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Abstract. The main purpose of this paper is to prove the following result. Let
H be a complex Hilbert space, let B(H) be the algebra of all bounded linear oper-
ators on H, and let A(H) C B(H) be a standard operator algebra which is closed
under the adjoint operation. Suppose that T': A(H) — B(H) is a linear map-
ping satisfying T(AA*A) = T(A)A*A — AT(A")A+ AA™T(A) for all A € A(H).
Then T is of the form T(A) = AB + BA for all A € A(H), where B is a fixed op-
erator from B(H). A result concerning functional equations related to bicircular
projections is proved.

Throughout, R will represent an associative ring. Given an integer n = 2,
a ring R is said to be n-torsion free if for x € R, nx = 0 implies z = 0. As
usual we write [z,y] for zy —yx. An additive mapping x — z* on a ring
R is called an involution if (zy)* = y*z* and 2** = z hold for all z,y € R.
A ring equipped with an involution is called a ring with involution or *-ring.
Recall that a ring R is prime if for a,b € R, aRb = (0) implies that either
a=0or b =0, and is semiprime in case aRa = (0) implies a = 0. Let A be an
algebra over the real or complex field and let B be a subalgebra of A. A linear
mapping D : B — A is called a linear derivation if D(zy) = D(x)y + xD(y)
holds for all pairs x,y € B. In case we have a ring R, an additive mapping
D: R — Ris called a derivation if D(xy) = D(z)y +xD(y) holds for all pairs
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x,y € R, and is called a Jordan derivation in case D(2?) = D(z)z + 2D(z) is
fulfilled for all z € R. A derivation D is inner if there exists a € R such that
D(z) = [z,a] holds for all z € R. Every derivation is a Jordan derivation.
The converse is in general not true. A classical result of Herstein [8] asserts
that any Jordan derivation on a 2-torsion free prime ring is a derivation. A
brief proof of Herstein’s theorem can be found in [4]. Cusack [5] generalized
Herstein’s theorem to 2-torsion free semiprime rings (see [2] for an alternative
proof). Let X be a real or complex Banach space and let B(X) and F(X)
denote the algebra of all bounded linear operators on X and the ideal of
all finite rank operators in B(X), respectively. An algebra A(X) C B(X)
is said to be standard in case F(X) C A(X). Let us point out that any
standard algebra is prime, which is a consequence of Hahn-Banach theorem.
Let X be a complex Banach space. A projection P € B(X) is bicircular if

all mappings of the form ¢’*P + ¢#(I — P), where I denotes the identity
operator, are isometric for all pairs of real numbers o and . Stachd and
Zalar [11] investigated bicircular projections on the C*-algebra B(H), the
algebra of all bounded linear operators on a Hilbert space H (see also [12]).

Let us start with the following result proved by Bresar [3]: Let R be
a 2-torsion free semiprime ring and let D : R — R be an additive mapping
satisfying

(0.1) D(zyz) = D(x)yx + zD(y)x + xyD(x)

for all pairs z,y € R. In this case D is a derivation.

One can easily prove that any Jordan derivation on an arbitrary 2-torsion
free ring satisfies (0.1) (see [4] for the details), which means that the above
result generalizes Cusack’s generalization of Herstein’s theorem we have men-
tioned above.

Recently, the second named author of the present paper, Kosi-Ulbl, and
Eremita [15] have proved the following result: Let R be a 2-torsion free
semiprime ring and let D : R — R be an additive mapping satisfying

(0.2) T(xyx) = T(z)yxr — 2T (y)x + 2yT(z)

for all pairs z,y € R. In this case T is of the form 27'(z) = gz + zq for all
x € R, where ¢ is some fixed element from the symmetric Martindale ring of
quotients, which will be denoted by Qg(R).

In case of a *-ring we obtain, putting y = z* in (0.1) and (0.2), the rela-
tions

(0.3) D(zz*z) = D(x)x*x + xD (2" )z + za*D(z), =z € R,
and
(0.4) T(xx*x) =T (z)x* s — 2T (2" ) + 22™T(x), x € R.
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Recently, the first named author of the present paper [13] has proved
the following result, which is related to (0.3): Let H be a complex Hilbert
space and let A(H) be a standard operator algebra which is closed under the
adjoint operation. Let D : A(H) — B(H) be a linear mapping satisfying

D(AA*A) = D(A)A*A + AD(A*)A + AA*D(A)

forall A € A(H). In this case D is of the form D(A) = [A, B] for all A € A(H)
and some fixed operator B € B(H ), which means that D is a derivation.
The following result is related to (0.4).

