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Generalized bi-circular projections
on spaces of analytic functions
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Communicated by L. Kérchy

Abstract. We characterize the generalized bi-circular projections on various
Banach spaces of both scalar and vector valued analytic functions, including
the Bergman, Bloch, and Hardy spaces. We also establish that the only pro-
jections in the convex hull of two isometries on a Hardy space are generalized
bi-circular projection.

1. Introduction

Stacho and Zalar introduced the notion of a bi-circular projection in a Banach
space, see [31] and [32]. A projection P on a Banach space X is said to be a bi-
circular projection if emP—i—eib(I — P) is an isometry for all choices of real numbers a
and b. These projections are norm hermitian in a Banach space setting, see [12]. In
a Hilbert space the bi-circular projections are precisely the orthogonal projections.
A generalization of this concept was introduced by Fosner, Illisevic, and Li in [14].
They investigated projections P with the property that P+ A(/ — P) is an isometry
of X for some A € T\ {1}, where T denotes the unit circle in C. In addition, any
projection on a Banach space which can be written as the average of the identity
operator and an isometric reflection is also a generalized bi-circular projection. We
have characterized generalized bi-circular projections in various settings, cf. [4],
[5], and [6].

In this paper, we give a characterization of these more general projections on
various Banach spaces of analytic functions. We consider both scalar and vector
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528 F. BoreLuo and J. JAMISON

valued functions. We designate these projections introduced by Fosner, Illisevic,
and Li generalized bi-circular projections.

2. Generalized bi-circular projections
on some functional Banach spaces

The following lemma from [14] will be used several times throughout the
paper. It gives a simple characterization of when a projection is a generalized
bi-circular projection in terms of an equation that the associated isometry must
satisfy.

Lemma 2.1. Let A € T with A\ # 1. Suppose that Py € B(X) is a projection
different from 0 or I. Let Z(X) denote the group of surjective isometries of X.
Then the following two statements are equivalent:

(i) PA+A{I —P\) =Ty €I(X).

(i) Py =D=M and (Ty — AI)(Th — 1) = 0.

We observe that T} is a surjective isometry since
[P+ AI = P)][Px+ X1 - P =1.

We start by considering a class of functional Banach spaces on the disk in
which all the surjective isometries are of some predesignated form. We give a com-
plete classification of the generalized bi-circular projections in this general setting.

Definition 2.2. (cf. [9]) A Banach space of complex valued functions on a set X
is called a functional Banach space on X if the vector operations are pointwise
operations, f(z) = g(x) for each x € X implies f = g, f(z) = f(y) for every f in
the space implies = y, and for each x in X, the linear functional f — f(x) is
continuous.

Examples of functional Banach spaces are the Bergman spaces, the Bloch
spaces, and the Hardy spaces. We denote by F(A) a functional Banach space
on the unit open disk A = {z € C||z] < 1} with the property that it contains
sufficiently many polynomial functions to interpolate four points. This is certainly
the case for the Hardy, Bergman and Bloch spaces. In addition, we also assume
that the surjective isometries on F(A) are of the form

T (f)(z) = Bl (2)]7 f((2)) = Baf((0)),
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where ¢ is a disk automorphism (i.e. p(z) = py==, with |a| < 1 and |u| = 1),
|8l =1, 0 < |a| <1, p a positive integer, and r a nonnegative real number.

We observe that the surjective isometries on each of the spaces listed above
are of this form for convenient choices of the parameters and disk automorphisms,
cf. [8], [13] and [18].

A generalized bi-circular projection is given by P(f)(z) = W, for
some A # 1 and of modulus 1. Lemma 2.1 implies that J2(f(2)) — (A+1)T(f(2))+
Af(z) =0, for every f € F(A) and z € A. This equation is equivalent to
(2.1)

B (N7 F(2%(2)) = BPale (2)]7 f((0)) = B2ale’ (9(0))]7 F(2(0)+
)

+(Ba)*F(0(0) — (A + DBl (2)]7 f(0(2)) = Baf (p(0))] + Af(2) =

We assume first that ¢(0) = 0. This implies that ¢(z) = —pz. If, in addition,
©(z) # z (or p # —1), then there exists a point zg € A so that ¢(zg) # z9. We
choose a polynomial f such that f(¢(z0)) = 1 and f(0) = f(20) = f(¢*(20)) = 0.
The equation (2.1), evaluated at f and z = z, yields (A 4+ 1)3[—p]» = 0. Hence
A= —1and J? = I. Under these assumptions, (2.1) reduces to

BP[uP)7 f (1P 2) — 26%al—p]7 (0) + ()’ f(0) = f(2).

