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In this paper some equilibrium existence theorems for an abstract economy (or
generalized game) of Shafer—Sonnenschein version and some nonempty interac-
tion theorems for sets with W-convex sections in interval spaces are obtained. The
results presented in this paper all are new and they are comparable to corresponding
results in the relevant literature. © 1995 Academic Press, Inc.

1. INTRODUCTION AND PRELIMINARIES
In recent years great progress has been made in the theory and applica-
tions for the study of the abstract economic equilibrium problems and
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nonempty intersection theorems for sets with convex section (see [1, 4,
5, 7-13, 18, 19] and the references therein). But the study of equilibrium
problems for an abstract economy used to be nonexistent in interval spaces
without any linear structure. o
The purpose of this paper is to study the Shafer-Sonnenschein type of
the abstract economic equilibrium problems and the nonempty intersection

problems for sets with W-convex section in interval spaces without any . .

linear structure. The results presented in this paper are new, even in the
case of topological vector spaces.

For the sake of convenience, we first give some definitions, notations,
and terminologies.

DEFINITION 1.1[17]. A topological space X is called an interval space,
if there exists a mapping [+, -]: X X X — 2% such that for any x,, x, € X,
[x1, X,] = [x,, x1] is a connected set containing {x;, x,}.

DEerFiNITION 1.2 [17]. Let X be an interval space. A subset K of X is
called to be W-convex, if for any x;, x, € K we have [x;, x,] C K.

DEFINITION 1.3[17]. Aninterval space X is called Dedekind complete,
if for any x,, x, € X and for any W-convex sets H,, H, C X, if x, € H;,
J=1,2,and [x;, x,] C H; U H,, then k € {1, 2} and an x € H, must exist
such that [x;, x) = [x;, x]\{x} C H,, i € {1, 2\{k}.

DeriNITION 1.4. Let X be a Dedekind complete interval space. X is

called strongly Dedekind complete, if for any x,, x, € X and for any finite
subset {uy, ..., u,} C [x,, x;), we have ML, [u;, x;) # .

Remark. It was pointed out in [3] that if Y is a convex set in a Haus-
dorff topological vector space, for any y,, y, € Y, letting [y,, ¥,] = co
{x1, x,}, then Y is a strongly Dedekind complete interval space. Moreover,
if K is a W-convex set, then K must be a connected subset.

Let {X;:i € I} be a family of interval spaces, X = Il,.; X,. For any x,

y € X, letting [x, y] = Il [x;, y;], where x; and y, are the projections of -

x and y onto X, respectively, then X is an interval space and it is called

the product interval space of {X;:i € I}. : ’
In the sequel we always denote X_; = I, . X, and denoté by m; and

a_; the projections of X onto X; and X_;, respectively. For any x € X,

3

denote x_; = m_,(x), x; = m(x), and x = x; ® x_;. Letting A C X, for any

" x; € X; and for any y_; € X_; we denote

Ax)={x_€EX_;:x;Qx_;EA}
Ay ) ={yE€X;:y,Qy_ €A}
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DEFINITION 1.5. Let Y be an interval space and let B be a subset of
Y. The intersection of all W-convex closed subsets in ¥ containing B is
called the W-closed convex hull of B and we denote it by W-co B.

Letting F, G: X — 2Y be two set-valued mappings, we denote

F N GG = FK) N GH).

2. LEMMAS

Lemma 2.1 [17]. Let X be an interval space, Y a topological space,
and F: X — 2% g set-valued mapping with nonempty compact values. If
the following conditions are satisfied:

(@) forany x,, X €X, F(x) C UL, F(x) for all x € [x,, x,];
(i) forany x;, ..., x, € X, NL, F(x) is connected,
(ili) the graph of F is closed;
then M ey F(x) # .
From Lemma 2.1 we can obtain the following result immediately:

LeEMMA 2.2. Let X be an interval space, D C X a n‘on‘empty 5itbset,
and F: X — 2P a set-valued mapping with nonéempty compact W-convex
values and satisfying the following conditions:

(i) foranyy € D, X\F~\(y) is W-convex;
(i) the graph of F is closed.
Then F has a fixed point in D. "

Proof. Since F is a mapping with W-convex values, we know that F
satisfies condition (ii) in Lemma 2.1. Furthermore, for any x,, x, € X and
forany y € D, if y & UL, F(x), then {x;, x,} C X\F~!(y). By condition

@), [x1, x,]. C X\F~1(y), and so for all x € [x;, x,] we have y & F(x).
Therefore we have :

2 .
Foc | JF&)  forallx € [x;, xl.
i=1 ‘ :

This implies that F satisfies condition (i) in Lemma 2.1. Therefore F
satisfies all conditions in Lemma 2.1. By Lemma 2.1 we know

() Fo = .

x€X

- Hence there exists a y € D such that y E Fx)forallx € X,andsoy €

F(y),i.e., y is a fixed point of F in D.
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LeMMA 2.3. [3]. Let X be a strongly Dedekind complete Hausdorff
interval space, Y an interval space, and F : X — 2¥ a set-valued mapping
with nonempty compact values: If the following conditions are satisfied:

(i) for any finite subset A C X, Nyey F(x) is connected;
(i) for any x;, x, € X, F(x) C F(x;) U F(x,) for all x € [x{, x,];
(iii) for anyy € Y, F~\(y) is closed, L
then Nyex F(x) # ¢.

By Lemma 2.3 and by using the same method as in the proof of Lemma

2.2 we can prove the following.

LemMmaA 2.4, Let X be a strongly Dedekind complete Hausdorff interval
space, D a nonempty W-convex subset of X, and F: X — 2° a set-valued
mapping with nonempty compact W-convex values. If the following condi-
tions are satisfied: )

(i) foranyy € D, X\F~1(y) is W—convex;
(i) for anyy € D, F~Y(y) is closed.

then F has a fixed point in D.

3. EconoMmic EQUILIBRIUM THEOREMS OF ‘
SHAFER-SONNENSCHEIN VERSION

DEFINITION 3.1.  An abstract economy (or generalized game) I = (X;,”

A, B;, P,-)ie, is defined as a family of ordered quadruples (X;, A;, B;, P),
where I is a finite or an infinite set of agents X, is a nonempty topological
space (a choice set), AZ, B;: II,; X, — 2% are constraint correspondences,

and P;: I, X, — 2%is a preference correspondence. An equilibrium for -

[ is a point ¥ € X = Il; X; such that for each i € I, X, € B;(X) and P;
X)NA(X) = ¢. When A; = B; for each i € I and X; is a topological
vector space, i € I, then the deﬁmtlons of an abstract economy and an

equilibrium coincide with the standard deﬁmtlon of Shafer-Sonnen-

schein [14].
THEOREM 3.1. Let I' = (X;, A;, B;, P)e; be an abstract economy
satisfying the following conditions:
. () foranyi€ I, X;is a Hausdorff interval space and their product
interval space X = 1lg; X, is strongly Dedekind complete;
(i) for.any i € I, D, is a nonempty compact W-convex subset of
X .

the constraint correspondences A;, B: X — 2Pi and the preference corre-
spondence P;: X — 2Pi satisfy the following conditions:
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(@) forallx € X, ¢ # A(x) C B(x) is W-convex closed;’

(b) the set M; = {x € X: A,(x) N P{(x) # ¢} is open, B (y,) and
(W-co(A; N PY)~Uy,) are both closed for all y; € D;;

(¢) foranyy €D := HiEI D;, y; & W-co(A; N PY(y);

(iii) for anyy € D, for any x;, x, € X, and for any x € (xy, x,) :=
[x1, %\x, x,}, there exists an iy € I such that A, , () NP, (%) # ¢ and
¥, & W-co(4;, N P)(x).

