J. Dynamics and Differential Equations
13 (2001), 453-522.

The 2-Dimensional Attractor of a Differential Equation

with State-Dependent Delay

TIBOR KRISZTIN?
Bolyai Institute
University of Szeged
Aradi vértanuk tere 1
H-6720 Szeged, Hungary
E-mail: krisztin@math.u-szeged.hu

and

OVIDE ARINO
Department of Mathematics
University of Pau
64000 Pau, France
E-mail: Ovide.Arino@Quniv-pau.fr

IPart of this work was done while T.K. was visiting the University of Pau supported by a grant of the
French Ministry for Higher Education and Research. T.K. was also partially supported by the Hungarian
National Foundation for Scientific Research, Grant #7T /029188, and by FKFP-0608/2000.

1



Abstract

The delay differential equation

#(t) = —pa(t) + f(x(t = 7)), r=r(z(t))

with g > 0 and smooth real functions f,r satisfying f(0) = 0, f/ < 0 and r(0) = 1
models a system governed by state-dependent delayed negative feedback and instantaneous
damping. For a suitable R > 1 the solutions generate a semiflow F' on a compact subset
Lk of C([-R,0],R). F leaves invariant the subset S of ¢ € Lk with at most one sign
change on all subintervals of [— R, 0] of length one. The induced semiflow on S has a global
attractor A. A\ {0} coincides with the set of segments of bounded globally defined slowly
oscillating solutions. If A # {0} then A is homeomorphic to the closed unit disk, the unit
circle corresponds to a periodic orbit.
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1. Introduction

In this paper we study the state-dependent delay equation

#(t) = —p(t) + f(z(t = 7)), 7= r(x(t)), (1.1)

where © > 0, f and r are smooth real functions, 7(0) = 1 and f satisfies the negative
feedback condition £f(£) < 0 for all £ # 0. Equation (1.1) with » = 1 appears in several
applications, see e.g. [15,30,34,36,37,40,52] and references therein. Over the past several
years it has become apparent that equations with state-dependent delay arise also in several
areas such as in classical electrodynamics [18-22], in population models [7], in models of
commodity price fluctuations [8,35] and in models of blood cell productions [38].

In case 7 = 1 Eq. (1.1) generates a semiflow on the phase space C([—1,0],R). Under
the additional assumptions f’ < 0, sup f < oo or inf f > —oo, the semiflow leaves the
subset 1" of elements ¢ € C([—1,0],R) with at most one sign change invariant. A recent
result of Mallet-Paret and Walther [46] shows that the domain of absorption into T is
open and dense. Walther [49,50], Walther and Yebdri [51] described the global attractor
A of the induced semiflow on T either A = {0} or A is a 2-dimensional C''-smooth graph
which is homeomorphic to the closed unit disk, the unit circle corresponds to a periodic
orbit. A solution is called slowly oscillating if its zeros are spaced at distances larger than
1. A contains 0 and the segments z(t + -) € C([—1, 0], R) of all bounded slowly oscillating
solutions x : R — R.

Recent results of Mallet-Paret and Nussbaum [41,42], Mallet-Paret, Nussbaum and
Paraskevopoulos [43], Kuang and Smith [33] and numerical studies suggest that the slowly
oscillating solutions play an important role in the global dynamics of (1.1) also in the case
r % 1 for certain p, f,r.

Our goal in this paper is to describe the asymptotic behavior of the slowly oscillating
solutions of Eq. (1.1). The obtained results are in part analogous to that of Walther [50],
but in the proofs a variety of new mathematical phenomena arise which are not present in
the case r = 1.

In addition to the above conditions on pu, f,r, we assume that f € C}(R,R), f' < 0,
and sup f < oo provided r(u) > 0 for all u € R.

Some basic existence, uniqueness, continuation and continuous dependence results for
differential equations with state-dependent delay are contained in [41,43]. The results of
[41,43] are applicable to Eq. (1.1) and give existence, uniqueness, etc. for solutions having
values in a certain compact interval. However, it is possible that there are slowly oscillating
periodic solutions of the equation outside the region guaranteed by the results of [41,43]. In
this paper we are interested in the asymptotic behavior of all slowly oscillating solutions of
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Eq. (1.1). A slight modification of the technique of [41,43] gives the existence, uniqueness
and continuous dependence results which are satisfactory for our purpose.

Let I, denote the maximal subinterval of R with 0 € I,. and r(u) > 0 for all u € I,.
Our first result is that for every bounded continuous initial function ¢ : (—o0,0] — I,
there is a solution z : R — R of equation (1.1) through ¢, that is z is continuous on R,
continuously differentiable on (0, 00), z[(—sc,0) = ¢ and (1.1) holds for all t > 0. If ¢ is
Lipschitz continuous then z is unique. Then we show the existence of positive constants
A, B, R, K such that

0<r(u) <R forallue|[-B,A], Ir[la%A]\—,uu+f(v)\§K,
u,ve — D,
moreover for every solution x : R — R belonging to a bounded continuous initial function
¢ with ¢((—o0,0]) C I, there exists s > 0 such that

x(t) € [-B, A] for all t > s.

Consequently, as we are interested in the asymptotic (¢ — oo) behavior of solutions, it
suffices to consider only solutions with values in [—B, A].
Let X denote the space of continuous real functions on [—R,0] equipped with the

supremum-norm. The set

o(t) — ¢(s)

t—s

LK:{qbeX:qb([—R,O])C[—B,A], gKfor—R§s<tgo}

is a compact convex subset of X. For every ¢ € L there is a unique continuous function
2% : [-R,00) — R such that 5C¢|[—R,O] = ¢, v is continuously differentiable on (0, c0), and
x? satisfies Eq. (1.1) for all ¢ > 0. Then the relations

F(t,¢) =af for t >0, azP(s)=a%(t+s)for —R<s<0

define a semiflow F on L.

Motivated by the conjecture, which is true in the constant delay case [46], that the be-
havior of slowly oscillating solutions govern the typical long-term behavior of the solutions
of Eq. (1.1), we consider the compact subset

S={¢€ Lk :sc(p,[t —1,t]) <1forallte|[-R+1,0]}

of Lk, where sc(¢, [t—1,t]) denotes the number of sign changes of ¢ on the interval [t —1,¢].
All segments x; of slowly oscillating solutions x with values in [—B, A] belong to S. The
set S is positively invariant under the semiflow. The restriction of F' to RT x S defines
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a semiflow Fs. Fg has a global attractor A which is a subset of the global attractor of
the full semiflow F. A consists of 0 and the segments x; of the globally defined slowly
oscillating solutions z : R — [—B, A].

We prove a Poincaré-Bendixson type result on A: the a- and w-limit sets of phase
curves in A are either {0} or periodic orbits given by slowly oscillating periodic solutions.
The second main result is that in the case A # {0}, the set A is homeomorphic to the
2-dimensional closed unit disk so that the unit circle corresponds to a periodic orbit given
by a slowly oscillating periodic solution.

The paper is organized as follows. Section 2 gives the appropriate framework for the
study of the asymptotic behavior of solutions. An additional condition on r is introduced
to guarantee that the function t — ¢ — r(z(t)) is strictly increasing. For example, the
smallness of 7’ or concavity of r are sufficient. This monotone property of t — t — r(z(t))
plays an important role in the proofs.

Section 3 contains results on the associated linear equation

() = —py(t) + f(0)y(t - 1). (1.2)

Although the map X 3 ¢ — —ug(0)+ f(¢(—r(4(0)))) € R is not, in general, differentiable,
equation (1.2) can be considered as the linearization of (1.1) at 0 (see Cooke and Huang
[14] and also [9,27]).

Section 4 introduces a discrete Lyapunov functional which counts the sign changes of
solutions over intervals of the form [t — r(z(t)),t]. We need a modified version of the
results of Mallet-Paret and Sell [44] on discrete Lyapunov functionals in order to handle
the state-dependent delay case instead of the constant delay case. It seems to be crucial
that the delay r depends only on x(¢) and not on x;. We prove an analogue of the a priori
estimate of Mallet-Paret [39], Cao [10], Arino [4] which can be used to show that slowly
oscillating solutions do not decay faster than any exponential.

Section 5 introduces the set S, the global attractor A and intersection maps associated
with the compact convex subset

U={pecLk:¢(s)>0forall se[-1,0],p(0) =0}

of L. We find that AN U is connected, which is an essential step in the construction of
a homeomorphism from A onto the closed unit disk.
Section 6 proves asymptotic expansion for slowly oscillating solutions converging to
zero as t — —oo. The related result for the constant delay case is due to Cao [10].
Section 7 shows that if ¢, are different elements of A and z?,2%¥ : R — R are the
solutions through ¢, v, respectively, then the difference 2% — 2% has at most one sign change
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on the interval [t — r(x?(t)),] for all ¢ € R. This fact guarantees the injectivity of a map
from A into R? in Section 8. The proof uses, among others, properties of slowly oscillating
periodic solutions obtained by Mallet-Paret and Nussbaum [41].

The last two sections contain the two main results with proofs.

We remark that the results can be easily modified to the case up = 0 and to the case
when f is bounded below. Only the construction of the constants A, B, R, K in Section 2
is slightly different. So, Wright’s equation [54] with state-dependent delay is a particular
case.

We mention that related results on attractors for differential equations with constant
delay are contained in [11,31-32]. For other results on functional differential equations
with state-dependent delay we refer to [1,2,3,5,6,12,13,16,23,24,28,29,47.53,55,56].

Notation. The symbols N and R* denote the nonnegative integers and reals, respec-
tively. R and Z stand for the set of all reals and all integers, respectively.

An upper index tr denotes the transpose of a vector in R”.

A trajectory of amap g : M — N, M C N, is a finite or infinite sequence (z;);crnz,
I C R an interval, in M with 241 = g(x;) forall j e INZ with j+1 € INZ.

A simple closed curve is a continuous map ¢ from a compact interval [a,b] C R, a < b,
into R™ so that c|(4 ) is injective and c(a) = c(b). The set of values of a simple closed curve
¢, or trace, is denoted by |c|. The Jordan curve theorem guarantees that the complement of
the trace of a simple closed curve c in R? consists of two nonempty connected open sets, one
bounded and the other unbounded, and |c| is the boundary of each of these components.
We denote the bounded component by int(c) and the unbounded one by ext(c).

Spectra of continuous linear maps T': E — E are defined as spectra of their complexi-

fications. If a decomposition
E=Fa&d

into closed linear subspaces is given then Prr : ' — F and Prg : £ — E denote the
associated projection operators along GG onto F' and along F' onto G, respectively.

For given reals a,b with a < b, C([a,b],R) denotes the Banach space of continuous
functions ¢ : [a,b] — R with the norm given by

Bll e (fa,b1,R) = max p(t)].

C'([a,b],R) is the Banach space of all C*-maps ¢ : [a, b] — R, with the norm given by

ol ((ap).r) = 19llc(asr) + |10l ((ab.r)-



2. The equation and some basic properties

Consider the equation

E(t) = —pa(t) + fa(t —r)), r=r(z(t)), (2.1)
under the hypotheses

p >0,

f e C*(R,R), f(0)=0, f'(u) <0 for all u € R,
r € CHR,R) and r(0) = 1,

sup{f(u): u € R} < oo if r(u) > 0 for all u € R.

(H1)

For intervals I,J C R with I C J, we say that x is a solution of Eq. (2.1) on (I, J) if

x :J — R is continuous, continuously differentiable on I, satisfies
t—r(x(t) eJ for allt € I,

and is such that (2.1) holds for all ¢ € I. (If ¢ is an endpoint of I, then by @(t) we always
mean the appropriate one-sided derivative.)

Let I, be the maximal subinterval of R such that 0 € I,. and r(u) > 0 for all u € I,..

Let BC((—0,0],I,) denote the set of bounded continuous functions on (—oo, 0] with
values in I,..

The following results on the existence, uniqueness and continuous dependence of solu-
tions can be obtained by using the technique of [41,43]. We need a slight modification of
the results of [41,43] since we want to study the asymptotic behavior of all slowly oscillating
solutions of Eq. (2.1).

Proposition 2.1.
(i) If ¢ € BC((—00,0],1,), then there exists a solution x of (2.1) on ([0,00),R) with
$|(—oo,0] = ¢.
(i) If ¢ € BC((—00,0],1.), B € (0,00] and z is a noncontinuable solution of (2.1) on
([0, 8), (=00, B)) with x|(—,0) = ¢, then B = oo and x(t) € I, for allt € R,
(iii) If ¢ € BC((—00,0],1,) is Lipschitz continuous and x,Z are solutions of (2.1) on
([0,00),R) with |(—s0,0) = ¢ = T|(—0,0, then x(t) = Z(t) for all t € R.

Proof. 1. Let ¢ € BC((—0,0], I,;) be given. Define

me = min{0, inf{¢p(s) : s <0}}, My = max{0,sup{¢p(s): s < 0}}.