This last equation implies that 32 = 1 and p = 1. Moreover, we also conclude
that & = 0 or f(0) = 0. In both cases, the isometries are of the form J(f)(z) =
+[—1]7 f(—2) and thus the corresponding projections are given by

We assume that ¢(z) = z, hence (2.1) reduces to

B2f(2) = 26%f(0) + (Ba)£(0) — (A + 1)[Bf (2) — Baf (0)] + Af(2) =

This last equation yields the following six cases:
(1) B=1and f(0)=0or o =0;

(2) f=land A=1-—q

(3) B=Xand f(0) =0 or a = 0;

(4) B=Xand a=1-\
with corresponding projections:

(1) P(f)(2) = f(2);

(2) P(f)(z) = f(z) — £(0) and |1 —a| = 1
(3) P()(z) = 0; )
(4) P()(z) = F(0), 0 < [1 =X < L.
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This concludes the analysis for disk automorphisms with ¢(0) = 0. Now, we assume
that ¢(0) # 0 but ¢*(0) = 0. This implies that p(z) = = and ¢*(z) = 2.
Consequently (2.1) becomes
BHf(2) = al¢ ()] fla)} = BPa{[¢' ()]7 f(0) — af(a)}~

A+ DB{Y ()7 f(0(2) — af(a)} + Af(z) =0
As described before, a convenient choice of a polynomial function implies that
A= —1and J? = I. Thus, we write (2.2) as

B{f(2) = al'(2)]7 f(@)} = B2a{[¢'(@)]7 f(0) — af(a)} = f(2).

In particular, for z = a, we have

5{f(a) — a[¢' ()7 f(a)} = B*a{[¢'(a)]7 f(0) — af(a)} = f(a).
This implies that f(0) = 0, for every f € F(A), or a = 0. If for every feF(A)w
have f(0) = 0, then (2.2) also implies that 42 = 1 and [¢/(2)]» a—a? = 0. Therefore
a = 0 or @« = 1 whenever » = 0. These considerations imply that J(f)(z) =

r

@' (2)]7 f(p(2)) or T(f)(2) = i(f(<ﬁ(z)) - f(so(O))), with » an automorphism
of the disk of the form ¢(z) =

(2.2)

Hﬂ@:f@iW@W““m(mmﬂ@:fwiww@wﬁw@r

with p(2) = “_Ez Using the techniques applied before we conclude that whenever
©(0) # 0 and p? # id, equation (2.1) has no solutions. In fact, it is enough to select
20 € A so that 29 ¢ {0, »(0), 92(0), »(20), ¥*(20)}, then choose f € F(A) such that
F(20) = 1 and Fp(z0)) = F(#%(:0)) = £(0) = F((0)) = F(*(0)) = 0. Therefore
(2.1) implies A = 0. This contradicts that A has modulus 1. We now summarize the
conclusion of this analysis in the following theorem.

Theorem 2.3. Let F(A) be a functional Banach space on the unit disk containing
all the polynomial functions, where all surjective isometries are of the form

T (£)(z) = Bl (27 F(p(2)) — Baf ((0)),
with ¢(2) = pi==, la| < 1, |u| = |B] =1, 0 < |a] < 1, p a positive integer, and r
a nonnegative integer. Then generalized bi-circular projections on F(A) are of the
following forms:
P(J) =0, PU) = f0), PU) = 1, PU) = ]~ f10), or P() = LETE)
with J(f)(2) = [¢'(2)]7 f(p(2)) or T(f)(2) = f(¢(2) = [((0)) and ¢ is a disk

automorphism such that p?(z) = 2.
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Generalized bi-circular projections 531

Remark 2.4. The projections listed above are in fact generalized bi-circular projec-
tions. Consider ¢ =id, « =0, and 8 =1 (or A). Then J(f) = 8f and P(f) = f
(or 0, respectively). If « =1 — X (or @ = 1 — X) then J(f) = f(2) — af(0) and
P(f)=f—f(0) (or J(f) =Af — (A=1)f(0) and P(f) = f(0), respectively). If
p(2) = {55, then a = 0 and P(f) = 2510 we have T (f)(2) = fl¢'(2))7 £ (¢(2))

whenever a = 0 or J(f)(2) = [¢'(2)]? f(p(2)) — f(¢(0)), whenever f(0) = 0 for
every f in the functional Banach space under consideration.

