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0. Introduction and preliminaries

Some twenty years ago, W. Kaup [10], [11],, introduced a "ternary-type" structure

known as JB*-triple systems. This structure turned out to be the natural algebraic-
metric setting for the study of bounded symmetric domains in complex Banach spaces,
and has been intensively studied for the last ten years (see [9] for a survey). To some
extent, JB*-triples behave as C*-algebras or as JB*-algebras, of which they are a gen-
eralization. In particular, in dual JB*-triples (called JBW*—mples) besides the norm

topology, one can consider the weak*, the strong¥, the Mackey and the weak topo-

logies (denoted by n, w¥*, s* T* and w, respectively). Automatic continuity properties |
~ of the triple product (and of derivations) with respect to the topologies n and s* have
been recently investigated by Barton-Friedman in [2] and Rodriguez Palacios in [12]. A |
thourough discussion of the continuity properties of the triple product with respect to -
the toplogy w* has been made in [16]. In particular, this latter study has given a purely.
W*-algebra structure characterization of compact operators in complex Hilbert spaces . |

- [16, prop. 4.2].

- However, the weak topology on a JB*-mple seems to have never been cons1dered -
in this context. It is the purpose of this note to make a study of the weak-weak

_ cont1nu1ty propertles of both triple product, derivations, and holomorphic automor-

phisms of a non necessarily dual JB*-triple E To be premse lf 7 is one of the abovc :

mentioned topologies, we prove:.
1. Everywhere defined derivations of E are automatlcally 7T continuous if and

~ only if all surjective linear isometries of E lying in the connected identity component are

-7 continuous.The latter property holds for any of the topologies w*, s*, 7%, w, n.

2. Holomorphic automorphisms of Bg are automancally -7 continuous if and only‘ :
if the following two conditions hold: (a) For all acE, the mapping Q,: X—>Xa*x is T-T

continuous on Bg. (b) All surjective linear isometries of E lying in the connected iden-
tity component are T-T continuous. These two properties hold for ‘8%, %, and n. o |

3. Counterexamples to the joint T-T continuity of the triple product, and to the
automatic T-T continuity of holomorphic automorphisms of B, are given for T=w* and
t=w. In particular, we discuss the joint w-w continuity of the triple product in the clas-

~ sical JB*-triples Co(2), L(#H) and cy(H), whre € is a locally compact space, Hisa

complex Hilbert space, and co(#) is the ideal of compact.operatorson 7. .
We take from [10] and [11] the notation and basic results. o '
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1. Continuity of derivations and automorphisms

We recall that a JB*-triple is a Banach space E with a mapping EXE XE—E,
called the triple product and denoted by {. , ., .}, such that the following conditions
J1se0r J4 hold:

(1) {x,y, z} is jointly continuous, linear and symmetric in the external variables
x, z, and conjugate linear in the internal variable y.

For fixed a,b in E, and fixed A,B in L(E), the symbols aob and [A, B] represent
the operators x—{a, b, x}, x in E, and AB-BA, respectively. Then

(J,) The Jordan identity holds: for all a,b,x,y in E,

[aob, xOy] = {a, b,x} Oy -x0 {y, a, b}.

(J;) ForxinE,xoOxisa hermitian positive element of the Banach algebra L(E).

(J,) Forx inE, one has llxoxl =i,

Let E be a JB*triple. Homomorphisms and isomorphisms can be introduced in.
the obvious manner. The set of surjective linear isometries of E, denoted by Isom(E),
coincides with the set of its automorphisms. E is said to be a JBW*-triple if E is a du-
al Banach space. In that case, it has a unique predual E,, and we refer to w*=:d(E, E,)
as the weak* topology on E. Automorphisms of a JBW*-triple are w*-w* continuous.
The bidual E** of E is a JBW*-triple whose triple product extends that of E. A
derivation of E is a linear mapping 0 defined on a (non necessarily closed) subtriple
7X8) of E such that

5{x, y, z}= {8%, y, z}+{x, dy, z}+{x, y, 6z} (x,y,z€ 7(9)).
We write Der(E) for the set of everywhere defined derivations of E. Any & Der(E) is
bounded [2, cor. 2.2]. Isom(E) is an algebraic subgroup of the linear group L(E); there-
fore [6], it is a Banach-Lie group whose Lie algebra is Der(E). We set Isomg(E) for the
connected identity component in Isom(E).
" Any C*-algebra, and any JB*-algebra, 4 can be considered as a JB*-triple E with
the triple product given respectively by
2{x, y, z}=: xy*z + zy*x {X, ¥, z}=xo(y*oz)-y*o(zox)+zo(x0y*) (x,y.z€ 4)

and any *-derivation of 4 induces a derivation of the associated JB*-triple.
1.1 Definition. A linear topblogy 7 on a JB*-triple E is said to be admissible if 7 is
coarser than the normed topology n.
1.2 Proposition. Let E be a JB*-triple, and let T be an admissible topoiogy. If
& e Der(E) is a derivation, then the following statements are equivalent:

(i). The mapping & is T-T continuous on E.

