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REMARK ON THE CRAMER-VON MISES-SMIRNOV CRITERION 

V. Bentkus  and R. Zltlkis UDC 519.21 

I, Int;oductlon and Basic Results 

L e t  X1, Xz, 
segment  [0,  1 ] ,  

.... X, be independent, identically distributed random variables on the 

n 

i ~ l [ x ,< x ~ ,  F. (x )=  ,5 
i = l  

where I{A} is the indicator of the event A, 

I 

0 

u .  (x~ = P { ~2 < x }, 

U (x) = lira U. (x). 

Let u - n/2 - 1 if n is even, and a - (n - 1)/2, if n is odd. We prove that the dis- 
tribution function Un(x) is differentiable with respect to x ~ times, but not continuously 
differentiable ~ + 1 times. In addition, the derivatives of the distribution functions Un(x) 
as n ~ ~, converge uniformly in x to the corresponding derivative of the limit distribution 
function U(x). In particular, one has uniform convergence of the densities U~ (x). 

In this paper we also give asymptotic expansions for the derivatives of the distribution 
functions Un(x). The estimates of the remainders depend properly on n. 

The results of the paper generalize and improve the results of Smirnov [I], Anderson and 
Darling [2], Kandelaki [3], Sazonov [4, 5], Rosenkrantz [6], Kiefer [7], Nikitin [8], Orlov 
[9], Czorgo [I0], Csorgo and Stacho [II], GStze [12], Borovskikh [13], in which the conver- 
gence and rate of convergence of distribution functions Un(x) to U(x) were studied and asymp- 
totic expansions for Un(X ) were also found. 

We proceed to precise formulations. 

We denote by C a the class of functions f: R I ~ R I which have = bounded derivatives. 

THEOREM 1.1. The distribution function Un(x) belongs to the class C ~ but does not 
belong to the class C a+1, where u - n/2-1 if n is even, and a - (n - 1)/2 if n is odd. More- 
over, for any 

sup ( 1 + x")  I U~" (x) - U ~'~ (x) ! < c (s ,m) /n .  ( 1 . 1 )  
x > O  

Theorem i.I generalizes results of [1-13], devoted to proving (I.I) if s - 0. The first 
part of Theorem i.I on the differentiability of the distribution function Un(x) somewhat 
improves the result of Csorgo and Stacho[11]. One should note that in [Ii] the question of 
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differentiability of the distribution function U,(x) was studied with the help of the repre- 
sentation of O,(x) as the Lebesgue measure of a certain set in the space R" using the well- 
known Bruno-Mfnkowsky inequality. In the present paper this question is studied with the 
help of a detailed analysis of the characteristic function E exp{#~}. 

For any m~O, so0, ! ..... p=l, 2 ..... n~2(s+l), 

P--I 

sup( l+ 'x~)  i ~-x U . ( x ) - U ( x ) -  ~ n-kA~U(x)  <c(m, s, p)/n'. ( 1 . 2 )  
.~>0 

k=; 

Explicit formulas for the Fourier-Stieltjes transforms of the functions x ~,Ak(x)  are 
given on p. 150 of [18]. It is known [4] that Un(X) can be represented in the form of the 
probability p { iJ 5", li"<x}, where S, is a sum of independent ~[0, l]-valued random elements. 

Asymptotic expansions for the derivatives \dxl[~1~k P~S,,If" '~ <x}, k=0, I, .. ., are constructed in 

[14-16]. There too, one can find rules for constructing the coefficients of the expansion. 
In particular, the functions A k U(x) are infinitely differentiable and their derivatives 
decrease at infinity faster than any power of x. 