The Bloch space is a special case of the previous theorem (cf. [8]):

B = {f: f is holomorphic on A, f(0) = 0 and sup |f'(2)|(1—|z*) = M(f) <oco}.
|z|<1

This space equipped with the pointwise operations and the norm || f|| = M(f)
becomes a nonseparable Banach space. The space By denotes the closed subspace
of B spanned by the polynomials. In [8], it was shown that every isometry S of By
is surjective. Furthermore, there exist A of modulus 1 and ¢ an automorphism of
the disk, A, such that

S(f) = u(foe—f(e(0)),
for all f € By. Hence By satisfies the hypothesis of Theorem 2.3.

Corollary 2.5. P is a generalized bi-circular projection on By if and only if

where ¢ is a disk automorphism such that ©? = id.

A consequence of the proof of the theorem above and Corollary 3 in [8] is the
following statement.

Corollary 2.6. P is a generalized bi-circular projection on B if and only if

where ¢ is a disk automorphism such that ©* = id.
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3. Generalized bi-circular projections and integral operators

We consider a class of Banach spaces where the surjective isometries are in-
tegral operators rather than the more standard weighted composition operators.
We show that generalized bi-circular projections on such spaces are also given by
integral operators.

We consider K a separable complex Hilbert space and the spaces S” and S§. of
analytic functions f defined on A such that f’ is in H? and in H?(K), respectively.
These spaces are equipped with the norm (see [26] and [17])

LA = 1O+ 1 l-

Surjective linear isometries on these spaces have an integral representation as de-
scribed in the next theorem.

Theorem 3.1.
(1) (Cf. [26]) Let T be a linear isometry of SP onto SP, p # 2. Then there exist
unimodular complex numbers o and [ and a disk automorphism ¢ such that

Tf(z) = alf(0) + 5/()Z[wl(f)]l/pf’(w(é“))]df, for all f € S and z € A.

(2) (Cf. [17]) Let T be a linear isometry of Sk. onto Sk, p # 2. Then there exist
unitary operators on K, U and V, and a disk automorphism ¢ such that

THE) = VIO +U [ 1 OFF (e, for all € SE and z € A

We characterize the generalized bi-circular projections on these spaces by
using the form of the isometries stated in the previous theorem. The next theorem
gives a characterization of the generalized bi-circular projection on Sy.. We only
prove the theorem for the more general case of vector-valued functions.

Theorem 3.2. P is a generalized bi-circular projection on Sy (p # 2), with K
a separable complexr Hilbert space, if and only if P is represented in one of the

following ways: y - / ]
0 / 1/p g1 p
0y P = PO BT ON ele)s + 1)

phism ¢ so that ¢* = id and unitary operators on K, U and V so that
U2=Vv?=1.
(U= A(f(2) = f(0)) + (V= M) f(0)
(2) P(f)(=) = .
plex number A and unitary operators on IC, U and V' both satisfying the oper-
ator equation X2 — (A +1)X + X = 0.

, for some disk automor-

, for some unimodular com-
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Proof. Given a generalized bi-circular projection P we denote by T its associated
isometry given by

THE) = VIO +U [ 1OFPF(AO)E, forall £ € SE, and 2 A

where U and V' are unitary operators and ¢ is a disk automorphism. We also have
that
T?(f) = A+ )Tf+\f =0,

for every f € S%. This equation becomes
1

V2f(0) +U? /Z[(w2)’(£)]5f( 2(6))de — (A + 1)V f(0)—
(3.1)

1

)\+1U/ P £/ (0()) de + M (2) =
Differentiating (3.1) we get the following;:

(3.2) U2[(%) (2)]7 9((9%)(2)) — (A + DU (2)]7 g(0(2)) + Ag(z) = 0,

where g(2) = f'(z). We set g(2) = z - v and g(z) = 2% - v for a given vector v € K.
These choices determine the equations

(@) ()] () () U = A+ DI (2)]7 (p(2))Uv + Az - v =0,
and
() (P[P0 = A+ D ()] [p(2)]2 Uv + 2422 v = 0.
Subtracting the second equation from the first one multiplied by z we have
(33) [ (P[P — P20 — A+ DY (2)]70(2)[2 — (9(2)]Uv = 0.

If ¢ is not the identity but p? = id we have A = —1. Hence T?f = f and (3.1)
reduces to

v+ 0 [ o= 1.
This last equation implies that U? = V2 = I. Therefore

Pz = 1O +Ufoz[¢/(f)];/pf/(¢(§))d§ ()
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as stated in the theorem. If ¢ = id, then (3.1) becomes
V2F(0) + U[f(2) = FO)] = A+ DV F(0) = A+ DULf(2) = F(O)] + Af(2) = 0.