Then T has an equilibrium X in D, i.e., for any i € I

N

X; € B{(x) and A X) NP(X) = ¢.
Proof. For each i € I we define a mapping T;: X — 2P as follows:

- T(x) = .
Bi(x)7 lfx $ Mi'

It is easy to see that T; is a set-valued mapping with nonempty compact
W-convex values. By condition (ii)(a), for any y; € D,

T W(y) = {xEX:y, E Ty(x)}
= {x € M2y, € T} U {x € X\M,: y, € T(0)
= {x EX:y,€ W-To(4, N P)(0)} U (X\M) N B ()
= (W-E5(A; N P))"'() U (X0\M) N B (7).

By condition (ii)(b), 77 (y;) is closed for all y; € D,. Denote

T(x) = H T,-(x), - xEX
i€l .

then T: X — 2P is a set-valued mappmg w1th nonempty compact W-convex
values and foranyy € D

TYy) = rEX:yE T} = () 76

i€l

is a closed set in X.

Next we prove that for each y € D, X\T~!(y) is W-convex.

In fact, if there exists a y € D such that X\T- !(y) is not W-convex,
then there exist x;, x, € X\T~!(y) and x € (x;, x,) such that x & X\T~1(y),
i.e.,y € Tx. Hence for any i € I, y; € T/(x). On the other hand, it follows




302 CHANG, WU, AND SHEN

from condition (iii) that there exists an i, € I such that AN P,-O(x) 7#
¢ andy, & W-o(4;, N P)(x), ie., y;, ¢‘Tl~0(x), a contradiction. Therefore
the conclusion is true.

Summing up the above arguments, we know that T satisfies all the
conditions in Lemma 2.4. By Lemma 2.4, there exists an x € D such that
x € T(X). Hence for all i € I, x; € T;(x). Again by condition (ii)(c) we
know that X & M; and for all i € I, X; € B;(X). This means that for all
i € I'we have x; € B;(x) and A;(X) N P,(x) = ¢. This completes the proof.

CorROLLARY 3.2. LetI' = (A;, A;, B;, P);e; be an abstract economy
satisfying the following conditions:

(i) foranyi€ I, X;is a nonempty convex subset of a Hausdorff
topological vector space E; and X = Il,¢; X;; :
(i) foranyi€l, D; is a nonempty compact convex subset of X;
and the constraint correspondences A;, B;: X — 2Pi and the preference
correspondence P;: X — 2Pi satisfy the following conditions:
(@) for each x € X, B;(x) D A(x) # ¢ and B,(x) is closed convex;
(b) the set M; = {x € X: A(x) N PAx) # ¢} is open and for all
y; € D;, B '(y) and (o(4; N P))~!(y,) are both closed;
(©) for eachy € D = Ilg; D;, y; & To(A; N P)(y);
(iii) foranyy € D, for any x, x, € X, and for any x € co{x,, x,\x, y
Xy} there exists an iy € I such that :

A)NPD#é  and  y, ETO(A4, N P).

Then T has an equilibrium X in D.

CoroLLARY 3.3. LetT = (X;, A;, P);e; be an abstract economy satis-
Sying the following conditions: :

(@) foreachi€I,X;is a Hausdorffinterval space and their product
interval space X = 1l,; X, is strongly Dedekind complete;

(i) foreachi€ I, D;C X;is anonempty compact W-convex subset; .
the constraint correspondence A;: X— 2Pi has nonempty W-convex closed
values, the preference correspondence P;: X — 2P has W-convex closed
values, and the following conditions. are satisfied:

(@) the set M; = {x € X: A(x) N Py(x) # ¢} is open and for each
¥: € D;, A7 Y(y;) and P7(y)) are both closed; (
(b) foreachy €D = Il D;, 5, € (4, N P)(»);

(i) foranyy € D, for any x,, x, € X, and for all x € (x, | Xy), there

exists an iy € I such that A;(x) N P;(x) # ¢ and Yi, & A () NP (x).

Then T has an equilibrium x in D.
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THEOREM 3.4. Let T = (X,, A;, B;, P)ie; be an abstract economy
satisfying the following conditions: .