(ii). The one parameter group t—A =:exp 3, te R, consists of T-T continuous



automorphisms of E.

oo Il

Proof: "1=>11" One has [exp t5](x) %[ 5 (x) teR xeE. By assumptlon each map

X—> —-8 (x), x€E, ne N is -7 continuous on E and the convergence of the seriesis

uniform for ixli<1 because & is bounded. Thus, the limit: mappmg x-—>[exp td] (x) is -1
continuous on the unit ball lIxli<1, hence also on E. 4
“ii=i" Since & is bounded, one has [13 th 13.36)

hm Il 6x - < (At Id)x =0 (xe E) B (1)
umformly for lixll<1. As T is adm1551ble, ie.T<n, (1) enta_ﬂs ‘ o

'chrn[ax-—(At-Id)x]=O (er) R

uniformly for lixlI<1. As each transformation = (At -1d), 0¢teR is T-t continuous on E,

its unlform t-limit (which is J), is -t continuous on Ixli<1 and also on E

1.3 Corollary. For a JB*- tr1p1e E and an adrmss1b1e topology T the followmg .

statements are equ1va1ent -

- (i). Each denvatLon de Der(E) is T-T continuous _ e

(11) Each surjective linear isometry of E lying in IsomO(E) 18 7-T contmuous N
Proof: Since Der(E) is the Lie algebra of Isom(E), there are a nerghbourhood Alof 0 in
Der(E), and a neighbourhOod 2 of Id in Isomg(E), such that eXp:N—).’M is a homeo-

| morphism. Assume (i) holds. By proposition 1.2, #=exp(A) consists of T-T conti-

nuous automorphisms of E. Thus, (ii) follows from the fact that the connected compo-
nent Isorno(E) is generated by any neigbourhood of the identity. The converse is a con-
sequence of 1.2. ‘ ’ o o R

To give examples we recall the deﬁnmon of sorne adrm531b1e topolo gies on E. An

element Ozue E is said to be tripotent if {u, u, u}—u Eaeh tnpotent u produces a -

topolo gically dlrect sum decomposr'non , :
E= Eo(u) @ El/z(u) @ E (u)

where E, (u)= ={xeE; ul:lu(x)—kx} ke {0 1/2,1},1s thek—elgenspace of uoue L(E)
Here, E (u)is a JB* algebra in the product and involution grven by : . L
'Xoy—{xuy] - oxt={u,x,u).

- Let E be a JBW*- tnple and let dbeE, be a weak* connnuous functronal Then o

there is a tnpotent ueE, called the support of ¢, uniquely determmed by the fact that

¢|E1 ) is a faithful posmve functronal on the JB*-algebra El(u) and (b(u) llpll =1. Under‘
those conditions [1, prop 1.2] .
lelli) ¢{x x,u} (xeE)




is the square of a seminorm, and the strong™* topology on E, denoted by s*(E, Ey), is
defined by the set [II.II¢ s 0 E, ). If w=:0(E, E*) and t¥*=:1(E, E,,) are the weak, and
the Mackey topology associated to the duality <E, E,>, then by [2, th. 3.2], one has the
diagram
< s*(E,Ey) < T*E, E < \
(B, Ey) S _%n
TN GEENE <

1.4 Corollary. Let E be a JBW*-triple, and denote by T be any of the topologies w*,
s*, 1* w, n. Then

(i). Each surjective automorphism ¥ of E is -t continuous

(ii). Each derivation 8 € Der(E) is -t continuous.
Proof: For T#s*, (respectively, T=s*), the definition of T involves only the Banach
space (respectively, the JB*-triple) structure of E. Surjective automorphisms of E are
isometric, hence they preserve both the Banach space and the JB*triple structure of E .
Thus, surjective automorphisms of E are 1-T homeomorphisms for any topology
te {w*, s*, 1%, w, n}, and (ii) follows from (i) by proposition 1.2.