First we determine two positive constants Cyg and Dy such that [mg, My C
[~Dg,Cyg] € I, and any solution z of (2.1) on ([0, 3),(—00,3)) with |(_s,0 = ¢ sat-
isfies

z(t) € (—Dgy,Cyp) for all t e (0,0). (2.2)

Let —b € [—00,0) and a € (0,00] denote the (possibly infinite) endpoints of I,.. Let
It denote the maximal subinterval of R such that r(u) > 0 for all u € I,'. Choose
¢,d € (0,00] such that I = (—d,c). Clearly, —co < —b < —d < 0 < ¢ < a < oo and
—b<mg <0< My <a. In the definition of Cy and Dy, we distinguish four cases.

Case 1: ¢ < 00, d < oo. In this case we choose Uy and Dy such that

1
Cyp = min {a, max {c, Mg, 1+ —f(m¢)}}
1
and .
—Dy = max {—b, min {—d, me, —1 + —f(M@}} .
1
Case 2: ¢ =00, d < oo. In this case first we define Dy, such that
. 1
—D, = max {—b, min {—d, me, —1 + ;f(qu)}} )
Then choose Cy such that
1
C¢ > max {M¢, Ef(_Dd))} .
Case 3: ¢ < 00, d = oo. In this case first we define Cy such that
. 1
Cy = min {a, max {c, My, 1+ pf(m¢)}} )
Then choose Dy such that
. 1
—Dy < min {m¢, Ef(C(j))} .

Case 4: ¢ =d = co. Then It = (—00,00) and, by (H1), sup f < co. So we may choose
Cy such that

1
Cp > max {M¢, ; sup f}
and then Dy so that
1
—Dy < min {m¢, ;f(C(j,)} .
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Now we prove (2.2). First observe that —b < —Dy < my < M, < Cy < a because of
the definition of Cy and Dy. Therefore, z(t) € [—Dy, Cy] for all ¢ < 0.
Another observation, from Eq. (2.1) and (H1), is that

0,0), z(t) >0, r(x(t)) =0 imply Z(t) <O,
0 (2.3)

te
te0,8), z(t) <0, r(z(t)) =0 imply i(t)> 0.

If (2.2) is not true, then there exists to € [0, 3) such that x(t) € [-Dy, Cy| for all t < ¢
and either x(ty) = Cy, ©(to) > 0 or x(to) = —Dy, @(t9) < 0.

Assume that z(t) € [—Dy,Cy| for all t < tg, x(tg) = Cy and #(tp) > 0. Then
r(z(t)) > 0 for all t < ¢ because of [-Dy, Cy] C I,.. From (2.3) it follows that r(z(ty)) > 0.

In Case 1, the facts (a) = 0 provided a < oo, 7(c) = 0, r(z(t9)) > 0 and the definition
of Cy combined imply ¢ < Cy < a. We also have z(t) # 0 for all t € [0, t), since x(¢1) =0
for some t; € [0,t9) and (2.3), r(c) = 0 together would imply z(t) < ¢ < C, for all
t € [t1, ), contradicting x(tp) = Cy. In particular, z(t) > my for all ¢ < tg. Then, using
Eq. (2.1) and that Cy > %f(m¢), we obtain

i(to) < —puCy + f(me) <0,

a contradiction.
In Case 2, from —Dy < z(t) for all t < ¢y, Eq. (2.1) and the definition of Cy, it follows
that
(to) < —uCy + f(—=Dy) <0,

a contradiction.

In Case 3 the same proof works as in Case 1.

In Case 4, by Eq. (2.1) and the definition of Cy, we obtain again the contradiction
%(to) < 0.

In the case when z(t) € [—Dy, Cy] for all t < tg, z(tg) = —Dy and &(tp) < 0, we can
get a contradiction in the same way as above. Therefore, (2.2) holds.

We modify the right hand side of Eq. (2.1) and r outside the sets [—=Dgy, Cy] X [—=Dgy, Cy]
and [—Dy, Cy), respectively. Let

9(x,y) = —pk(z) + f(K(y)), 7=r(x(z)),
where
—D¢ if z < —D¢,
K(z) =14 x if —Dy <z < Cy,
C¢> if x> C¢>'
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Consider the equation

(t) = g(z(t),z(t — 7)), 7=r7(x(t)). (2.4)

Let R = max{r(u) : u € [~Dy,Cy]} and let C = C([=R,0],R) be the Banach space
of continuous functions equipped with the maximum norm. It is easy to see that the
mapping C' 3 ¢ — g(1(0),(—7(1(0)))) € R is continuous and there exists ¢; > 0 such
that |g(¢)] < crmax g o [1(s)| for all o € C. Therefore, the existence theorem of [26,
Chapter 2] can be applied to Eq. (2.4). Let ¢ € C be such that ¢ = ¢|[ &0 Then Eq.
(2.4) has a solution # : [-R,00) — R with Tl _po = = ¢. Since the right hand sides of
(2.1) and (2.4) are the same on [—Dgy, Cy] X [—=Dgy,Cy|, and the functions r and 7 are the
same on [—Dgy, Cyl, the proof of (2.2) works also for Z to show that z(t) € (—Dgy,Cy) for
all £ > 0. Then the extension x of ¥ to R, such that x|_. 0 = ¢ and x|[_1~%’oo) =1I,isa
solution of (2.1) on ([0, 00), R with Z|(_ 0 = ¢. This completes the proof of (i).

2. Now let x be a noncontinuable solution of (2.1) as in (ii). (2.2) holds for this x.
Therefore, the restriction of x to the interval [—R, B) is also a noncontinuable solution of
Eq. (2.4) on [-R, 3). Since |g(¥)| < ¢ max¢(_p o [¥(s)| for all ¢ € C, the continuation
theorem of [26] gives § = oo.

3. To prove the claim of uniqueness in (iii), assume that z and z are solutions of Eq. (2.1)

n ([0,00),R) with z|(_oo,0) = ¢ = T|(—00,0]- For both solutions = and z, (2.2) is satisfied
with 3 = co. Therefore, we may choose M > p such that x and z are Lipschitz continuous
on R and f,r are also Lipschitz continuous on [—Dy, Cy] with Lipschitz constant M. Let

y(t) = 2(t) = (1), n(t) =t — r(x(t)) and 7(t) = ¢ — r(z(t)). Then
y(t) = —py(t) + f(z(n(t))) = f(@(0(1)))

and

90| < ply@)] + £ (z(n@))) — f(@(0())]
< Mly(t)| + Mlx(n(t)) — z(n(t))| + M|z(n(t)) — z(7(t))
< Mly(t)] + Mly(n(t)| + M°[y(t)]-
Hence with z(t) = max,¢co,4 |y(s)|,
/ (M3 +2M)z(s) ds

/ (M? +2M)z(s)ds  forall 0<t<T.

Then i
z(1) < / (M3 +2M)z(s) ds for all 7 > 0,
0
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and the Gronwall lemma implies z(7) = 0 for all 7 > 0. This proves the uniqueness. ]

Now we need the following two simple observations about the asymptotic behavior of
the solutions of (2.1).

Lemma 2.2.

(1) If to € R and x is a solution of Eq. (2.1) on ([tg,o0),R) with x(R) C I, such that x
has no zero on [ty,o0), then x(t) — 0 as t — oo.

(ii) If x is a bounded solution of Eq. (2.1) on (R,R) with x(R) C I,. then there is a sequence
(tn) such that t, — —oo as n — oo and x(t,) =0 for alln € N.

Proof. 1. The proof of (i). By the proof of Proposition 2.1, there are constants Cy, Dy €
(0,00), depending on x|(_u¢,), such that z(t) € [~Dg,Co] for all t € R. Let Ry =
max{r(u) : u € [-Dg,Col}. If z(s) > 0 for all s > ¢y, and t > ty + Rp, then, from Eq.
(2.1) and hypothesis (H1), it follows that #(¢) < 0. Therefore, x(¢) converges to some
a >0 ast — oo. Suppose a > 0. Then, by Eq. (2.1) and (H1), £(¢) — —pa+ f(a) <0
as t — 00, a contradiction. The case, when x(s) < 0 for all s > t¢, is analogous.

2. The proof of (ii). By the boundedness of x, there are constants Cy, Dy € (0, 00) such
that z(t) € [—Dy, Cy] for all t € R. Suppose that the statement is not true. Consider the
case when z(t) > 0 for all ¢t <ty for some ¢ty € R. Then, by (H1),

#(t) = —pa(t) + f(x(t = r(z(1))) < —pa(t), t <to.

Hence
0 < z(tg) < z(t)e Hto=t) < Che#to=t) - < ¢,

Letting ¢ — oo, we obtain that z(t9) = 0, a contradiction. The case z(t) < 0 for all ¢t < ¢y,
is analogous. ]

Now we show that all solutions of Eq. (2.1) with initial values in BC((—o0, 0], I,-) are
eventually in a finite interval.

Proposition 2.3. There exist positive constants A, B, R, K such that:

(i)
R > max{r(u): u e [-B,A]},

min{r(u) : ve [-B,A]} >0,
K > ma’X{| _Mu+f(v)| : (u,v) € [_BuA] X [_B7A]}
(ii) For each solution x of (2.1) on ([0,00),R) with x|(_s,0 = ¢ € BC((—00,0], I,.), there
exists s > 0 such that
z(t) € [-B, A for all t> s.
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(iii) If ¢ € C(|—R,0|,[—B, A]) is Lipschitz continuous with Lipschitz constant K, then
there exists a unique solution x of (2.1) on ([0,00),[~R,00)) with z|_pg = ¢, and

this solution satisfies
z(t) € [-B,A], |&(t)| <K for all t > 0.

() If z is a bounded solution of (2.1) on (R,R) with z(R) C I, then z(R) C [-B, A].

Proof. 1. The proof of (i). First we define two constants C' > 0 and D > 0. As in the
proof of Proposition 2.1, ¢,d € (0,00] are chosen such that r(u) > 0 for all u € (—d,c)
and ¢ < oo implies 7(¢) = 0, d < oo implies r(—d) = 0. In order to define C and D, we
distinguish four cases.

Case 1. If ¢ < 00 and d < oo, then let C =c and D = d.

Case 2. If ¢ = 00 and d < oo, then let D = d and choose C such that C' > %f(—D).

Case 3. If ¢ < 00 and d = oo, then let C' = ¢ and choose D such that —D < %f(C’).

Case 4. If ¢ = d = oo, then, by (H1), supf < oo. Choose C such that
c > %supueR f(u) and D such that —D < %f(C)

Set

K =max{| — pu+ f(v)|: (u,v) € [-D,C] x [-D,C]}

and let L = max{|f'(u)| : u € [-D, C]}.
Now we define the two positive constants A and B. Let

A=C if ¢= o0,

and
B=D if d= 0.

In case ¢ < oo, choose A € (0, ¢) such that

A
r(u) < K for all w € [A,c].

If d < oo, then choose B € (0, d) such that

uwB
r(u) < e for all u € [—d,—B].
The existence of A and B in the cases ¢ < oo and d < oo follows from the continuity of r
and r(c) =r(—d) = 0.
Let
R =max{r(u) : we[-D,C]},
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ro=min{r(u): u€[-B, A}

Clearly, 7o > 0 and (i) is satisfied.

2. The proof of (ii). By the proof of Proposition 2.1, there are constants Cy, Dy € (0, 00)
such that z(t) € [-Dy, Cy] for all t € R. Let Ry = max{r(u) : u € [-Dg,Cy]}.

If there exists ty > 0 such that = has no zero on [tg, 00), then lim;_, o, z(t) = 0 because
of Lemma 2.2(i). Therefore, z(t) € [-B, A] for all large t.

Assume that = has arbitrarily large zeros. Pick two zeros zi, 2o of x such that zo >
21 + Ry, z1 > 0. Then (2.3) can be used to get that

x(t) € (—d,c) for all t > z. (2.5)

We want to prove that
z(t) € (—D,C) for all t > z,. (2.6)

We follow the four cases of the definition of C and D.

Case 1 is clear from (2.5).

In Case 2, (2.5) implies that z(t) > —d = —D for all ¢ > z;. Thus, it suffices to
show that z(t) = C and t > 2, imply #(¢) < 0. Indeed, this is the case by Eq. (2.1) and
C > L f(~D).

Case 3 is analogous to Case 2.

In Case 4, if z(t) < C for all t > z; does not hold, then there is a smallest ¢t > z;
such that xz(t) = C. We have @(t) > 0 because of the definition of t. On the other
hand, x(t) = C and the definition of C imply #(t) < —uC + sup f < 0, a contradiction.
Consequently, z(t) < C for all t > z1. If t > 29 and z(¢) = D, then, using the definition of
D, we find &(t) > uD + f(C) > 0. Therefore, z(t) > —D can be obtained for all t > z5.
Thus (2.6) is proved. As a consequence, z is Lipschitz continuous on [z9 + R, 00) with
Lipschitz constant K.