@ for eachi€1l , X;is a Hausdorff interval space, D;is a nonempty
compact subset of X;, and X = Il,c; X, is the product interval space;
(i) for each i € I the constraint correspondences A;, B X — 2D
and the preference correspondence P;: X — 2% satisfy the following condi-
tions:
(a) foreachx€X, ¢ A(x) C Bi(x) and B;(x) is W-convex closed ;
(b) M; = {x € X: (A4; N P)(x) # ¢} is open;
() forallxe D=1l D, x; & W-co(4; N PY(x);
(d) B;and W-Co(A; N P): X— 2P:are both upper semi-continuous;
. (iii) for anyy € D, for any x,, x, € X, and for any x € (x;, x,) there
exists an iy € I such that A;(x) N P (x) # & and yi, & W-co(A4,, N P, )(x).
Then T has an equilibrium X in D. |

Proof. For each i € I, define a set-valued mapping T;: X — 2% by

. {W-E(Ai NP)®, ifxeM,
Ii(x) = -
B;(x), ifx & M,.

By condition (ii)(a) and the definition of M;, T, has the W-convex closed
values and for any x € X, T;(x) C By(x). Letting T(x) = I, Ti(x), x €
X, then T: X — 22 is a set-valued mapping with nonempty W-convex
closed values. ‘

Next we prove that forany i € I, T,: X— 2Piis an upper semi-continuous
mapping. In fact, forany x € X, if Vis a relatively open set in D, which
contains T;(x). . ‘ :

(D Ifx & M, then T(x) = B,(x) C V. By the upper semi-continuity

of B;, there exists an open neighborhood U of x such that forany y € U,
we have By( ¥) C V. Hence for any y € U we have

1 L) CB()CV.

(D Ifx € M,, then T;(x) = W-S(4; N P)(x) C V. Since W-S5(4, N

. P): X — 2P is upper semi-continuous, there exists an open neighborhood

N o_f x such that for any y € N we have W-Co(A; N P,)(y) C V. Again since
M; is open, there exists an open neighborhood N’ C M ;of x. Taking U =
N N N, then U is an open neighborhood of x and '

T(y) WCo(4;, N PYy)NV  for ally e U.
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Combining (I) and (II) we know that T;: X — 2% is upper semi-continu-
ous. In view of Lemma 3 in Ky Fan [6] we know that T: X — 2P is upper
semi-continuous. Since D is compact and T has the closed values, T has
the compact values. By Proposition 5.1.2 in [2], T has a closed graph.

'Finally we prove that for any y € D, X\T~!(y) is W-convex. In fact, if
there exists y € D such that X\T~!(y) is not W convex, then there exist
X1, X, € X\T™Y(y) and x € (x;, x,) such that x & X\T~(y), i.e.,y € T(x)
Hence for any i € I, we have y; € T(x).

On the other hand, by condition (iii), there exists i, &€ I such that

A (x) N Py (x) # pand y; & W-co(4;, N P;)(x),1.e. » Vi, &T, ACIR acontradic-
tlon Hence the concluswn is true By Lemma 2. 2 there exists x € D
such that x € T(X), and so for all i € I, X; € T,(x). By condition (ii)(c),
we have X; € B;(x) and A;(X) N P; (x) ¢, i.e., x is an equilibrium of T'.
This completes the proof.

“COROLLARY 3.5. Let I' = (X;, A;, P,)ies be an abstract economy satis-
fying the following conditions:

(i) foranyi€ I, X;is a Hausdorffinterval space, D, is a nonempty
compact subset of X;, and X = Il,; X, is a product interval space;

(i) for any i € I, the constraint correspondence A;:X — 2Piis
upper semi-continuous and has nonempty W-convex closed values, and
the preference correspondence P;:X — 2% has the W-convex closed
values;

(i) foranyi €I, M;={x € X:A,(x) ﬂP(x) # ¢} is open;

(iv) forany x € D = Il D;, x; & Ay(x) N P(x) foralli € I;

(V) for any y € D, for any x,, x, € X, and for any x € (%1, xy),
there exists an iy € I such that A; (x) N P;(x) # ¢ and y,0 & Alo(x) N P,o(x)

Then T has an equilibrium X, i.e., for all i € I
‘Taking B,=A;forallie I, and by using condition (ii), it follows from

Lemma 2 in [20] that A; N P;: X — 2P:is a upper semi-continuous mapping -
- and it is easy to prove that all conditions in Theorem 3.4 are satisfied.
" Therefore the conclusion follows from Theorem 3.4 immediately.