The following result, which is more or less known, is now recovered in a unified
manner. ' ,
1.5 Corollary. If 4 is a W*-algebra or a JBW*-algebra, and 6 is a *-algebra
derivation with 2(8)=4, then 8 is T-t continuous for any te {w*, s*, 7%, w, n}.
Proof: We shall distinguish between the W*-algebra, or the JBW*-algebra, 4 and its
associated JB*-triple, denoted by 2. For T#s* there is no distinction between the -
topology on 4 and the T-topology on A" as remarked before, and by [12, prop. 3] this is
also true for t=s*. Each *-algebra derivation with 2X(8)=4 induces a triple derivation of
27, and the result follows from corollary 1.4.

2. Continuity of holomorphic automorphisms

Let E and Bg be an arbitrary J B*-triple and its unit open ball. We recall that a
holomorphic automorphism of Bg is a bijection ® of By onto itself such that both @
and @1 are holomorphic mappings.The set Aut(Bg) =:(®:Bg—Bg ; ® is an automor-

phism} is a topological group with the usual law of composition and the topology of
uniform convergence on Bg [17, th4.3].

A holomorphic vector field X:x—X(x), xe Bg, is said to be complete in B, if, for
" each xe Bg, the maximal solution of the initial value problem

-g—tf(t, x)=X[ft,x)]  £0, x)=x M



‘is valid on the whole real lme R We set aut(BE) {X BE-—>E X complete in BE} The -
solution of (1) is denoted by ~ - o | | ,
f(t, x)=: [exp tX] (x) (xe BE, te R) D ' }
For Xe aut(Bg) and te R, the mapping f(t,): x~—>f(t X) Sat]SerS f(t e Aut(BE) and ‘
t—f(t,") is a continuous one-parameter subgroup of Aut(BE) whose 1nﬁn1tes1ma1 gene-

rator is

X(x) = 4 |0 f(t x) "~ (xeBg). - _
For acE, we let a-a* denote the vector f1eld x—a- {x,a, x} er By [10] and [11],
Aut(Bg) is a Banach-Lie group whose Lie algebra is aut(Bg), and { a-a* ; acE e - B
aut(Bg). As usualy, we write AutO(BE) for the connected identity component of this :
group.The following result is taken from [16, lem. 2.3] _ ’ | B
2.1 Proposmon IfEisa JB*-tnple and acE satisfies 4|lta||<1t, then the mappmo

f(t, x)=[exp t(a-a*)](x) is the unlform norm-hrmt on BE of the series Et a( x) where
ao(x)_ » al(x)— a-{x a, x} - .

Proof: The scalar power s_eries at)=: Z ocntn With coefficients ag=:1, oy=:2llall and

,°‘“+1vn+13+%n ilallak @

dornmates zx(t)— Zt a (x) But oc(t) satlsﬁes —a—a(t)— !lall+llalloc2(t) (x(O) 1 ie., '

‘ oc(t)—tg( +t llall). By Cauchy s dormnated convergence cntenon zx(t) is umformly

| convergent and sat13ﬁes E zx(t) a- {zx(1), a, zx(t)} zx(O)—x ie., zx(t)—f(t X). |
2.2 Corollary Let 2 be an element of a JB*-tnple E, and let T be an admissible
topology on E. If the mappmg Q isT-T continuous on Bg, then for each te R, the holo

' morph1c automorph1sm (I)t(x) [exp t(a-a*)](x) is T contmuous on BE a _ _»
Proof Constant maps and the 1dent1ty are T-T contmuous and an 1nduct10n argument’ S
shows that the coeff101ents any1, NEN, in (2) are T contlnuous on BE By proposition - ) |

- 2.1, for small values of t one has _

t(x) Zt a (X)

where the series is norm-convergent, hence alsot-convergent, un1formly for lIxll<1.
Since the terms are 7-T continuous functions, so is its uniform limit.
2.3 Theorem. Let E be a JB*-triple, and let T denote an admissible topology on E.




Then the following statements are equivalent:

(). All holomorphic automorphisms ®e Aut,Bg, are T-t continuous on Bg.