Therefore we have that U2 — (A + 1)U + Al =0 and V2 — (A+ 1)V + Al = 0. In
this case, the projection P has the form

Pl = CADUE = £O) + V= A0f(0)

It is left to consider when ¢ and (? are both different from id. We show
that these conditions lead to A = 0 and hence no solutions exist. In fact, since
there exists zg € A such that ¢(z9) # 20 # ¢*(20), there exists a polynomial p
that assigns the value zero at ¢(z9) and ?(z9) and the value 1 at z5. We set
g9(2z) = p(z) - v, then (3.2) evaluated at g(zp) yields A = 0.

Conversely, it is easy to check that projections of the form described in the

theorem are in fact generalized bi-circular projections.
|

Remark 3.3. The unitary operator in the scalar case (i.e. dimK = 1) is just a
multiplication by a modulus 1 complex number.

We generalize the previous class of spaces but restrict our attention to just
scalar valued functions, since descriptions of surjective isometries in the vector-
valued case are not known.

As introduced in [18], let N represent a norm on H(A), the space of analytic
and complex valued functions with domain A. Let Hy and Sy be the space of
functions in H(A) such that N(f) < oo and N(f’) < oo, respectively. Moreover,
we also denote by Hy the space Hy when equipped with the norm N and we
denote by Sy the space Sy with the norm ||f|| = [f(0)] + N(f’). For 1 < p < o
and z > —1, we consider the norm on H(A)

(3.4) = (27 [seeor - s2yraran) "

The space Hy is a weighted Bergman space (cf. [18]). We cite the following
Theorem 3 from [18] concerning the space Sy with norm (3.4).

All rights reserved © Bolyai Institute, University of Szeged



Generalized bi-circular projections 535

Theorem 3.4. Letx > —1 and 1 < p < oo, p# 2. If T is a surjective isometrgéBf
Sy, then there is 3 and o of modulus 1, an automorphism ¢ of A, and g = a(¢’) #
so that

T(f)(2) = [f<o> +f 9O o 9)E)de| | for all f € S, 2 € A.

The following corollary characterizes the generalized bi-circular projection on
Sn, and it is a consequence of Theorem 3.4 and the proof of Theorem 3.2.

Corollary 3.5. Let x > —1 and 1 < p < oo, p # 2. P is a generalized bi-circular
projection on Sy if and only if P is represented in one of the following ways:

BLFO0) + o [T 9" ©ICHP f(p(€))de] + f(2)

, for some disk au-

(1) P(f)(z) =

tomorphism ¢ so that ¢? = id, o and 3 are unimodular.

(@ = NI f(z) + (8= a)f(0)

(2) P(f)(z) = Y , for some unimodular complex num-
ber A, 8 and a.

Remark 3.6. Corollary 3.5 can be generalized as follows. The Bergman space can
be replaced by F(A), a smooth functional Banach space on the disk which contains
the polynomials and in which every surjective isometry is of the form Jf(z) =
Ble(2)]"P f(p(z)), where ¢ is a disk automorphism. Theorem 1 in Kolaski’s paper
[18] applies and the proof of the generalized corollary follows as in Theorem 3.2

4. Generalized bi-circular projections
on vector-valued Hardy spaces

In this section we characterize the generalized bi-circular projections on some
Hardy spaces of vector valued functions. For p = oo, we consider functions with
values in a Banach space satisfying a multiplier condition. For 1 < p < oo we
restrict to functions that take their values in a separable Hilbert space.

The following theorem is due to Cambern, Jarosz, and Lin [7], [24] and pro-
vides a description of surjective isometries necessary for our study of generalized
bi-circular projections on H*°(FE). This theorem is crucial to derive our results.
The case when E is the scalar field can be found in Hoffman’s book, [16].
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Theorem 4.1. Suppose that E is a Banach space with trivial multiplier algebra. Let
T be a surjective linear isometry of H>®(FE). Then there is a disk automorphism ¢
and a surjective isometry J of E such that

(TF)(2) = T(F(#(2)))-

The multiplier algebra of the Banach space E will play no significant role in
our proofs so we refer the reader to Behrends’ book, [1], for the definition and
basic results. Among the Banach spaces with trivial multiplier algebras are Hilbert
spaces, uniformly convex and uniformly smooth spaces.

Proposition 4.2. P is a generalized bi-circular projection on H*(E) if and only if
there exist a modulus 1 complex number X (# 1) and a surjective isometry J of E
such that J? — (A +1)J + X = 0, and either

-
(1) PF(z) = Jl— 3 F((2)) or
(2) PF(z) = Fe) + jF((gp(z)))y where J% = I and ¢ is a disk automorphism
of the form Z=% (la] < 1).