Theorem 1.2 generalizes the results of [10-13], where asymptotic expansions of the 
distribution functions Uu(x) were studied. The proof of the theorems is based essentially on 
the results of [16] on asymptotic expansions in the local limit theorem in Hilbert space. It 
follows from the results and proofs of this paper (of. Sec. 3 and the proof of Theorem 3.1 in 
[16]) that to prove Theorem 1.2 it suffices to verify the condition 

t ~ n 

for certain sufficiently large r - r(m, s, p) and q - q(m, s, p). The analysis of the charac- 
teristic function E exp{i~} and the proof of (1.3) are given in Sec. 2. The following 
lenuna illustrates the results of this section. 

LEMMA 1.3. Let so0, 1 ..... no1, 2 .... , teR z. Then for any A > 0, and for sufficiently large 
n one has 

( ! t _1~  " ~" ~-~ <c(s,  A)n~/ ( l+. t  z). ! \ dt ] E exp ,  tt to. s i = (1.4) 

A general method for estimating characteristic functions in the zone it I ~n1-=(z>0! was 
proposed by GOtze [12]. In the zone Itl~nII2+~(~>0), for any A > 0 and for sufficiently large 
n, Borovskikh [13] found the estimate 

( d,y 
, \ d r ,  E e x p { i t ~ }  ~ c ( s ,  A)/M. 

Lemma 1.3 improves this result. 

(1.5) 

2. Estimate of the Characteristic Function E exp{it~ 

THEOREM 2.1, There exists an absolute constant a such that for s - O, I, 
.... in the zone I tl _> n 2 one has 

i -2[ Eexp{it to~} :< i t : - . r ' n ! (9n )S{a ( s+ l ) } . .  

The proof of Theorem 2.1 will be given below. 

Applying the representation of Anderson and Darling for the statistic ~n z (of. 

co~= ~ (X*_'a~)~_F 1/(12n), 
7=; 

where  aj  - ( j  - 1 / 2 ) / n  and  X*, Xf . . . . .  X* a r e  t h e  o r d e r e d  random v a r i a b l e s  X z, X a . . . . .  X n,  we 
g e t  

- E  Eexp{i toa~}= i 'E  ~ (X*-as)~+-i-~n exp it ( X * - a s ) - + . i ~  n = 
j=l J=l 

.... n - I, 2, 

(2.1) 

[2, 17]) 



:,..,,-Imis...s{ 
,]=1 

x exp l i, ~ (x~-afl= i dx,. . .dx,,  

where =he integration is over all x~s[O, 1], .'c~e[x~_ 1, l ] , j = 2  . . . . .  n. 
y~=[ t [al~(x~-a~), k - - I  . . . . .  n, a n d  w e  n o n e  that :  

(xt+ . . .  + x , P =  I *  

~ (x~-ag'+ ~--- }'• 12n 

We make the change of variables 

C= (kl, k,) .~'. x*" 

where the sign Z* denotes s-mm-tion over all (kx . . . . .  k,) ,  kx_>_O . . . . .  k,_>_O, 

._~ Ecxp{ttr C~(ko, . . . ,  k,)x 

x '  t k" (12n) " k " ,  . [ .  �9 �9 . f  .VOW" exp ( iOyo: } �9 �9 "~.-i"~k _ < exp { i |  } d y . _ i .  " .dYo, 

where we have set 0 -sgn t and the integration is over all 

. ; ' . -  1 ~ [ -  ~t t ~/~ ( 2 n ) - L  ( .  - 1 i2) it !~/2 n -q  

and 

.%-i~[yp--!tli/~'n -1, (p-ll2)!t?'~,z-1], p = l .  ., , - I .  

We let @(0, x) = i 

k~+. . .+k,=s .  We g e t  

(2.2) 

y)ff x)exp{iOx2}dx, p = l ,  . . . ,  n, (2 .3)  

where the integration is over the domain [Y-I t Iv2~=, (p - l /2 ) [ t  [l12/n]. Since ~p(p, y) also depends 
on ko . . . . .  k._a, we s h a l l  somet imes  wri t e  ~k . . . . . .  kp_ 1 (P,Y)- 

It follows quickly from (2.2) and the definition of ~(p, y) that 

. . . .  . . . . . . .  k . _ , ( n ,  (2.4) 

In estimating the sum in (2.4) we shall use the following. 