(ii). These two conditions hold: (a) All surjective linear isometries Le Isomy(E) are
t~t continuous. (b): For all ac E, the mapping Q , is T-t continuous on Bg.
Proof: "i=>ii". Since aut(Bg) is the Lie algebra of Aut(Bg), there are a neighbourhood
ACof 0 in aut(Bg) and a neighbourhood %4 of Id in Auty(Bg) such that exp: A= M is a
homeomorphism. Suppose i) holds. Then clearly condition (a) also holds. Let ac E be
small enough to have ac A Then @, (x)=:[exp t(a-a*)](x), x Bg, te R, is a one para-
meter group which, by assumption, consists of T-T continuous transformations. By
proposition 2.1, for small values of t (say ItI<T), one has

lt[CI)t(x) -1d(x)] - a1(x) = %otn _lan(x) (xeBg)
hence,

1 [0,00) - 140071 - 2, GO < . %n 2, () 1™ 2< 1. S a_(x)IT" <K
. 2

where K does not depend on xe Bg. Since each transformation lt [, - Dyl, 120, is
1~T continuous, so is its uniform limit x—a;(x)=a-{x, a, x} on B, and condition (b)
holds for all ac A; hence for all acE.

"ii=1". Let @€ Aut,(Bg) be given. By [17, th.4.3], one has ®=L°M where L is a
surjective isometry of E with Le Isomg(E) and M=[exp (a-a*)] for some acE. By
assumption, L is T-T continuous and, by corollary 2.2, so is M, whence the result fol-
lows. - » .

2.4 Corollary. If E is a JBW*-triple and 7 is any of the topologies‘ s*, T*, then any
holomorphic automorphism ®e Aut(Bg) is T-T continuous on Bg.
Proof: By theorem 2.3 and corollafy 1.4, it suffices to show that, for all ac E, the
mapping Q, is -t continuous on Bg, which is a consequence of [12, th. and note added
in proof].

~The continuity properties of ®e Aut(Bg) with respect to T=w* or T=w are com-
pletely different from what preceeds, as shown in the following section.

3. Weak continuity of holomorphic automorphisms in spin factors

We recall that a spin factor is a Hilbert space # with a conjugation -, endowed
with the triple product and the norm
: _ : 1
{a,b,x} = (@, b)x+(x,b)a-(a, X)b I x W12 =2 fixli2 + ( Ix2 -1 (x, %) 12) 2
The norm in a JB*-triple is uniquely determined by the triple product, and it is essential



to note that lILIIl and Il. II are equ1valent though they do not c01nc1de [5 th 7 3 Jf E= (:1{

~ {.,.}, ILIID) is a spin factor, one has E,, =E*=9{as vector spaces, and so there is no dis-

tinction between the weak* and the weak topologles on E The equahttes s*(E, E)=-

_—'c*(E E,)=n also hold in this case.The conjugatton on the Hilbert space Hunderlying
to E is a surjective R—hnear 1sometry, hence in order to study the w*-w*contmutty of

Qa we may assume that a=1., Fix any non null a=ae#. Then the orthogonal com-

plement of Ca in #is a selfconjugate space, and due to dlmﬂ’—oo one can choose an
' orthogonal sequence {xn, neN} cHwith o

o Ix =1, x=%,, x;la  (@eN).

Since the norms |ll.IIl and ILIl are equivalent on E, (X )peN is @ bounded w*-null
sequence. If Q , is w*-w* continuous, then {xﬁ, a,X}=-2, (ne N), is_also w*-null,

and so a=0. We have proved [16, prop. 4. 31
3.1 Proposition. Let E be any Spln factor with dimE=oo. Then the mple product of E

is riot jointly continuous w1th respect to the weal/* (or the weak) topology on E. The -

only weak*-weak™ (or weak—weak) contmuous holomorphlc automorphlsms of BE are

’ sutject1ve isometries.

Note that, by [3,th. 2.1], the triple product is separately Weak*-weak* connnuous :

on E since any spin factor is a JBW*-tmple

'.4 Weak contmulty of holomorphxc automorphtsms in the spaces CO(Q)

In this sectlon we estabhsh that the multiplication (f, g)—)f g is Jomtly weak-weak . ,
continuous on bounded subsets of Co(€). We apply this result to prove that allholo- .
'morphlc autornorphlsms of the unit ball BCO(Q) are weak-weak contmuous Here, Qis
a locally compact G- compact Hausdorff space, and CO(Q) is the Banach algebra of SO

. contmuous complex valued functions on 2 that vanish at 1nﬁn1ty,w1th the norm of the '
' supremum We denote by B(Q) the c-algebra of Borel subsets of Q, and by M(Q) the

space of complex valued Borel measures on Q. If pe M(Q) and Se !B(Q), Il(S) deno-

tes the variation of i on S. Then M(Q2) with the norm fpll=: lul(Q) is. a Banach space
» whlch is 1sometnca1y 1somorph10 to the dual CO(.Q)* of CO(Q) in the representatlon -

o<, >, where <, £ = : [ E@)dp(@) for fe Co(Q) and jie M(Q) The space of
measures is also a module over the ring CO(Q) in the product -
gUS)=: f g(w)dll(w) (ge Co(Q) He M), Se fB(Q))
4.1 Theorem. IfQisa locally compact G-compact Hausdorff space, then the multt-

