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Abstract. The main purpose of this paper is to prove the following result. Let R be a prime ring of
characteristic different from two and let T : R ! R be an additive mapping satisfying the relation
Tðx3Þ ¼ TðxÞx2 � xTðxÞxþ x2TðxÞ for all x2R. In this case T is of the form 4TðxÞ ¼ qxþ xq; where
q is some fixed element from the symmetric Martindale ring of quotients. This result makes it possible
to solve some functional equations in prime rings with involution which are related to bicircular
projections.
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1. Introduction

Throughout, R will represent an associative ring with center ZðRÞ: Given
an integer n5 2; a ring R is said to be n-torsion free if for x2R; nx ¼ 0 implies
x ¼ 0: As usual the commutator xy� yx will be denoted by ½x; y�. An additive
mapping x 7! x� on a ring R is called an involution if ðxyÞ� ¼ y�x� and x�� ¼ x
hold for all x; y2R. A ring equipped with an involution is called a ring with
involution or �-ring. Recall that R is prime if for a; b2R; aRb ¼ ð0Þ implies
a ¼ 0 or b ¼ 0; and is semiprime if aRa ¼ ð0Þ implies a ¼ 0: An additive map-
ping D : R ! R is called a derivation if DðxyÞ ¼ DðxÞyþ xDðyÞ holds for all pairs
x; y2R and is called a Jordan derivation in case Dðx2Þ ¼ DðxÞxþ xDðxÞ is fulfilled
for all x2R: Every derivation is a Jordan derivation. The converse is in general
not true. A classical result of Herstein [13] asserts that any Jordan derivation on
a prime ring of a characteristic different from two is a derivation. Cusack [11]
generalized Herstein’s result to 2-torsion free semiprime rings (see also [8] for
an alternative proof). We denote by Qmr, Qs, and C the maximal Martindale right
ring of quotients, symmetric Martindale ring of quotients and extended centroid of
a semiprime ring R; respectively. For the explanation of Qmr; Qs, and C we refer
the reader to [5, Chapter 2].

Brešar [9] proved the following result.



Theorem 1.1 [9, Theorem 4.3]. Let R be a 2-torsion free semiprime ring and
let D : R ! R be an additive mapping satisfying the relation

DðxyxÞ ¼ DðxÞyxþ xDðyÞxþ xyDðxÞ ð1Þ
for all pairs x; y2R. In this case D is a derivation.

One can easily prove that any Jordan derivation on arbitrary 2-torsion free
ring satisfies the relation (1), which means that Theorem 1.1 generalizes Cusack’s
generalization of Herstein’s result we have just mentioned above. Motivated by
Theorem 1.1 the second named author, Kosi-Ulbl, and Eremita [18] have recently
proved the following result.

Theorem 1.2 [18, Theorem 1]. Let R be a 2-torsion free semiprime ring and let
T : R ! R be an additive mapping satisfying the relation

TðxyxÞ ¼ TðxÞyx� xTðyÞxþ xyTðxÞ; ð2Þ
for all pairs x; y2R. In this case T is of the form 2TðxÞ ¼ qxþ xq where q is a
fixed element from Qs.

Putting in (1) and (2) y ¼ x one obtains

Dðx3Þ ¼ DðxÞx2 þ xDðxÞxþ x2DðxÞ; for all x2R ð3Þ
and

Tðx3Þ ¼ TðxÞx2 � xTðxÞxþ x2TðxÞ; for all x2R: ð4Þ
Beidar, Brešar, Chebotar and Martindale have proved [2, Theorem 4.4] that

in case an additive mapping D : R ! R; where R is a prime ring of characteristic
different from two, satisfies the relation (3), then D is a derivation (actually they
proved more general result). It is our aim in this paper to prove that in case an
additive mapping T : R ! R, where R is a prime ring of characteristic different
from two, satisfies the relation (4), then T is of the form 4TðxÞ ¼ qxþ xq; where q
is a fixed element from Qs.

Let X be a complex Banach space and let LðXÞ be the algebra of all bounded
linear operators on X. A projection P2LðXÞ is called bicircular in case all map-
pings of the form ei�Pþ ei�ðI � PÞ; where I denotes the identity operator, are
isometric for all pairs of real numbers �; �. Stach�oo and Zalar [15, 16] investigated
bicircular projections on the C�-algebra LðHÞ; the algebra of all bounded linear
operators on a Hilbert space H: According to [16, Proposition 3.4] every bicircular
projection P : LðHÞ ! LðHÞ satisfies the relation

PðxyxÞ ¼ PðxÞyx� xPðy�Þ�xþ xyPðxÞ; ð5Þ
for all pairs x; y2LðHÞ. The first named author and Iliševi�cc [12] investigated the
above functional equation in 2-torsion free semiprime �-rings. They expressed
the solution of Eq. (5) in terms of derivations and so-called double centralizers.
The second named author showed that applying Theorem 1.1 and Theorem 1.2 a
more direct approach makes it possible to prove a more general result [17,
Theorem 1]. In this paper we prove a result concerning bicircular projections
on a prime ring with involution which is related to the conjecture in [17].

136 M. Fošner and J. Vukman



2. Preliminaries

Let R be a ring and let X be a subset of R. By CðXÞ we denote the set
fr2Rj½r;X� ¼ 0g. Let m2N and let E : Xm�1 ! R, p : Xm�2 ! R be arbitrary
mappings. In the case when m ¼ 1 this should be understood as that E is an
element in R and p ¼ 0. Let 14 i< j4m and define Ei; pij; p ji : Xm ! R by

EiðxmÞ ¼ Eðx1; . . . ; xi�1; xiþ1; . . . ; xmÞ;
pijðxmÞ ¼ pjiðxmÞ ¼ ðx1; . . . ; xi�1; xiþ1; . . . ; xj�1; xjþ1; . . . ; xmÞ;

where xm ¼ ðx1; . . . ; xmÞ2Xm.
Let I; J � f1; . . . ;mg, and for each i2 I, j2 J let Ei;Fj : X

m�1 ! R be arbitrary
mappings. Consider functional identitiesX

i 2 I

Ei
iðxmÞxi þ

X
j 2 J

xjF
j
jðxmÞ ¼ 0 ðxm2XmÞ; ð6Þ

X
i 2 I

Ei
iðxmÞxi þ

X
j 2 J

xjF
j
jðxmÞ2CðXÞ ðxm2XmÞ: ð7Þ

A natural possibility when (6) and (7) are fulfilled is when there exist mappings
pij : X

m�2 ! R, i2 I, j2 J, i 6¼ j, and �k : X
m�1 ! CðXÞ, k2 I [ J, such that

Ei
iðxmÞ ¼

X
j 2 J;j 6¼ i

xjp
ij
ijðxmÞ þ �i

iðxmÞ;

F
j
jðxmÞ ¼ �

X
i 2 I;j 6¼ i

p
ij
ijðxmÞxi � �j

jðxmÞ;

�k ¼ 0 if k 2= I \ J

ð8Þ

for all xm2Xm, i2 I, j2 J. We shall say that every solution of the form (8) is a
standard solution of (6) and (7).