CoROLLARY 3.6. Let I' = (X;, A;, P))ig; be an abstract economy satis-
fying the following conditions:
) for any i € I, E; is a Hausdorff topological vector space, X; is
a convex subset of E;, D; is a nonempty compact subset of X;, and
X = HzEIXz ’
(i) foranyi€ I, the constraint correspondence A;: X — 2Piis upper
semi-continuous and has nonempty convex closed values and the prefer-
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ence correspondence P x — 2D nas closed convex values;
(i) foranyi€I, the set M; = {x € X: A,(x) N P(x) # ¢} is open;
@iv) foramyx € D= H,E,D,, x; & A(x) N P(x) foralli €1,

(v) foranyy €D, forall x;, x, € X, and for any x € co{x,, x,MNx,,
X,}, there exists an iy € I such that A, o(X) NP (x) # ¢ and yi, A (x) N
Py (x).
0

Then there exists an equilibrium X of T in D such that for any i € I,
‘ X, €EA(X) and A® NP = ¢.

Remark. All theorems and corollaries given in this section are new.
‘They may be compared with the economic equilibrium theorems in [1, 4,
5, 11-13, 18-20] and the commodity space (or choice set) is not required
to have any linear structure or contractible structure.

4. INTERSECTION THEOREMS FOR SETS WITH W-CONVEX SECTION

THEOREM4.1. Let{X,:i € I} be afamily of Hausdorff compact interval
spaces and let their product interval space X = Il X, be strongly
Dedekind complete. Let {A;:i € I}, {B;:i € I} be two famzlzes of subsets
in X. If the following conditions are satisfied:

(i) foreachi€l andfor any y; € X;, the set {x € X:y, € W-
To(A;(x_)} is closed;.

(1) for anyi € I and for any x_; € X_;, A(x_,) # ¢ and
W-co(A(x-)) C Bi(x_,);
(i) for anyy € X, for any x;, x, € X, ond for all x € (x4, x5) there
exists an iy € I such that Yiy & W-Co(4; (x_l ))
then Nie; B; # ¢.

Proof. Foranyi € Iand for any x € X, letting T:(x) = W-Co(A. {x_),
by condition (i), T;:X — 2% is a set-valued mapping with nonempty
compact W-convex values. By condition (i), for all y; € X;, T7'(y,) is
closed. Letting T'(x) := Il1,c; T:(x), x € X, then T: X— 2% has the nonempty
compact W-convex values and for any y € X

T-'(y)={xEX:yETx}

={xEX:y,€Tix) foralliel}

=17

is a closed set in X.
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Next we prove that for each y € X, X\T~!(y) is W-convex.

In fact, if there exists an y € X such that X\T~!(y) is not W-convex,
then there exist x;, x, € X\T~!(y) such that (x;, x,) €X\T~Y(y), and so
there exists x € (x;, x,) and x € T™Y(y), i.e., y € T(x). Hence for all i €
I, y; € T,(x). On the other hand, by condition (iii), there exists an i, € I
such that Yi, & W—co(A,o(x_lo)) i.e. s Yiy & T, (x), a contradiction. Hence the
conclusion is true. ,

Summing up the above arguments we know that all conditions in Lemma
2.4 are satisfied. By Lemma 2.4, there exists an x € T(x), i.e., for all
i€l

%, € T,(%) = W-0o(A,(%_) C B(X_).

Hence for all i € I, X € B;, and s0 Mg B; # ¢.

COROLLARY 4.2. Let X; be a nonempty compact convex subset of a
Hausdorff topological vector space for alli € I. Let {A;:i € I}, {B;:i €
I} be two families of subsets of X = Il.; X,. If the following conditions
are- satisfied

(i) foranyi€Iandforanyy, € X;the set{x € X:y, € TO(A,(x_))}

is closed;
- (i) foranyi €Iand forany x_; € X_;, A; (x_l) # ¢ and

CO(Ai(x—i)) CBy(x_);

(i) for all y € X and for all x,, x, € X and for any x € co{x,,

x\x1, X5}, there exists an iy € I such that y;, & €0A,(x_;);
then N, B, # ¢.