~ plication (f, g)—-)f .g is jointly weak-weak continuous on bounded subsets of CO(Q)
Proof: Since only bounded subsets of Co(Q) are involved, we can restrict our consi-




derations to the unit ball BCO(Q). We have to show that , if (u;);e1 and (vj)ie1 are nets in
Beyo) wealky convergent to u and v respectively, (u,ve Beyq)), then (upvyie is
weakly convergent to u-v, that is, (uj-vj - u-v);e is a weakly null net. Due to the iden-
tity
upv; - uev = (U - 0)-(viev) + (U5 - 0)v + ue(viev),

it suffices to prove that the three nets (uj-u)-v, u-(vj-v), and (yj - u)-(vj-v), i, are
weakly null. We divide the proof into two steps.

Step 1. Since M(Q) is a module over the ring C(£2), we have a=:v-pe M(Q), and as

(u; - u);e is weakly null,
}lerrll <, (ugu)v> = }Ienil fo @u)»vdus= Jo (u)da= }lenll <o, upu> =0.
Similarly,
lim <, u-(v;-v)>=0.
iel

Step 2. Let us write f;=:u;-u and g=:v;-v, i€, and assume that (fj.gy);c is not weakly
null. Then there exists a pe M(€2) such that the net 0f complex numbers (<L, £;-g;>);c1
is not convergent to zero. Hence there exists a number £3>0 and there exists a sequence

)

n
<y, f-g,>12¢ (neN) (1).
As Q is c-compact, there is a sequence (Ky)qe N of compact subsets of Q such that

of indices (ip)ne N <1 such that (by writing f, and g, instead of fj , g

K, cK;.1for neN, and hJer:Q. In particular, there is a compact set L. < Q such that

QL)< ¢ & Q).
To each point we L, we associate the Dirac measure on ®, d,e M(€2); since the subnet
(fn)ne NCE (fi)ieI is weakly null, »

lim <§q, f,>= lim £(@)=0  (weL) 3.
n— oo n— oo

As Ipl(L)<ee, the Egoroff theorem applies [7, th. 11.32]; hence there exists a partition A,
B of L such that ‘
M@B)<¢eo and lim f(w)=0 uniformly for e A. ().

n— oo
In particular, there exists an index nye N such that (note that the case Il (A)=0 may be

disregarded)
.
0831611[)x ()l < AN, THICA) Y (n2n) : (5).
Since (gpie1 is contained in B Q). llgn lI<1 for ne N, and from (5)
I,‘& fgndp I < J..A Ifl lgg! dipl <ligy El{q Ify] dipl <

<(Sup lf(@)))- i (A)Steg  (u2ny) (6).

we A



| From IuI(B)S gp and the boundedness of (fn)neN and (gn)neN -

1], gl < I, gl dlul<lif I llgnll lul(B)<6eo .

From (2) by a s1m11ar argument

R TP - TR ES S AT dipl I, I !!gnlllul(Q\L)< 680 (néN)‘" ®).

Finally, by (6), (7) and (8), we have for n>ng

gg  (@>ng)

MIF'

<t fpgy>l = [y fugndt 1S1S 141] l+le . 3éeo
which contradicts (1) and completes the proof. . . . Do
4.2 Corollary. If 41is a commutative unital complex C*- algebra then the mu1t1pl1-
cation (x, y)—x-y is jointly weak-weak continuous on bounded subsets of A
Proof: Use Gelfand’s representat1on and theorem 4.1. - o ‘
4.3 Corollary. If Qis a locally compact o—compact space then all holomorphlc auto-
morphisms ®e Aut(B, (Q)) are weak—weak continuous m B, (Q)

Proof By theorem 4.1, the triple product of CO(Q) is ]omtly weak-weak contmuous on

bounded sets. Surjective linear isometries of any Banach space are weak—weak contr- ‘

" nuous; thus the result follows by theorem 2.3.°

4.4 Example If 41is the classical algebra lo, of all bounded complex valued sequen-' ‘

ces, and we apply corollaries 4.2 and 4.3, we get:
All holomorphlc automorphlsms de Aut(Bl ) of Bl are weak—weak contmuous '

7 }_5 Weak contlnuxty propertles of the tnple product m the algebra co(}[)

_ We would llke to prove an analogous to theorem 4 I for non abehan C* algebras : - ”' .
’}1 e essenually for the algebra L(ﬂ-[) of bounded llnear operators in a H1lbert space H T
Unfortunately, no representation of the dual L(#)* of L(H) i 1s known Thus we con51- D

der the algebra co(#) of compact operators in #; whose dual space is well known. .