The case when one of the sets I or J is empty is not excluded. The sum over the
empty set of indexes should be simply read as zero. So, when J ¼ 0 (resp. I ¼ 0)
(6) and (7) reduce toX

i 2 I

Ei
iðxmÞxi ¼ 0

�
resp:

X
j 2 J

xjF
j
jðxmÞ ¼ 0

�
ðxm2XmÞ; ð9Þ

X
i 2 I

Ei
iðxmÞxi2CðXÞ

�
resp:

X
j 2 J

xjF
j
jðxmÞ2CðXÞ

�
ðxm2XmÞ: ð10Þ

In that case the (only) standard solution is

Ei ¼ 0; i2 I ðresp: Fj ¼ 0; j2 JÞ: ð11Þ
The d-freeness of X will play an important role in this paper. For a definition of

d-freeness we refer the reader to [6]. Under some natural assumptions one can
establish that various subsets (such as ideals, Lie ideals, the sets of symmetric or
skew symmetric elements in a ring with involution) of certain types of rings are
d-free. We refer the reader to [1] and [3] for results of this kind. Let us mention that
a prime ring R is a d-free subset of its maximal right ring of quotients, unless R sat-
isfies the standard polynomial identity of degree less than 2d (see [3, Theorem 2.4]).
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Let R be a ring and let

pðx1; x2; x3Þ ¼
X
� 2 S3

x�ð1Þx�ð2Þx�ð3Þ

be a fixed multilinear polynomial in noncommutative indeterminates x1, x2 and x3.
Further, let L be a subset of R closed under p, i.e. pðx3Þ2L for all x1; x2; x3 2L,
where x3 ¼ ðx1; x2; x3Þ. We shall consider a mapping T : L ! R satisfying

T
�
pðx3Þ

�
¼

X
� 2 S3

�
T
�
x�ð1Þ

�
x�ð2Þx�ð3Þ � x�ð1ÞT

�
x�ð2Þ

�
x�ð3Þ þ x�ð1Þx�ð2ÞT

�
x�ð3Þ

��
; ð12Þ

for all x1; x2; x3 2L. In the first step of the proof of the following theorem we derive
a functional identity from (12). Let us mention that the idea of considering the
expression ½pðx3Þ; pðy3Þ� in its proof is taken from [4].

For the proof of our main result (Theorem 3.2) we need the result below which
is of independent interest.

Theorem 2.1. Let L be a 6-free Lie subring of R closed under p. If T : L ! R
is an additive mapping satisfying (4), then there exists q2R such that 4TðxÞ ¼
xqþ qx for all x2L.

Proof. Note that for any a2R and x3 2L3 we have�
pðx3Þ; a

�
¼ p

�
½x1; a�; x2; x3

�
þ p

�
x1; ½x2; a�; x3

�
þ p

�
x1; x2; ½x3; a�

�
:

Thus

T
�
pðx3Þ; a

�
¼ T

�
pð½x1; a�; x2; x3Þ

�
þ T

�
pðx1; ½x2; a�; x3Þ

�
þ T

�
pðx1; x2; ½x3; a�Þ

�
:

Using (12) it follows that

T
�
pðx3Þ; a

�
¼

X
� 2 S3

T
�
x�ð1Þ; a

�
x�ð2Þx�ð3Þ �

X
� 2 S3

�
x�ð1Þ; a

�
T
�
x�ð2Þ

�
x�ð3Þ

þ
X
� 2 S3

�
x�ð1Þ; a

�
x�ð2ÞT

�
x�ð3Þ

�
þ

X
� 2 S3

T
�
x�ð1Þ

��
x�ð2Þ; a

�
x�ð3Þ

�
X
� 2 S3

x�ð1ÞT
�
x�ð2Þ; a

�
x�ð3Þ þ

X
� 2 S3

x�ð1Þ
�
x�ð2Þ; a

�
T
�
x�ð3Þ

�

þ
X
� 2 S3

T
�
x�ð1Þ

�
x�ð2Þ

�
x�ð3Þ; a

�
�

X
� 2 S3

x�ð1ÞT
�
x�ð2Þ

��
x�ð3Þ; a

�

þ
X
� 2 S3

x�ð1Þx�ð2ÞT
�
x�ð3Þ; a

�

¼
X
� 2 S3

T
�
x�ð1Þ; a

�
x�ð2Þx�ð3Þ �

X
� 2 S3

�
x�ð1Þ; a

�
T
�
x�ð2Þ

�
x�ð3Þ

þ
X
� 2 S3

�
x�ð1Þx�ð2Þ; a

�
T
�
x�ð3Þ

�
þ

X
� 2 S3

T
�
x�ð1Þ

��
x�ð2Þx�ð3Þ; a

�

�
X
� 2 S3

x�ð1ÞT
�
x�ð2Þ; a

�
x�ð3Þ �

X
� 2 S3

x�ð1ÞT
�
x�ð2Þ

��
x�ð3Þ; a

�

þ
X
� 2 S3

x�ð1Þx�ð2ÞT
�
x�ð3Þ; a

�
:
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In particular

T
�
pðx3Þ; pðy3Þ

�
¼

X
� 2 S3

T
�
x�ð1Þ; pðy3Þ

�
x�ð2Þx�ð3Þ �

X
� 2 S3

�
x�ð1Þ; pðy3Þ

�
T
�
x�ð2Þ

�
x�ð3Þ

þ
X
� 2 S3

�
x�ð1Þx�ð2Þ; pðy3Þ

�
T
�
x�ð3Þ

�
þ

X
� 2 S3

T
�
x�ð1Þ

��
x�ð2Þx�ð3Þ; pðy3Þ

�

�
X
� 2 S3

x�ð1ÞT
�
x�ð2Þ; pðy3Þ

�
x�ð3Þ �

X
� 2 S3

x�ð1ÞT
�
x�ð2Þ

��
x�ð3Þ; pðy3Þ

�

þ
X
� 2 S3

x�ð1Þx�ð2ÞT
�
x�ð3Þ; pðy3Þ

�
ð13Þ

for all x3; y3 2L3. For i ¼ 1; 2; 3 we also have

T
�
x�ðiÞ; pðy3Þ

�
¼ �T

�
pðy3Þ; x�ðiÞ

�
¼

X
� 2 S3

T
�
x�ðiÞ; y�ð1Þ

�
y�ð2Þy�ð3Þ �

X
� 2 S3

�
x�ðiÞ; y�ð1Þ

�
T
�
y�ð2Þ

�
y�ð3Þ

þ
X
� 2 S3

�
x�ðiÞ; y�ð1Þy�ð2Þ

�
T
�
y�ð3Þ

�
þ

X
� 2 S3

T
�
y�ð1Þ

��
x�ðiÞ; y�ð2Þy�ð3Þ

�

�
X
� 2 S3

y�ð1ÞT
�
x�ðiÞ; y�ð2Þ

�
y�ð3Þ �

X
� 2 S3

y�ð1ÞT
�
y�ð2Þ

��
x�ðiÞ; y�ð3Þ

�

þ
X
� 2 S3

y�ð1Þy�ð2ÞT
�
x�ðiÞ; y�ð3Þ

�
:

for all y3 2L3. Therefore (13) can be written as

T
�
pðx3Þ;pðy3Þ

�
¼

X
�2 S3

X
� 2 S3

�
T
�
x�ð1Þ;y�ð1Þ

�
y�ð2Þy�ð3Þ�

�
x�ð1Þ;y�ð1Þ

�
T
�
y�ð2Þ

�
y�ð3Þ

þ
�
x�ð1Þ;y�ð1Þy�ð2Þ

�
T
�
y�ð3Þ

�
þT

�
y�ð1Þ

��
x�ð1Þ;y�ð2Þy�ð3Þ

�
�y�ð1ÞT

�
x�ð1Þ;y�ð2Þ

�
y�ð3Þ

�y�ð1ÞT
�
y�ð2Þ

��
x�ð1Þ;y�ð3Þ

�
þy�ð1Þy�ð2ÞT

�
x�ð1Þ;y�ð3Þ

��
x�ð2Þx�ð3Þ

�
X
� 2 S3

X
� 2 S3

�
x�ð1Þ;y�ð1Þy�ð2Þy�ð3Þ

�
T
�
x�ð2Þ

�
x�ð3Þ

þ
X
� 2 S3

X
� 2 S3

�
x�ð1Þx�ð2Þ;y�ð1Þy�ð2Þy�ð3Þ

�
T
�
x�ð3Þ

�

þ
X
� 2 S3

X
� 2 S3

T
�
x�ð1Þ

��
x�ð2Þx�ð3Þ;y�ð1Þy�ð2Þy�ð3Þ

�

�
X
� 2 S3

X
� 2 S3

x�ð1Þ
�
T
�
x�ð2Þ;y�ð1Þ

�
y�ð2Þy�ð3Þ�

�
x�ð2Þ;y�ð1Þ

�
T
�
y�ð2Þ

�
y�ð3Þ

þ
�
x�ð2Þ;y�ð1Þy�ð2Þ

�
T
�
y�ð3Þ

�
þT

�
y�ð1Þ

��
x�ð2Þ;y�ð2Þy�ð3Þ

�
�y�ð1ÞT

�
x�ð2Þ;y�ð2Þ

�
y�ð3Þ

�y�ð1ÞT
�
y�ð2Þ

��
x�ð2Þ;y�ð3Þ

�
þy�ð1Þy�ð2ÞT

�
x�ð2Þ;y�ð3Þ�

�
x�ð3Þ

�
X
� 2 S3

X
� 2 S3

x�ð1ÞT
�
x�ð2Þ

��
x�ð3Þ;y�ð1Þy�ð2Þy�ð3Þ

�
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þ
X
� 2 S3

X
� 2 S3

x�ð1Þx�ð2Þ
�
T
�
x�ð3Þ;y�ð1Þ

�
y�ð2Þy�ð3Þ�

�
x�ð3Þ;y�ð1Þ

�
T
�
y�ð2Þ

�
y�ð3Þ

þ
�
x�ð3Þ;y�ð1Þy�ð2Þ

�
T
�
y�ð3Þ

�
þT

�
y�ð1Þ

��
x�ð3Þ;y�ð2Þy�ð3Þ

�
�y�ð1ÞT

�
x�ð3Þ;y�ð2Þ

�
y�ð3Þ

�y�ð1ÞT
�
y�ð2Þ

��
x�ð3Þ;y�ð3Þ

�
þy�ð1Þy�ð2ÞT

�
x�ð3Þ;y�ð3Þ

��

for all x3; y3 2L3.
On the other hand, using

�
pðx3Þ; pðy3Þ

�
¼ �

�
pðy3Þ; pðx3Þ

�
, we get from the

above identity

T
�
pðx3Þ;pðy3Þ

�
¼

X
� 2 S3

X
� 2 S3

�
T
�
x�ð1Þ;y�ð1Þ

�
x�ð2Þx�ð3Þ�

�
x�ð1Þ;y�ð1Þ

�
T
�
x�ð2Þ

�
x�ð3Þ

þ
�
x�ð1Þx�ð2Þ;y�ð1Þ

�
T
�
x�ð3Þ

�
þT

�
x�ð1Þ

��
x�ð2Þx�ð3Þ;y�ð1Þ

�
�x�ð1ÞT

�
x�ð2Þ;y�ð1Þ

�
x�ð3Þ

�x�ð1ÞT
�
x�ð2Þ

��
x�ð3Þ;y�ð1Þ

�
þx�ð1Þx�ð2ÞT

�
x�ð3Þ;y�ð1Þ

��
y�ð2Þy�ð3Þ

�
X
� 2 S3

X
� 2 S3

�
x�ð1Þx�ð2Þx�ð3Þ;y�ð1Þ

�
T
�
y�ð2Þ

�
y�ð3Þ

þ
X
� 2 S3

X
� 2 S3

�
x�ð1Þx�ð2Þx�ð3Þ;y�ð1Þy�ð2Þ

�
T
�
y�ð3Þ

�

þ
X
� 2 S3

X
� 2 S3

T
�
y�ð1Þ

��
x�ð1Þx�ð2Þx�ð3Þ;y�ð2Þy�ð3Þ

�

�
X
� 2 S3

X
� 2 S3

y�ð1Þ
�
T
�
x�ð1Þ;y�ð2Þ

�
x�ð2Þx�ð3Þ�

�
x�ð1Þ;y�ð2Þ

�
T
�
x�ð2Þ

�
x�ð3Þ

þ
�
x�ð1Þx�ð2Þ;y�ð2Þ

�
T
�
x�ð3Þ

�
þT

�
x�ð1Þ

��
x�ð2Þx�ð3Þ;y�ð2Þ

�
�x�ð1ÞT

�
x�ð2Þ;y�ð2Þ

�
x�ð3Þ

�x�ð1ÞT
�
x�ð2Þ

��
x�ð3Þ;y�ð2Þ

�
þx�ð1Þx�ð2ÞT

�
x�ð3Þ;y�ð2Þ

��
y�ð3Þ

�
X
� 2 S3

X
� 2 S3

y�ð1ÞT
�
y�ð2Þ

��
x�ð1Þx�ð2Þx�ð3Þ;y�ð3Þ

�

þ
X
� 2 S3

X
� 2 S3

y�ð1Þy�ð2Þ
�
T
�
x�ð1Þ;y�ð3Þ

�
x�ð2Þx�ð3Þ�

�
x�ð1Þ;y�ð3Þ

�
T
�
x�ð2Þ

�
x�ð3Þ

þ
�
x�ð1Þx�ð2Þ;y�ð3Þ

�
T
�
x�ð3Þ

�
þT

�
x�ð1Þ

��
x�ð2Þx�ð3Þ;y�ð3Þ

�
�x�ð1ÞT

�
x�ð2Þ;y�ð3Þ

�
x�ð3Þ

�x�ð1ÞT
�
x�ð2Þ

��
x�ð3Þ;y�ð3Þ

�
þx�ð1Þx�ð2ÞT