In order to complete the proof of (ii), we need the following claim.

CLAIM. Assume that z is a solution of (2.1) on ([0,00),R) with z|_s g = ¢ €
BC((—0,0], 1), there exists tg > 0 such that z(t) € [-D,C] for all t € [ty — R, o] and =
is Lipschitz continuous on [tg — R, to] with Lipschitz constant K. Then z(t) € [-D, C] for
all t > to, there exists T' > 0 such that z(t) € [-B, A] for all t >ty + T, and

x(tg) € [-B, A] implies z(t) € [-B, A] for all t > t.
Proof of the Claim. Assume that z(t) € [-D,C] for all ¢ > ty does not hold. Then

there exists ¢t > ¢y such that z(s) € [-D,C] for all s € [ty — R,t] and either z(t) = C,
#(t) > 0or z(t) = —D, ©(t) < 0. We can get a contradiction exactly in the same way as
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in the proof of (2.6). Therefore, z(t) € [-D,C] for all t > ty. If A= C and B = D, the
proof is complete. Assume that A < C. Let s > to be such that z(s) € [A, C]. Using the
definition of A, we have

5))))
z(s —r(x(s)))) = f((s))
|

(s) = —pa(s) + fa(s —r(z

(
—pa(s) + fxz(s)) + f(

< —pA+[f(x(s —r(x(s))) — f2(s))
< —pA+ Llz(s —r(x(s))) — (s)]

< —pA+ LKr(z(s))

< —pA+ "2’4 %.

Then it is easy to see that z(t) < A for all t > tg + 2(C' — A)/(nA). Moreover, z(tg) < A
implies z(t) < A for all ¢t > t(. In the case B < D, we get analogously that x(t) > —B for
all t > to+ 2(D — B)/(uB), and that x(tg) > —B implies x(t) > —B for all t > ty. This
completes the proof of the claim.

Obviously, the Claim implies (ii).

3. The proof of (iii). Statement (iii) also follows from the above claim. Indeed, ex-
tending = to R with z(t) = x(—R) for t < —R, we can apply the Claim with ¢, = 0 to
get z(t) € [-B, A] for all t > 0. The estimation for |Z(¢)| is an obvious consequence. The
uniqueness comes from Proposition 2.1.

4. The proof of (iv). If x is a bounded solution on (R, R) with values in I,., then Lemma
2.2 (ii) implies that = has arbitrarily large negative zeros. Hence, in the same way as in the
proof of (2.5) and (2.6), we get first that z(¢) € (—d, ¢) and then that z(¢t) € [-D, C] for all
t € R. Since the Claim can be applied with any ¢y € R, it is obtained that z(t) € [-B, A]
for all ¢ € R. O

On the basis of Proposition 2.3, in the remaining part of the paper we consider only
solutions with values in the interval [—B, A]. We define a suitable phase space and show
that Eq. (2.1) generates a continuous semiflow on this phase space.

Let X = C(|—R,0],R) denote the Banach space of continuous functions on [—R, 0]
with the maximum norm denoted by || - ||. Define

Lrg={peX: —B<¢(s) <A, |6(t) — o(s)| < K|t —s| for all t, s € [-R,0]}.

(The constants A, B, R, K are given in Proposition 2.3.) By the Arzela—Ascoli theorem,
Ly is a compact convex subset of X.

Ifa>0,z€C([to—R,to+a),[—B, A]) and x is Lipschitz continuous on [ty — R, to+a)
with Lipschitz constant K, then, for ¢t € [tg, to+a), z; € Lk is defined by x:(s) = z(t +s),
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—R < s < 0. In the followings, for given ¢ € Lg, 2% : [-R,00) — [~B, A] denotes the
unique solution of (2.1) on ([0, ), [~ R, c0)) with z{ = ¢ guaranteed by Proposition 2.3.
Define

F:[0,00) X Lg 3 (t,¢) — zf € Lg.

Proposition 2.3 shows that F' is well defined and maps [0,00) X Ly into Lg. It is easy to
check that, for every ¢ € Ly, the function [0,00) 5 t — F(t,¢) € Lk is continuous and
F(t+s,¢) = F(t,F(s,¢)) for all t,s € [0,00). The continuity of F' in ¢ and more are

contained in the next lemma.

Lemma 2.4. If (¢")5° is a sequence in Ly, ¢ € Lk, ||¢" — ¢|| — 0 as n — oo, and 2™, x
denote the solutions of Eq. (2.1) on ([0,00),[—R,0)) with x§ = ¢", o = ¢, respectively,
then for any T > 0,

x(t) as n — oo uniformly int € [—R,T),

N
" (t) — @(t) as n — oo uniformly in t € [0, 7).

Proof. If the first statement does not hold, then there exists 4 > 0 and a subsequence
(nk)g° such that

sup |z"F(t) —x(t)] > 0 for all k£ € N.
—R<t<T

By the Arzela—Ascoli theorem, there is a subsequence (ny, )2, of (ng)g° with
™ (t) — y(t) as | — oo uniformly in ¢t € [-R,T]

for some y € C([—-R,T],[—B, A]) which is also Lipschitz continuous with Lipschitz con-
stant K and y|_g 1) # z|[—r,r. It is easy to see that y is a solution of Eq. (2.1) on
([0,T],[—R,T)) with yo = ¢. This contradicts the uniqueness.

The second statement follows from the first one and

2" (t) — ()] <pla™(t) — (@) + [f(@"( = r(z" (1)) = [t —r(z(0))))]
<ple"(t) —x(®)] + Lpla"(t — (2" (1)) — x(t —r(z"(1)))]
+ Lyla(t = r(z"(1))) — x(t = r(z(1)))]
<plz"(t) = x(t)] + Lylz"(t — (2" (1)) — x(t —r(2"(1)))|
+ Ly K|r(z"(t)) — r(z(t))]
<ple"(t) —x(®)] + Lpla"(t — (2" (1)) — x(t —r(z"(1)))]
+ Ly KLy |r(z"(t)) — r(z(t))]

)
<(u+L;y+ L;KL,) _ax |z"(s) —x(s)], 0<t<T,
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where L and L, are Lipschitz constants for f and r on the interval [-B, A]. O

As a consequence, we obtain that F' is a continuous semiflow on the compact metric
space L.

The increasing property of the function ¢ — n(t) = t — r(x(t)), where x is a solution of
Eq. (2.1) with values in [—B, A], plays an important role in the theory. Either one of the
following two hypotheses guarantees 7(t) > 0 for some interval.

7" (u)] < % for all u € [-B, A]. (H2)

{r € C?([-B, A],R) and there exists a € (0,1) (H2)
H2’

with 7/ (u) < a,u(r’(u))2 for all u € [-B, A].

Condition (H2’) was introduced by Mallet-Paret and Nussbaum [41]. The advantage

of (H2’) comparing to (H2) is that it is independent of f, and if it holds for some py > 0,
then it holds for all ;1 > pg. This was important in [41], where a singularly perturbed

equation was considered.

In the remaining part of the paper we always assume that, in addition to (H1), either
(H2) or (H2’) holds.

Lemma 2.5. Let tg € R and let x : [to — R,00) — [—B, A| be a solution of (2.1) on
([to,0), [to — R, 00)). Suppose i(p) = 0 for some p > to. Then 2(t —r(z(t)) > 0 for all
t>p.
Proof. Set n : [tg,00) > t — t —r(xz(t)) € R. If (H2) is assumed, then 7(t) = 1 —
r(x(t)(t) > 1 — | (z(t)&(t)| > 1 — K =0 for all ¢ > to.

Assume that (H2’) holds and let p > to with Z(p) = 0. Then 7(p) = 1—r'(z(p))z(p) = 1.
We show that 7(¢) > 0 for all ¢ > p. If this is false, then define

t1 =inf{t > p: n(t) =0}.

At t = t; we have n(t1) = 0, 7' (z(t1)2(t1) = 1 and so

d2 2

- 2
Gan(ts) = —r" (@(1)(#(0)* — 7' (2(1)) (i)
= —r"(x(t))(r' (x(t1))) 7 + p.
The definition of ¢; implies j—;n(tl) < 0. So, it follows that at u = x(t1) we have "’ (u) >
p(r'(u))?, which is a contradiction since r'(u) = r’(z(t1)) # 0. O

The next lemma gives an equation for the difference of two solutions of Eq. (2.1). This
fact enables us to define a discrete Lyapunov functional as a basic tool. The fact that the
dependence of the delay on the state is of the form r(x(t)) seems to be crucial.



17

Lemma 2.6. There are negative reals ag < a1 with the following properties. For all
solutions x,y of Eq. (2.1) on (R,R) with x(R) C [-B, A] and y(R) C [—B, A], there exist
continuous functions a : R — R and o : R — R such that a(R) C [ag, a1], a is bounded,
and the function

v iR St [z(t) — y(t)] exp (— /Ota(s) ds) eR

satisfies

0(t) = a(t)v(t — r(z(t))) for allt € R.
Proof. Define the real numbers ag, by, b1, @ and a; by

— + K / / ,
ao=p+ K max |f(u)] max |r(w)

bo= mi ' by = '
0 uefEIBH’A]f (u), 1 uel[lzaéfA]f (u),

R

g = boeao N ] = ble_aoR.

Then o < a3 < 0.
Set
z:Rot—x(t) —y(t) € R,

@RSt = - / AL = sly(t - r(y(®) + syt — r(@(t))} ds
x / g {[1 = st — r(y(1)) + s(t — r(z(1)))} ds
x/o P {1 = slz(t) + sy(t)} ds € R,

b:R>t— /01 A = sly(t —r(x(t))) + sz(t —r(x(t))} ds € R.
Clearly, z,a, b are continuous functions and
la(t)| < ap, bo < b(t) < by for all t € R.
It is not difficult to see that z is continuously differentiable and satisfies
2(t) = a(t)z(t) + b(t)z(t — r(x(t))) for all ¢t € R.

Setting

v:R >t z2(t)exp (—/Ota(s)ds) € R,
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we obtain that v is continuously differentiable and

0(t) = b(t) exp <— /t_ o a(s) ds) v(t —r(z(t))) for all t € R.

Define

t
a:R >t b(t)exp (—/ a(s)ds) eR.
t—r(z(t))

Then « is continuous, and by using the bounds on a, b and the inequality 0 < r(z(t)) < R,
t € R, we conclude a(R) C [ag, aq]. ]

Backward uniqueness also holds for the solutions of Eq. (2.1) in the following sense.

Lemma 2.7. If x,y are solutions of Eq. (2.1) on (R,R) with z(R) C [—-B, A], y(R) C
[—B, A], and x5 = ys for some s € R, then x(t) = y(t) for allt € R.

Proof. Clearly x¢,y; € Li for all t € R. Proposition 2.3 yields z(t) = y(t) for all t > s— R.
Let
to =1inf{t: z(u) = y(u) for all u > t}.

It is enough to show ty = —oo. Suppose ty > —oco. We apply Lemma 2.6. It follows that
v(t) = 0 for all ¢ > ty. In particular ©(¢) = 0 for all ¢ > t;. The differential equation for v
and the fact o < 0 combined yield

v(t—r(z(t))) =0 for all t > to.
By Proposition 2.3(i) we have 79 = min,ec|_p 4 7(u) > 0. Consequently, v(t) = 0 for all
t >ty — rp, which contradicts the definition of ¢g. O

Since F' is a continuous semiflow on the compact metric space L, it follows from [25]
that, for every ¢ € L, the solution z : [~ R, 00) — [~B, A] has a nonempty w-limit set

w(¢) = {9 € Lk : there is a sequence (t,,)5° in R such that

tn, — oo and F(t,,¢) — 1 as n — oo},

which is compact, connected and invariant. If ¢ € Lx and there is a solution z : R —
[—B, A] of (2.1) on (R, R) such that zg = ¢, then Lemma 2.7 implies that x is unique. For
such a ¢ € Lk, the a-limit set

a(¢) = {¢ € Lk : there is a sequence (t,,)5° in (—oo, 0] such that

tn, — —oo and xy, — ¥ as n — oo}
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is nonempty, compact, connected and invariant. By Lemma 2.7, the invariance of the a-
and w-limit sets means that, for each ¢ € a(¢) (¢ € w(¢)), there is a unique solution
y:R — [-B, A] of (2.1) on (R,R) so that yg = ¢ and y; € a(@) (y: € w(¢)) for all t € R.

In case ¢ € Lk and there is a solution z on (R,R) with (R) C [-B, A] and z¢ = ¢,
we shall also use the symbol 2? to denote such a solution.