‘  We recall [14, § 1.15] that aecy(#H) i is said to be a trace operaror 1f there is an or- ‘: A
thonormal basis Eac A of ﬂ-[ such that Z IIa&alkoo In that case, the sum Il ally = »' o

| = 2 IIa&alI does not depend on the basrs (ga)ae Awe consrder in 9{ We write 1j(#) . |

“for the set of all trace operators on 5{ Since for ael1(ﬂ) the sum Z l|a§a1| is ﬁmte :
oe

the famlly {aeA; a(§#0 ) is countable and we order it into 2 sequence @k)keN ; then
any extension of (€1ke N . to an orthonormal basis of #{is said to be associated 10 a.
For ae1;(#), the series trace(a)=: Z (a&a | §a) has a well defined sum ‘which does

not depend on the basis (§y)ge Aand is called the rrqce ‘of a. Also (13(#), Il Ill) isa




Banach space and a two-sided ideal over the ring L(#). Thus, for xe co(#) and
ae 11(#), the series

<a, x> =: trace(x-a) = ong (xaky 1 &)
is well defined, and <a, -> is a continuous linear form on cg(#). Finally, the mapping
a—<a, -> is an isometric isomorphism of (1;(#), Illl;) onto the dual co(H)* of cy(H)
and 1y(#) is a module over the ring co(#). We shall need the following lemmas.
5.1 Lemma. If (x;);e1 ©co(#) be a weakly null net, then:

(). For any pair of vectors &, 1€ %, one has llnll (x£ 11)=0.
1€
(ii). For any ae cy(#), the nets (a-X;)ie 1 and (x;-a);e 1 are weakly null.
Proof: (i). Clearly a=:(- I)€c1;(#), and we may assume li§ll=1. Let (§y)qe 4 extend
the singleton {&} to an orthonormal basis of #; since(x;)ic 1 is weakly null,

0=lim< ,A > = lim trace (xpa) = lim 2 (xpa &y 1E,) = lim(x; & | £).
el T ey ()= 2a O S50 ilenf(xli 2

By polarizing we get l1rr11 (x;€ 1 m)=0 for all &,ne # _
1€ .
(ii). Let bel{(#H). Since (xp;e1 is weakly null and 1{(#) is an ideal over cy(#H),
lim <b, x;a>= lm Uace[kxi-a)-b] = lim trace[(x;-(a-b)] =0
iel iel iel
which shows that (x;-a);ic 1is weakly null. The other half follows from trace(x-y) =
= trace (y-x) for x,ye 1, (#).
5.2 Lemma. Let be 1;(#), and (§)qe pbe a basis associated to b. If A c:coi(ﬂ) isa
bounded subset, then for each £>0 there is an index NeN such that

Ik=§+1 @bg, 18, )l <e (acA).

Proof: We have a-be 1;(#) for all ac A. From the boundedness of A, if M=: Sup llall,
N ac A

5 @bt JE ) < 5 NallibE 1<M 5 |
@ &l &y) <k§1IlaIlllb§kll<Mk§1IIb§kI[ (acA).

Since . b€ Il is finite, we can choose Ne N so that 2 lbE li< “1"8.
' k=1 k k=N+1 k M

If E is an arbitrary JB*-triple and 7 is an admissible topology on E, then we write
Cont,(E) for the set of ae E such that Q, 1s -t continuous on Bg. One can prove, as in
{16, lem. 2.2], that -

5.3 Lemma. If E is an arbitrary JB*-triple, then Cont,(E) is a norm closed subtriple
of E; actually it is a quadratic ideal, i.e., _

{Conty(E), E, Cont,(E)} cCont,(E).
5.4 Theorem. Each mapping Q,, ac co(#H), is weak-weak continuous on bounded -
subsets. ;
Proof: We restrict our considerations to the unit ball Bey(a) of co(#). By the identity
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. {xp, d:"[] [X a x} {(x;- %), a. (xi- X)}‘*‘{)\,& (Xl”x)}-
where xl, X, a€ Bco(ﬂ)’ ie1, it suffices to prove the statements @) and (ii) below:
(3). If (x)Die1 CBeg(a is @ weakly null net and u,ve co(#), then ({u, Vs X; })1eI 15

weakly null.
(i). If (Xpie1 CBCO(g.[) isa weakly null net, then ((xl, a, xi })er is weakly null.