Proof. Suppose that P is a generalized bi-circular projection on H>(E).
Lemma 2.1 asserts the existence of a surjective isometry 7" such that

T -\
pP=—"-
1-X’

with |A] = 1 and A # 1. The isometry T is represented by
(TF)(2) = T(F(e(2))),

where J is a surjective isometry on F and ¢(z) = p2=%2 (Jp| = 1 and |a| < 1).

1—az

Furthermore,
T?F — (A 4+ 1)TF + \F =0,

for every F' € H*°(FE). Hence,
(4.1) T?F(p(9(2)) = (A +1)TF(p(2)) + AF(2) =0

for every F € H*®(E). Let v € E and set F(z) = 1-v for |z| < 1. Then J?v
—(A+1)J + Mv = 0, as stated in the proposition. We write equation (4.1) as
follows:

[(A+ DT = M F(p(p(2)) = A+ DT F(p(2)) + AF(2) = 0
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or equivalently

(4.2) A+ DT [F(e(p(2))) = Flp(2))] = AF(p(2)) = F(2)].-

Equation (4.2) evaluated at the functions F(z) = z-v and F(z2) = 22-v (v € E)
yields the following:

A+ D(e(p(2)) = (2) Tv = Me(e(2) — 2)v

and
A+ D([p(e))]? = ()] Tv = Mlp(e()]* = 2,

respectively. Combining these last two equations we have
[p(p(2)) — 2l [¢(2) — 2]v = 0.
This implies that ¢?(z) = z (for every z). Equation (4.2) reduces to
(4.3) [(A+1)T =AM F(z) = ( A+ 1)TF(p(2)) + A\F(2) =0,
and therefore
A+ 1)ITF(z) = A+ 1)TF(g(2)).
If A\ = —1, then J? = I and it follows that

F(z) + TF(p(2))
2

with ¢(p(z)) = z, as stated in the item 2. If A # —1, then equation (4.3) evaluated
at F'(z) = z-v, with z = 0, yields

PF(z) =

(4.4) —(A+DpaJv =0.

This implies a = 0, therefore ¢(z) = —puz. Since ¢(p(2)) = 2z, we have p? = 1. It
also follows that F(z) = F(—pz), for every F' € H*(E). Hence yu = —1 and

J =AM
PF(z) = T

F(z) = QaF(2), (A#-1).

The condition J? — (A+1)J + A = 0 implies that @ is a generalized bi-circular
projection on E. Conversely, we suppose that J2 — (A +1)J + A = 0 on E. If
PF(2) = Z=3LF((2)) then clearly P> = P and P+ A(I — P) = J. If PF(z) =
TECENEEE) then P(F)(z) — (I — P)(F)(2) = JF(p(z)). Since J% = I and

p? = id, we have that 2P — I is an isometric reflection. This concludes the proof

of the proposition.
]
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Remark 4.3. This theorem is also true in the scalar case, i.e. F is the set of complex
numbers. The isometry characterization for the scalar case is due to Forelli, cf. [13].

We note that generalized bi-circular projections on H*°(E) are bi-contractive,
ie. |P|| = |I = P|| = 1. To our knowledge the general form of the bi-contractive
projections is not known for many spaces of analytic functions. Since the convex
combination of two isometries has norm less than or equal to one, it is natural
to ask when such a combination is a projection. If it is, must it be a generalized
bi-circular projection? If not, must it be bi-contractive? We begin this analysis by
establishing when the convex combination can be a projection.

We consider the operators that are a convex combination of two isometries,
ie. To(F)(2) = [al1 +(1—a) L] (F)(z), where I; represents an isometry on H(E)
and « a real number in the open interval (0, 1). The isometries I; act on a function
f € H*®(E) as follows:

Jif ((¢i(2))),

where ¢; represents a disk automorphism.

Theorem 4.4. Given two distinct surjective isometries Iy and Iy on H*(E) and
E is a Banach space for which the identity is an extreme point of the operator unit
ball. If an operator T, in the convex combination of Iy and I is a projection, then
a=1/2.

Proof. The operator Ty, is a projection if and only if

PTPF(93(2)) + a(l = ) o Ji F(p192(2)) + a(l — ) 1 T2 F(p2e1(2))+

(4.5) +(1 — )2 J3F(93(2) = adiF(p1(2)) + aJoF(pa(2)).