3. The associated linear equation

The linear autonomous equation

#(t) = —pa(t) + £ (0)z(t — 1) (3.1)

can be associated to solutions of Eq. (2.1) tending to zero as t — oo or t — —oo. We recall
some basic facts.

The phase space is C = C([—1,0],R) with the maximum norm || - ||¢. For each ¢ € C,
there exists a unique solution of (3.1) starting from ¢. Namely, there exists a unique
continuous ¢ : [~1,00) — R such that :U‘Z’\[_LO] = ¢, and 2% : [0,00) — R is differentiable
and satisfies (3.1). Backward solutions, if exist, are also unique in the following sense: if
I is an interval on R and w,y are continuous on Uycs[t — 1,¢], are C! on I, satisfy (3.1)
on [ and z(t+ s) = y(t+s), —1 < s < 0, for some t € I, then z(u) = y(u) for all
u € User[t —1,t]. For each (t,¢) € [0,00) x C, defining T'(t)¢ = 1, where ¥(s) = x%(t +s),
—1 < s <0, (T(t))t>0 is a linear Cyp-semigroup on C. T'(1) is a compact operator. The
spectrum ¥ = {X € C: A+ pu— f'(0)e=* = 0} of the generator of (T'(t));>0 consists of
complex conjugate pairs of eigenvalues in the double strips Sy given by

2kt < |[Im(\)| < 2krn+7, k=1,2,...,
and at most two eigenvalues in the strip Sy given by
| Tm(\)| < ;

the total multiplicity of ¥ in Sy is 2.
We have
max Re (U2 (2 N Sk)) < minRe(X N Sp).

Let L and @ denote the realified generalized eigenspaces associated with the spectral sets
XN Sy and U2 (XN Sk), respectively. Then

C=L3Q,
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dim L = 2, and both L and @ are positively invariant under the maps T'(t). Let T} (t) and
T (t) denote the restrictions of T'(¢) to L and @, respectively. T7,(t) can be defined for all
t € R so that T, is a flow on L.

Let up = maxRe(X N Sy). Define

v(p) € (5,7m) by v(u) = —ptan(o(p)).
Then
u <0 for f/(0)>— (’; ™l
w=0 ot S10)= Sy
u >0 for f(0)< m

If up > 0 then X N .Sy consists of a complex conjugate pair {ug + ivg} with vy € (7, ).
The standard notation x; is occupied to denote an element of C([—R,0],R). If x a
solution of (3.1) on I and [t — 1,t] C I, then z; ¢ € C is defined by z;c(s) = z(t + s),
-1 <s<0.
A solution of (3.1) is called slowly oscillating if for every pair of zeros 2z’ > z, we have
2 —z>1

Lemma 3.1.
(i) If ¢ € L\ {0} then the unique solution z® : R — R of (3.1) is slowly oscillating on R.
(ii) If up < 0 and z : (—00,0] — R is a solution of (3.1) with

[zt.clle < lzocllc forall t<0,

then z(t) = 0 for all t <O0.
(15i) If up =0 and z : (—o00,0] — R is a solution of (3.1) with

l|lze.cllc < l|zocllc =1 forall t <0,

then z has at most one sign change on the intervals [t — 1,t] for all t < 0.
(v) If up >0, € >0 and z : (—o0,0] — R is a solution of (3.1) with

lzclle < etz cllc forall t<0,

then z(t) =0 for all t <O0.
(v) If ug >0 and z : R — R is a slowly oscillating solution of (3.1) with

12(t)] < kie®2lt for all t € R,
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for some ky > 0 and ky > 0, then z,.c € L for all t € R.

Proof. 1. The elementary proof of (i) can be found e.g. in [50].
2. The proof of (ii). There exist K7 > 0 and 6 > 0 such that up + ¢ < 0 and

IT(t)|| < Kpe®ot)t ¢ > 0.
For o0 <t <0, we have z;,c = T(t — 0)z,,c and thus

|ze.clle = ||T(t = 0)zocllc < K™tz oo

< Kle(uo+5)(t_a)||ZO,C||C -0

as 0 — —oo. Therefore, z; ¢ = 0 for all £ < 0.
3. The proof of (iii). There exist Ky > 0 and ¢ > 0 such that

ITo(8)]] < Koe™, t>0.
Ifo<t<0andz,c= zﬁc + 25,0 with zﬁc € Q, 25,0 € L, then
l22clle = 1To(t — 0)22cllc < [Tt — o)llll22cllc
< K3||To(t = 0)|lllz0,cllo < K3l|To(t — o)|ll|z0,clle < KiKae 7 =0

as 0 — —oo, where K/ > 0 is a bound for the norm of the projection operator from C
onto ) along L. It follows that z; ¢ € L for all t < 0. 2z, ¢ # 0 since ||20,c¢|| = 1. Thus (i)
can be applied to get the statement.

4. The proof of (iv). There exist § € (0,¢) and K3 > 0 such that

IT()|] < Kse®o+9t ¢ > .
Then for ¢t <0

|zo,clle = |IT(=t)ze.cllc < Kzt D12, oo

< ng(“°+6)(_t)e(“°+€)t||Zo,c||c = K3@(€_6)t||20,c

Hence, for sufficiently large negative t, ||zo,c|| = 0 follows. Then z(t) = 0 for all ¢ < 0.
5. The proof of (v). Consider another decomposition

C=Qa&L

of C into T'(t) positively invariant subspaces such that Re A < —k, for all A € ¥ associated
with Q. Then there exists a > 0 such that Re A < —ar < —k» for all A € ¥ associated with
Q and

IT5 ()] < Kye™@, t>0.
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We have z; ¢ = thC + Z{fc with thC €Q, ztfjc € L. Then, for o < ¢,

o = IT4(t — 0)28 || < KjK e = ehele]
= K£K4k516_at6(a_k2)a — 0

[E52

as 0 — —oo, where Kj > 0 is a bound for the norm of the projection operator from C
onto Q along L. Therefore, 20 € L for all t € R. Consequently,

N

z(t) = Z are™ " sin(vit + by),
k=0
for some nonnegative integer N such that ay # 0. For large negative ¢, the term with
greatest index is dominant in this sum. Since sin(vyt+by) has zeros at distances ﬁ <1

for N > 1 and z is slowly oscillating, it follows that N = 0, and thus z; ¢ € L for all ¢t € R.
O

4. A discrete Lyapunov functional

In this section we define a discrete, integer-valued Lyapunov functional. For equations
with constant delay Mallet-Paret [39] introduced a discrete Lyapunov functional. A more
general version is contained in [44]. The state-dependent delay requires a modified version
of the functional. We have to count sign changes of solutions x of Eq. (2.1) on intervals of
the form [t — r(x(t)), t] instead of on intervals with fixed length.

Let [a, b] be an interval and ¢ be a real valued continuous function defined on an interval
containing [a, b] such that @|j,; # 0. Then the number of sign changes sc(¢, [a,b]) of ¢
on [a,b] is 0 if either ¢(s) > 0 for all s € [a,b] or ¢(s) < 0 for all s € [a,b], otherwise
sc(o, [a, b]) is given by

sc(¢, [a,b]) = sup {k : there exists s° < s* < ... < s" such that s’ € [a, b] for
i=0,1,...,k and ¢(s")p(s"t) <0 fori=0,1,... k—1}.

Let
sc(o, [a, b]) if sc(¢, [a,b]) is odd or infinite,

sc(o, [a,b]) +1  if sc(¢, [a,b]) is even.
Therefore V (¢, [a,b]) € {1,3,...} U{oco}. Define

Hipp) = {6 € C*([a, 8], R) : ¢(b) # 0 or ¢(a)d(b) < 0
¢(a) # 0 or $(a)(b) > 0,

all zeros of ¢ in (a, b) are simple}.

V(9,la,b]) = {
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Higp is an open dense subset of C(la,b],R).

Lemma 4.1.
(i) V is lower semi-continuous in the following sense. If ¢,¢™ are nonzero continuous
functions on the intervals [a,b], [a™, b"], respectively, and
max " (s) — ¢(s)| — 0, a" — a, b" — b as n — oo,
s€la,b]N[a™,b™]
then
V (o, [a,b]) < liminf V(¢", [a",b"]).

(ii) If ¢ € Hqyp) then V (¢, [a,b]) < oo.
(ii) If € C'([a— 0,b+ 6], R) for some 6 > 0 and ¢|jq ) € Hiqp), then there is v € (0,6)
such that

|a - C‘ <7 ‘b_ d‘ <7 1/) € Cl([cv d]7R)7 ||¢ - (bucl([c,d],R) <7

imply
V(,le,d]) = V(¢, [a,b]).

Proof. 1. The proof of (i). The cases V (¢, [a,b]) = oo and a = b are clear. Assume that
a < b and V(¢,[a,b]) < co. Then there exists v € (0,25%) such that ¢ does not change
sign on the intervals [a, a +2v] and [b— 2v, b]. For large n, we have [a™,b"] D [a+v,b—7].
If |¢™(s) — ¢(s)| is sufficiently small for all s € [a++,b—~], which is the case for sufficiently
large n, then obviously

V(" [a",b"]) 2 V(9" [a+7,b=7]) 2 V(¢, [a+7,b—17]) = V(¢,[a,b]).

2. The proof of (ii). V (¢, [a,b]) = oo implies the existence of an s € [a, b] with ¢(s) =
#(s) = 0, a contradiction.

3. The proof of (iii). If ¢(a) # 0 and ¢(b) # 0, then clearly sc(v, [c, d]) = sc(o, [a, b))
provided |a — ¢|, |b — d| and [[¢) — ¢[|c1([c,q,r) are small enough. In the case ¢(b) = 0,

¢(a)p(b) < 0, the number of sign changes sc(¢, [a, b]) of ¢ on [a, b] is an even number. If
la —¢|, |b—d| and [[1) — ¢||c1((c,a),r) are sufficiently small, then

sc(@, [a, b]) < se(y, [¢, d]) < sc(o, [a,b]) + 1,

that is V (1, ¢, d]) = V (¢, [a,b]). The same works for the case ¢(a) = 0, ¢(a)p(b) > 0. O

Let I = [c,d] be an interval and let a : I — R, 7: I — R be continuous functions such
that a(t) < 0, 7(t) > 0 for all ¢t € I, and the function n: I 5t +— t — 7(t) € R is strictly

increasing on I.
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Let k € N\ {0,1} be given. Assume that there exists a finite sequence (c;)} in [c, d]
such that ¢; = c and 7(¢;) = ¢;j_1 for all j € {2,...,k}. Then we define the functions
% nt, ... ,n% by n°(t) =t for all t € [c,d], and

W oile,d 3t () eR

for j € {1,2,...,k}.
Set J ={t—7(t):t € I} UI. Letwv:J — R be a continuous function which is
continuously differentiable on I and satisfies

0(s) = a(s)v(s — 7(s)) (4.1)
for all s € 1.

Lemma 4.2. Assume that I = [c,d], o, T,n,v,k and (c;)¥ are given as above, moreover,
for allt € I, v|; 1,4 is not identically zero. Then
() (2 € 1, £ < £ imply V (o, [1(t1), 1) > V(o, [n(t2), £2);
(ii)) k > 3, t € [c3,d], v(t) = v(n(t)) = 0 imply that either V(v,[n(t),t]) = oo or
V(v,[n(t),t]) < V(v,[n*(t), 7*(1)]);
(iii) k>4, t € [cg,d] and V (v, [n(t),t]) = V(v[n*(t),n*(t)]) < oo imply v|iy).q € Hypee, -

Proof. 1. The proof of (i). We claim that it suffices to show that for all ¢ € I there exists
¥ = €%(t) > 0 such that for all € € [0, €] with t + € € I,

Vv, [n(t),t]) > V(n(t+e),t+e). (4.2)

Indeed, let ¢!, ¢? in I with t! < t? be given and assume that for every ¢ € I there is
€? = €%(t) > 0 so that for all € € [0, €°] with t + ¢ € I we have (4.2). Define

t* =sup{s € [t',t*] : V(v, [n(t"),t}]) > V (v, [n(u), u]) for all t* < u < s}.

Then t! < t* < t2. From the definition of ¢* it follows that there is a sequence
(s™)5° in [t1,t*] so that s® — t* as n — oo and V(v, [n(t!),t!]) > V(v,[n(s"),s"])
for all n € N. Clearly, n(s") — n(t*) as n — oo. Then Lemma 4.1(i) yields
V(v, [n(th), t1]) > V (v, [n(t*),t*]). If t* < t* then there is €*(t*) € (0,t* — t*] so that
V (v, [n(t*),t*]) > V (v, [n(t* +€),t* + ¢€]) for all € € [0,€"(¢*)]. This contradicts the defini-
tion of t*. Consequently, t* = 2, and the claim holds.

