d—=s75 — T
par (d— S)’I”d_s_l d T]S
= VA(T‘J) d—s d—s d—s
- Z (d—s)rd=s=1 d (7] ri+t)
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If a’ < a then (djgr% > a’ for all sufficiently large j. Thus, for i large enough,

we have
d— oo d— d—
Va(ri) S o ST =) a,d— s
d—s = d— d— - )
ri” Dy = i) d
which completes the proof. O

Corollary 3.6. Let A C R? be a compact set. Then, for any 0 < s < d,
s d— s—=s

M (A) > g S (A).

Consequently, dimys A = dimg A whenever V4 (0) = 0.

Curiously, the analogous method fails when trying to show that dim,, A =
dimgA. A weaker reversed inequality can be derived from the isoperimetric in-
equality.

Proposition 3.7. Let A C R? be a compact set. Then, for 0 < s < d,
ST (A) 2 e (M) T
where ¢ is a constant depending only on s and d. Consequently, dimgA > df;ldi_mMA.

Proof. By the isoperimetric inequality (cf. Federer [3, 3.2.43]) and Corollary 2.4
we have for each r > 0

iy "Va(r) @D/ < MITYOA,) = HYTH(DA,) = Salr).
Fix some s < d and set s’ := %s. Dividing by (ﬁd_srd_s)d_l/d = mgld:sl)/drd_l_s/
we get for each r > 0

(v,m )<“>/d< 1 Sa(r) Salr)
d

Kd—sTd8

)

/D =1 T A= 8 hg_grd—1="
with
(A= 8")kq s
- 1/d (d—1)/d"
ds; Ky

—S8
We can assume S° (A) < o0, since the statement is trivial for s (A) = co. Choose
a null sequence (7, )nen such that the limes inferior S (A) is attained, i.e. such

that
lim Salrn)

n—oo (d _ S/)K’dfs/r’lril_l_S/

= 8% (A) € [0, 00).

Then for each a > S* (A) and n sufficiently large, we have

SA(Tn)d_l_ - < a and thus%rgz < a4,
(d - S/)'%d—s’rn s Rd—sTn ?

Letting n — oo, we obtain
(d—1)/d
(MS(A))(d*l)/d < <liminf Lﬁ?}) <ca,
n—roo Kd—srn s

and since this holds for all a > S* (A), the first inequality follows.
The second inequality is an immediate consequence. O
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Corollary shows in particular that, for sets of zero volume, the existence of
the S-content enforces the existence of the Minkowski content and it also determines
its value: If S*(A) = S°(A) for some s < d, then also M*(A) = M (A) and the
common value is M?*(A) = §*(A). In particular, if 0 < §*(A4) < oo for some s < d,
then the set A C R? is Minkowski measurable, i.e. 0 < M*(A) < co. Note that our
results do not allow the converse conclusion. The existence of Minkowski content
does not seem to imply the existence of the S-content.

Remark. In fact, and as pointed out by the referee, Proposition[3.J]and Lemma[3.5]
(and also Lemmas 1] and 26 in the next section) remain true in the slightly more
general and purely analytic setting of Kneser functions. A real continuous function
fon [0,00) is a Kneser function if

FOB) — F(ha) < A"(f(b) — f(a), O0<a<bh, A>1.

The volume function V4 of any bounded set A C R? is a Kneser function, cf. [10,19].
All the four above mentioned results can be formulated for Kneser functions instead
of V4, since all the properties of V4 used in the proofs are consequences of the Kneser
property. As an illustration, we reformulate here Proposition 3.1t

Let f be a Kneser function and let h : [0,00) — [0,00) be a continuous differ-
entiable function with h(0) = 0. Assume that h' is nonzero on some right neigh-
bourhood of 0. Let S := liminf, o f'(r)/h'(r) and S := limsup,_,, f'(r)/h'(r).
Then

S < liminf ——————= < limsup M <S.
r=0 h(r) r—0 h(r)
In particular, if S = S, i.e. if the limit S := lim,_o f'(r)/h'(r) € [0, 0] exists then
lim,0(f(r) — £(0))/h(r) exists as well and equals S.

<

Remark. Since upper Minkowski and upper S-dimension always coincide, cf. Corol-
lary [B.6] it is a natural question to ask whether the same is true for the lower
counterparts, i.e., whether the result obtained in Proposition 3.7 can be improved.
After this paper was submitted, further investigations of the second author revealed
that there exist sets whose lower S-dimension is strictly smaller than their lower
Minkowski dimension. Even more, the estimate regarding the lower dimensions
in Proposition [3.7] turned out to be optimal. These results will be discussed in a
forthcoming paper.