LEMMA 1. Let H be a complex Hilbert space and let A(H) C B(H) be a
standard operator algebra which is closed under the adjoint operation. Let
T: A(H) — B(H) be a linear mapping satisfying

(0.5) T(AA*A) = T(A)A*A — AT(A*)A + AA*T(A)

for all Ac A(H). In this case T is of the form T(A) = AB + BA for all
A € A(H) and some fized operator B € B(H).

PRrROOF. Let us define
L(X,Y,Z)=T(XY"Z) — (T(X)Y*Z - XT(Y*")Z + XY*T(Z))

for all X,Y,Z € A(H). Note that the above form is 3-sesquilinear. Assump-
tion (0.5) implies

(0.6) L(X,X,X)=0
for all operators X € A(H). Putting X +Y for X in (0.6) we get
LIX,X,Y)+ L(X,Y,X)+ L(X,Y,Y)
+ LY, X, X))+ LY, X, Y)+ L(Y,Y,X) =0.
Putting —X for X and comparing with the above relation we get
(0.7) LIX, X,)Y)+ L(X,V,X)+ L(Y,X,X)=0.

Further, if we put ¢Y for Y in (0.7) and compare with the relation (0.7) we
get L(X,Y,X) =0 forall X,Y € A(H). This yields

L(X,Y* X)=T(XYX) — (T(X)YX - XT(Y)X + XYT(X)) =0

for all X, Y € A(H). Applying [15, Theorem 2.1] it follows that T is
of the form T(A) = AB + BA for all A€ A(H) and some fixed operator
B e Qs(A(H)). Since Qs(A(H)) = B(H) (this is a direct consequence of
[1, Theorem 4.3.8] and |9, p. 78, Example 5|) it follows that B € B(H). O
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The next corollary includes Lemma 1 as well as Theorem 1 in [13].

COROLLARY 2. Let H be a complex Hilbert space and let A(H) be a

standard operator algebra which is closed under the adjoint operation. Let
D,G: A(H) — B(H) be linear mappings satisfying

(0.8) D(AA*A) = D(A)A*A+ AG(A")A+ AA*D(A)
and
(0.9) G(AA™A) =G(A)A"A+ AD(A")A+ AA*G(A)

forall A€ A(H). In this case D and G are of the form
D(A)=AB+C)+(C—-B)A, G(A)=AB-C)—(B+0C)A
for all A € A(H) and some fized operators B,C € B(H).
PRrROOF. Combining (0.8) with (0.9) we obtain
(0.10)  F(AA™A) = F(A)A*A+ AF(A")A+ AAF(A), Ac A(H),

where F'(A) stands for D(A) + G(A). On the other hand subtracting (0.9)
from (0.8) we arrive at

(0.11)  H(AA*A) = H(A)A*A — AH(A")A + AA'H(A), A€ A(H),

where H(A) denotes D(A) — G(A). According to (0.10) all the requirements
of Theorem 1 in [13] are fulfilled, which means that D(A) + G(A) = [A, B]
holds for all A € A(H), where B € B(H) is some fixed operator. On the other
hand it follows from (0.11) and Lemma 1 that

D(A)-G(A)=AC+CA
holds for all A € A(H) and some fixed operator C' € B(H). The last two re-
lations yield that 2D(A) = A(B+C) + (C — B)A and 2G(A) = A(B-C) —

(B+ C)A holds for all A € A(H), where B,C € B(H) are some fixed opera-
tors. g

According to Proposition 3.4 in [11] every bicircular projection P : B(H)
— B(H), where H is a complex Hilbert space, satisfies the functional equation

(0.12) P(ABA) = P(A)BA — AP(B*)*A + ABP(A)

for all pairs A, B € B(H). Fosner and Iligevi¢ [6] investigated the above func-
tional equation in 2-torsion free semiprime *-ring. They expressed the so-
lution of the equation (0.12) in terms of derivations and so-called double
centralizers (see also [14]).

Putting A* for B in (0.12) one obtains
(0.13) P(AA*A) = P(A)A*A — AP(A)*A+ AA*P(A), A€ B(H).

This together with Theorem 1 in [14] was the inspiration for our last result.
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THEOREM 3. Under the conditions of Corollary 2, D and G are of the
form

(0.14) D(A)=[A,B+C]+(P+Q)A+ AP +Q),
(0.15) GA)=[AB-Cl+(P-QA+ AP —-Q)
for all A€ A(H) and some fized operators B,C,P,Q € B(H). Besides,

B*+B=),C"-—C=ul, PP=—P, Q" =Q, where X\ and p are some
fized complex numbers.