If V (v, [n(t!),t']) = oo, then there is nothing to prove. Assume that V (v, [n(t!),t!]) <
co. Again, the case v(t!) # 0 is obvious by using the increasing property of 1. Assume
that v(t!) = 0. From the finiteness of V (v, [n(t!),t!]), it follows that v does not change
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sign on [n(t!),n(t!) + 6] for some & > 0. Assume that v(t) > 0 on this interval. Since
(4.1) is linear, the case v(t) < 0 is analogous. By the continuity and increasing property
of n, there is €® > 0 such that ¢ € [t} ¢! + €°] implies n(t) € [n(t!), n(t') + §]. Hence, using
(4.1), 0(t) < 0 follows for t € [t!, ¢! + €°]. Since v(t!) = 0, we obtain that v(¢) < 0 for all
te[thtt+ €. Ifo(t) =0 forall t € [t} ¢! + €], then (4.2) holds with equality for all
e €[0,€%. Ifv(t) < 0 for some t € [t1,t14+€°], then, by (4.1) and o < 0, we have v(n(f)) > 0
for some £ € (t',t) with n() € [n(t'), n(t') + 6]. Then there exists v € (0,t! — n(t')) such
that v is not identically zero on [t! — v,t!] and either v(¢) > 0 for all t € [t} — v,t!] or
v(t) <0 forall t € [t! —~,¢1]. If v(t) >0 on [t} — v, '], then

sc(v, [n(th), t* + €]) < sc(v, [n(t'),t']) +1, 0<e < €.

But sc(v, [n(t!), t]) is even (since v has the same sign on the right of (t!) and on the left
of t1), and thus (4.2) is satisfied for all € € [0, €°]. If v(t) < 0 on [t! —~, 1], then

se(v, [n(t)), t" + €°]) = se(v, [n(t"), ¢]),

and (4.2) holds again for all € € [0, °].
2. The proof of (ii). Assume V' (v, [n(t),t]) < oo, since there is nothing to prove if V' is
infinite. Let k = sc(v, [(t),t]). We can choose (+')¥42 such that

n(t) =tFT2 <th <<t <tV =1

and
vttt <0, i=1,2,... k.

Applying the mean value theorem to each interval [t '] and using the facts that v(t") =
v(tk*+2) = 0, that ©(s) and v(n(s)) have different signs (if none of them is zero), and that
7 is increasing, we get a sequence (f)fiol such that

() <t <th <<t <0 < p(t)

and
o) () <0, i=0,1,...,k.

Therefore sc(v, [n%(t),n(t)]) > k + 1, and thus, in case of odd k,
V (v, [ (&), n(t)]) = k+2 >k =V(v,[n(t),1]),

and the stated inequality follows from (i).
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Assume that k is even. Then v(#°) and v(#*1) have different signs. Using that v(n(t)) =
0, we can choose t* € (£°,7(t)) such that v(t*) and v(#°) have the same sign, and ©(¢*) and
v(t°) have different signs. Then, since 0(t*) and v(n(t*)) have different signs, we conclude
that the signs of v(n(t*)) and v(#**1) are different. Consequently, sc(v, [(t*),t*]) > k + 2
because of n(t*) < n?(t) < t*+1. Thus, from n(t*) > n®(t) and statement (i),

V (o, [° (), 7 (O)]) = V (v, n(t"), t']) = k+3 >k +1=V(v,[n(t),1]).

3. The proof of (iii). Assume that V (v, [n(t),t]) = V (v, [n*(t),n*(t)]) < co. Then, for
any s € [n(t),t], we have n3(t) < n?(s) < s < t. Consequently, by statement (i),

V(v,[n(s). s]) = V(v [n*(s),7°(s)]) < 00, s € [nt), 1.

From statement (ii) it follows that

(v(s),v(n(s))) # (0,0) for all s € [n(t),t].

Using that 0(s) = a(s)v(n(s)) and «a(s) # 0, we obtain

(v(s),9(s)) # (0,0) for all s € [n(t),t],

that is, the zeros of v on [(t), t] are simple. As a consequence, in case v(t) = 0 w
0(t) = a(t)v(n(t)) and v(t)v(n(t)) < 0 because of a(t) < 0. Now assume v(n(t))
statement (ii), v(¢) # 0, v(n?(t)) # 0, and thus v(n(t)) # 0. Assume that v(n(t))v
Then sc(v, [n(t),t]) is an odd number k, and similarly to the proof of statement (ii

e get 0 #
=0.
(t) <
) )s there
is a sequence (¢*)%%2 such that

n(t) =t <th <t <0 =1t

and
vt () <0, i=1,2,... k.

Applying the mean value theorem and using ©o(n(t))v(t) < 0, we get k + 1 sign changes in
the interval [n2(¢),n(t)]. This gives that

V (v, [0*(t),n()]) = k +2 >k = sc(v, [n(t), t]) = V (v, [n(t), 1)),

a contradiction. Therefore, v|, )0 € Hype),4- O

The next result shows that the Lyapunov functional V' can be effectively used to show
that solutions of (4.1) can not decay too fast at co. For constant delay Mallet-Paret [39]
Cao [10] and Arino [4] proved estimates of this type.
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Lemma 4.3. Assume that t',t are real numbers witht' <t, o : [t',t] = R and 7 : [t',t] —

R are continuous functions, and there are positive constants ag, ay, 7o, L+ such that
—a; < afs) < —ag  foralsel|tt],

70 < 7(8) for all s € [t', 1],
|7(sY) — 7(s?)] < L,|s* — 5| for all s*, % in [t', 1],

the function m : [t',t] > s — s — 7(s) € R is strictly increasing, and t' = n*(t). Let
v be a continuous function on [n°(t),t] such that (4.1) holds for all s € [n*(t),t] and

V(v [°(t),n*()]) = 1.
Then there exists a constant k = k(ag, a1, 70, L;) > 0 such that

max v(s)| <k max |v(s)|. 4.3
s€[n2(t),77(t)]| (s)l < se[n(t),t]‘ (s)] (4.3)

Proof. First we prove the following claim.
CLAIM. For any § € (0, 79) there exists ¢ = ¢(d, ag, L,) > 0 such that for each interval
A C [n*(t),n(t)] with length &, we have

min |v(s)| < ¢ ma v(s)]. 4.4
min o(s)| < ¢_maxfo(s) (1.4

Proof of Claim. Let & = maxgep,),4 [v(s)]. First choose A in the interval [n?(t), n(t)],
that is, A = [n(s'),n(s?)], § = n(s?) — n(s') and n(t) < s' < s? < t. Integrating (4.1) on
[s1,s%], we get

o) = o(s') = [ alw)o(n(u) du.
The length of [s!, s?] can be estimated from

§=n(s*) —n(s") < s* —s' +|r(s*) = 7(s")| < 1+ L;)(s* = s").

Hence
2(1+ L
géi£1|v(s)| < %6.
Define ¢; = ¢1(9,ap, L;) = 2(1;(;?*).
Now consider any interval A C [p3(¢), n(t)] of length 6. If the length of AN[n?(t), n(t)] is

i
greater than or equal to 2, then we choose ¢ = ¢1(£). Assume that [AN (), n?(¢)]| > &



28
There are t,t2 € [n(t), n(t)] such that [(t'), n(t?)] C A and n(t?) —n(t') = 3. From the

Lipschitz continuity of 7, we obtain
)
R D e
~2(14+L,)

Considering the intervals
yﬁ%ZM%UW@H

6(1+ L,

[#,2" + 6(1 +LT)]’ [#* -

the first part of the proof gives that
min  |v(s)| < ¢1(9, ag, L, ).

of length § = ﬁ,
sE[t2—5,t2]

min _ |v(s)| < ¢1(8, ag, L),
SE[tL,t1+3]
Applying the mean value theorem, we obtain a t* € (t!,?) such that
261(5, ap, LT)@

S(£4)] <
()] < 22
Using equation (4.1), B
* |’U(t*)| 261 (5, ap, L7->’l_)
t < = .
oln(er)] < 2 < 20
Since n(t*) € A, it follows that
2¢1(6, ap, L+
Cl( 7a97 )’l_)

min [v(s)| < "

Then, for any interval A C [n3(t),n(t)] of length §, (4.4) holds with ¢ = ¢3, where
57 ao, LT) }

Co = 62(5, CLO,LT) = max{cl(i,ao,LT),ch( and
0

Repeating the above argument we obtain that
J ) L.
_7a07L7')7C2( )7“_07 }
CL05

¢ =c¢(, a9, L;) = max {cz(

is an appropriate constant for any A C [*(¢),n(¢)]. This completes the proof of the claim.
T

Now we prove Lemma 4.3. Choose § > 0 such that 26(1 + L,)(2+ L,;) < 79. By
the above claim, there is a ¢ = ¢(d) > 0 such that (4.4) holds. Clearly, ¢ > 1 may be
12:66 > c. Let

assumed. We prove that (4.3) is satisfied if k& > 0 is chosen such that
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U = maXep,(s),4 |v(s)| and assume that (4.3) is not true. Then there is t* € [n*(t), n(t)]
such that |v(t*)| > kv. By the above claim,
min  |v(s)| < cv, min _|v(s)| < cv.
sE[t*—4,t%] SE[t* ¢ +3)
If t*+d > n(t), then the claim does not apply to get the second inequality. But in that case
it clearly holds since ¢ > 1. The mean value theorem implies the existence of s! € [t* —4, t*]
and s? € [t*,t* + 6] such that

(s > B0 iy,

moreover ©(s!)v(s?) < 0. Hence it follows that

(i) > LE s (oo

> cv

and v(n(s!))v(n(s?)) < 0. A second application of the claim gives

min lu(s)| < v, min lv(s)| < cv.
s€[n(s')—d,n(s")] s€[n(s2),m(s2)+4]
We prove later that n(s!) —§ > n(t), i.e., that the claim is applicable. Then, again by
the mean value theorem, it is obtained that v has at least two sign changes on the interval
[n(s') — 6,n(s?) + 6]. Eq. (4.1) implies that then v also has at least two sign changes on
[n(n(st) —8),n(n(s?) +§)]. From the Lipschitz continuity of 7 it follows that

n(s?) + 86— (n(s") = )| < In(t* +6) +6 — (n(t* —6) —8)| <262+ L) <70, (4.5)

[n(n(s*) +0) —n(n(s') = 8)| < 20(1+ Lr)(2+ Lr) < 7o. (4.6)
From (4.5) n(s') — § > n*(¢) follows, since n(t*) > n3(t) and n(t*) € (n(st) — 6,n(s?) + ).
In addition, n(n(s!) — &) > n(t) is also obtained. Then (4.6), sc(v, [n(n(st) —4),n(n(s?) +
9)]) > 2 and Lemma 4.2(i) combined imply
Vv, [0°(t),n* (1)) > 1,
a contradiction. d

The next result gives a connection between the distances of consecutive zeros of solu-
tions of (4.1) and the values of V.

Lemma 4.4. Assume that a,7,v : R — R are continuous functions such that a(R) C
(—0,0), 7(R) C (0,00), the function R >t — t —7(t) € R is strictly increasing, 7(t) = 1
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for all t € R with v(t) =0, v is continuously differentiable on R and satisfies (4.1) for all
s € R.
Then the following statements are equivalent.
(i) |21 — 22| > 1 holds for every pair of zeros zy # zo of v.
(ii) v|—rt),g Z0 and V (v, [t —7(t),t]) =1 for all t € R.

Proof. 1. Assume (i). If v has no zero then (ii) holds. Suppose v has at least one zero. For
a given zero z of v, define z; = oo if v has no zero on (z,00), otherwise z; = min{t > z:
v(t) = 0}. For every t € R either there exists a zero z of v with t € [z, 2z4) or v(s) # 0 for
all s <t. In the latter case clearly v|p_r),q Z 0 and V (v, [t — 7(t),t]) = 1. Assume that
t € [z,24) for some zero z of v. Then z is the only zero of v on [z — 1,2z, ). We also have
z—1=2z—7(2) <t—7(t) <t < z4. Therefore v|;_,1),q Z 0 and V (v, [t — 7(t),t]) = 1.
2. Assume (ii). Let z be a zero of v. Then 7(z) = 1. By Lemma 4.2(iii), all zeros of v
are simple on [n(z), z] = [z — 1, z] and v(z — 1)0(z) < 0. These facts and sc(v, [z — 1, z]) <
V(v,[z —1,2]) = 1 combined yield z(t) # 0 for all t € [z — 1, 2). O

Remark 4.5 Let z, y be solutions of Eq. (2.1) on (R,R) with (R) C [-B, 4] and y(R) C
[-B, A]. Lemma 2.2(ii) and Lemma 2.5 combined imply that the function R > ¢ +— ¢ —
r(x(t)) € R is strictly increasing. Defining v, « as in Lemma 2.6 and 7 by 7(t) =t —r(z(t))
we find that (4.1) holds for all s € R. Using the properties of «, v stated in Lemma 2.6,
we see that Lemmas 4.2, 4.3 and 4.4 can be applied.