Without loss of generality we assume that o > 1/2. In addition, we first assume
that there exists a point zp € A such that zg # ¢1(20) # ¢2(20) # 20. We consider a
Lagrange polynomial p on A such that p(¢1(20)) = 1 and p(p2(20)) = p(¥3(20)) =
p(p1p2(z0)) = 0. We set F(z) = p(z)v, for some arbitrary v € E. The equation
(4.5) at F(zp) is

a(l = a)p(pa1(20)) T1.Tav + (1 — @)p(¢3(20)) T3 v = adiv,
(p201(20) # ©3(20)). If both ©3(20) and w1 (20) were not equal to 1 (zo) then the
Langrange polynomial p could be chosen so that p(3(z20)) = p(w2p1(20)) = 0 and

hence J; would be the zero operator. If ¢1(20) = ¢3(20) # p2¢1(20), then p can be
chosen so that p(w2¢1(20)) = 0 and equation (4.5) reduces to (1 —a)?2Jiv = aJyv.
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Hence (1 — a)? = a, contradicting our initial assumption on a. Now, ¢1(z2) =
©0201(20) # ©3(20), then p can be chosen so that p(¢3(z9)) = 0 and equation (4.5)
reduces to a(l — a)J1 Jov = aJiv and 1 — « = 1. This contradiction implies that
there exists no such zy.

We assume that there exists zg € A so that zg # ¢1(20) = @2(z0). We choose

p so that p(1(20)) = p(p2(20)) = 1 and p(pF(20)) = p(¥3(20)) = Plp192(20)) =
p(p2¢1(20)) = 0. Equation (4.5) reduces to

aJiv+ (1 —a)Jor = 0.

This implies that o = 1/2.

We assume that there exists zp € A so that zo = ¥1(20) # ¥2(20). Since
p1p2(20) # zo, we choose a polynomial so that p(zp) = 1 and p(p2(z20)) =
p(p192(20)) = 0. We set F(z) = p(z)v. Equation (4.5) at F'(z9) reduces to

@ Jtv + (1 —a)’p(p3(20)) T3 v = adiv.
This equation implies that ©3(z9) = 2. Therefore
AT+ (1 —a)?Jsv = adyvy,

for all v € E. Consequently we have that o + (1 —a)? > a and a = 1/2.
Similarly if there exists zp € A so that zg = pa(20) # p1(20), we must have
that a = 1/2. In fact, let p be such that p(p2(20)) = 1 and p(p1(20)) = p(p?(20)) =
0, then given F(z) = p(z)v we have that ©?(z9) = 29 and a? + (1 — )2 > 1 — .
This implies that o = 1/2.
Now we assume that there exists zg so that zg = ¢1(20) = w2(20). Therefore
for every v € E we have

AT+ a(l — )N Jov 4+ a(l — ) T Jiv+ (1 — )2 TJiv = aFiv + (1 — a) v,

or equivalently

[adi + (1 — o))’y = [adh + (1 — a)Fav.

If J1 = Jo then J? = J;. Hence for every v € E Jiv — v € Ker(J;) and J; = I.
It # T, let Qn = aJr + (1 — a)Jz. The space E is decomposed into the direct
sum F = Q. (F) ® Ker(Q,). If there exists a nontrivial vector in Ker(Q,), say v,
then we have that aJ1v = —(1 — ) Jov and a = 1/2. If Q,, is one-to-one then @,
is onto and since Q% = Q, then Q, = I. Therefore J; = J» = I, since I is an

extreme point of the operator ball.
]
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Corollary 4.5. A projection given by the average of two distinct isometries Iy and
I, on H*(E) is a generalized bi-circular projection.

Proof. The proof of the theorem defines the following partition of A:

Ao ={z:¢1(2) = 2 = pa2(2)}, Ay ={z:p1(2) = 2 # p2(2)},
and
Ay ={z:p2(2) = 2 # p1(2)}.

Moreover, given z € A; (z € Ap) we must have that ¢3(z) = 2 (p3(2) = z,
respectively). We define the disk automorphism ¢(z) = ¢1(z2), if z € Ay and
0(2) = @a(2), if 2 € Ay. We observe that ¢ =id. If Ag = A, then J; = +J2 = I,
defining the identity and the zero projections. Otherwise J; = J2 = I and the
projection can be written as the average of I with the reflection R(f) = f(y).

We now investigate the form of the generalized bi-circular projections on vec-
tor valued Hardy spaces (1 < p < co) HP(K). The surjective isometries of H?(K)
with K a separable Hilbert space are given in the following theorem due to Pei-Kee
Lin (cf. [23]).

