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GENERALIZED BI-CIRCULAR PROJECTIONS
ON MINIMAL IDEALS OF OPERATORS~

FERNANDA BOTELHO AND JAMES JAMISON

(Communicated by Joseph A. Ball)

ABSTRACT. We characterize generalized bi-circular projections on I(H), a

minimal norm ideal of operators in B(H), where H is a separable infinite
dimensional Hilbert space.

1. INTRODUCTION

The existence of classes of projections on a given Banach space, as well as their
characterizations, are basic problems in Banach Space Theory; see (2], [3], [9], [13],
and [16]. Recently, a class of projections, namely bi-circular projections, was pro-
posed by Staché and Zalar in [17]. A projection is called a bi-circular projection if
P+ (I—P)isan isometry for all &, 8 € R. Such projections have been stud-
ied in a variety of settings by Staché and Zalar; see [18]. Fosner, Ilisevic, and
C. K. Li, in [7], considered a generalization of this concept by requiring that
P+ XI — P) is an isometry, for some A with [A| = 1. We call these projec-
tions generalized bi-circular projections. In this paper, we completely characterize
generalized bi-circular projections on minimal norm ideals of Hilbert space opera-
tors. It is an easy consequence of our characterization that these projections are

bi-contractive. We start by recalling the basic definitions and results to. be used
throughout the paper.

Definition 1.1. We consider.a Banach space X with the norm || - || The operator
@ (on X)) is said to be a generalized bi-circular projection if and only if Q2 = Q

and there exists A € C, A # 1, and |A| = 1, for which @ + A\(I — Q) is an isometry
of X, denoted by .

We observe that 7 is a surjective isometry. In fact, if w € X, there exists z € X ,
namely z = Q(w) + ;(w = Q(w)), such that 7(2) = w. ‘

Let 'H be a complex separable Hilbert space of infinite dimension and B(H) the
algebra of bounded linear operators on H. A symmetric norm ideal, (Z,v), in B (H)
consists of a two-sided proper ideal Z together with a norm v on Z satisfying the
conditions: : ‘

(i) v(A4) = || A]|, for every rank 1 operator A. ,

(i) »(UAV) =v(A), for every A € T and unitary operators U and V on .
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If the set of finite rank operators is dense in Z, then Z is a minimal norm ideal;
see [11].

The isometries of minimal norm ideals were characterized by Sourour, in [12]. For
completeness of exposition we state Sourour’s result. First, we recall the concept of

transpose of an operator relative to a fixed orthonormal basis, {e;}, for the Hilbert

space. We denote by T" the transpose of the operator T

Definition 1.2. Given T € B(H), the transpose 1" is defined to be the unique
operator in B(H) such that

(Tte;,e5) = (Tej, ).

Theorem 1.3 (Sourour [12]). IfZ is a minimal ideal in B(H) different from C2(H),
and U is a linear transformation on I, then U is a surjective zsometry of T if and
only if there exist unitaries U and V. on H such that

UT)=UTV or U=UTV
for every T € I.

In addition to the result of Sourour, the following theorem due to Fong and
Sourour (cf. [15]) will also be used in our proofs.

The operators {4;}i=1,...,m and {B;}i=1,...,m are bounded operators on the Ba-
nach space X and ® acts on B(X) as follows:

) @(T) = A1TB; + A TBy+ -+ + AmTBm

= O, for all T € B(X), then

Theorem 1.4 (Fong and Sourour [15]). If &(T)
B,} (n<m)

{By, By; -+, B} is linearly dependent. Furthermore, if {B1;Ba2, "+,
is linearly zndependent and the (cx;) denote constants for which

B‘—chjBk, n+1<ji<m, -

k=1
then ®(T) =0 for all T € B(X) if and only if
Ar=— Y od;, 1<k<n.
- i j=n+1 )
Ifn=m,then A=Ay = =Apn=

2. GENERALIZED BI-CIRCULAR PROJECTIONS
ON IDEALS OF .HILBERT SPACE OPERATORS

In [4], the authors have shown that generalized bi-circular projections on. certain -

Banach spaces are the average of the identity with an isometric reflection, i.e. an
isometry R such that R? = Id. We show in this paper that a similar characterization
holds for ideals of Hilbert space operators. In anticipation of this result, we now
give a simple characterization of isometric reflections on minimal norm ideals.