�
x�ð3Þ;y�ð3Þ

��

for all x3; y3 2L3.
Comparing the identities so obtained we arrive at

0 ¼
X
�2 S3

X
� 2 S3

�
T
�
x�ð1Þ;y�ð1Þ

�
x�ð2Þx�ð3Þy�ð2Þ �T

�
x�ð1Þ

�
y�ð1Þx�ð2Þx�ð3Þy�ð2Þ

þT
�
y�ð1Þ

�
x�ð1Þx�ð2Þx�ð3Þy�ð2Þ � ½x�ð1Þ;y�ð1Þ

�
T
�
x�ð2Þ

�
x�ð3Þy�ð2Þ

þ
�
x�ð1Þx�ð2Þ;y�ð1Þ

�
T
�
x�ð3Þ

�
y�ð2Þ � x�ð1ÞT

�
x�ð2Þ;y�ð1Þ

�
x�ð3Þy�ð2Þ

� x�ð1ÞT
�
x�ð2Þ

��
x�ð3Þ;y�ð1Þ

�
y�ð2Þ þ x�ð1Þx�ð2ÞT

�
x�ð3Þ;y�ð1Þ

�
y�ð2Þ

�
�
x�ð1Þx�ð2Þ;y�ð1Þ

�
x�ð3ÞT

�
y�ð2Þ

��
y�ð3Þ
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þ
X
� 2 S3

X
� 2 S3

�
� T

�
x�ð1Þ;y�ð1Þ

�
y�ð2Þy�ð3Þx�ð2Þ � T

�
y�ð1Þ

�
x�ð1Þy�ð2Þy�ð3Þx�ð2Þ

þ T
�
x�ð1Þ

�
y�ð1Þy�ð2Þy�ð3Þx�ð2Þ þ

�
x�ð1Þ;y�ð1Þ

�
T
�
y�ð2Þ

�
y�ð3Þx�ð2Þ

�
�
x�ð1Þ;y�ð1Þy�ð2Þ

�
T
�
y�ð3Þ

�
x�ð2Þ þ y�ð1ÞT

�
x�ð1Þ;y�ð2Þ

�
y�ð3Þx�ð2Þ

þ y�ð1ÞT
�
y�ð2Þ

��
x�ð1Þ;y�ð3Þ

�
x�ð2Þ � y�ð1Þy�ð2ÞT

�
x�ð1Þ;y�ð3Þ

�
x�ð2Þ

þ
�
x�ð1Þ;y�ð1Þy�ð2Þ

�
y�ð3ÞT

�
x�ð2Þ

��
x�ð3Þ

þ
X
� 2 S3

X
� 2 S3

y�ð1Þ
�
y�ð2Þx�ð1Þx�ð2ÞT

�
x�ð3Þ;y�ð3Þ

�
� y�ð2Þx�ð1Þx�ð2Þx�ð3ÞT

�
y�ð3Þ

�

þ y�ð2Þx�ð1Þx�ð2Þy�ð3ÞT
�
x�ð3Þ

�
þ y�ð2ÞT

�
x�ð1Þ

��
x�ð2Þx�ð3Þ;y�ð3Þ

�
� y�ð2Þx�ð1ÞT

�
x�ð2Þ;y�ð3Þ

�
x�ð3Þ � y�ð2Þx�ð1ÞT

�
x�ð2Þ

��
x�ð3Þ;y�ð3Þ

�
þ y�ð2ÞT

�
x�ð1Þ;y�ð3Þ

�
x�ð2Þx�ð3Þ � T

�
y�ð2Þ

��
x�ð1Þx�ð2Þx�ð3Þ;y�ð3Þ

�
�
�
T
�
x�ð1Þ;y�ð2Þ

�
x�ð2Þx�ð3Þ �

�
x�ð1Þ;y�ð2Þ

�
T
�
x�ð2Þ

�
x�ð3Þ

þ
�
x�ð1Þx�ð2Þ;y�ð2Þ

�
T
�
x�ð3Þ

�
þ T

�
x�ð1Þ

��
x�ð2Þx�ð3Þ;y�ð2Þ

�
� x�ð1ÞT

�
x�ð2Þ;y�ð2Þ

�
x�ð3Þ

� x�ð1ÞT
�
x�ð2Þ

��
x�ð3Þ;y�ð2Þ

�
þ x�ð1Þx�ð2ÞT

�
x�ð3Þ;y�ð2Þ

��
y�ð3Þ

�
þ

X
� 2 S3

X
� 2 S3

x�ð1Þ
�
� x�ð2Þy�ð1Þy�ð2ÞT

�
x�ð3Þ;y�ð3Þ

�
þ x�ð2Þy�ð1Þy�ð2Þx�ð3ÞT

�
y�ð3Þ

�

� x�ð2Þy�ð1Þy�ð2Þy�ð3ÞT
�
x�ð3Þ

�
� x�ð2ÞT

�
x�ð3Þ;y�ð1Þ

�
y�ð2Þy�ð3Þ

� x�ð2ÞT
�
y�ð1Þ

��
x�ð3Þ;y�ð2Þy�ð3Þ

�
þ x�ð2Þy�ð1ÞT

�
x�ð3Þ;y�ð2Þ

�
y�ð3Þ

þ x�ð2Þy�ð1ÞT
�
y�ð2Þ

��
x�ð3Þ;y�ð3Þ

�
þ T

�
x�ð2Þ

��
x�ð3Þ;y�ð1Þy�ð2Þy�ð3Þ

�
þ
�
T
�
x�ð2Þ;y�ð1Þ

�
y�ð2Þy�ð3Þ �

�
x�ð2Þ;y�ð1Þ

�
T
�
y�ð2Þ

�
y�ð3Þ

þ
�
x�ð2Þ;y�ð1Þy�ð2Þ

�
T
�
y�ð3Þ

�
þ T

�
y�ð1Þ

��
x�ð2Þ;y�ð2Þy�ð3Þ

�
� y�ð1ÞT

�
x�ð2Þ;y�ð2Þ

�
y�ð3Þ

� y�ð1ÞT
�
y�ð2Þ

��
x�ð2Þ;y�ð3Þ

�
þ y�ð1Þy�ð2ÞT

�
x�ð2Þ;y�ð3Þ

��
x�ð3Þ

�
ð14Þ

for all x1; x2; x3; y1; y2; y3 2L. Let s : Z ! Z be the mapping defined by sðiÞ ¼ i� 3.
For each �2S3 the mapping s�1�s : f4; 5; 6g ! f4; 5; 6g will be denoted by �.
Writing x3þi instead of yi, i ¼ 1; 2; 3, in the above identity we can express this
relation as

X6

i¼1

Ei
iðx6Þxi þ

X6

j¼1

xjF
j
jðx6Þ ¼ 0:

For example

E6
6ðx6Þ ¼

X
� 2 S3

X
�2 S3
�ð6Þ¼6

�
T
�
x�ð1Þ; x�ð4Þ

�
x�ð2Þx�ð3Þx�ð5Þ � T

�
x�ð1Þ

�
x�ð4Þx�ð2Þx�ð3Þx�ð5Þ

þ T
�
x�ð4Þ

�
x�ð1Þx�ð2Þx�ð3Þx�ð5Þ �

�
x�ð1Þ; x�ð4Þ

�
T
�
x�ð2Þ

�
x�ð3Þx�ð5Þ

þ
�
x�ð1Þx�ð2Þ; x�ð4Þ

�
T
�
x�ð3Þ

�
x�ð5Þ � x�ð1ÞT

�
x�ð2Þ; x�ð4Þ

�
x�ð3Þx�ð5Þ

� x�ð1ÞT
�
x�ð2Þ

��
x�ð3Þ; x�ð4Þ

�
x�ð5Þ þ x�ð1Þx�ð2ÞT

�
x�ð3Þ; x�ð4Þ

�
x�ð5Þ

�
�
x�ð1Þx�ð2Þ; x�ð4Þ

�
x�ð3ÞT

�
x�ð5Þ

��
; ð15Þ
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and

F4
4ðx6Þ ¼

X
� 2 S3

X
� 2 S3
�ð4Þ¼4

�
x�ð5Þx�ð1Þx�ð2ÞT

�
x�ð3Þ; x�ð6Þ

�
� x�ð5Þx�ð1Þx�ð2Þx�ð3ÞT

�
x�ð6Þ

�

þ x�ð5Þx�ð1Þx�ð2Þx�ð6ÞT
�
x�ð3Þ

�
þ x�ð5ÞT

�
x�ð1Þ

��
x�ð2Þx�ð3Þ; x�ð6Þ

�
� x�ð5Þx�ð1ÞT

�
x�ð2Þ; x�ð6Þ

�
x�ð3Þ � x�ð5Þx�ð1ÞT

�
x�ð2Þ

��
x�ð3Þ; x�ð6Þ

�
þ x�ð5ÞT

�
x�ð1Þ; x�ð6Þ

�
x�ð2Þx�ð3Þ � T

�
x�ð5Þ

�
x�ð1Þx�ð2Þx�ð3Þ; x�ð6Þ

�
�
�
T
�
x�ð1Þ; x�ð5Þ

�
x�ð2Þx�ð3Þ �

�
x�ð1Þ; x�ð5Þ

�
T
�
x�ð2ÞÞx�ð3Þ

þ
�
x�ð1Þx�ð2Þ; x�ð5Þ

�
T
�
x�ð3Þ

�
þ T

�
x�ð1Þ

��
x�ð2Þx�ð3Þ; x�ð5Þ

�
� x�ð1ÞT

�
x�ð2Þ; x�ð5Þ

�
x�ð3Þ � x�ð1ÞT

�
x�ð2Þ

��
x�ð3Þ; x�ð5Þ

�
þ x�ð1Þx�ð2ÞT

�
x�ð3Þ; x�ð5Þ

��
x�ð6Þ

�
ð16Þ

for all x6 2L6. Since L is 6-free, it follows that the functional identity (15) has only a
standard solution. In particular, there exist mappings p6j : L

4 ! R, j ¼ 1; 2; 3; 4; 5
and �6 : L5 ! CðLÞ such that

E6
6ðx6Þ ¼

X5

j¼1

xjp
6j
6jðx6Þ þ �6

6ðx6Þ

for all x6 2L6. Note that this is also a functional identity which can be rewritten asX
� 2 S3

X
� 2 S3
�ð6Þ¼6

�
T
�
x�ð1Þ; x�ð4Þ

�
x�ð2Þx�ð3Þ

� T
�
x�ð1Þ

�
x�ð4Þx�ð2Þx�ð3Þ þ T

�
x�ð4Þ

�
x�ð1Þx�ð2Þx�ð3Þ

�
x�ð5Þ

þ
X
� 2 S3

X
� 2 S3;�ð6Þ¼6

x�ð4Þ
�
x�ð1ÞT

�
x�ð2Þ

�
x�ð3Þx�ð5Þ

� x�ð1Þx�ð2ÞT
�
x�ð3Þ

�
x�ð5Þ þ x�ð1Þx�ð2Þx�ð3ÞT

�
x�ð5Þ

��
þ

X
� 2 S3

X
� 2 S3;�ð6Þ¼6

x�ð1Þ
�
� x�ð4ÞT

�
x�ð2Þ

�
x�ð3Þx�ð5Þ þ x�ð2Þx�ð4ÞT

�
x�ð3Þ

�
x�ð5Þ

� T
�
x�ð2Þ; x�ð4Þ

�
x�ð3Þx�ð5Þ � T

�
x�ð2Þ

��
x�ð3Þ; x�ð4Þ

�
x�ð5Þ

þ x�ð2ÞT
�
x�ð3Þ; x�ð4Þ

�
x�ð5Þ � x�ð2Þx�ð4Þx�ð3ÞT

�
x�ð5Þ

��
�
X5

j¼1

xjp
6j
6jðx6Þ2CðLÞ

for all x6 2L6. Thus

E4
4ðx5Þx4 þ E5

5ðx5Þx5 þ x1F
1
1ðx5Þ þ x2F

2
2ðx5Þ

þ x3F
3
3ðx5Þ þ x4F

4
4ðx5Þ þ x5F

5
5ðx5Þ2CðLÞ;

where in particular

E5
5ðx5Þ ¼

X
� 2 S3

�
T
�
x�ð1Þ; x4

�
x�ð2Þx�ð3Þ � T

�
x�ð1Þ

�
x4x�ð2Þx�ð3Þ þ Tðx4Þx�ð1Þx�ð2Þx�ð3Þ

�
:
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Again using that L is 6-free, this identity has only a standard solution. Hence there
are mappings p5j : L

3 ! R, j ¼ 1; 2; 3; 4, such that

E5
5ðx5Þ �

X4

j¼1

xjp
5j
5jðx5Þ2CðLÞ:

We continue with the same procedure as above. Finally there exist mappings
p; q : L ! R and � : L2 ! CðLÞ such that

T ½x; y� � TðxÞyþ TðyÞx ¼ xpðyÞ þ yqðxÞ þ �ðx; yÞ ð17Þ

for all x; y2L. Similarly, using (16) and the same method as above, we can show
that there exist mappings p0; q0 : L ! R and �0 : L2 ! CðLÞ such that

T ½x; y� � xTðyÞ þ yTðxÞ ¼ p0ðxÞyþ q0ðyÞxþ �0ðx; yÞ ð18Þ

for all x; y2L. Using (17) we obtain

0 ¼ T ½x; y� � TðxÞyþ TðyÞxþ T ½y; x� � TðyÞxþ TðxÞy
¼ xpðyÞ þ yqðxÞ þ �ðx; yÞ þ ypðxÞ þ xqðyÞ þ �ðy; xÞ

for all x; y2L. Thus

xðpðyÞ þ qðyÞÞ þ yðqðxÞ þ pðxÞÞ2CðLÞ

for all x; y2L. It follows that pðxÞ þ qðxÞ ¼ 0 for all x2L, so p ¼ �q. Analo-
gously we can prove that p0 ¼ �q0. Therefore by (17) and (18) we have

TðxÞy� TðyÞxþ xpðyÞ � ypðxÞ þ �ðx; yÞ
¼ xTðyÞ � yTðxÞ þ p0ðxÞy� p0ðyÞxþ �0ðx; yÞ

for all x; y2L. Note that this functional identity can be written as�
TðxÞ � p0ðxÞ

�
yþ

�
� TðyÞ þ p0ðyÞ

�
x

þ x
�
� TðyÞ þ pðyÞ

�
þ y

�
TðxÞ � pðxÞ

�
2CðLÞ:

Hence there exist r2R and �; �0 : L ! CðLÞ such that

TðxÞ � p0ðxÞ ¼ xr þ �ðxÞ
TðxÞ � pðxÞ ¼ rxþ �0ðxÞ:

ð19Þ

Note that (14) can be rewritten as

0 ¼
X
�2 S3

X
� 2 S3

��
x�ð1Þp

�
x�ð4Þ

�
� x�ð4Þp

�
x�ð1Þ

�
þ �

�
x�ð1Þ; x�ð4Þ

��
x�ð2Þx�ð3Þx�ð5Þ

�
�
x�ð1Þ; x�ð4Þ

�
T
�
x�ð2Þ

�
x�ð3Þx�ð5Þ þ

�
x�ð1Þx�ð2Þ;x�ð4Þ

�
T
�
x�ð3Þ

�
x�ð5Þ

� x�ð1ÞT
�
x�ð2Þ; x�ð4Þ

�
x�ð3Þx�ð5Þ � x�ð1ÞT

�
x�ð2Þ

��
x�ð3Þ;x�ð4Þ

�
x�ð5Þ

þ x�ð1Þx�ð2ÞT
�
x�ð3Þ; x�ð4Þ

�
x�ð5Þ �

�
x�ð1Þx�ð2Þ;x�ð4Þ

�
x�ð3ÞT

�
x�ð5Þ

��
x�ð6Þ
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þ
X
� 2 S3

X
� 2 S3

��
� x�ð1Þp

�
x�ð4Þ

�
þ x�ð4Þp

�
x�ð1Þ

�
� �

�
x�ð1Þ; x�ð4Þ

��
x�ð5Þx�ð6Þx�ð2Þ

þ
�
x�ð1Þ;x�ð4Þ

�
T
�
x�ð5Þ

�
x�ð6Þx�ð2Þ �

�
x�ð1Þ;x�ð4Þx�ð5Þ

�
T
�
x�ð6Þ

�
x�ð2Þ

þ x�ð4ÞT
�
x�ð1Þ;x�ð5Þ

�
x�ð6Þx�ð2Þ þ x�ð4ÞT

�
x�ð5Þ

��
x�ð1Þ; x�ð6Þ

�
x�ð2Þ

� x�ð4Þx�ð5ÞT
�
x�ð1Þ;x�ð6Þ

�
x�ð2Þ þ

�
x�ð1Þ; x�ð4Þx�ð5Þ

�
x�ð6ÞT

�
x�ð2Þ

��
x�ð3Þ

þ
X
� 2 S3

X
� 2 S3

x�ð4Þ
�
x�ð5Þx�ð1Þx�ð2Þ

�
p0
�
x�ð3Þ

�
x�ð6Þ � p0

�
x�ð6Þ

�
x�ð3Þ þ �0�x�ð3Þ; x�ð6Þ��

þ x�ð5ÞT
�
x�ð1Þ

��
x�ð2Þx�ð3Þ;x�ð6Þ

�
� x�ð5Þx�ð1ÞT

�
x�ð2Þ; x�ð6Þ

�
x�ð3Þ

� x�ð5Þx�ð1ÞT
�
x�ð2Þ

��
x�ð3Þ;x�ð6Þ

�
þ x�ð5ÞT

�
x�ð1Þ;x�ð6Þ

�
x�ð2Þx�ð3Þ

� T
�
x�ð5Þ

��
x�ð1Þx�ð2Þx�ð3Þ;x�ð6Þ

�
�
�
T
�
x�ð1Þ; x�ð5Þ

�
x�ð2Þx�ð3Þ

�
�
x�ð1Þ;x�ð5Þ

�
T
�
x�ð2Þ

�
x�ð3Þ þ

�
x�ð1Þx�ð2Þ;x�ð5Þ

�
T
�
x�ð3Þ

�
þ T

�
x�ð1Þ

��
x�ð2Þx�ð3Þ;x�ð5Þ

�
� x�ð1ÞT

�
x�ð2Þ;x�ð5Þ

�
x�ð3Þ

� x�ð1ÞT
�
x�ð2Þ

��
x�ð3Þ;x�ð5Þ

�
þ x�ð1Þx�ð2ÞT

�
x�ð3Þ;x�ð5Þ

��
x�ð6Þ

�
þ

X
� 2 S3

X
� 2 S3

x�ð1Þ
�
x�ð2Þx�ð4Þx�ð5Þ

�
� p0

�
x�ð3Þ

�
x�ð6Þ þ p0

�
x�ð6Þ

�
x�ð3Þ

� �0�x�ð3Þ;x�ð6Þ��� x�ð2ÞT
�
x�ð3Þ;x�ð4Þ

�
x�ð5Þx�ð6Þ � x�ð2ÞT

�
x�ð4Þ

��
x�ð3Þ; x�ð5Þx�ð6Þ

�
þ x�ð2Þx�ð4ÞT

�
x�ð3Þ;x�ð5Þ

�
x�ð6Þ þ x�ð2Þx�ð4ÞT

�
x�ð5Þ

��
x�ð3Þ; x�ð6Þ

�
þ T

�
x�ð2Þ

��
x�ð3Þ; x�ð4Þx�ð5Þx�ð6Þ

�
þ
�
T
�
x�ð2Þ; x�ð4Þ

�
x�ð5Þx�ð6Þ

�
�
x�ð2Þ;x�ð4Þ

�
T
�
x�ð5Þ

�
x�ð6Þ þ

�
x�ð2Þ;x�ð4Þx�ð5Þ

�
T
�
x�ð6Þ

�
þ T

�
x�ð4Þ

��
x�ð2Þ; x�ð5Þx�ð6Þ

�
� x�ð4ÞT

�
x�ð2Þ;x�ð5Þ

�
x�ð6Þ

� x�ð4ÞT
�
x�ð5Þ

��
x�ð2Þ;x�ð6Þ

�
þ x�ð4Þx�ð5ÞT

�
x�ð2Þ;x�ð6Þ

��
x�ð3Þ

�
:

It is easy to see that this functional identity is of the form �6
j¼1xjF

j
jðx6Þ ¼ 0; where

in particular

F1
1ðx6Þ ¼

X
� 2 S3
�ð1Þ¼1

X
� 2 S3

�
p
�
x�ð4Þ

�
x�ð2Þx�ð3Þx�ð5Þ þ �

�
x�ð2Þ; x�ð4Þ

�
x�ð3Þx�ð5Þ

� x�ð4ÞT
�
x�ð2Þ

�
x�ð3Þx�ð5Þ þ x�ð2Þx�ð4ÞT

�
x�ð3Þ

�
x�ð5Þ

� T
�
x�ð2Þ; x�ð4Þ

�
x�ð3Þx�ð5Þ � T

�
x�ð2Þ

��
x�ð3Þ; x�ð4Þ

�
x�ð5Þ

þ x�ð2ÞT
�
x�ð3Þ; x�ð4Þ

�
x�ð5Þ � x�ð2Þx�ð4Þx�ð3ÞT

�
x�ð5Þ

��
x�ð6Þ

þ
X
� 2 S3
�ð1Þ¼1

X
� 2 S3

�
� p

�
x�ð4Þ

�
x�ð5Þx�ð6Þx�ð2Þ þ x�ð4ÞT

�
x�ð5Þ

�
x�ð6Þx�ð2Þ

� x�ð4Þx�ð5ÞT
�
x�ð6Þ

�
x�ð2Þ þ x�ð4Þx�ð5Þx�ð6ÞT

�
x�ð2Þ

��
x�ð3Þ

þ
X
� 2 S3
�ð1Þ¼1

X
� 2 S3

�
x�ð2Þx�ð4Þx�ð5Þ

�
� p0

�
x�ð3Þ

�
x�ð6Þ þ p0

�
x�ð6Þ

�
x�ð3Þ

� �0�x�ð3Þ; x�ð6Þ��� x�ð2ÞT
�
x�ð3Þ; x�ð4Þ

�
x�ð5Þx�ð6Þ
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� x�ð2ÞT
�
x�ð4Þ

��
x�ð3Þ; x�ð5Þx�ð6Þ

�
þ x�ð2Þx�ð4ÞT

�
x�ð3Þ; x�ð5Þ

�
x�ð6Þ

þ x�ð2Þx�ð4ÞT
�
x�ð5Þ

��
x�ð3Þ; x�ð6Þ

�
þ T

�
x�ð2Þ

��
x�ð3Þ; x�ð4Þx�ð5Þx�ð6Þ

�
þ
�
T
�
x�ð2Þ; x�ð4Þ

�
x�ð5Þx�ð6Þ �

�
x�ð2Þ; x�ð4Þ

�
T
�
x�ð5Þ

�
x�ð6Þ

þ
�
x�ð2Þ; x�ð4Þx�ð5Þ

�
T
�
x�ð6Þ

�
þ T

�
x�ð4Þ

��
x�ð2Þ; x�ð5Þx�ð6Þ

�
� x�ð4ÞT

�
x�ð2Þ; x�ð5Þ

�
x�ð6Þ � x�ð4ÞT

�
x�ð5Þ

��
x�ð2Þ; x�ð6Þ

�
þ x�ð4Þx�ð5ÞT

�
x�ð2Þ; x�ð6Þ

��
x�ð3Þ

�
:

Thus F1
1ðx6Þ ¼ 0 for all x6 2L6. Further, this identity can be written as

P6
i¼2

Ei
iðx2; x3; x4; x5; x6Þxi ¼ 0; which in turn implies Ei ¼ 0 for all i ¼ 2; 3; 4; 5; 6. In

particular

0 ¼ E3
3ðx2; x3; x4; x5; x6ÞX

� 2 S3

�
�p

�
x�ð4Þ

�
x�ð5Þx�ð6Þx2 þ x�ð4ÞT

�
x�ð5Þ

�
x�ð6Þx2 � x�ð4Þx�ð5ÞT

�
x�ð6Þ

�
x2

þ x�ð4Þx�ð5Þx�ð6ÞTðx2Þ
�
þ

X
� 2 S3

�
x2x�ð4Þx�ð5Þp

0�x�ð6Þ�

þ x2T
�
x�ð4Þ

�
x�ð5Þx�ð6Þ � x2x�ð4ÞT

�
x�ð5Þ

�
x�ð6Þ

� Tðx2Þx�ð4Þx�ð5Þx�ð6Þ þ T
�
x2; x�ð4Þ

�
x�ð5Þx�ð6Þ �

�
x2; x�ð4Þ

�
T
�
x�ð5Þ

�
x�ð6Þ

þ
�
x2; x�ð4Þx�ð5Þ

�
T
�
x�ð6Þ

�
þ T

�
x�ð4Þ

��
x2; x�ð5Þx�ð6Þ

�
� x�ð4ÞT

�
x2; x�ð5Þ

�
x�ð6Þ

� x�ð4ÞT
�
x�ð5Þ

��
x2; x�ð6Þ

�
þ x�ð4Þx�ð5ÞT

�
x2; x�ð6Þ

��
:

This is also a functional identity,

E2
2ðx2; x4; x5; x6Þx2 þ E4

4ðx2; x4; x5; x6Þx4 þ E5
5ðx2; x4; x5; x6Þx5

þ E6
6ðx2; x4; x5; x6Þx6 þ x2F2ðx2; x4; x5; x6Þ þ x4F

4
4ðx2; x4; x5; x6Þ

þ x5F
5
5ðx2; x4; x5; x6Þ þ x6F

6
6ðx2; x4; x5; x6Þ ¼ 0:

In particular

E2
2ðx2; x4; x5; x6Þ ¼

X
� 2 S3

�
�p

�
x�ð4Þ

�
x�ð5Þx�ð6Þ � x�ð4Þx�ð5ÞT

�
x�ð6Þ

�

� T
�
x�ð4Þ

�
x�ð5Þx�ð6Þ þ x�ð4ÞT

�
x�ð5Þ

�
x�ð6Þ

�
;

which in turn implies

E2
2ðx4; x5; x6Þ ¼ x4h4ðx5; x6Þ þ x5h5ðx4; x6Þ þ x6h6ðx4; x5Þ þ �1ðx4; x5; x6Þ

for all x4; x5; x6 2L, where h4; h5; h6 : L2 ! R and �1 : L3 ! CðLÞ. Consequently
(after two more steps), there exist r0 2R and a mapping �00 : L ! CðLÞ such that

TðxÞ þ pðxÞ ¼ xr0 þ �00ðxÞ
for all x2L. On the other hand (by (19)) we have

TðxÞ � pðxÞ ¼ rxþ �0ðxÞ
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for all x2L. Thus

2TðxÞ ¼ xr0 þ rxþ �0ðxÞ þ �00ðxÞ:
By (12) we arrive atX

� 2 S3

�
x�ð1Þr

0x�ð2Þx�ð3Þ þ ð�0 þ �00Þ
�
x�ð1Þ

�
x�ð2Þx�ð3Þ � x�ð1Þrx�ð2Þx�ð3Þ

� x�ð1Þx�ð2Þr
0x�ð3Þ � x�ð1Þð�0 þ �00Þ

�
x�ð2Þ

�
x�ð3Þ þ x�ð1Þx�ð2Þrx�ð3Þ

þ x�ð1Þx�ð2Þð�0 þ �00Þ
�
x�ð3Þ

��
¼

X
� 2 S3

�
x�ð1Þr

0x�ð2Þx�ð3Þ þ ð�0 þ �00Þ
�
x�ð1Þ

�
x�ð2Þx�ð3Þ � x�ð1Þrx�ð2Þx�ð3Þ

� x�ð1Þx�ð2Þr
0x�ð3Þ þ x�ð1Þx�ð2Þrx�ð3Þ

�
2CðLÞ:

Therefore X
� 2 S3;�ð3Þ¼3

�
x�ð1Þr

0x�ð2Þ þ ð�0 þ �00Þ
�
x�ð1Þ

�
x�ð2Þ

� x�ð1Þrx�ð2Þ � x�ð1Þx�ð2Þr
0 þ x�ð1Þx�ð2Þr

�
¼ 0

Note that this implies

ðr0 � rÞxþ xðr � r0Þ ¼ �ð�0 þ �00ÞðxÞ
for all x2L. It follows that �0 þ �00 ¼ 0 and r0 � r2CðLÞ. Thus ½r; x� ¼ ½r0; x� for
all x2L, which implies

2TðxÞ ¼ xr þ r0x; 2TðxÞ ¼ rxþ xr0:

Consequently 4TðxÞ ¼ ðr þ r0Þxþ xðr þ r0Þ for all x2L. Thereby the proof is
completed. &

3. Results

The main purpose of this paper is to prove Theorem 3.2. Note that Theorem 2.1
and Theorem 3.2 are almost trivially true for any ring with a unit 1. Indeed, setting
x ¼ 1 in a partial linearization of (4)

Tðx2yþ xyxþ yx2Þ ¼ TðxÞxyþ TðxÞyxþ TðyÞx2

� xTðxÞy� xTðyÞx� yTðxÞxþ x2TðyÞ þ xyTðxÞ þ yxTðxÞ;
x; y2R, one sees that 2TðyÞ ¼ Tð1Þyþ yTð1Þ for all y2R.

Theorem 3.1. Let R be a 2-torsion free ring and let T : R ! R be an additive
mapping satisfying the relation (4). If the center of R is nonzero and contains no
nonzero divisors of R, then T is of the form 4TðxÞ ¼ qxþ xq for some fixed
element q2Qs.

Proof. Let c be a nonzero central element. Pick any x2R and set x1 ¼ x2 ¼ cx
and x3 ¼ x in (12). We arrive at

Tð6c2x3Þ ¼ 2c
�
2TðcxÞx2 þTðxÞx2c�2xTðcxÞx� xTðxÞxcþ x2TðxÞcþ2x2TðcxÞ

�
¼ 2c

�
2TðcxÞx2 þTðx3Þc�2xTðcxÞxþ2x2TðcxÞ

�
:
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On the other hand, setting x1 ¼ x2 ¼ c and x3 ¼ x3 in (12) we obtain

Tð6c2x3Þ ¼ 2c
�
TðcÞx3 þ Tðx3Þcþ x3TðcÞ

�
:

Comparing so obtained relations we get�
2TðcxÞ � TðcÞx

�
x2 þ x2

�
2TðcxÞ � xTðcÞ

�
� 2xTðcxÞx ¼ 0: ð20Þ

In particular, when x ¼ c, we have

2c2
�
Tðc2Þ � cTðcÞ

�
¼ 0:

By the primeness of R this implies

Tðc2Þ ¼ cTðcÞ: ð21Þ
Replace x1 by cx in (12). On the other hand replace x2 by cy in (12), where y2R.
In both cases let x3 ¼ c. Comparing so obtained results we arrive at�

TðcxÞ � cTðxÞ
�
yþ y

�
TðcxÞ � cTðxÞ

�
¼

�
TðcyÞ � cTðyÞ

�
xþ x

�
TðcyÞ � cTðyÞ

� ð22Þ

for all x; y2R. Setting y ¼ c in (22) and using (21) one concludes that

TðcxÞ ¼ cTðxÞ ð23Þ
for all x2R.