Theorem 4.6. Let 1 < p < 00, p # 2, and let K be any complex Hilbert space. If

T:HP(K) — HP(K) is a surjective isometry, then there exist a unitary operator U
on K, and a disk automorphism ¢ such that

(TF)(2) = (¢ (2))/PU(F 0 p(2))

for F e HP(K) and |z] < 1.

We now suppose that T is a surjective isometry associated with a generalized
bi-circular projection P on H?(K). From Lemma 2.1 we know that

(4.6) T?°F— (A + 1)TF+AF =0
for every F' € HP(K). Theorem 4.6 implies

A7) (e ()]VPUF(o(0(2)) = (A + D] ()] PUF (p(2)) + AF(2) = 0.
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Proposition 4.7. Let 1 < p < 00, p # 2, and let K be any complex Hilbert space.
Then P is a generalized bi-circular projection on HP(K) if and only if there exist
a modulus 1 complex number X # 1 and a surjective isometry U of K such that
U — AN+ 1)U+ M =0, and

F(z) +UF((9(2)))
2 7

U—-
P)\F(Z)Z 1—

F((z)) or PA\F(z) =

where ¢ is a disk automorphism of the form Z=% (|a| < 1).

Proof. If p(2g) # 29, then we choose a polynomial p so that p(z9) = p(¢?(20)) =0
and p(p(z0)) = 1. Therefore equation (4.7) reduces to the following:

A+ 1)/ (20)7Uv = 0.
This implies that A = —1 and equation 4.7 is now written as follows:

(4.8) [¢ (12(20))#' (20)] /P U F(p(p(20))) = AF (20).

This implies that ¢(p(20)) = 20 and |¢'(¢(20))¢’ (20)]*/?| = 1. Therefore ¢? = id
and U? = I.If ¢ = id, then equation 4.7 reduces to U? — (A+1)U+AI = 0. This last
equation is equivalent to saying that ulj))‘\] is a generalized bi-circular projection
on K.

Remark 4.8. Let P = “1:))‘\1, defined on the Hilbert space K, be such that &% —

(A+ 1)U+ A = 0. Tt is easy to check that P is Hermitian, since A\I —U = A\U* —I.

5. Spaces of analytic functions of several variables

In this section we consider three classical types of spaces of holomorphic func-
tions on the unit ball B of C", i.e. the set of all z € C" so that |z| = (z, 2)2 < 1,
we represent by S the boundary of B:

(1) The weighted Bergman spaces, AP"(B), of holomorphic functions on B, for
which

T /B FEPIL - (2, 2)] 7" dm(z) < o0

where dm(z) represents the Lebesgue measure in B.
(2) The Banach space of E-valued bounded holomorphic functions on the open
disc B of C", Hy (B), and
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(3) The Hardy spaces HP(B) with 0 < p < oo, of all holomorphic functions on B
such that

sup / o Pdp < oo,
S

0<r<1
where dy represents the volume measure on S.
Surjective isometries on these spaces have a representation that allows us to
characterize the generalized bi-circular projections. A surjective isometry 7' on a
weighted Bergman space (or on H?(B)) is given by (cf. [29])

1 a2 qe 1?13

A W] " (9(2))),

where 6 is a complex number of modulus 1, ¢ € Aut(B) such that ¢(a) = 0. If E
has trivial multiplier, a surjective isometry on Hy’(B) is given by (cf.[25])

T(f)(z) =0 F(@(=)) (orT(f)(z) = 0]

T(F)(z) = TF(¢(2)),

where J is a surjective isometry of E and ¢ € Aut(B).
Disk automorphisms are described in [29], they are obtained from the unitary
operators and from a class of basic automorphisms, defined as follows

a— EBa— TP (- 24a)
#alz) = 1—{z, a) ’

for some a € B. Given ¢ € Aut(B) with ¢(a) = 0, there exists a unique unitary
operator of B and ¢, such that ¥ = Uy,
The next lemma will be used in the proof of the forthcoming theorem.

Lemma 5.1. Let a, b and ¢ be three points in B so that a # b # c. Then there
exists a polynomial p such that p(a) = p(c) =1 and p(b) = 0.

Proof. Without loss of generality we assume that a; # b1, then let

n

+ H(Zl — bl)(zl — ai)

=2

Zl—bl

falz) = ar —b
be such that f,(a) = 1 and f,(b) = 0. The statement is proven if a = c¢. Hence
we assume that a # c. Similarly we define f. so that f.(c) = 1 and f.(b) = 0. If
fa(c) - fe(a) # 1, then the polynomial function

— 1- fc(a)
1 — fa(c)fe(a)

1-— fa(c)

P(z) [ u(0)fu(0)

fa(2) + fe(2)
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satisfies the statement in the lemma. If f,(c) - f.(a) = 1, then we set

2) = 't (C) sign(c —a; 1e(2)
p( )_{Zz N Pa— Z g z)+1} )’

i=1

so that p(b) = 0 and p(a) = p(c) = 1. .

