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Everybody knows:

The Petersen graph srg(10,3,0,1)
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Hardly anybody knows:
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Hardly anybody knows:

srg(10,6,3,4)
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Hardly anybody knows:

srg(10,6,3,4)
complement of the Petersen graph
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Hardly anybody knows:

srg(10,6,3,4)
complement of the Petersen graph
Johnson graph J(5, 2)
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Seidel switching

Definition: Seidel switching of a
simple graph G = (V, E)

Given a subset Y C V, the operation
of switching of G with respectto Y
consists of replacing

@ all edges from Y to its
complement by nonedges,

@ and all nonedges by edges,

@ while leaving the edges within Y
or outside Y unchanged.

y
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Seidel switching

Definition: Seidel switching of a
simple graph G = (V, E)
Given a subset Y C V, the operation

of switching of G with respectto Y
consists of replacing

@ all edges from Y to its
complement by nonedges,

@ and all nonedges by edges,

@ while leaving the edges within Y
or outside Y unchanged.

y

The Johnson graph J(5, 2) is obtained from the Petersen graph by Seidel switching w.r.t. the
blue/green subsets.
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Two-graphs are not graphs

Definition: Two-graph (Higman)
A two-graph is a pair (X, T), where T is a set of unordered triples of a vertex set X, such that
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Two-graphs are not graphs

Definition: Two-graph (Higman)

A two-graph is a pair (X, T), where T is a set of unordered triples of a vertex set X, such that
every (unordered) quadruple from X contains an even number of triples from T.

In a regular two-graph, each pair of vertices is in a constant number of triples.

Let G = (V, E) be a simple graph, and T the set of those triples of the vertices, whose
induced subgraph has an odd number of edges. Then (V, T) is a two-graph.

We call (V, T) the associated two-graph of G.

M—
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Two-graphs are not graphs

Definition: Two-graph (Higman)
A two-graph is a pair (X, T), where T is a set of unordered triples of a vertex set X, such that
every (unordered) quadruple from X contains an even number of triples from T.

In a regular two-graph, each pair of vertices is in a constant number of triples.

Proposition
Let G = (V, E) be a simple graph, and T the set of those triples of the vertices, whose
induced subgraph has an odd number of edges. Then (V, T) is a two-graph.

We call (V, T) the associated two-graph of G.

Proposition
Two graphs are switching equivalent if and only if they have the same associated two-graph.
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The two-graph of the Petersen graph

@ “...triples with an odd number of edges...”
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The two-graph of the Petersen graph

@ “...triples with an odd number of edges...”
@ no triangles
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The two-graph of the Petersen graph

@ “...triples with an odd number of edges...”
@ no triangles
@ |T|=15x4 =60
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The two-graph of the Petersen graph

@ “...triples with an odd number of edges...”
@ no triangles

@ |[T|=15%x4 =60

@ the graph automorphism group is H = Ss
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The two-graph of the Petersen graph

“...triples with an odd number of edges..”
no triangles

|IT| =15%x4 =60

the graph automorphism group is H = S5

the automorphism group of the two-graph is
G =PXL(2,9) = S5
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The two-graph of the Petersen graph

“...triples with an odd number of edges..”
no triangles

|IT| =15%x4 =60

the graph automorphism group is H = S5

the automorphism group of the two-graph is
G =PXL(2,9) = S5

@ (G is 2-transitive on V
@ H = S5 is a transitive maximal subgroup of G

OUR GOAL

Find all strongly regular graphs I such that
@ G = Aut(7(I')) is doubly transitive,
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The two-graph of the Petersen graph

“...triples with an odd number of edges..”
no triangles

|IT| =15%x4 =60

the graph automorphism group is H = S5

the automorphism group of the two-graph is
G =PXL(2,9) = S5

@ (G is 2-transitive on V
@ H = S5 is a transitive maximal subgroup of G

OUR GOAL

Find all strongly regular graphs I such that
@ G = Aut(7(I')) is doubly transitive,
@ and H = Aut(l) is a transitive maximal subgroup of G.
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9 Two-graphs with doubly transitive automorphism groups
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2-transitive two-graphs