4. APPLICATION TO SELF-SIMILAR SETS

We use the above results to study the asymptotic behaviour as r — 0 of the
surface area Sp(r) of the parallel sets of self-similar sets F' satisfying the open
set condition. In particular, we show the existence of SP(F), provided the set F
is non-arithmetic, and the existence of the corresponding average limit Sb (F) in
general. Here D denotes the similarity dimension of F.

We start with two auxiliary results which apply to arbitrary compact sets A C
R?. Recalling the close relation between S4(r) and (V4)'(r), we have the following
estimate.

Lemma 4.1. Let A be a compact subset of R and rq > 0. Then for all v > 70,

(Va)_(r) < (i)d_l (Va)’_(ro).

To
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Proof. Let r > ry. For each 0 <t < r — 1o,

T

Va(r) = Va(r —t) = / (Va) (s)ds <t sup_ (Va),(s).
r—t r—t<s<r
Since, by Staché [19, Theorem 1], s=4(V4)/, (s) is decreasing, we infer that (V4)', (s) <
(s/10)4"1(Va)' (ro) for all 7 — ¢ < s < r. Hence

MO0 <y (D) o = (2) 0t

r—t<s<r \T0 To

and for t — 0 we obtain

(Va)_(r) < (—) (VaYs(ro) < (—) (Va)_(ro)

To To

as claimed. O

Applying Corollary 2.4] we obtain

Corollary 4.2. Let A be a compact subset of R and 0 < a < b. Then there is a
constant ¢ > 0 such that for all r € [a, b

Sa(r) <ec.

Proof. By Corollary 24, Sa(r) = HYH0A,) < HITLOAL,) < MIT1(9AL,) <
(Va)_(r) for all r > 0. Hence, by Lemma [4.1] we get for all r € [a, b],

r

si = < (D) vt s (D) marw e
O

Let ' C R? be a self-similar set generated by a function system {S1,...,Sx}
of contracting similarities .S; : R? — R with contraction ratios 0 < r; < 1, 7 =
1,...,N. That is, F' is the unique nonempty, compact set invariant under the set
mapping S(A) = |, Si(A), A € R% The set F (or, more precisely, the system
{S1,...,5n}) is said to satisfy the open set condition (OSC) if there exists a non-
empty, open and bounded subset O C R? such that | J; S;0 C O and S;0NS;0 =0
for all ¢ # j. F (or {Si1,...,Sn}) is said to satisfy the strong open set condition
(SOSCQ), if there exist a set O as in the OSC which additionally satisfies ONF # .
It is well known that OSC and SOSC are equivalent, cf. [I8], i.e. for F satisfying
0OSC, the open set O can always be chosen such that O N F # ().

Let D be the similarity dimension of F, i.e. the unique solution s = D of the
equation sz\il r] = 1. For F satisfying OSC, D coincides with the Minkowski
dimension of F', dimy; F' = D. Finally, recall that a self-similar set F' is called
arithmetic (or lattice), if there exists some number h > 0 such that —Inr; € hZ
fori =1,...,N, ie. if {—Inr,...,—Inry} generates a discrete subgroup of R.
Otherwise F' is called non-arithmetic (or non-lattice).

From the results of the previous section we immediatly derive

Proposition 4.3. Let F be a self-similar set satisfying OSC with similarity di-
mension D < d. Then dimgF = D. Moreover, ED(F) < o0, d.e. TPTAFLSR(r) is
uniformly bounded as r — 0.
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Proof. The equation dimgF = D follows from Corollary and the well known
fact that D = dimps F'. The finiteness of S (F) is a consequence of Corollary [3.0]

and the finiteness of the upper Minkowski content Y (F'), which is well known for
self-similar sets. U

We will establish below, that for non-arithmetic sets F' even dimg F' = D holds.
Now we consider the S-content SP(F) of F. It turns out, that in general this
limit does not exist. As for the Minkowski content, Cesaro averaging improves the
convergence. For a compact set A C R and 0 < s < d, we define the average
s-dimensional S-content 8*(A) by

(4.1) S°(A) = dlogr

t%0|10gt|/ d— s)Kd—s rd I=s

provided this limit exists, and we write S (A) and S (A) for the corresponding
upper and lower average limits.