Lemma 2.1. The operator T on I is an isometric reflection if and only if either
(1) 7(T) = UT*V with U and V unitary operators on H so that V = +(U?)*,
or :
(2) 7(T) = UTV, withU andV isometries of the form U = VaPy—va(Id—Pp)
and V = \/aP; —/a(Id— Py), where Py and Py are projections onto closed
subspaces of H. and « is a complex number of modulus 1.
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Proof. This lemma is a straightforward consequence of Fong and Sourour’s theorem.
If 7(T) = UT*V, then 72 = Id if and only if UV*TU!V — T =0, for all T € T.
Therefore, U*V = ald, for some complex number o of modulus 1, and VU? = ald.
This implies that o =@ and hence oo = £1. Consequently V = :i:(U )*.

- If7(T) =UTYV, then 72 = Id if and only if U?TV?2 —T =0, for all T € Z. This
implies that V? = ald, with || = 1, and U? = @ld. The second statement now
follows from the spectral theorem applied to U and V; see [14]. O

Proposition 2.2. Let (Z, 1() be a separable minimal norm ideal different from Cy
(the Hilbert-Schmidt class) and let Q be a generalized bi-circular projection on T. I, f
Q 1is associated with a surjective isometry T on I of the form 7(T) = UT*V (U and

V' unitary operators on H), then Q is the avemge of the identity with an isometric
reflection.

Proof. If @ is a generalized bi-circular projection, then
1
and

21 AT - (A+DUTV + UVITUV = 0,
for every T' € Z. We first observe that for A = -1, the equation (2.1) reduces to
~T+UV'TU'V =0, forall T €Z.

Fong and Sourour’s theorem implies that UtV = ald and Id = aUV?, for some
modulus 1 complex number a. Therefore a? = 1 and V = £ U**. The projection
Q is the average of the identity with the isometric reflection: R(T) = £UTU*.
Now, we consider A # —1. We show that there are no unitary operators U and V
for which the equation (2.1) holds for every T' € 7.
~ We fix A\, with modulus 1 and different from —1. If there exists a pair of unitary
operators (U V) so that equatlon (2.1) holds for every T € Z, then
Tt — * rnyrt
| )\+1U [/\T+UVTUV]
and -
- ¢ t ry ] et
T= AleV \T*+V'UT VU]U

Therefore '

_ 1 277 *%tyr% By L3 t 13

=0o1e NVHUSTV*U™ + 2)T + UVITUV],
or equivalently '
(2.2) ~(+ DT+ VU TV U + UVITUY = 0, VT € 7.

Fong and Sourour’s theorem implies that {Id, V*U**, U*V'} is linearly dependent
and we consider the following cases:

L. UV = ald; then V* U* =@ald and V = aU*. Equation (2.1) becomes
A+ )T — A+ DaUT U™ = 0.

This also implies that ( (iif‘) a) =1and TU* = £ UT?,
this is impossible. We first consider T' = ¢; ® e;, with £ 7. Therefore, we é'

that TU*(ex) = (Ut(ex), ;) &; = £U T%(ex,) = (e, €;) Ul(e;). Therefore for k’% =Leg