PROOF. The proof goes through in several steps.
First step. Let us first assume that D = G. In this case

F(AA*A) = F(A)A*"A+ AF(A)"A+ AA*F(A)
for all A € A(H). It is our aim to prove that F' is of the form
F(A)=[A,B]+ PA+ AP
for all A € A(H), where B and P are some fixed operators from B(H). Be-
sides, B* + B = Al for some fixed complex number A and P* = —P. Let us
introduce the mappings d: A(H) — B(H) and f: A(H) — B(H) by
d(A)=F(A)+ F(A")" and f(A)=F(A)— F(A")",

and prove that

(0.16) d(AA*A) = d(A)A* A+ Ad(A")A+ AA*d(A)
and
(0.17) d(A*)" =d(A)

hold for all A € A(H). We have
d(AA*A) = F(AA*A) + F(A*AA")" = F(A)A*A+ AF(A)*A+ AA*F(A)
+ (F(A")AA* + A*F(A*)*A* + A*AF(A*))" = F(A)A*A + AF(A)* A
+ AA*F(A) + AA*F(A*)" + AF(A*)A + F(A*)*A* A
= (F(A)+ F(A")" ) A" A+ A(F(A") + F(A)") A+ AA*(F(A) + F(A")")
= d(A)A*A+ Ad(A")A + AA*d(A),
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which proves (0.16). We also have
d(A")" = (F(A") + F(A)")" = F(A) + F(A")" = d(4),

which proves (0.17). Similarly one proves that

(0.18) FAA*A) = f(A)A*A — Af(A")A + AA* f(A)
and
(0.19) fAY)" = —f(A)

hold for all A € A(H). (0.16) tells us that all the assumptions of Theorem
1 in [13] are fulfilled, which means that d is of the form d(A) = [A, B] for
all A€ A(H), where B is some fixed operator from B(H). Further, (0.17)
tells us that [A, B] = [A*, B]" holds for all A € A(H), which means that we
have [A,B+ B*] =0 for all A€ A(H). Since B+ B* commutes with all
operators from F(H) one can conclude that B + B* = \I, where \ is some
fixed complex number. From (0.18) it follows that all the assumptions of
Lemma 1 are fulfilled, which means that f is of the form f(A) = AP + PA
for all A € A(H), where P is some fixed operator from B(H). According to
(0.19) we have (A*P + PA*)* = —(AP + PA), which gives

(0.20) (P*+P)A+A(P*+P)=0

for all A € A(H). Putting in the above relation first CA for A, then mul-
tiplying (0.20) from the left side by C' and subtracting one from another
we obtain [P*+ P,C]A =0 for all A,C € A(H), whence it follows that
[P*+ P,C] =0. Thus we can replace in (0.20) A(P* + P) by (P*+ P)A,
which gives (P*+ P)A =0 for all A € A(H) and finally P* + P = 0. Com-
bining F(A) + F(A*)* = [A, B] with F(A) — F(A*)" = AP + PA we obtain
2F(A) = [A, B] + AP + PA, which completes the proof of the first step.
Second step. Let us assume that D = —G. Now we have

H(AA*A) = H(A)A*A — AH(A)"A+ AA*H(A)
for all A € A(H). In this case H is of the form
H(A)=[A,C]+ QA+ AQ

for all A € A(H), where C and @ are some fixed operators from B(H). Be-
sides C* — C = ul, where p is a fixed complex number and Q* = Q). The
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proof of the second step will be omitted since it goes through using the same
arguments as in the proof of the first step.

Third step. Now we are ready for the proof of the general case. Combin-
ing (0.8) with (0.9) we obtain

F(AA*A) = F(A)A*A + AF(A)* A + AA*F(A), A€ A(H),

where F(A) stands for D(A) + G(A). On the other hand subtracting (0.9)
from (0.8) we arrive at

H(AA*A) = H(A)A*A — AH(A)'A+ AA*H(A), A€ A(H),

where H(A) denotes D(A) — G(A). Now, according to the first and the sec-
ond step we have

D(A) + G(A) = [A, B] + PA + AP

and
D(A) —G(A) =[A,Cl+ QA+ AQ

for all A € A(H). From the above relations one obtains
2D(A) =[A,B+Cl+(P+Q)A+AP+Q)

and
2G(A)=[A,B-C]+(P-Q)A+ A(P - Q)

forall Aec A(H). O
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