Finite two-graphs with 2-transitive automorphism groups G have been classified by Taylor
(1991):

@ Affine polar type: G = F5™ = Sp(2m, 2), m > 2;
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2-transitive two-graphs
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© Symplectic type: G = Sp(2m,2), m > 3;

GP Nagy (Hungary) SRGs with 2-transitive two-graphs Irsee 2025



2-transitive two-graphs

Finite two-graphs with 2-transitive automorphism groups G have been classified by Taylor
(1991):

@ Affine polar type: G = F5™ = Sp(2m, 2), m > 2;
© Symplectic type: G = Sp(2m,2), m > 3;
© Lineartype: G= PXL(2,q9),forg=1 (mod 4);
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2-transitive two-graphs

Finite two-graphs with 2-transitive automorphism groups G have been classified by Taylor
(1991):

@ Affine polar type: G = F5™ = Sp(2m, 2), m > 2;
@ Symplectic type: G = Sp(2m,2), m > 3;

© Linear type: G = PYXL(2,q9),forg=1 (mod 4);
@ Unitary type: G = PI'U(3, q), for g > 5 odd;

GP Nagy (Hungary) SRGs with 2-transitive two-graphs Irsee 2025



2-transitive two-graphs

Finite two-graphs with 2-transitive automorphism groups G have been classified by Taylor
(1991):

@ Affine polar type: G = F5™ = Sp(2m, 2), m > 2;

@ Symplectic type: G = Sp(2m,2), m > 3;

© Linear type: G = PYXL(2,q9),forg=1 (mod 4);

@ Unitary type: G = PI'U(3, q), for g > 5 odd;

@ Ree type: G = Ree(q) = Aut(Fy), for g = 3261, e > 1;
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2-transitive two-graphs

Finite two-graphs with 2-transitive automorphism groups G have been classified by Taylor
(1991):

@ Affine polar type: G = F5™ = Sp(2m, 2), m > 2;

@ Symplectic type: G = Sp(2m,2), m > 3;

© Linear type: G = PYXL(2,q9),forg=1 (mod 4);

@ Unitary type: G = PI'U(3, q), for g > 5 odd;

@ Ree type: G = Ree(q) = Aut(Fy), for g = 3261, e > 1;
© Sporadic type: G = HS or G = Cos.
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Exceptional and sporadic graphs

G H I Remark
PX>L(2,9) Ss Petersen graph & its P> L(2,9) has two con-
complement jugacy classes of Ss

GP Nagy (Hungary) SRGs with 2-transitive two-graphs Irsee 2025



Exceptional and sporadic graphs

G H N Remark

PX>L(2,9) Ss Petersen graph & its  PXL(2,9) has two con-
complement jugacy classes of Ss

Sp(6,2) G2(2) Us(3)-graph V| =36
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Exceptional and sporadic graphs

G H [ Remark
PX>L(2,9) Ss Petersen graph & its  PXL(2,9) has two con-
complement jugacy classes of Ss
Sp(6,2) Ga(2) Us(3)-graph VI =36
Sp(8,2) S1o J(10,3,2) V| = 120
PSL(2,17)  Bailey, Crnkovic-Svob ~ |V| = 136
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Exceptional and sporadic graphs

G H [ Remark
PX>L(2,9) Ss Petersen graph & its  PXL(2,9) has two con-
complement jugacy classes of Ss
Sp(6,2) Ga(2) Us(3)-graph VI =36
Sp(8,2) S1o J(10,3,2) V| = 120
PSL(2,17)  Bailey, Crnkovic-Svob ~ |V| = 136
PIU(3,5) S Goethals V| = 126;

param. unigueness;
H is max. in G not con-
taining PSU(3, 5)

Irsee 2025
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Exceptional and sporadic graphs