¥ w‘
\\\,

<’{ i
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we have (U(e;), ex) = 0, and then U(e;) = v;e;, for some modulus 1 complex
number v;. On the other hand, if T = e; ® ¢;, we have TU%(e) = (Ut(ex), &) & =
+UT(ex) = =£{ex, e;) U(e;). This implies that (U(e;), ex) = 0, for every k 75 i.
This implies that, for every i, U(e;) = w;e;. Then, given j # 4, we have that
Ule;) = vje; = pje;, which is impossible. Therefore there exist no U and V
(unitary operators) so that U*V = ald, and the equation (2.1) holds for every
Tel '
IL. UV = ald + BV*U*t (8 # 0). We also have that aUV? = (\ + 1)Id
and —BUV*t = X2V*U*. These equations imply that U** = -5V UV, and
%) UV = o Id. We observe that a = 0; then )2 = —1 and B = +1. There-
fore UtV = £V*U*t, (UV*)? = Id, and (U*V)? = £Id. As previously considered,
we let T = e; Q e; (i # j); then (/\ + IV (es), e:)U(ej) = (UV (e;), e5) UV (es).
If there exists i so that (V(e;), €;) # 0, then V¥(e;) = (’_\&}—P‘f(%ej, for j # 1.
Let aj = (—A%%%—)eji) then || > |A + 1[[(V(e:), €:)| # 0. Then the series
S [(VE(es), ex)|? diverges which would contradict Parseval’s identity. Therefore,
we must have that for every i, (V(e;), e;) = 0. This implies that (U*V (e;), e;) =0,
for j # i and UtV (e;) = aze;. Since (UtV)? = £Id we have that o? = +1.
We evaluate AT — (A + LYUT*V + UVTUV = O with T =e; Qe at V*(es),
and obtain that ' '
MV*(er), e5) es — (A + 1)U (ej) + s (U(ey), €5) es = O.
Therefore '
MV*(es), €5) (es, Ules)) = (A +1) + i (Uley), e:) ea Uley)) =
which implies that (\@; + a;)|{e;, Ule;))|> = A+ 1, and |{e;, U(e;))|* = ,\a/\i}x)
Clearly \&@; + o; # 0 because A # —1 and o = =1. Similarly to the previous
case we have |(U*(e;), ex)| must converge to zero. Thus, a = 0 yields no solution
and it is left to analyze the case where o # 0 and 8 # 0. This will imply that
Uvt = %"lId and hence UV = %”Id. For T = ¢; ® e; (i # j), we have that
AT(ex) — (A + D)UTHV (ex)) + XELUV?T(ex) = 0. If k 5 5, then (V(ex), e5) = 0.
This implies that (V*(e;), ex) = 0 for all k. This contradiction completes the proof.
O

Proposition 2.3. Let (Z,v) be a separable minimal norm ideal different from Cy
(the Hilbert-Schmidt class) and let Q be a generalized bi-circular projection on I.

If Q is associated with a surjective isometry T on I of the form 7(T) = UTV (U ‘

and V unitary operators on H) and A £ —1, then Q is given as
Q(T) = PrT or Q(T) =TPp,
where Pr represents a projection on H onto a closed subspace F'.

Proof. Since @ is a generalized bi-circular projectionvthen

QT) = 1/\[ AT + UTV]

and

(2.3) S A= (A D)UTV +UPTV? =0,

forevery T €Z. .
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It follows from Fong and Sourour’s theorem that {Id, V, V2} must be linearly
dependent. Therefore we have two cases to analyze: 1) V = old and V? = o214,
and 2) V2 = old + 3V, for some complex numbers o and 8.

1) If V = ald and V? = o?Id, then |a| = 1 and A\Id = a1 + AU — a2U?. The
spectral representation of U is therefore of the form

U =0APier{aU-x1dy + TPrer{aU—1d},
where Prer{aU—a14) T€presents the projection onto ker{al/ — A\Id}. Therefore Q(T)

= Prer{aU—1d3T-
2) If V2 = old + BV, for some complex numbers o and 3, then )\Id = —al?

‘and (A + 1)U = BU?. This 1mp11es that |o| = 1 and that o = (>\+1)2 Therefore

the spectral theorem applied to V implies the following representation:

BA

B
V= mpxer(v £x14) R 1PKer(V—- 2 1d)"
We also notice that Py, ~5&;1d + PV &1 = Id. Therefore, if we denote
Ker(V — &5 _,_1 sa7ld) by F, we ha.ve that
QT = T—x [-A\T+UTV] = TPp.
This completes the proof of the proposition. ‘ o0

Corollary 2.4. If Q(T) = PrT or Q(T) = T Pr, where Pr represents a projection
on H, then Q is the average of the identity with an isometric reflection.