LEMMA 2.2. Let [tl _> n ~. Then there exists an absolute cons=ant a such that for all 
y~(-oo, (,+112) It 1/2n-q one has 

1 ~k . . . . . .  k _ ,  (n, y)  ', < (s + 1)" (9 [ t l) *~ +"" +k. a". 

Proof, Let v=l t ll;2n -1. Then 

We s e t  

( p - l / 2 )  "~ 

~(p, y)= f x Z % - ~ ( p - 1 ,  x)exp{iOx~}dx; p>-l. 
)'--'r 

B 

B)= f x2*,-,~(p- 1, x)exp{i| 
,4 

(2 .5)  

and leC ~(0, x )= l ,  ? ( - 1 ,  x)-O, ~ ( - 2 ,  x)--O. 

F i r s t  we prove  the  r e c u r r e n c e  e s t i m a t e  

IT,(A, B)l<(s+l)(9!t])~,_l{= I~(p-l,.4)lt.,ll .~ J~(p-I,B)I + I B t  

B 

f l~(p--l,x)( dx }+(s+l)(9lt[k~_~+k,_={ I~(p--2. A--'O, + 
+ , x = ( A I  [ A - - ~ . / 2  [ 

A 
B 

I~(p-2,1,.,~B-'OI + i~(p--2, x--~)l x'lx-~/2J + 
iB j  ~ i t - . : , ~  . 

A 
B 

1 1 ) dx }+ (s+ll(9it[)%-x+k,-~+k,-, f I~(P-3, x-2,)! dx. 
"Jr i x l ( x _ . : / 2 ) 2  ~ I x j  i x - - ' : / 2 1 S x - - ' r l  , . ! x t  [ x - - ' r [ 2 l  

.4 

(2.6) 

10 



We set 

F(p-1 ,  x )=lx l%- ' i~(p-1 ,  x)t, 

G ( p - 2 ,  X)flxl=k'-~IX--':i2k'-'! 9(P -2,  X--'OI, 

H(p-- 3, x)=] x] a'-~ IX--'~ i a ' - ' l  X-2":I2L-'I 9 ( p - 3 ,  x-2"Oi.  
(2 .7 )  

Integrating in (2.5) by parts and applying elementary inequalities, we get 
B 

IS! + k ~ , _ ~ - ~  [ ,  x, dx+ 
A 

B 
G ( p - - 2 ,  A) G ( p - 2 ,  B) + ks,-i- 1 ~ G ( p - - 2 ,  x) 

+ IA[ i A - - ' # 2 1  ar IBI I B - ' # 2  -ff . . x*[x- '~12t  d x +  ( 2 . 8 )  
A 

B B B 

G ( p - 2 ,  x) dr+  [ Ix ax+ + k p _ ~  Ix ;x-'~12i:xi-':' l(x-~/2) 2 Ixl Ix-'~/2! dx. 
.4 A A 

Since  yp_~s[yp-v, (p-I/2)'~], p--t . . . . .  n, y.--v/2, i t  i s  e a s y  to  v e r i f y  t h a t  y~s[- (n-1/2)  v, (n-1/2)v] 
f o r  a i1  p - 0 ,  1 . . . . .  n -  1 .  H e n c e ,  

'.AI, !BI, 'x ~ I x - v  r ; x - g v  <3:t:1/~ (2 .9 )  

Moreover, one has 

O<kp<s u 1 . . . .  , n. (2 .10)  

Estimating the expressions (2.7) with the help of (2.9) and ( 2 . 1 0 ) ,  we derive (2 .6 )  from 
( 2 . 8 ) .  