5. Slowly oscillating solutions

A solution z of Eq. (2.1) is called slowly oscillating if for every pair of zeros z’ > z of
x?
2 —z2>1

holds. Our aim is to describe the set of globally defined slowly oscillating solutions with
values in [—B, A]. Recall from r(0) = 1 and Proposition 2.3 that R > 1. Set

S={peLk: sc(o,[t—1,t]) <1forallt € [-R+1,0]},

So={peS: ¢(s) =0forall s €[-1,0]}.

S is a closed subset of Ly, therefore it is compact. For each t € [—1,1] and ¢ € S, clearly
tp € S. S is not convex. It is clear that, if x : J — [—B, A] is a slowly oscillating solution
of Eq. (2.1) on (I, J), then its segments x; belong to the set S\ Sp.
Define
U={peLk: ¢(s) >0forall se[-1,0], #(0) =0},
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Up={¢p € Lk : ¢(s) =0 for all s € [-1,0]}.

If z : R — [—B, A] is a slowly oscillating solution of Eq. (2.1) and z is a zero with #(z) < 0,
then x, € U\ Up. The set U is a compact convex subset of L. The next result of Mallet-
Paret and Nussbaum [41] shows that, for any ¢ € U \ Uy, there is a sufficiently large to
such that z? is slowly oscillating on [tg, o).

Proposition 5.1. [41] (i) If ¢ € Uy then x%(t) =0 for all t > 0.
(ii) If € U\ Uy then define

qo = sup{t: z%(s) =0 for 0 < s < t}.

Define
q1 = inf{t > qo : z?(t) = 0}

and q1 = oo if x%(t) < 0 for all t > qo. If qi is finite, define
Qui1 = inf{t > q, : 2?(t) = 0}

and qx+1 = oo if x(t) # 0 for all t > qx. If qr = oo then define qp+1 = oo. Then
QG <1,q1 —qo>1 and qx+1 — qx > 1 for all k such that qi < co. If q. = 0o for some
k, then lim;_o, 2®(t) = 0.

Remark 5.2. Setting
U={¢peLi: ¢(s)<0forall se[-1,0], $(0) =0},

for each ¢ € U \ Up, an analogous statement to Proposition 5.1(ii) holds.

We shall make use of a return map on the compact convex set U. For every k € N\ {0}
Proposition 5.1 permits to define a map Py : U — U by

Py(¢) = F(gak, ¢) if ¢ € U\ Up and gap < 00,
Pi(¢)=01if p € Uy or ¢ € U\ Uy and qop, = 0.

Pi,(¢) is the k-th intersection of the trajectory { with U provided gox(¢) < co.
If R is large then P is not, in general, continuous at nonzero elements of Uy. Let us
choose | € N such that 2l > R. Then we have the following result.
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Proposition 5.3. P, is continuous.

Proof. First we prove the following claim.

CLAIM. For every € > 0, there exists T = T'(¢) > 0 such that if ¢ € U \ Uy and
qor > 21T, then ||P(@)]| < e.

Proof of the Claim. If go; = oo then Pj(¢) = 0 and thus ||P,(¢)|| = 0. So, it suffices
to deal with those ¢ € U \ Uy for which go; < oo. Let T' > 2R. If go; > 2IT, then there
exists a k € {1,2,...,2l} such that g5 — gx—1 > T. Then from Eq. (2.1), |z| is decreasing
on [qx—1 + R, qx], and for all ¢ € [gx—1 + R, qi] we have

2(8)] < —plz(t)],

|.fC(t)‘ < ‘x(Qk—l + R)‘eH(Qk—ri-R—t) < maX{A, B}eH(Qk—rf—R—t)‘

It follows that
l|zq. || < maX{A,B}e“(QR_T).

Since x = 0 is a solution of Eq. (2.1), by Lemma 2.4, for each v > 0 there exists
§ = 8(v) > 0 such that ||¢|| < § and ¢ € Lg imply ||z?|| < ~ for all ¢ € [0, R].

We assert that for every v > 0, ||zg,|| < 6(y) implies [|zg, .|| < 7. Assume ||zy,|| <
9(y). The case gj+1 — g; < R is obvious. If ¢;11 — ¢; > R, then |z| is decreasing on
[q; + R, q;41]. By the definition of 6(v), ||z4,+r|| <. Consequently,

|2g; ] < llzg; Rl <.
Therefore, it can be shown by induction that there exists n = n(e) > 0 such that
2g,l| < n implies ||z, ]| < e

If
1 A B
T s Ligg x4 BY

1 2R,
@ n(e)

then ||z4, || < n. This completes the proof of the claim.

We will now prove the proposition. Let a sequence (¢™)5° in U and ¢ € U be given with
¢ — ¢ asn — oco. Write 2" = z%", z = 2% and a7 = qr(o"), @ = qr(9) if ", ¢ € U\ Uy,
respectively. We divide the proof into three cases.

Case 1: ¢ € U\ Uy and g9; < co. We have ¢™ € U \ Uy for all sufficiently large n € N,
say for n > ng. Proposition 5.1 implies ¢o < 1, ¢f <1, g1 —qo > 1 and ¢f — gf > 1 for all
n > ng. It follows that ¢ > 1 and ¢; > 1 for all n > ng and z(1) < 0. Lemma 2.4 implies
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that for any positive number € > 0 and any number T with go; < T < @o;4+1 there exists
ny(e, T) with

sup{|z"(t) —x(t)|: 1 <t<T}<e for all integers n > nq (e, T).

For a given positive number § < min{s,T — go;} we can assume (by taking € as small as
needed) that |z(t)] > e for all t € [1,T] 3L, {t € R: [t —gq;] > &}. For n > ny(e,T), it
follows that z™(t) # 0 for all t € [1,T) N3, {t € R: [t —q;| > 6} and that 2"(t) has a
zero on the intervals [¢; — 6,q; + 6], j = 1,2,...,2l. By Proposition 5.1, it follows that
g7 — q;| < d for all integers n > ni(e, T). Since § > 0 can be arbitrarily small, it follows
that ¢f — ¢; asn — oo, j = 1,2,...,2l. Then Lemma 2.4 implies F(¢") — Pi(¢) as
n — oo.

Case 2: ¢ € U\ Uy and g9y = 0o. Then P;(¢) = 0. For each real T' > 0 one can prove as
in Case 1, by using Lemma 2.4 and Proposition 5.1, that ¢, > T for all sufficiently large
n. Then the Claim implies that, for any given € > 0, ||P;(¢™)|| < € for all sufficiently large
integers n.

Case 3: ¢ € Uy. Then Pj(¢) = 0. We may assume that ¢™ € U \ Uy for all n, since
Pi(v¥) = 0 for ¢ € Uy. Take ¢ > 0 and applying the claim above select T such that
|P(¢™)]| < € for all n such that ¢j, > T. By Lemma 2.4, there exists ns(e,T") such
that if n > na(e, T) then sup{|z?®"(t)| : 0 <t < T} < e. In the case ¢§, < T, from
q. —qp_, > 1, k=1,2,...,2l, and 2] > R, it follows that ¢3, > R, and, consequently
P (™) = ||F (g%, ¢™)|| < € for all integers n > no(e,T'). Therefore, ||P(¢™)|| < € for
both cases ¢3; > T and ¢4, < T provided n > na (e, T'). ]

The next result shows that the set S is positively invariant under the semiflow F'
Proposition 5.4. F(RT x S)cC S.

Proof. Let ¢ € S and write z = 2?.

Case 1: sc(p,[—1,0]) = 0. If ¢ € (U UU)N S, then Proposition 5.1 and Remark 5.2
can be used to conclude that x; € S for all t > 0. If ¢ ¢ U UU then ¢(0) # 0 and either
x(t) # 0 for all ¢ > 0 or there exists a smallest zero z > 0 of z. If x(t) # 0 for all ¢t > 0,
then x; € S clearly holds for all t > 0. Otherwise, z, € (UUU)NS and, by applying again
Proposition 5.1 and Remark 5.2, we easily obtain that xz; € S for all £ > 0.

Case 2: sc(¢,[—1,0]) = 1. There exists sg,s1 € (—1,0) with sg < s7 such that either
?(sp) < 0 and ¢(s1) > 0 or ¢(sg) > 0 and ¢(s1) < 0. We consider only the first possibility

since the second one is analogous. Set
zo =inf{t: ¢(s) >0 for t < s <0},

z1 =sup{t: x(s) >0 for 0 <s <t}
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Clearly, —1 < z9 < 0, 21 € [0,00], ¢(z9) = 0 and if z; < oo then z(z1) = 0. Moreover,

#(s) <0 for —1<5s< 2,
¢(s) >0 for zp <s<0.

If 21 = oo then x; € S follows for all £ > 0. Assume z; < co. We have
#(s) <0 for all s € [max{—R,s; — 1}, 2],

since ¢ € S and thus ¢ cannot have two sign changes on the interval [max{—R, s; —1}, s1].
We assert that z; — zp > 1. If 21 — 29 < 1, then there exists ¢ > 0 such that

max{—R,s; — 1} <t —r(z(t)) < 2o for all t € (21,21 +¢€),

since z1 — r(x(z1)) = 21 — 1 € [-1,20) and ¢t — r(x(t)) > —R for all t > 0. Hence, for
t € (21,21 + ¢€), from Eq. (2.1) we obtain

t
elz(t) = / e’ f(x(s —r(z(s))))ds > 0.
This contradicts the definition of z;. Therefore z; — z9 > 1. Thus x,, € U follows. Then
Proposition 5.1 and the definition of z; combined imply that the distance of consecutive
zeros of = in [z1,00) is greater than 1. Hence we conclude z; € S for all ¢ > 0. O

Consider a complete metric space M, a semiflow G : Rt x M — M, and a subset
N C M. The set N is called invariant if G(¢, N) = N for all ¢ > 0. The set N is said
to attract a set N’ C M if for every open set O C M with N C O there exists t > 0
such that {G(s,u): u € N’} C O for all s > t. A global attractor is a compact invariant
set which attracts every bounded subset of M. The bounded complete orbits, i.e. the sets
{u(t) : t € R} with u : R — M satisfying u(t) = G(t — s, u(s)) for all reals ¢t > s, with
compact closures are contained in the global attractor.

Since Lk is a compact metric space, [25, Theorem 3.4.2] implies that the semiflow F
has a global attractor A(F). By Proposition 5.4, the restriction of F' to RT x S defines a
semiflow Fg on the compact metric space S. Define

A= A(Fs) = Ni=oF(t, S).

Proposition 5.5.
(i) A is the global attractor of the semiflow Fg.
(ii) The map Fu:R x A3 (t,¢) — 20 € A is a continuous flow.

(iii) A is connected.
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(iv) The following statements are equivalent.
(a) ¢ € A\{0}.
(b) There is a solution x : R — [—B, A] with xg = ¢ and xy € S\ Sp for all t € R.
(¢) There is a slowly oscillating solution x : R — [—B, A] with xo = ¢.
(d) There is a nonzero solution x : R — [—B, A] such that o = ¢, T¢|[—r(z()),0] # 0
and V(x, [t —r(x(t)),t]) =1 for all t € R.

Proof. 1. By Proposition 5.4, the compact set S attracts all subsets of S. Therefore, [25,
Theorem 3.4.2] implies that A is the global attractor of Fs.

2. It also follows from [25, Theorem 3.4.2] that F 4 is a continuous flow provided F(t, -)
is injective on A for all t > 0. Let ¢,9 € A and assume that F(¢,¢) = F(t, ) for some
t > 0. Since A is invariant, there exist solutions z,y : R — [—B, A] with zg = ¢ and
yo = 1. Then Lemma 2.7 yields ¢ = . Thus, F(t,) : A — A is injective.

3. Suppose that A is not connected. Then there are open disjoint subsets Vi, V5 of S
such that A C V1 UV,, ANVy # 0, ANV, # (. We have F(t,5) D F(t,A) = A for all
t > 0 since A is invariant. As A attracts S, there exists ¢ > 0 such that

{F(t,¢): ngS}CVlU‘/Q.

Then
Ft,S)NVi D ANV #0# ANVy C F(t,5)N Va,

and hence it follows that F(¢,S) cannot be arcwise connected.

On the other hand, S is arcwise connected since [—1,1]S C S. Then F(t,S) is also
arcwise connected as it is the continuous image of S. This is a contradiction.

4. Let ¢ € A\ {0}. The facts that A is invariant, F4 is a flow on A, and F4(¢,0) =0
for all t € R combined yield the existence of a unique solution z : R — [~ B, A] such that
xg = ¢ and ¢ € A\ {0} for all t € R. The definition of A implies A C S. Hence z; € S
follows for all t € R. If x5 € Sy for some s € R, then, by Proposition 5.1, x; = 0 for all
sufficiently large t, a contradiction. Therefore, (a)=-(b).