Theorem 4.4. Let F C R? be a self-similar set satisfying OSC and let D < d be
its similarity dimension. Then SP (F) of F exists and coincides with the finite and
strictly positive value

L[ p-a
(4.2) 77/0 r“"*R(r) dr,

where n = — va rPInr; and the functwn R:(0,1] = R is given by

(4.3) R(r) = HY Y (OF,) ler] YHH(O(SiF),) .-

If F is non-arithmetic, then also SP(F) of F exists and equals the integral in ([{2)).

The proof of Theorem [4.4] is postponed to the end of this section. We first
discuss the relation of SP(F) and the Minkowski content. If SP(F) exists, i.e. if F
is non-arithmetic, then both limits coincide.

Theorem 4.5. Let F' be a non-arithmetic self-similar set satisfying OSC and let
D < d be its similarity dimension. Then SP(F) = MP(F). 1t follows, that
SP(F) > 0 and dimg F = D.

Proof. Theorem 4] states that SP(F) exists if F' is non-arithmetic and D < d.
Hence, the equality of the contents follows from Corollary The equality of the
dimensions is a consequence of the fact that MP(F) > 0 (see [, Thm. 2.4]). O

In the arithmetic case, an analogous result holds for the _average contents. We

derive it from the following lemma. Recall the definitions of S (A) and S (A) from
(@T). Analogously, the average s-dimensional Minkowski content is given by

(4.4) MP(A) = dlogr

t%O |1ogt| / Kd— Srd s
and the corresponding limsup and liminf are denoted by ﬁS(A) and MS(A).
Lemma 4.6. Let A C R¢ be compact and 0 < s < d. Then
() M (4) = 8 (4) and M (4) = §'(4)
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(i) If FA°(A) < 0o, then M (A) =& (A) and M (A) = & (A).
Proof. For 0 <t <1, let

V5 (t) ::/t M@ and u}s(t) ::‘/t (d_SSA(T)Td51%~

Kq—srd=s T VKd—s

We show that

(4.5) v () = wi(t) + dianAgf e ;)Kd,SVA(l)'

/ / SA Td s+1°

Interchanging the order of integration, we get

. 1 t Loar ! Loy
v = [/0 5a(p) [ o+ | SA<p)/p de]

_ m [VA(t) (td_ _ 1) +/t1 Sa(p) <pd15 - 1) dp]

By Corollary 2.5], we have

1 VA(t)
= ————— +w(t)+ ——— (—Va(t) = Va(l) + Va(t
d—snd_std—s+w()+(d_ S (VA =Va@) + Va(®),
where we used again the relation Vi (r fo Sa(p)dp. This proves ([LIH).

Observe that the third term on the r1ght in (@3] is constant. It vanishes, when
dividing by |log¢| and taking the limit as ¢ — co. The second term is non-negative.
Let (¢,) be a null sequence, such that

S
i W)
n— 00 |10gt |

=S
=S (4).
Then

ﬁS(A) > limsu v (tn) gs(A)
nsne log t] ~

Similarly the inequality ES(A) > SS(A) is obtained by choosing a sequence (t,)
such that M~ (A) is attained.

If M’ (A) < oo holds, then the second term on the right in (@3 is bounded
by a constant. Hence, it vanishes when dividing by |logt| and taking the limit as
t — oo. The stated equalities follow at once. (Il

Theorem 4.7. Let I' be a self-similar set satisfying OSC and let D < d be the
similarity dimension of F. Then SP(F) = MP(F).

=D ~D
Proof. By Theorem [47] the average S-content of F' exists, i.e. S (F) =S8 (F).

Since M (F) < oo (as is well known and easily verified), Lemma (ii) implies
the assertion. (]

The proof of Theorem 4] is based on the following estimates. Fix a feasible set
O satisfying the SOSC, i.e. with ONF # 0. Let C := UZJ\; S;0. The following
lemma gives an upper bound for the growth of the surface area of F, near the
boundary of C' as 7 — 0.
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Lemma 4.8. There exist constants ¢,y > 0 such that for all 0 <r <1
HIHOF, N (R C),) < erd™ 1P,

Proof. Let ¥* :=J,— o{1,...,N}" and, for 0 <t <1, let

(4.6) St)={w=w...w, €T 11y, <t <ryryl},

where 1y, 1= Ty, ... Ty, . Similarly, we will use Sy, := Sy, 0...0.S5,,,. For conve-
nience, let 3(¢) for ¢ > 1 be the set just containing the empty sequence 7 and set
ry := 1 and S; :=id. Furthermore, let ryi, 1= minj<;<y 7;.