We shall estimate the ~(p, y) by induction on p. First we consider the case p - i. 
Then 

":12 

r y)= ,f x~k'exp{iOx=)dx. 
y -  7 

We separate three subcases: 

a) Applying (2 .6 )  

a) y--E[1~2, v/2]; 
b) y- - . e [ -  I/2, 1/2]; 
c) y - z e ( -  oo, - 1/21. 

for p - i, we get 

' , 9 (  1, Y) i i 
y - T 

b)  A n a l o g o u s l y ,  

i q~ (1, y)[---! 

c) Similarly, 

vt2 " "r12 

{ } 1 +1_._1._ 1 ( x~k'exp{i| (s+l)(9it!)k' ~ ~/2 + .f - ~ d x  <(s+l)(9! t ! )~ ,4 .  
y - -  . :  

-#2 1/2 

[ x2+.exp{iOx'}dx =< f y+'.exPC/Ox"-}dx ++ 
y - - ' r  . V - - ' =  

.12 

+I ( x~.exp(iO~}d., }=<4(s+1)(91, 
1 !2 

)k, < (s+ l)(9 ! t !) ko 5: 

-I/2 
iq~(1, Y) i~ f x2~.exp(i| i+ 

- " " [ 

- - 1 / 2  

<: ( x2"'exp{iOx~}dxl+(s+t)(9 ti)~,5<= . 
y - - T  

-1/2 

~(s+ l ) (91t l )  k0 5 + ~ + 2 +  f -~ ,ix - -0+1)(9t  

"#2 

f ++'.exp{+Ox+}+ +_<__ 
--1/2 

t t) ~. 9. 

11 



It is clear that in case c) one gets the worst estimate. Hence, for p - i, for all y E (-~, 
3T/2] one has the estimate from the hypotheses of the lemma with a - 9. 

We proceed to estimate ~(p, y) for p >_ 2. Let us assume that for ~ - 1 ..... p - 1 and 
all ye(-~, (I+1/2)~] one has 

!~(l, y) l<(s+ l)'(9'~t!)k'-~+"'+k'dg( l, t, n) (2,11) 

w i t h  some f i n i t e  ~ ( l ,  t, n), l>-2, and ~ ( 1 ,  t, n)---9. Withou t  l o s s  o f  g e n e r a l i t y ,  one can  assume 
t h a t  ~ ( 0 ,  t, n)---I, ~ ( - 1 ,  t, n ) = ~ ( - 2 ,  t, n ) - 0 .  F i r s t  we p r o v e  t h a t  t h e n  ( 2 . 1 1 )  a l s o  h o l d s  f o r  2 - 
p. We prove the estimate @(p, t, n) ~ a p somewhat later. 

It is clear from (2.5) and (2..3) that 

~(p, y)=r~(y-~, (p-I/2)~) 

The p o i n t s  _ 1/4, 1/4, -./2-1/4, x/2+1/4, ~ - I /4 ,  v+l/4,  ( p - l / 2 ) v  d i v i d e  t h e  h a l f - l i n e  i n t o  seven  
i n t e r v a l s  l a = ( - ~ ,  -1/4) . . . . .  Ir=('r+l/4,(p-1/2) 'r) .  The e s t i m a t i o n  o f  ~ (p ,  y)  l a r g e l y  r e p e a t s  the  
e s t i m a t i o n  o f  ~ (1 ,  y ) .  Hence we c o n s i d e r  o n l y  t he  most  l a b o r i o u s  ca se  y - r e I~ .  Thus, l e t  
y -  r ~ I x. Then 

7 

~?(P, Y)t=IT~,(Y - v ,  (P -1 /2 )v ) [=  < ~T, 0 ' - v ,  - 1 / 4 ) I +  S !r~'(l,)i< 
i ~ 2  

(we a p p l y  ( 2 . 9 ) ,  ( 2 . 1 0 ) ,  and the  a s sumpt ion  (2 .11 ) )  

_ < i T , ( y - v ,  -1/4)~+(s-L1)P(91t )k.-~+"+k'd)(p--1, t, n)3 /2 - -  2 ~T"(IO " 
i ~ { 3 , 5 , 7 }  