Proof-(i). One has 2{u, v, X} = uv¥x; + x,v*u iel], and the statement is an 1mmed1ate _‘

consequence of lemma 5.1. _
(ii). We shall prove the statement in the spe01al case in WhICh a can be written in

the form a=(- [€)n for some {ne H. As a consequence, (ii) holds for all finite rank -

operators ac FR(#). The result follows then by the norm density of FR(}I) in co(#) and
lemma 5.3. Thus, let a=(- I€)1. We have to show that, for each belj(#), one has

lim <b, {x;, a, x1 }>= 0
iel .

which is equivalent to

, ‘ o iel
"I (Eg)oe als @ basis associafed fo b, the latter is equ1valent to

~ lim Z({x a, X, }b?; l§ )_
i€l k=1

- lim trace({xl,a X }b) O I (1):

Let £>0 be given. Since (x;)jc1is bounded, so is ([xl, a, X })le b ‘whence one can

apply lemma 5.2. Let us f1x Ne Nin such a way that

S emgtpisle @ @

: k=N +1
- where Y= {xl, a, Xj } for el From the expressmn a -( I&)’q, it follows that :

{Xp a, x1 }b ¢! x1*§)bx1n (le I) ’
Hence to cach fixed pa1rc[> Pe %, | L i {- ‘
B (% 2% 169 | 9)=(x018) (bxm 9), Gen.

As (X1)1eI is weakly null, by lemma 5.1the latter shows that hm({xl, a, % }bq) l(p) =

O Thus 1npart1cular,for<[) P= ék’ R
- l1rn (% 2% }b&klék) 0 : '(Kkﬂ‘l){i- v’

" and SO, there exists an mdex IOEI such that -

'lz <{xl,axl}bék1ék>! % @) e

Finally, from (2) and (3)
| " Itrace ({xp, 8, x; }b) I =1 Z({x 2%, )bE lgk)|<‘

SIE f+1 2 1< -1—£+le £ (1>10) ,
k=1 k=N+1 2.2 _ o o
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which completes the proof.
5.5 Corollary All holomorphic automorphisms e Auty(B, (9‘0) are weak-weak

continuous in B Col0-

Proof: It follows immediately from theorems 5.4 and 2.3.

6. Weak continuity properties of the triple product in the space £(#)

In this section, we investigate the set Conty, (L(#)) of the operators ac £(H) for
which Qg is weak-weak continuous in B () We recall [8, th, 4.2] that £(#) is a dual
JB*-triple, and that any weak*-closed ideal M in a JBW*-triple E has an orthogonal

complement M L which is an ideal,

E=MoeM<!- MoMLl=MlpMm-={0).
The canonical factor projection 7y :L(H)—M is a JB*-homomorphism, hence conti-
nuous. If (§y)qe A CHis an orthonormal basis in 7 then we write

aaB=:(. l &a)éﬁ (o,BeA).

Any operator ac £(#H) can be represented uniquely in the form

a= C(,%EA A'QB (' ] E.JO',)&B

for some bounded family of scalars (kaB)aBe A ©C. Here, the series is to be under-
stood in the weak-operator topology of L(#).

6.1 Lemma. Let ac Conty,(L(H)), and let M be a weak*-closed ideal in £(#). Then
b=: my(a)e ContW(M).

Proof: Let (x{)je1 ©M be a bounded weakly null net in M. We have to show that

}ig} <W, {x4, b, x; }>=0
whenever |le M*. By the preceding remarks, we have
{xi, b, xi }={xi, Tpga, X }={myxi, mpa, T 1= TyXg a, xq .
But (xj)ie1 is also a bounded weakly null net in £(#), and clearly 1 o Ty e L(#)*; thus,
by the assumption ae Contyw (L(H)),

Im}<u, {xi, b, xj }>= hn}<u, Ty{xi, 2, %1 }> = 11“}<”°“M’ {x{,a, x5 }>=0

as we wanted to show.