For a closed set B C R? and 7 > 0, let

(4.7) Y(B,r) ={w e X(p'r): (S, F),. N B # 0},

where p is a constant we will fix later. First we show that there is a constant ¢/ > 0
(independent of B) such that for all » > 0

(4.8) HIHOF, N B) < c#%(B,r)ri 1.
For r > 0, the relation F, N B = Uwez(B,r)(SwF)r N B implies that

HTYOF,NB) < HUTY( | 9(SwF)r)

weX(B,r)
< Y HENASLF))
weX(B,r)
< > N OFR,,,).
wed(B,r)

By definition of S(p~'r), a := p < r/ry < proi =:b. Hence, by Corollary E2

'H,d_l(aFT/rw) is bounded by some constant ¢ > 0 uniformly for all » > 0 and
w € X(p~tr). Since 1, < p~lr, we obtain

HHOF. NB) < c Z (p~ i)t = #X(B, r)rd Tt
weX(B,r)
with ¢’ := p!~9c. This completes the proof of ([A8).

Now set B := (R?\ C),. To derive an upper bound for the cardinality of
Y((R4\ C),,7), we apply [20, Lemma 5.4.1] with the choice 7 = 1 and € = §. Note
that the set O(1) in [20] equals C. The lemma requires to choose p as in [20] (5.1.8),
also cf. the paragraph preceding it]. We infer, that there are constants ¢,y > 0 such
that

(4.9) #S((RIN\ O,y 1) <77 P

for all 0 < r < p. By adjusting the constant ¢, the estimate can be adapted to hold
for all r € (0, 1], since for r > p, the cardinality of ¥ (B, r) is bounded by #X(B, p).
Now the assertion follows by combining (@8] and @3)). O

Applying Lemma (L8 we derive the following estimate for the function R in
E3).
Lemma 4.9. There exist ¢,y > 0 such that for all 0 <r <1

|R(r)| < erd=1=s+7,
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Proof. We abbreviate H := He™ 1. Fix 0 < 7 < rpin. Set U := Uiz (SiF)r N (S E)r
and B? := (S;F), \U. Then F, = U; B/ UU is a disjoint union and so
N .
H(OF,) =Y H(OF.NB’)+H(OF.NU).
j=1
Similarly,
H(O(S;F),) = H(I(S;F), N BI) +H(I(S;F), NU),
since (S;F), C B’ UU. Hence R(r) can be written as
N ‘ N
= (H(OF. nB’) = H(D(S;F), N BY)) +H(OF.NU) > H(I(S;F),NU).
Jj=1 Jj=1
Observe that F, N B = 9(S;F), N BI. Therefore, all terms of the first sum on
the right are zero. Taking absolute values, we infer
N
(4.10) [R(r)| < HOF, N U)+ Y _H(O(S;F)rNU).
j=1
For the first term note that U C (R?\ C), (Fact I; see proof below). Recall that
C= Ufil S;0. For the remaining terms in (£I0) we have

H(O(S;F)r NU) = riH(OF, ), NS U) < r¥H(OF, /r, 0 (RN O)y, /),

where the inequality is due to the set inclusion F,./., N Sj_lU C (O\ RY
(RE\ C’)T/Tj (Fact II; see proof below). We obtain for each 0 < r < ryn,

c

r/T;

(411) | ( )| <H(6F Q(Rd\c +Zrd 1H aFr/r (Rd\C)T/Tj)'

j=1

By Lemma (8] for each of the terms in (AII]) there are constants ¢,y > 0 such
that the term is bounded from above by er@=1=D+Y for 0 < r < Tmin. Hence we
can also find such constants for |R(r)|. The estimate can be adapted to hold for
all 0 < r < 1 by suitably enlarging ¢, since, by Corollary [£2] each of the terms of
R(r) in (@3) is bounded by a constant for all r € [rmin, 1]. It remains to verify the
two set inclusions used above.

Proof of Fact I (U C (R¢\ C),.): Let x € U. We show that d(z,R¢\ C) < r
and thus z € (R?\ C),. Assume d(z,R?\ C) > r. Since the union C = |J,; S;0 is
disjoint, there is a unique j such that x € S;0. Moreover, d(z,dS;0) > r. Since
x € U, there is at least one index i # j such that z € (S;F), and consequently a
point y € S;F with d(x,y) < r. But then y € S;F'N.S;0, a contradiction to OSC.
Hence, d(z,R?\ C) < r.