The p o i n t s  0, r / 2 ,  r do n o t  b e l o n g  to  the  i n t e r v a l s  (v - ' : , -1 /4 ) ,1 i ,  i=3,5,7.  Hence, 
i n t e r v a l s  Tp(y-": ,-1/4) ,Tp(1~), i=3,5,7,  one can app ly  the  r e c c u r e n c e  e s t i m a t e  ( 2 . 6 ) .  
(2 .12)  i n  mind, we g e t  

where 

I~(P, Y) I<=(S+ I)'(91tI)k'-'+'"+k'~D(P, t, n), 

qb(p, ,, n ) = ~ ) ( p - 1 ,  t, n){ 3 / 2 + U ( y - , ,  - I / 4 ) + Z ' U ( I , ) } +  

+ , , , _ :  t . ,  {,,y_, z }+ 

+@(p--3,  t, n) { W ( y - ~ ,  - 1 / 4 ) + 2 ' W ( I  0 }, 

(2 .12)  

to  the  
Keeping 

(2 .13)  

the  sign Z' d e n o t e s  summation over  i - 3, 5, 7, 
B 

1 1 I u(A, B)= ~--y?+ r-~, + f -~ ax, 
A 

V(A, B)= iA I IA-'./2I ~ /St !B--zI---'---~. "~ .1[  x'~lx--x/2[ "+ ]xl Ix--~/21 lx--~l + Ix](x--x/2)" dx, 
A 

B 

f , IV(A, B)= . ~xl Jx-~/21 dx. 
A 

It is clear that there exists an absolute constant b >_ 9 such that each of the expressions in 
curly brackets in (2.13) does not exceed b. Hence, from (2.13) for p - 1, 2 ..... we get 

~)(p, t, , ) < { ~ ( p - 1 ,  t, n ) + ~ ( p - 2 ,  t, n ) + @ ( p - 3 ,  t, n)}b. 

Consequen t ly ,  t h e r e  e x i s t s  an a b s o l u t e  c o n s t a n t  a ,  such t h a t  @(p, t ,  n) -< a p ( f o r  example,  
one can t a k e  a - 2 b ) .  

P r o o f  o f  Theorem 2 .1 .  E s t i m a t i n g  each  summand in  (2 .4 )  i n  modulus ,  and a p p l y i n g  the  
e s t i m a t e  o f  L e l a  2 .2 ,  we g e t  

• ~*C, (ko ,  . . . .  k,)[tlk.(12n)--k,(9[tt)k,-1 +'''+k" <n! l t [- ' l~- '(s+ 1)'a"(9 i t [)'n'. 
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The t h e o r e m  is p r o v e d .  

P r o o f  o f  L emma 1 . 3 .  Theorem 2 . 1  and t h e  e s t i m a t e  ( 1 . 5 )  i n  t h e  zone  Itl~,~/~+~ ( ~ > ~ .  f o r  
sufficiently large n, Imply 

In t h e  zone  It16.'-'(z>0) t h e  e s t i m a t e  o f  Lemma 1 .3  i s  known ( c f . ,  e . g . ,  [15,  p .  3 7 ] ) .  The 
lemma i s  p r o v e d .  

3. Proofs of Theorems 1.1 and 1.2 

As already noted, Theorem 1.2 follows from (1.3). The estimate of Theorem 2.1 and the 
above-mentioned results on estimates of characteristic functions from [12-16] guarantee that 
this condition holds. Theorem I.i is a special case (for p - 1) of Theorem 1.2. The dlf- 
ferentiability of the functions Un(x) follows from the estimate of Theorem 2.1 and the well- 
known properties of the Fourier transform. It is known [19, 20] that Uu(x) - 0 for x 
i/(12n) and (.7, (~=c, (x-I/l~(,-*)/2 , for I/(12,)~x~I/(12,)+1/(2n~, where c, > 0 is a constant. 
Hence, U,~C=+,. 
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