6.2 Proposition. We have cy(#) CContw(L(}l)).

Proof: By lemma 3.3, Cont,, (L(#)) is a norm closed quadratic ideal of £(#); hence it
suffices to prove that, whenever &e 7, we have a=:(- I€)ée Cont,,(£(#)). Let (Xpiec1 be
a bounded weakly null net in £(#), and let pe L(H)* be given. We have to prove that

lim <y, {x;, a, x; }>=0.
iel
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By D1xm1er s theorem (15, §IV 3,th.5], L admits a unique representatlon of the form |

p= 0+ dely(#), Pecy(#hL

i.e., ¢ canbe identifyed to a trace operator be l;(#) and cp(H) cker( P). From ae co(H)
we get (x;, 8, x; Jeco(#H), iel, and so . \
<M, {xp8,% )>=< 0+Q, {x;, 8, }>=< 0, {x;a,x }> trace ({x;, &, x;}+b)

whence we can draw 11rrI1<u, {x;, @, x; }>=0as we did in the proof of theorern 5.4.
1€

6 3 Proposition. Let ae Conty(£(#)) admit a representatxon :
| | 2= Fea Mop (18 o M
(weak operator convergence) for some bounded family (Agg)gge o ©C and minimal

pairwise orthogonal tripontents <aaB)aBe A- Then ae cy(#).

Proof: By the pairwise orthogonality of (aOLB)aBE A, the net of partial sums in (1) is -

norm bounded in L(#). The weak-operator topology agrees with the weak™ topology
on bounded sets, hence we may assume that (1) is w*-coqvergent to a. We can sup-
pose that there is an infinity of ceefficients ?\.OLB;&O (cherWise, we would obviously
have ae cy(#H)). Since (?‘OLB)OCBE A is bounded, it has at least a cluster point, and we
claim that A=0 is its only cluster point. Indeed, let A be a limit point of (KOCB)(XBG A, and
choose a sequence A am)nmeN € Aop)aBe A Such thgt nglgw Aam= A. Let M denote

the weak* closed ideal generated by {(. | E)Em; 1, me N} in £(#). Clearly the seQuen—
ce{( 1 €& m; n, me N} is weak™® summable in [(ﬂ) and the pro;ectlon b=mya of a
onto M is given by ' :

b=:w nm( !ﬁn)‘t:m : B (2)
: We deﬁne a sequence (er)rseN cMby S T
| = EDErt (1 EDEs = aﬂ+als R )
Clearly (er)rseN is bounded and weakly null _ R ’ :
_ (er)rseN 2B (%) W hm xIS 0.
'Smce the tnple product in L(H) is separately weak™ contmuous by (1) we have
{x5, b, er} = {Xss g: Mymanm» Xrs} =w* Z 7\«nm {xrs’ anm’ xrs] (r seN).
The only non- zero summands above are o ‘ o
nm{xrs’ nm> Xrs) =18+ a'1I'*'ll1"1rs)'*'7tlsals 3.

By assumpt1on ae ContW(L(ﬂ-Z)) hence by lemma 6. 1,be ContW(M), and as (er)rseN
is bounded and weakly null in M, :
lim m <y, (X5 D, er}>— T 4)

I,S—»<
whenever e M*, If | is the functional assomated to the trace operator c=:(. | EE1, we

have (forr, s >1), a.c =a;.c =0and ayg.c=a;5, 8. =2y Thus, by (3)
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<, {Xpsr D, Xps}> = trace[{Xg, b, xi5}.c] =

= trace (M jsaigt Arsy)-C = Arg
and so, by (4)

O—rlslm <, {Xp b, Xpg)> = Apg

Since (Ayp)ameN Was convergent to A, we have A=0. As the origin is the only limit
point of (Agp)ape A, the set of indices ofie A such that A,g=0 is countable, and can be
arranged into a decreasing sequence A1 Ayl 2... 1 0. By the orthogonality of the
tripotents (. | €€, (n, me N), the weak* closed subtriple E they generate in L() is
commutative, hence isomorphic to an abelian von Neumann algebra, which in turn is
isomorphic to le., and clearly

a=w* %‘,n Am G 1EREREE.
Thus, we have norm convergence and this series defines a compact operator. This
completes the proof.
6.4 Corollary. One has Conty, (L(H)) =L(#) if and only if dim(H) <eo.

Proof: The identy operator has the representation Id= ag’ Ra E)Eq. If we had Ide

Conty(L(#)), then by proposition 6.3, Ide c¢y(#)) and so dim(H) <ee.

6.5 Corollary. The multiplication in L({#) is jointly weak-weak continuous if and
only if dim(H) <ee. ‘

Proof: If (x, y)—=x.y is jointly weak-weak continuous, then so is x—x2={x, 1, x},
xe L(H), whence le Conty, (L(#4)), which, by corollary 6.4 gives dim(#) <eo. The
converse is known.
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