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A SIMPLE PROOF FOR KONIG’S MINIMAX
THEOREM

G. KASSAY (Cluj)

1. In 1953 Ky Fan [2] proved a minimax theorem without linear struc-
ture. Since the appearance of this result, there is a living interest for the
axiomatic character of minimax theorems. In 1968 H. Konig [3] extended
Ky Fan’s [2] theorem to the case where the constant field for convexity is
only a part of [0,1]. Applying the ideas of H. Kneser [1] and Ky Fan [2],
M. A. Geraghty and B. L. Lin [10] rediscovered Konig’s theorem [3], while
S. Simons [11] extended it for two functions. His proof is based on Konig’s
version of the Mazur-Orlicz theorem [4].

In the last decade two approaches seemed to be successful for proving
minimax theorems: the method of level sets (discovered by I. Joé [5] and
applied by L. L. Staché [6] for quasiconvex-concave functions on interval
spaces) and the so called cone method (given in [8] and used by Z. Sebestyén
[9, 12], M. Horvath—A. Sovegjarté [13]). Concerning these methods, we
notice that by means of them one can prove most of the classical minimax
theorems. For instance Ky Fan’s theorem can be deduced using the method
of level sets (see 1. Joé and L. L. Staché 7] and L. L. Staché [6]) and also
using the cone method [13]. We mention that the function lifting introduced
in [7] provides an immediate deduction of Konig’s theorem from Ky Fan’s
one.

The aim of this note is to give an elementary and simple proof for Konig’s
theorem using both methods of Jo6 [5, 8]. We hope that this proof will be
useful also for further generalizations.

2. Let X and Y be nonempty sets and f: X X Y — R a given function.

DEFINITION. f is said to be 1/2 concave-convez if the following condi-
tions are fulfilled:
(1) For each yy,y2 € Y there exists y3 € Y such that

f(e,35) € 5L @w) + f(o,ua)] for every € X

(2) For every z1,z3 € X there exists 3 € X such that

f(23,9) 2 5[ fo1,9) + f(en,0)] forevery y e,
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Denote by D (C [0,1]) the set of diadic rationals. It is easy to see that if
(1) is fulfilled, then
(3) For every y1,y2 € Y and t € D there exists y; € Y such that

f(2,3) S t5(m,31) + (1 = 1)f(z,32) for every € X.

A similar statement holds for (2).

THEOREM (H. Konig {3]). Suppose X is a compact Hausdorff space and
f(-,y): X — R is upper-semicontinuous for every y € Y, further f is 1/2-
concave-conver. Then we have

sup inf f(z,y) = inf sup f(, y).

For the proof we need the following

LEMMA (1. Jo6 [8]). Let X and Y .be arbitrary sets, f:X XY — R be
any function. For y € Y and ¢ € R (real) denote

Hy={z€X:f(z,y) 2c}, c=supinff(z,y), c"=infsupf(z,y).
r ¥ ¥y =z
Then ¢, = ¢* if and only if for every ¢ < ¢~ we have

() H # 9.

yeY

PrROOF OF THE THEOREM. Since X is compact and f is upper semi-
continuous on X for every fixed y € Y, the sets Hj are compact. Therefore,
it is enough to prove that the family of sets {H;:y € Y'} (¢ < ¢”) has the
finite intersection property. It is obvious that H{ # @ for every ¢ < c*.
First we prove that any two sets of this family have nonempty intersec-
tion. Suppose the contrary, i.e. that there exist ¢ < ¢* and y;,y, € Y
such that H N HS =0 and define the function h: X — R? by h(z) =
= (f(z,31) — ¢, f(z,y2) — ¢) ; further consider the set K = {(s,t) € R*:s 2
2 0,¢t 2 0}. According to our assumption, A(X) N K = 0. Now we show
that Co h(X) N int K = §. For this, suppose that there exist Ay, ..., Ax €

€ [0,1] with EA =1 and z1,...,7; € X such that Z/\h(.’lf)e int K. It

1=1 i=1
is easy to see that there exists a dense subset M of { (t1,...,tx) € R*:t; 2

k
20, t = 1} with the following property: for every (ai1,...,ax) € M and
1=1

:vl,..._,wk € X there exists 2, € X such that f(zq,¥9) 2 a1 f(z1,9)+ ... +
+ ai f(zg,y) for every y € Y. Choose an element a = (ay,...,a;) € M
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such that Z a;h(z;) € K. Then h(z,) — Z a;h(z;) € K which contradicts

h(X)N K = (0 By the well-known separatlon theorem of Hahn~Banach in
R?, there exists a hyperplane (line) which separates the sets Coh(X ) and K.