Proof. We consider Q(T') = PpT and show that @ is the average of the identity
with an isometric reflection. If X is a modulus 1 complex number, let Uy be defined
on H by Ux(v) = Pr(v) + A(Id — Pr)(v). It is easy to see that Uy is a surjective
isometry. In fact, given v € H we have that :

[03@)I” = 1B @12 + |74~ PEY )2 = ol

The surjectivity follows, since Ux(Pr(v) + A~ (Id — Pr)(v)) = v. On the other
hand, we have that 7(T") = 2PpT = T is an isometry of Z since it can be written as
7(T) = U_1TId. It follows that Q(T) = $(Id + 7)(T). If Q(T) = TPr the proof
follows similarly. . _ . ‘ . -[]

Proposition 2.5. Let (Z,v) be a separable minimal norm ideal different from Co
(the Hilbert-Schmidt class) and let Q be a generalized bi-circular projection on T.
If Q is associated with a surjective isometry T on I of the form 7(T) = UTV (U
and V' unitary operators on H) and A = —1, then Q is the average of the identity
with an isometric reflection on H.

Proof. The operator Q(T) = % [T + UTV] is a projection if and only if T = U2TV?
for every operator T € Z. Therefore we have that V2 = ofd and U? = ald. a

Theorem 2.6. If (Z,v) is a separable minimal norm ideal different from Cy (the
Hilbert-Schmidt class), then @ 1is a generalized bi-circular projection on I if and

- only if Q is the average of the identity with an isometric reflection.

Proof. If a projection @ is the average of the identity with an isometric reflection,
denoted by R, then R = Q — (Id — @) and @Q is a generalized bi-circular projection
with A = —1. Conversely, if Q is a generalized bi-circular projection the statement
in this theorem follows from Proposition 2.3, Corollary 2.4, and Proposition 2.5. O
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The following corollary is an immediate consequence of the previous results.

Corollary 2.7. Every generalized bi-circular projection onT is a bi-contractive
projection, i.e. |P|| <1 and ||Id— P| < 1.
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RATIONAL FUNCTIONS WITH LINEAR RELATIONS
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ABSTRACT. We find all polynomials f,g,h over a field K such that g and h
are linear and f(g(z)) = h(f(z)). We also solve the same problem for rational
functions f, g, h, in case the field K is algebraically closed.

1. INTRODUCTION

Around 1920, Fatou, Julia and Ritt made profound investigations of functional
equations. In particular, they wrote at length on commuting rational functions:
thatis, f,g € C(z) with f(g(z)) = g(f(x)). Fatou and Julia [7, 8] found all solutions
when the Julia set of f or g is not the Riemann sphere. This includes the case of
polynomials of degree at least 2, where up to conjugacy by a linear polynomial,
either f = 2™ and g = 2™ are power polynomials, or f = T}, and g = T}, are
Chebychev polynomials, or f and g have a common iterate. Using different methods

- which did not require the Julia set hypothesis, Ritt [12] determined precisely when

two polynomials have a common iterate, and moreover [14] he found all commuting
rational functions. Years later, Eremenko [6] proved Ritt’s results using methods
of modern iteration theory.

Julia showed that commuting rational functions have the same Julia set. Con-
versely, much subsequent work has shown that rational functions with the same
Julia set are related to commuting rational functions (cf. [9] and the references
therem) In particular, for polynomials this relatlonshlp involves composition with
a rotational symmetry of the Julia set.

‘Sevéral authors have considered analogous .questions over fields' K ‘of positive
characteristic, but there are few satisfactory results. There are new types of ex-
amples, for 1nstance any two additive polynomials . a;zP" over the prime field F,
commute.. - : L e e e S

In fact, challenges already arise in finding the commuting polynomials f, g € K|z]
in the special case deg(g) = 1. Wells [15] and Mullen [10] solved this problem
over finite flelds K, so long as deg(f) < #K. Park [11] proved similar results.
Eigenthaler and Nobauer [5] solved the problem in various special cases, for instance
if deg(f) = char(K). In this paper we solve the problem in general, and more
generally we find all f, g, h € K[z] with deg(g) = deg(h) = 1'such that fog = ho f:
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