Now let F be the field of fractions of R. Enlarge R to the ring RF, noting that
any element of RF can be written in the form rc�1. Then T can be extended to RF
by defining

T
�
xc�1

�
¼ c�1TðxÞ

for all x2R. This is well-defined. Namely, if xc�1 ¼ yd�1 then cy ¼ dx, whence
by (23)

cTðyÞ ¼ TðcyÞ ¼ TðdxÞ ¼ dTðxÞ;
which implies c�1TðxÞ ¼ d�1TðyÞ: It is easily seen that this extended T satisfies
(4). Since RF has the identity element 1 ¼ cc�1, the conclusion of the theorem
holds, as noted above. Thereby the proof is completed. &

Theorem 3.2. Let R be a 2-torsion free prime ring and let T : R ! R be an
additive mapping satisfying the relation (4). In this case T is of the form 4TðxÞ ¼
qxþ xq for some fixed element q2Qs.

Proof. Note that the complete linearization of (4) gives us (12).
First suppose that R is not a PI ring (satisfying the standard polynomial identity

of degree less than 12). According to Theorem 2.1 there exist q2Qmr such that
4TðxÞ ¼ xqþ qx for all x2R. Since qxþ xq2R for all x2R it follows from the
end of the proof of [18, Theorem 2.1] that q2Qs.

Assume now that R is a PI ring. It is well-known that in this case R has a non-
zero center [14]. Since the center of a prime ring R contains no nonzero divisors of
R the proof is completed by Theorem 3.1. &
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Our last result is related to bicircular projections on prime ring with involution
which is related to the conjecture in [17].

Theorem 3.3. Let R be a prime �-ring of characteristic different from two.
Suppose that D;G : R ! R are additive mappings satisfying the relations

Dðx3Þ ¼ DðxÞx2 þ xGðx�Þ�xþ x2DðxÞ;
Gðx3Þ ¼ GðxÞx2 þ xDðx�Þ�xþ x2GðxÞ

for all x2R. In this case D and G are of the form

16DðxÞ ¼ 4
�
dðxÞ þ gðxÞ

�
þ ðpþ qÞxþ xðpþ qÞ;

16GðxÞ ¼ 4
�
dðxÞ � gðxÞ

�
þ ðp� qÞxþ xðp� qÞ

for all x2R where d and g are a derivations and p and q are some fixed ele-
ments from Qs. Besides, dðxÞ ¼ �dðx�Þ�; gðxÞ ¼ gðx�Þ� for all x2R and p� ¼ p,
q� ¼ q.

Proof. The proof goes through in several steps. Let us first assume that D ¼ G.
In this case we have the relation

F
�
x3
�
¼ FðxÞx2 þ xFðx�Þ�xþ x2FðxÞ ð24Þ

for all x2R. It is our aim to prove that F is of the form

8FðxÞ ¼ 4dðxÞ þ qxþ xq; ð25Þ

for all x2R; where d is a derivation of R and q is a fixed element from Qs. Besides,
dðxÞ ¼ dðx�Þ�; for all x2R and q� ¼ �q. Let us introduce mappings d : R ! R
and f : R ! R by

dðxÞ ¼ FðxÞ þ Fðx�Þ�

f ðxÞ ¼ FðxÞ � Fðx�Þ�
ð26Þ

for all x2R. Now we have

dðx�Þ� ¼ ðFðx�Þ þ FðxÞ�Þ� ¼ FðxÞ þ Fðx�Þ� ¼ dðxÞ; x2R:

From the relation (24) one obtains easily that

d
�
x3
�
¼ dðxÞx2 þ xdðxÞxþ x2dðxÞ ð27Þ

and

f
�
x3
�
¼ f ðxÞx2 � xf ðxÞxþ x2f ðxÞ; ð28Þ

is fulfilled for all x2R. Now it follows from the relation (27) and [2, Theorem 4.4]
that d is a derivation. On the other hand one can conclude from the relation (28)
applying Theorem 3.2 that f is of the form 4f ðxÞ ¼ qxþ xq; for all x2R and some
fixed element q2Qs. We have therefore

4FðxÞ � 4Fðx�Þ� ¼ qxþ xq ð29Þ
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for all x2R. Putting in the above relation x� for x we obtain 4Fðx�Þ � 4FðxÞ� ¼
qx� þ x�q; x2R; which gives

4Fðx�Þ� � 4FðxÞ ¼ q�xþ xq�

for all x2R: Combining the above relation with the relation (29) we obtain
ðqþ q�Þxþ xðqþ q�Þ ¼ 0; for all x2R, whence it follows after some calculation
because of the primeness of R that q� ¼ �q. Combining the relation (26) with
the relation (29) we obtain 8FðxÞ ¼ 4dðxÞ þ qxþ xq; x2R; which completes the
proof of the first step.

Let us now assume that D ¼ �G: Thus we have the relation

H
�
x3
�
¼ HðxÞx2 � xHðx�Þ�xþ x2HðxÞ;

for all x2R: In this case H is of the form

8HðxÞ ¼ 4gðxÞ þ pxþ xp; ð30Þ
for all x2R where g is a derivation of R and p2Qs is some fixed element. Besides,
gðxÞ ¼ �gðx�Þ�; for all x2R and p� ¼ p. The proof of the second step will be
omitted since it goes through using the same arguments as in the proof of the
first step.

We are ready for the proof of general case. We have therefore relations

Dðx3Þ ¼ DðxÞx2 þ xGðx�Þ�xþ x2DðxÞ; x2R ð31Þ
and

Gðx3Þ ¼ GðxÞx2 þ xDðx�Þ�xþ x2GðxÞ; x2R: ð32Þ
Combining (31) with (32) we obtain

Fðx3Þ ¼ FðxÞx2 þ xFðx�Þ�xþ x2FðxÞ; x2R

where FðxÞ stands for DðxÞ þ GðxÞ: On the other hand subtracting the relation (32)
from the relation (31) we arrive at

Hðx3Þ ¼ HðxÞx2 � xHðx�Þ�xþ x2HðxÞ; x2R

where HðxÞ denotes DðxÞ � GðxÞ: Now according to (25) and (30) we have

8DðxÞ þ 8GðxÞ ¼ 4dðxÞ þ qxþ xq; x2R ð33Þ
and

8DðxÞ � 8GðxÞ ¼ 4gðxÞ þ pxþ xp; x2R: ð34Þ
From (33) and (34) one obtains

16DðxÞ ¼ 4ðdðxÞ þ gðxÞÞ þ ðpþ qÞxþ xðpþ qÞ; x2R

and

16GðxÞ ¼ 4ðdðxÞ � gðxÞÞ þ ðq� pÞxþ xðq� pÞ; x2R

which completes the proof of the theorem. &
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[7] Brešar M (2000) Functional identities: A survey. Contemporary Math 259: 93–109
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