G H I Remark
PX>L(2,9) Ss Petersen graph & its  PXL(2,9) has two con-
complement jugacy classes of Ss
Sp(6,2) G2(2) Us(3)-graph V| =36
Sp(8,2) S10 J(10,3,2) V] =120
PSL(2,17)  Bailey, Crnkovic-Svob ~ |V| = 136
PIU(3,5) S Goethals V| = 126;
param. unigueness;
H is max. in G not con-
taining PSU(3, 5)
HS Moo Goethals, Crnkovié param. unigueness

Irsee 2025
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Infinite classes of graphs

G H B Remark

ASp(2m, 2) F5™ > O*(2m, 2) VO3 (2) m> 2

m
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Infinite classes of graphs

G H [ Remark

ASp(2m, 2) F5™ > O*(2m, 2) VO3 (2) m> 2

Sp(2m, 2) O*(2m, 2) NO; (2) m >3
Sp(m,4) = C» NO;_ ,(4) m > 4 even

Irsee 2025
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Infinite classes of graphs

G H [ Remark
ASp(2m, 2) F5™ > O*(2m, 2) VO3 (2) m> 2
Sp(2m, 2) O*(2m, 2) NO; (2) m >3
Sp(m,4) = C» NO;_ ,(4) m > 4 even
PYL(2,q) C% x Cse new qg = p®® > 9,
p =3 (mod 4)

Irsee 2025
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e SRGs in the switching class of linear type two-graphs
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Linear type two-graphs and their graphs

@ Let g be a prime power with g =1 (mod 4).

GP Nagy (Hungary) SRGs with 2-transitive two-graphs Irsee 2025



Linear type two-graphs and their graphs

@ Let g be a prime power with g =1 (mod 4).
@ There is a unique two-graph 7L with

Aut(TL) = PEL(2, q).
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Linear type two-graphs and their graphs

@ Let g be a prime power with g =1 (mod 4).
@ There is a unique two-graph 7L with

Aut(TL) = PEL(2, q).

@ 7L isisomorphic to its complement.
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Linear type two-graphs and their graphs

@ Let g be a prime power with g =1 (mod 4).
@ There is a unique two-graph 7L with
Aut(7L) = PLL(2,q).
@ 7L is isomorphic to its complement.
@ Any SRG in the switching class of 7L has parameters

g vq (Va£1)° .
2 4 T4

q+1,
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Linear type two-graphs and their graphs

@ Let g be a prime power with g =1 (mod 4).
@ There is a unique two-graph 7L with
Aut(7L) = PLL(2,q).

@ 7L isisomorphic to its complement.
@ Any SRG in the switching class of 7L has parameters
g vq (Va£1)° .

2 4 ’ 4
@ If gis a square, then such graphs are known to exist.

q+1,
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Linear type two-graphs and their graphs

@ Let g be a prime power with g =1 (mod 4).
@ There is a unique two-graph 7L with
Aut(7L) = PLL(2,q).

@ 7L isisomorphic to its complement.
@ Any SRG in the switching class of 7L has parameters
g+ Vg (Vg£1)°

2 4 4
@ If gis a square, then such graphs are known to exist.

.

Are there SRGs in the switching class of 7L with transitive automorphism groups?
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Strongly regular graphs in two-graphs of linear type
p'=qg=1 (mod 4), f>2.

Lemma (Transitive maximal subgroups of PXL(2, q))

Let G = PXL(2,q). Let H be a transitive maximal subgroup not containing PSL(2, q).

@ NEGATIVE: If p =1 (mod 4), then there is not such H.

@ EXCEPTIONAL: If g = 9, then there are 2 conjugacy classes of H = Ss.

@ POSITIVE: If g > 9, p =3 (mod 4), then there is a unique conj class of H = C% > Cot.

v

Let p =3 (mod 4), g = p*°.

Let 7L be the linear two-graph with automorphism group G = PXL(2,q), g > 9.

Then there is (up to isomorphism) a unique pair ', I of complementary strongly regular graphs
in the switching class of 7L, admitting

HZC@NC49
2

as transitive automorphism group.
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