Proof of Fact II (F,;,, N S;7'U € (O\RY), ., ): Let x € F,),, N S;'U. Then
S;xz € U and so there exists at least one index ¢ # j with S;z € (S;F),. Hence
d(Sjz,05;0) < r since otherwise there would exist a point y € S;F N 5,0, a
contradiction to OSC. Therefore, d(x,00) < r/r;, i.e. z € (O \RY), . . O

To complete the proof of Theorem 4] we apply the following slight improvement
of Theorem 4.1.4 in [20], in which we replace the assumption of continuity off a
discrete set by continuity almost everywhere.
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Theorem 4.10. Let F' be a self-similar set with ratios r1,...,rn and similarity
dimension D. For a function f : (0,00) = R, suppose that for some k € R the
function ¢ defined by

N
pr(r) = f(r) =Y rFLp(r)f(r/ri)
i=1
is continuous at Lebesgue almost every r > 0 and satisfies

(4.12) lor(r)] < erk—D+y

for some constants ¢,y >0 and all * > 0. Then rP=F f(r) is uniformly bounded in
(0,00) and the following holds:

. T 1 p_ .
(i) The limit }%‘Tlé‘ J5 P Ff(r)4 exists and equals

1 1
(4.13) —/ P~ (e) de,
nJo
where n = — sz\il rPInr;.
(ii) If F is non-arithmetic, then the limit of rP~Ff(r) as r — 0 ewists and
equals the expression in ([EI3).

Proof. The arguments in the proof of Theorem 4.1.4 in [20] can easily be adapted to
derive the statement from the Renewal Theorem in Feller [4, p.363]. The assump-
tions on ¢y, ensure that the function z : R — R defined by z(t) = e*=Plty, (e7?)
for ¢ > 0 and z(t) = 0 for t < 0 is directly Riemann integrable, see [4l, p.362] or [I}
p.118] for a definition. (If z is bounded and continuous Lebesgue a.e. and bounded
from above and below by some directly Riemann integrable functions, then z is
directly Riemann integrable, cf. for instance [1, Prop. 4.1, p.118]. Clearly, ™7 is
directly Riemann integrable.) ([

Proof of Theorem[[.4. Apply Theorem II0 with f(r) := HIY(OF,), k :==d — 1
and ¢ (r) := R(r). Lemma[Ld ensures that the hypothesis (£12) is satisfied. The
continuity of R a.e. follows from the same property of H9~1(9A,) for sets A C R?
(cf. Corollary 25 and [19, Lemma 2, p.367]). O

5. APPLICATIONS TO RANDOM SETS
A random compact set in R? is a measurable mapping
7 (Q,A,Pr) = (K',B(K")),

where K’ is the family of all nonempty compact subsets of R? and B(K') is the
Borel g-algebra on K’ equipped with the Hausdorff distance (cf. [14]).

Theorem 5.1. Let Z C R? be a random compact set. If the function v+ EVz(r)
is differentiable at some point r > 0, then Vj(r) = HY1(dZ,) almost surely and
(EVz) (r) = EHI=Y(0Z,).

Proof. First we show that

(5.1) E(Vz) (r) < oo forall r > 0.
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Indeed, if (5I)) would not hold for some r > 0 then, due to Lemma 1] we would
have E(Vz)"_(s) = oo for all s < r, which would imply (using Tonelli’s theorem)

ro
BVz(r0) = [ BV ()ds=oc, <,
0

contradicting the assumptions.
Next, let 7 > 0 be such that (EVyz)'(r) exists. We show that

(5:2) E(Vz)_(r) = (EVz)"(r), E(Vz)|(r) = EVz)}(r).