Theorem 5.2. P is a generalized bi-circular projection on AP"(B) (or HP(B)) if
and only if P is the identity, the zero projection or given by

— a2 qu/p
PN = 5{ [ ) 6D + 1),

where a € B, ¢ € Aut(B) so that ¢(a) =0, ¢*> =id, andy=n+1+z (ory=n,
respectively).

Proof. We consider a generalized bi-circular projection P on AP"(B). We observe
that for a generalized bi-circular projection on HP(B) we follow a similar reasoning
and take z = —1. The projection P is given by P(f)(z) = t[T(f)(z) — Af(2)]
(A#1) and

1— a2 2=

T()E) =01 ] | F60)

Therefore we have

T?f(2) = A+ DT(f)(2) + Af(2) =

or equivalently

(5.9) 62[1 — |al?P7 £(92(2)) — 0N+ DL — [a®) =5 f(o(2))+
AL = (2,0) 7 (1= (g(2),a) > f(z) = 0.
In particular, for z = a we have
(5.10) 62[1— |a?[>*7 f($(0)) — 6[L — |al*] =7 £(0) + AL~ [al*]>" 5 f(a) = 0

for all f € AP"(B). Suppose a # 0, then 0 = ¢(a) # ¢(0). Lemma 5.1 implies the
existence of a polynomial function p such that p(¢(0)) = p(a) = 0 and p(0) = 1.
We evaluate equation (5.10) for the polynomial function 1 — p which implies that
A= —1. Hence 7% = I and 6? = 1. Equation (5.9) reduces to the following:

1 —laf’]

2n+1+w n+l4tx 2n+1+m
p p

F(0*(2) = (1= (z.a)* 7 (1—(9(2),a) f(z) =0.
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If there exists zg such that ¢2(20) # zp, then Lemma 5.1 implies the exis-
tence of a polynomial function p such that p(¢?(z9)) = 1 and f(z9) = 1. This

leads to a contradiction and thus ¢? = id. Therefore we have that T(f)(z) =
:t[ 17‘a|2 ntl4x

Tzl 7 f((2)) and

1 1—lal?> qu/p
P =4+ — 7
D@ =3{* o ap] fOE+iE]
as stated in the theorem. Now suppose a = 0, then ¢(z) = —U(z), with U a unitary
operator on B. Equation (5.9) reduces to the following:

02 f(U?2) — 0N+ 1) f(=Uz) + \f(z) =0,

for all f. If there exists zg € B so that Uzg #* —zg then Lemma 5.1 assures the
existence of a polynomial function that implies A\ = —1, #2 = 1, and U? = I.
Therefore P(f)(z) = 3[+f(~Uz) + f(2)]. f U = —I then 6% f(z) — O(A+1)f(z) +
Af(z) =0, and then 6 = X or § = 1. These imply that P(f)(z) =0, for all f € or
P = I, respectively. Conversely, it is easy to check that the projections given are

in fact generalized bi-circular projections. This concludes the proof of the theorem.
]

Similar techniques to those considered in this paper will provide a charac-
terization of generalized bi-circular projections on the vector valued Hardy space
Hg (B), with E a Banach space with trivial multipliers. It is a known result that
surjective isometries on this space are of the form TF(z) = JF(¢(z)) for some
disk automorphism ¢ and surjective isometry J on E, see [25].

Theorem 5.3. Let E be a complex Banach space with trivial multipliers. Then P
is a generalized bi-circular projection on Hy (B) if and only if one of the following
holds.
(1) There exists a surjective isometry of the valued space, J, and an automor-
phism ¢ so that J? = I and ¢* = id and

PF(z) = J|TF(8(2) + F(2)],

(2) There exists a surjective isometry of the valued space, J, so that

J =M

PF(z) = X

F(z),

NEDY]

where =5

s a generalized bi-circular projection on E.
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We conjecture that a more general result stated for a functional Banach space

on the unit ball also holds, provided the form of surjective isometries is as described
in our previous Theorem 2.3. Such a setting will include the space By (B) considered
by Krantz and Ma in [20] where surjective isometries of By(B) will fit as a particular

case of the specified form. It is not clear whether Krantz and Ma’s isometry

characterization extends to the Bloch space as in Corollary 3 in Cima and Wogen’s
paper, see [8, p. 316].
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