COROLLARY 4.3. Let {X:i € I} be a family of compact Hausdorff
interval spaces and let their product interval space X = 11, X; be strongly

Dedekind complete. Let {A;:i € I} be a family of subsets of X satzsfymg.

" the following conditions: »
) for any i € I and for any x_; € X_l, the section Ax_;) is
nonempty W-convex closed; ‘

(i) foranyi€ I and for any y; € X;, the set {x € X:y; € A (x_))}
is closed;

(ili) foranyy € X, for any x,, x, € X, and for any x € (|, x,), there
exists an iy € I such that y, & A, (x_;).
Then ﬂiEI Ai 7 QS.

THEOREM4.4. Let{X,:i E I} be afamily of compact Hausdorffinterval
spaces, let X = Il;c; X; be their product interval space, and let {A;:i €
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Itand{B;:i €I} bé two families of subsets of X. If the following conditions

are satisfied:

is closed,

() for any i € I and for any x_t S X_,, the section A;(x_;) # ¢
and W-Co(A (x_;)) CB(x_));

(i) for any y € X, for any x;, x, € X, and Sfor any x € (x;, x,),
there exists an iy € I such that Y, & W—co(A,o(x_, );

then Mg B; # ¢.

Proof. For any i € I and for any x € X, letting T(x) = W-co(A(x_),
by condition (ii), we know that T;: X — 2% is a set-valued mapping with
nonempty compact W-convex values. By _condition (i), 7; has a closed
graph. By using Lemma 2 in Ky Fan [6] we know that T, is upper semi-
continuous. Letting

T(x) = H Ti(x) forallxe X

i€l

by Ky Fan [6, Lemma 3], T: X — 2% is also upper semi-continuous. Since
T; has the nonempty compact W-convex values, T also has nonempty
compact W-convex values. By Chang [2, Proposition 5.1.2] we know that
T has a closed graph. Furthermore, by using condition (iii) and by using
the same methods as in the proof of Theorem 4.1, we can prove that for
any y € X, X\T"(y) is W-convex. Hence from Lemma 2.2, there exists
an X € X such that ¥ € Tx. By the same methods as in the proof of
Theorem 4.1, we can prove that ¥ € Mg, B;. Hence N,; B; # ¢.

COROLLARY 4.5. LetX , I € I, be a nonempty compact convex subset
of a Hausdorff Zopologzcal vector space E;, let X = Il.o; X,, and let

- {Ari € I} and {B;:i € I} be two families of subsets in X. If the following

conditions are satisfied:

() foranyiE€I,theset{(x,x) EXXX,:y,E CO(A (x_))}is closed,

(i) for any i € I and for any x_; € X_;, the section A(x_;) # ¢
and ¢o(A(x_;) C B;(x_p);

(iii) for any y € X, for any x,, x, e X, and for any x € cofxy,
X0y, x5} there exists an iy € I such that Yi, & co(A,o(x_,O)),

then Mg B; # ¢. /

COROLLARY 4.6. Let {X;:i € I} be a family of compact Hausdorff
interval spaces, let X = Ilic; X, be the product interval space, and let

(i) for any i € I, the set {(x, y) € X x X,:y; € W-CO(A, e}

——/—ﬁ
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{A;:i € I} be a family of subsets z‘n\X.*If the following conditions are
satisfied:

() for any i € I and for any x_; € X_;, the section Afx_,) is
nonempty W-convex closed, co
(i) foranyi €1, theset{(x,y;) €EX X X;:y; € A(x_))} is closed;
(i) for any y € X, for any x, x, € X, and for any x € (x,, x,),
there exists an iy € I such that i, GEA,-O(x_,-o);

then Mgy A; = o.

Remark. The results presented in this section all are new. The condi-
tions are rather simple and totally different from the conditions of results
in [7-10, 15, 16].
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