Assume that (b) holds. We have to show that x is a slowly oscillating solution. Let
Zz' > z be two zeros of x. In order to show 2z’ — 2z > 1, it suffices to find a t;p < 2z — 1
such that x;, € U \ Up, since Proposition 5.1 applied to ¢ = x4, € U \ Uy implies that
2 = qj(xy,) and z = g (zy,) for some integers k > j > 1, which gives 2’ — z > 1. From
Lemma 2.2 it follows that x has arbitrarily large negative zeros. For every real T', x takes
both positive and negative values in (—oo,T]. Indeed, assuming the contrary, Eq. (2.1)
implies that |z| is decreasing on (—oo,T|. This together with the existence of arbitrary
large negative zeros implies that xz(s) = 0 for all s < T, a contradiction. Select s; and so
such that s1 < so < z—1 and z(s1) > 0, z(s2) < 0. Define

to =sup{t: z(s) >0 for all s < s <t}.
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We claim that xy, € U \ Up. Since x4, € S\ Sp and z(tp) = 0 follows from the definition
of tg, it is enough to prove that z(s) > 0 for all s € [ty — 1,%0]. This is the case if
to >s1+1. Iftg < s1+ 1 and z(s) > 0 for all s € [ty — 1,to] does not hold, then there
exists t1 € (to — 1, s1) such that x(¢;) < 0. Consider the sign changes of x on the interval
[t1,t1 + 1]. The definition of ¢y implies that there is a positive sequence (d,)5° such that
dp, — 0 as n — oo and x(tg + 6,) < 0 for all n € N. Hence and from ¢; +1 > tg, 2(¢t1) <0
and x(s1) > 0 it follows that sc(zx, [t1,t1 + 1]) > 2, a contradiction to x4, +1 € S. Thus,
(b)=(c)-

Assume that x : R — [-B, A] is a slowly oscillating solution. Consider the interval
[t —r(z(t)),t]. We claim that x cannot have more than one zero in [t —r(x(t)),t]. If 21 < 29
were two zeros in [t — r(x(t)),t], then zo — 27 > 1 and r(x(22)) = r(0) = 1 would imply
29 —r(x(22)) = 22 —1 > 2. Using that R >t — ¢t — r(x(t)) € R is increasing by Lemmas
2.2 and 2.5, we obtain from t > 2o that t — r(x(t)) > 2z — r(x(22)) > 21, a contradiction
to z1 >t — r(x(t)). Therefore, (¢)=(d).

Let = : R — [—B, A] be a nonzero solution such that V' (z, [t — r(z(t)),t]) = 1 for all
t € R. Lemmas 2.2 and 2.5 yield that the function R > ¢ +— ¢t — r(z(t)) € R is strictly
increasing. We assert first that the set N’ = {z; : t € R} is a subset of S. We have to show
that, for any ¢t € R, x cannot have more than one sign change in [t — 1, ¢]. The case when
x has no zero in [t — 1,¢] is obvious. Let s denote the largest zero of x in [t — 1,¢]. Then
r(x(s)) = 1. The case s = t is again obvious since sc(x, [t — 1,t]) < V(z,[t — 1,¢]) = 1.
If s < t, then by the monotonicity of ¢ — r(z(t)) and s — 1 = s — r(z(s)) < t — 1, we
find ¢’ € (s,t) such that [t — 1,s] C [t/ — r(x(t')),t’]. By the definition of s, = has the
same sign on (s, t]. Therefore, sc(x, [t — 1,t])= sc(x, [t — 1,¢'])< sc(x, [t' — r(z(t')),t]) <
V(x, [t/ —r(z(t')),t']) = 1. Thus, N’ is a subset of S. The set N’ satisfies F(t, N') = N’
for all t > 0. As A attracts N’, it follows that N’ C A, and in particular 7o = ¢ € A.
xo = ¢ = 0 is impossible since z is a nonzero solution. So (d)=-(a), and the proof is
complete. ]

Corollary 5.6.

(i) If (¢™)5° is a sequence in A and ¢ € A such that ¢" — ¢ as n — oo, then x%" (t) —
x?(t) as n — oo uniformly on each compact subinterval of R.

(ii) The topologies induced on A from C([—R,0],R) and C*([-R,0],R) are equivalent.

Proof. 1. Let I be a compact interval. Choose k € N such that I C [-kR,kR]. The
continuity of F4(jR,-) by Proposition 5.5(ii) implies that for every given € > 0 there
exist 0; > 0 such that from ||¢" — ¢|| < ¢; it follows that ||[F(jR,¢") — F(jR, ¢)|| < e.
Taking 6 = min{d; : j € {—k,—k +1,...,k}}, it follows from [|¢" — ¢|| < J that
sup{|z?" (t) —z®(t)|: te I} <e.
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2. It suffices to show that if ¢™, ¢ € A and ||¢™ —¢|| — 0 as n — oo, then ||¢™ — || — 0.
By statement (i), ||xﬂ% - x‘fRH — 0 follows. Then Lemma 2.2 implies ||¢" — ¢|| — 0 as

n — o0. [l

We turn to the map P;. Since U is compact, it follows from [25, Theorem 2.4.2] that
the set

A(F) = 02 P (U)

is the global attractor of P, that is, it is a compact invariant subset of U attracting all
bounded subsets (which in our case means all subsets) of U. Since U is compact and
convex, the closed convex hull of A(F;) is a subset of U. Then the arguments from the
proof of [25, Lemma 2.4.1] show that A(F;) is connected.

Proposition 5.7. ANU = A(P).

Proof. 1t is clear that 0 is an element of ANU and A(P).

Let ¢ € (ANU)\ {0}. Proposition 5.5 implies that there is a slowly oscillating solution
xz : R — [-B, A] such that g = ¢. Using Eq. (2.1) and r(0) = 1 we obtain that all zeros
of x are simple. From Lemma 2.2 it follows that x has arbitrary large negative zeros.
If 0 = 2% > 2! > ... are the zeros of z in (—o0,0], then from xy € U \ Uy it follows
that x,2. € U \ Uy and, by Proposition 5.1, Pj(z,2(n-1)) = x 2 for all n € —N. Then
¢ =9 = P*(x,-21n) for all n € —N, and thus ¢ € A(F)).

Let ¢ € A(P) \ {0}. Clearly, ¢ € U\ Uy. There is a trajectory (¢")° . of the map P,
in U with ¢° = ¢. Clearly ¢™ € U \ Uy for all n € —N. Let (q7)52o denote the sequence
associated with ¢ by Proposition 5.1(ii). The fact ¢™ # 0 for all n € —N yields ¢3;, < oo
for all n € —N. Then by the definition of P; it is not difficult to see that z : R — R defined
by

0 0
z(t)=F t+2q%l,¢” fortE[—Zq%l,oo)
Jj=n j=n

gives a solution of Eq. (2.1) with z(R) C [-B, 4], and z_yo_ o,

5.1(ii) and 5.5(iv) combined yield ¢ € A\ {0}. The proof is complete. O

= ¢". Propositions

Corollary 5.8. ANU is compact and connected.

Using Proposition 5.1, the definition of P; and the fact that A is invariant under F,
we obtain

Pi(ANTU) C ANT.

Set
B={pe ANU: P (¢) # 0}.
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Define the map
PBB(bHPl((b) € Lg.

Proposition 5.9. Pi|4nv is continuous. P is a homeomorphism from B onto ANU\ {0}.

Proof. The proof of the continuity of Pj|any is essentially the same as that of P,. We
used only in Case 3 of the proof of Proposition 5.3 that 2l > R. If ¢ € Uy N (ANU), then
¢ = 0 by Proposition 5.5. Let a sequence (¢™)§° in AN (U \ Uy) be given so that ¢ — 0
asn — oo. Let 2" = 29", ¢ = q2(¢™). Let € > 0 be fixed. Analogously to the claim
in the proof of Proposition 5.3, we find 7' > 0 such that ||P;(¢")|| < € for all n € N with
q3 > T. By Lemma 2.4 there exists ng such that sup{|z®" (t)| : —R < t < T} < € follows
for all n > ng. So, ||P1(¢™)|| < € follows for all n > ng. Therefore, P|4qy is continuous.

The injectivity of P on B follows from the backward uniqueness of solutions on A. If
¢ € ANU \ {0}, then Proposition 5.5 implies that there is a unique slowly oscillating
solution = : R — [—B, A] with £y = ¢. Lemma 2.2 implies that z has arbitrary large
negative zeros. We have z(0) = 0 since 29 = ¢ € U. Let z_3 < z_5 < z_; < 0 be defined
such that z_3,z_o,2z_1,0 are consecutive zeros of x. Then z_o —2_3 > 1,21 —2_9>1
and z_1 < —1. From z¢p = ¢ € U, it follows that z(s) > 0 for all s € (2_1,0), and
hence #(z_1) > 0. We also have z(s) # 0 for all s € (2_9,2-1) U (2_3,2-2). Since
x(z-1) = 0, r(x(2-1)) = 1 and z_1 — z_2 > 1, we obtain #(z_1) # 0 from Eq. (2.1).
Therefore @(z_1) > 0 and z(s) < 0 for all s € (z_2,2_1). Continuing the same argument,
we obtain that #(z_3) < 0 and z(s) > 0 for all s € (2_3,2_3). Clearly z, , € ANU and
Pi(z, ,) = ¢. Therefore P(B) = ANU \ {0}. As the inverse of P is given by

ANUN\N{0}>¢+— =z, , €B,

the continuity of the inverse of P follows from Corollary 5.6. O

Let P~1: ANU \ {0} — B denote the inverse of P.

Let ¢ € A\ {0} and = 2®. Proposition 5.5 implies that z is slowly oscillating and
V(x, [t —r(z(t)),t]) =1 for all t € R. All zeros of z are simple since z is slowly oscillating.
Let z_5(¢) denote the largest negative zero of 2% with 2?(z_5(¢)) < 0. Using also Lemma
2.2 and Proposition 5.1 the next proposition easily follows and thus the proof is omitted.

Proposition 5.10.

(i) If g € A\ {0} and x = z®, then the zeroset of x is given by a sequence (@((b))i%?,
where J(p) = oo if the zeroset is unbounded from above, J(¢) € 7Z if the zeroset is
bounded from above. Moreover, z;_1(¢) < z;(¢) —1 and &(z;(¢)) # 0 for all j € Z with

j<J(9).
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(ii) If p € ANU\ {0} and x = 2%, then J(¢) > 0 and

t¢{z(¢): jeZ j<J(9)} = ¢ U,
JEZ, 2 < J(9) = Ty, € ANUN\{0},
JEZ, 2§ < J(P) = Pl(Tay;_5(9) = Tanj(e)s
JEZL, 2§ <J(P) = P M (any(9) = Ty ()

The next proposition contains information about slowly oscillating periodic solutions
of (2.1).

Proposition 5.11. Assume that ¢ € A\ {0} and x = 2% is a periodic solution of Eq.
(2.1) with minimal period p > 0. Then
(i) p = z2(¢) — 20(¢) and & has exactly one zero between two consecutive zeros of x,

(i)
V(zy — x4—r, [—7(x(t)),0]) =1 for all 7 € (0,p) and t € R.

Proof. 1. (i) is contained in [41, Theorem 2.6].
2. The periodicity of # and Proposition 4.2 (i) imply that, for every fixed T € (0, p),

V(e — x—r, [-r(2(t)), 0])
is independent of ¢t. Thus, it suffices to show that
V($z2(¢>) — Toy(dp)—7> [—1,0]) =1forall 7 € (O,p).

This holds if we prove that, for every 7 € (0,p), Z.,(¢) — T2, (4)—+ has at most one zero in
[—1,0]. By way of contradiction, let ¢1,ts € [z2(¢) — 1, 22(¢)] be such that ¢; <t and

x(ty) =x(t; — 1), x(ta) = x(t2 — 7).

From (i) it follows that there is a unique s € (21(¢), 22(¢)) so that &(s) = 0 and x is
strictly monotone on the intervals (z1(¢), s) and (s, z2(¢)). Using also the facts that the
signs of x on (z0(¢), 21(¢)) and on (21(¢), 22(¢)) are different and that x is p-periodic and
7 € (0,p), we conclude that

s§t1<t2:>z1(¢)§t2—7<t1—7§s,
b1 <ty <s=s—p<ty—7<ty —7 < 2(0),
t1<8<t2:8—p<t1—7'§20(¢>, Zl(gb)§t2—7'<8.
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In the first two cases we get t5 < t1. In the third case ty —t1 > z1(¢) — 2z0(¢) > 1 follows.
This is a contradiction and the proof is complete. ]

6. Asymptotic expansion for slowly oscillating solutions

In this section we prove an asymptotic expansion for slowly oscillating solutions con-
verging to zero as t — —oo. In the constant delay case, Cao [10] proved asymptotic
expansions in more general situations than slowly oscillating solutions converging to zero.
Our proof can be extended to get the same type of results for solutions of Eq. (2.1).