That is, there exists b = (by,b2) € K with by + b2 = 1 such that by f(z,y1) +
+ baf(z,y2) £ ¢ for every ¢ € X. Let ¢; € R be such that ¢ < ¢; < ¢ and
d = ¢; — c. Then we have by[ f(z,51) — c1] + ba[f(2,52) — 1] £ —d for
every z € X, hence the set hy(X) is separated from K by the line bys +
+bat = —d, where hy(z) = ( fle,n) — e, flz, yz)—cl) Now, since f(-,y1)
and f(-,y2) are upper-semicontinuous, there exist p > 0 and ¢ > 0 such that
h1(X) C (=00,p] X (—00,q]. Since b3 4 b2 # 0, the line bys + byt = — d inter-
sects at least one of the lmes s=p and t = q. Suppose that bys + bt = — d
intersects ¢ = ¢. It is clear then, that the line bigs + (d + baq)t = 0, which
contains the origin and the common point of these lines, separates hq(X)
and K. Let D C [0,1] be the set of diadic rationals. It is clear then one can
choose o € D such that the line as + (1 — a)t = 0 separates hy(X) and K,
or in other words, a[f(:c,yl) - cl] +(1- a)[f(x,yz) - cl] < 0 for every
z € X. Consider y, € Y such that f(z,y,) £ af(z,y1)+ (1 - a)f(z,yz) for
every z € X. Then f(z,y,) < ¢; for every © € X and hence sup f(z,y,) <

< ¢q, consequently ¢* = infsup f(z,y) < ¢; which contradicts ¢; < ¢*.
Yy =z

In order to prove that for any ¢ < ¢* and ¥y;,...,y, € Y we have
ﬂ H;, # 0, we use induction. Suppose we know this for n £ N and prove

i=

it for N 4+ 1. To this end denote C = ﬂ Hj. . This is a nonempty compact
i=1

subset of X and since the function f = floxy is 1/2-concave-convex, we can

repeat the proof above for f and for the sets H; = H; . NnC, Hy=Hy N
N C. This completes the proof of the theorem.

References

[1] H. Kneser, Sur un théoréme fondamental de la théorie des jeux, C.R. Acad. Sci.
Paris, 234 (1952), 2418-2420.

[2] K. Fan, Minimax theorems, Proc. Nat. Acad. Sci. USA, 39 (1953), 42-47.

[3] H. Kénig, Uber das von Neumannsche Minimax-Theorem, Arch. Math., 19 (1968),
482-487.

[4] H. K6nig, On certain applications of the Hahn-Banach and minimax theorems, Arch.

: Math., 21 (1970), 583-591.

[5] I. Joé, A simple proof for von Neumann’s minimax theorem, Acta Sci. Math.
(Szeged), 42 (1980), 91-94.

[6] L. L. Staché, Minimax theorems beyond topological vector spaces, Acta. Sci. Math.
(Szeged), 42 (1980), 157-164.

Acta Mathematica Hungarica 63, 1994



374 G. KASSAY: A SIMPLE PROOF FOR KONIG’S MINIMAX THEOREM *

[7] 1. Job, and L. L. Stachd, A note on Ky Fan’s minimax theorem, Acta Math. Acad.
Sci. Hungar., 39 (1982), 401-407.

[8] I. Job, Note on my paper “A simple proof for von Neumann’s minimax theorem”,
Acta Math. Hungar., 44 (1984), 363-365.

[9] Z. Sebestyén, An elementary minimax theorem, Acta Sci. Math. (Szeged), 47 (1984),
457-459.

[10] M. A. Geraghty and B. L. Lin, Minimax theorems without linear structure, Linear
and Multilinear Algebra, 17 (1985), 171-180.

[11] S. Simons, Two-function minimax theorems and variational inequalities for functions
on compact and noncompact sets, with some comments on fixed-point theo-
rems, Nonlinear Functional Analysis and its Applications, Part 2 (Berkeley,
Calif., 1983), Proc. Symp. Pure Math., 45 (1986), 377-392.

[12] Z. Sebestyén, An elementary minimax inequality, Per. Math. Hung., 17 (1986),
65-69.

{13] M. Horvath and A. Sévegjart6, On convex functions, Annales Univ. Sci. Budapest.,
Sect. Math., 29 (1986), 193-198.

(Received February 27, 1991, revised October 21, 1991)

BABE§-BOLYAI UNIVERSITY
FACULTY OF MATHEMATICS
STR. M. KOGALNICEANU 1
3400 CLUJ

ROMANIA

Acta Mathematica Hungarica 63, 1994