Choose any 0 < 7o < . Since Vz(r)—=Vz(r—t) = [ ,(Vz)_(s)ds for any t < r—rg,
we have

d-1
Va(r) = Va(r =) < sup (Vz)_ (s) < (L) (Vz)_(ro)

t r—t<s<r To

by Lemma [£1]l The last random variable is integrable by (G.]), hence, applying
the Lebesgue Dominated Theorem for ¢ — 0, the first equality in (&.2)) is verified.
The second identity follows analogously. Consequently, we have

0= (EVz)_(r) — (EVz) (r) = E((V2)_(r) = (V2)}(r))

and, hence, the left and right hand side derivatives are equal and (Vz)'(r) =
HI=1(0Z,) almost surely. Using (5.2) again, we can apply expectation on both
sides and interchange derivative with expectation on the left hand side, which com-
pletes the proof. (I

Let now Z = S; be the trajectory of a Brownian motion up to given time t > 0
and let S, be its r-parallel set (called also Wiener sausage). It is shown in [16]
Theorem 2.2] and [I2}, Theorem 4.5] that for all ¢ > 0, EH91(S,.,) = ZEH(0S,.+)
for almost all » > 0, where the words “almost all” can be dropped in dimension
d < 3. (An exact formula for the mean volume of the Wiener sausage is known, see
[16] and the references therein.) As a corollary of Theorem 5] we can show that

the above mentioned results are true for all » > 0 in any dimension.

Corollary 5.2. Let S, be the parallel r-neighbourhood of the trajectory of a stan-
dard Brownian motion in R on the time interval [0,t], where r,t > 0 are arbitrary

fixed. Then
9
or

- t  4d [ =)
= drgr® |1+ d—22—+—/ 2 dy |,
d ( ( ) w2 72 y%J% (y) + Y% (y)) Y

where p4(z) =1—e % —2ze */d and J,, Y, are the Bessel functions of first and
second type, respectively, and order v.

EHY1(DS,1) = —EH(S, ;)

In the sequel, we shall consider the asymptotic behaviour of the volume and
surface area of a Brownian motion Z = S; on the time interval [0,1]. (Note that
related results for S; with a general ¢ > 0 can be easily derived, using the stochastic
self-similarity of the Brownian motion.) The asymptotic behaviour of the volume
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of a parallel set is well known, both almost surely and in the mean. We have, both
almost surely and in the mean (see [13])

: 2 _ _
(5.3) }13% |logr|H=(Z,) =, d=2,

(5.4) lim T Zr)_

r=0 Rg_ord 2 (d=2)m, 423

From the known integral representation of the mean volume, it has been derived in
[16] that
(5.5) lin% r|log 7P EH' (0Z,) = =, d=2,
r—
EHI-Y(0Z,)
5.6 lim —M———
(5.6) 50 (d —2)kq_ord=3

Equations (B3)) and (&4) imply immediately that dimy; Z = 2 almost surely
(for d > 2). Unfortunately, S-content and S-dimension of Z cannot be derived so
easily. Using the methods from Section 3, we get the following estimates.

= (d—2)m, d>3.

Proposition 5.3. If d = 2 we have almost surely

(5.7) limsupr|logr|H'(0Z,) < 2m,
r—0

(5.8) lim inf V0logr|H' (0Z,) > 2r.
r—
Hence, 1 < dimgZ < dimsZ = 2 almost surely.
For d > 3, we have almost surely
HI=Y(0Z,) (d—2)?
5.9 li <
(5.9) H:ljgp (d—2)kg_ord=3 — a
d—1 o7z
(5.10) lim inf HT(02,) > 0.

10 (d — 2)kq_prd—3-2/d
Hence, 2 — % <dimgZ < dimsZ = 2 almost surely.

Proof. Inorder to obtain (5.7)), we use a similar method as in the proof of Lemma[3.5]
Assume, to the contrary, that r; — 0 is such that

limr;|logr:|H' (0Z,,) > 27 + 2¢

for some € > 0. Then we have for i sufficiently large,

H2(Z,) > i%l(az )M
Ti - J:l Tj 2’["J

= ryllogr [H (92,,) DL I T

= Tj| 10g ’I”j| 2Tj
> (7r—|—5) RV i
;rﬂlogrﬂ
> 1 1
> _
= (”“);(uogm )
1
= (r+e)

|log 7
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(the last inequality follows from the concavity of the function t + |logt|~! on
[0,e=1/?]). Hence, H?(Z,,)|logr;| > 7 + ¢ for sufficiently large i, which is a contra-
diction.

The lower bound (B.8) follows by the isoperimetric inequality. Indeed, we have

arH*:(Z,) < HY0Z,)?,

hence,

2wy Tlog rTHZ (Z,) < \/Tlog /M (92,),

and (B.8) follows using (E.3]).
(E9) follows from Lemma and (BI0) can be obtained by using the isoperi-

metric inequality again, as in the proof of Proposition 3.7 (I
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