Recall that ug = max Re(X) where ¥ denotes the spectrum of the generator of the solu-
tion semiflow (T'(¢)):>0 of Eq. (3.1). If up > 0 then ¥ consists of a complex conjugate pair
{uo £iv} with vy € (§, 7). Recall that @ and L are the realified generalized eigenspaces
associated with the spectral sets Ug2 | (X N Sg) and ¥ NSy, respectively.

Observe that @ and L are also the realified generalized eigenspaces of T'(1) associated
with the spectral sets {e* : XA € > 72 (£ N S,)} U {0} and {e* : A € £ N Sp}, respectively.
Define T7,(1) : L3> ¢ — Tr(1)p € L.

We want to apply the variation-of-constants formula from [17]. Let us recall a few basic
facts about dual semigroups. It is convenient to denote dual spaces and adjoint operators
by an asterisk in the sequel. The elements ¢© € C* for which the curve

RY >t T(t)*¢® € C*

is continuous form a closed subspace C® which is positively invariant under the adjoints
T(t)*, t > 0. The operators

TOt): C® 23 ¢® = T(t) ¢® € C°, t>0,
constitute a strongly continuous semigroup on C'®. Repeating this process we obtain a
subspace C®® C C®*. The original state space C is sun-reflexive in the sense that there

exists a norm-preserving linear map j : C — C®* with jC = C®°,
For every continuous map g : R — C'®* and reals ¢ < d the weak-star integral

d
/ TO(d — £)*§(t) dt € CO*

is defined by

(/ TQ(d—t)*é(t)dt> (¢®)=/ (T9(d —1)"3(t)) (¢) dt
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for all © € C®. One finds that all such weak-star integrals are elements of the subspace
Cc°%° = j5C.
There is an isomorphism k : C®* — R x L>(—1,0;R). Set 7®* = k~1(1,0).
If g : R — R is continuous and if z : R — R is a solution of the linear inhomogeneous
equation
B(t) = —pa(t) + f'(0)z(t — 1) + g(t)
then the curve u : R 3t — x, ¢ € C satisfies

t

Jult) =37t = oyulo) + [ Tt~ )" (gls)r™") ds

g

for all reals t, o with t > o.

The spectra of the generators of the semigroups (7'(t)):>0 and (T (t)):>0 coincide. Let
Pr;, and Pr denote the spectral projection operators in L(C,C) and L(C®,C®) which
are associated with the spectral set {ug £ivg}. We have Pr; C' = L. The adjoint operator
PrP* € L(C®*, C®*) satisfies

PrP* C®* = jL, Pr{*oj=joPrp,

and for g, x,u as before

t
Pr* ju(t) = Pr$* 5T (t — o)u(o) —I—/ TO(t — s)* Pry* (g(s)r®*) ds (6.1)
and
t
(id — PrY*)ju(t) = (id — Pr&*)jT(t — o)u(o) + / TO(t — s)*(id — Pry*) (9(s)r®*) ds
’ (6.2)
for all reals t > 0. T®(t)* can be extended to a one-parameter group on Pr{* C®* and
(6.1) is valid for all ¢,0 in R.
There exists Ky > 0 such that

1T9()* Pri* || < Kot £ >0, (6.3)
ITO ) Pri* || < Koelwo=9t ¢ <0, (6.4)
|79 (t)*(id — Pr$*)|| < Koel®o=9t ¢ >0. (6.5)

Proposition 6.1. Assume thatug > 0 and x : R — [—B, A] is a slowly oscillating solution
of Eq. (2.1) with lim;_, _ o, x(t) = 0. Then there exist real numbers € > 0 and a,b such that

z(t) = e (a cos(vgt) + bsin(vgt)) + O(e+9t) a5t — —oo0.
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Proof. Select real numbers (3 and 4 such that

B e (max{e“l,euo_‘s/Q},e“O), 20 < ug, 6 < ug — uq,

where u; = maxRe(Ug2 (XN Sy)). There is a norm | - | on C which is equivalent to the
supremum-norm || - ||c on C and
()7 < 5
s

First we claim that there exists K7 > 0 such that
|ze,clle < Kqellog Bt for all ¢t < 0. (6.6)

It is easy to see that (6.6) follows from

. |9Ut—1 C 1
limsup ———— < —. 6.7
t—>—o<%D |mt,C| ﬁ ( )

If (6.7) does not hold, then there exists v > % and a sequence (t")5° in (—oo,0] with

t" — —o0 and |z _1 ¢|/|xen,c| — v as n — oco. Define

(" +t)

|5Etn,0|

ZP Rt — e R.

The function 2™ satisfies
1
2(t) = —pz"(t) + / fsx(t™ +t—r(x(t™ +1))))dsz"(t —r(x(t™ +1))), teR,
0

and [2f o| = 1. Let v" : R 3 ¢ +— 2" (t) € R. Then

0" (t) = /O Fl(sz(t™ +t —r(z(t™ + 1)) ds e @Dy (¢ — p(z(t™ + 1)) (6.8)

for all t € R. From the fact that x is slowly oscillating, it follows that V (x, [t" +t—r(z(t" +
1), t" +t)=V (=", [t —r(z(t™ +1)),t])= V(™ [t —r(z(t™ +1)),t]) = 1. We also have

Ir(z(s1)) — r(z(s2))] < max{r'(u) : u e [-B,A]}K|s1 — sa|.

Using also min{r(u) : u € [-B, A]} > 0 and f’ < 0, it is not difficult to see that Proposition
4.3 can be applied to get K7 > 0 and o} > 0 such that

()| < Kje™i !t for allt <0 and n € N. (6.9)
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Using the facts z(t) € [-B, 4] for all t € R, 0 < infyer 7(2(t)) < sup,cp r(2(t)) < R, (6.8),
(6.9) and the method of steps, we find K7 > 0 and «; > 0 such that

0" ()| < Kpe ! forallt € R and n € N.

Hence we obtain an exponential bound also for z” on R independently of n. The right
hand sides of the differential equations for z™ are bounded on each compact subinterval
of R. Therefore (2")g° is a uniformly bounded and equicontinuous sequence of functions
on each compact subinterval of R. By the Arzela—Ascoli theorem and the diagonalization

process, there is subsequence (2™*)g°, and a continuous function z : R — R such that

2" (t) — 2z(t) as k — oo uniformly on compact subsets of R.

Using the differential equation for 2™* we obtain that (2"#)7° , also converges uniformly

on compact subsets of R. Moreover, from z(t) — 0 as t — —oo it follows that

/0 f(sz(t™ +t—r(xz(t" +1)))ds— f(0), r(xz(t"+t) -1 as n— o

uniformly on compact subsets of R. Consequently, z is differentiable on R and satisfies
2(t) = —pz(t) + f(0)z(t — 1) for all t € R, moreover |zpc| =1, |2_1,c] =7 > % The fact
that x is a slowly oscillating solution and Lemmas 2.6, 4.4 combined yield

Vi, [t" +t—r(z(t" +1)),t"+t]) =1 forallt € R, n € N.

Then
V(" [t—r(z(t™+1)),t) =1 forallt € R, n e N.

Applying also Lemma 4.1(i) and the facts that z;  # 0 for all ¢t € R, r(z(t" +1¢)) — 1
asn — oo for all t € R, and 2™ — 2z as k — oo uniformly on compact subsets of R, we

obtain
Viz, [t—1,t]) =1 for all t € R.

Hence, by Lemmas 3.1(v) and 4.4, 2, € L for all ¢ < 0. Then from |(T(1))7!| < % it
follows that

1 | | 1

—l1%0,Cc|l = 5,
RN

|Z—1,C‘ <

a contradiction. Therefore (6.7) and consequently (6.6) hold.
We want to apply the variation of constants formula from [17]. We may write

&(t) = —pa(t) + f(0)z(t — 1) + h(t)
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for all ¢ € R, where
h:R>tw flx(t—r(z(t)))) - f0)zt—-—1)eR

is a continuous function. Using assumption (H1), the Taylor formula and the mean value
theorem, for every t € R, we find reals &, 7,0 between 0, z(t — r(x(t))) and 1,r(z(t)) and
0, z(t), respectively, so that

h(t) = fa(t = (1)) — f(0)z(t = r(z(t) + f/(0)x(t - r(z(t) — z(t — 1)]

_ #;ﬂ(t —r(z(t)) + f(0)2(t — )1 — r(z(1))]

/")

= o (t = r((t)) = £ (0)i(t —m)r' (O)(?).

From (H1), (6.6) and Eq. (2.1) it follows that there exists K} > 0 such that
(1) < Khellosh)t for all ¢t <0.
Therefore, there exists Ko > 0 such that
|h(t)] < Kpe2108At  for all t < 0. (6.10)

Applying (6.3) and (6.10), for all $© € C® with [[¢®]| < 1 and reals s < t < 0, we
obtain

[T = )" Pr*(A(s)r®)] (67)] < |T9(t — 5)" P [[[A(s)] ||

Analogously, from (6.5) and (6.10), for all ¢© € C® with ||¢®|] < 1 and reals s < ¢t <0,
we get
|[TO(t — s)" PrP*(h(s)r®)] (¢¥)] < Ko K| |[r@%||e(uo—0)tguos, (6.12)

The last two inequalities, (6.4) and ug > 26 > 0 combined yield that, for every ¢ < 0 and
o <0, the weak-star integrals

/ TO(t — s)*(id — Pr%*)(h(s)r@k) ds, / TO(t —s)* Pr%*(h(s)r@‘) ds,

— o0 — 00

/U TO(t — 5)* Pry* (h(s)r®*) ds

— 0o

exist. Moreover these integrals are elements of C®®.
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From (6.5), (6.6) and the choice of 3,6 it follows that, for all 0 < ¢ <0,
[1(id = Pry™)jT(t — o)u(o)|| = [|T(t — 0)*(id — Pry")ju(o)]|
< KOKle(uo—6)(t—o)e(u0—6/2)0
< KOKle(uo—(S)te((S/Q)o"

Consequently, letting o — —oo in (6.2) with g = h, we conclude
t
(id — Pr{*)ju(t) = / TO(t — s)*(id — Pr$*) (h(s)r®*) ds, t <O0.

Using the above equality, (6.11) and the definition of weak-star integrals, we find

Ko Ko||r®*|| o(2uo—0)t
)

[1(id = PrE™)ju(®)|] < t <0.
Ug
For all t < 0 we have
t
/ TO(t — s)* Pr$* (h(s)r®*) ds
0
t 0
= / TO(t — s)* Pr* (h(s)r®*) ds — / TO(t — 8)* Pr* (h(s)r®*) ds
ot B 0
= / TO(t — 5)* Pr¥* (h(s)r®*) ds — T®(t)* / TO(—s)* Pry*(h(s)r®*) ds.

The integral ffoo TO(—s)* Pry*(h(s)r®*) ds is an element of Pr{* C®* = jL. Set
0
PO© = / TO(=s8)* Pry*(h(s)r®*) ds.

Inequality (6.12) and the definition of weak-star integrals yield

Ko Ko||r®*|| o(2uo—0)t
)

t <0.
'U,()—25 -

t
| 799 Pr ™) | <
Therefore
ju(t) = Pre* jT(t)u(0) — T (t)*1hO° 4+ O(e®u0=It)  ast — —co.

Using the relations Pry* jT(t) = jT(t) Prp, 71T ()" = T(t)j !, the fact that the term

O(e(w0=9)t) above is an element of C®® and applying j~! we conclude

zi.0=T(t)(Prpzo.c — 7 1p99) + O(ePW0=9) a5t — —cc.
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Since Prp, 9. c — j19®® € L, there exist reals a, b with
T(t)(Prp xo.c — 7 "®9)(0) = e“*[a cos(vgt) + bsin(vot)]

for all t € R. Consequently, the assertion holds with € = ug — 4. ]

7. Sign changes for differences in A

In this section we show that for two different elements ¢ and 1 of A and the corre-
sponding solutions z = 2 : R — [~ B, A] and y = y¥ : R — [~ B, A] we have

Vie—y,[t—r(z(t)),t]) =1 for all t € R. (7.1)

This fact is important in the proof of the injectivity of a map from A into R? in Section 8.
We first remark that (7.1) implies

V(e —y,[t—ryt)),t]) =1 for all teR. (7.2)

Indeed, if z(t)—y(t) # 0 for all large negative t, then V(z—y, [t—7r(y(t)),t]) = 1 for all large
negative ¢ because of the definition of V. Then, by Lemma 2.5, the monotonicity property
of V in Lemma 4.2(i) can be applied to get (7.2). If z(t") — y(t™) = 0 for a sequence {t"}
with t" — —oo as n — o0, then r(x(t")) = r(y(t")) and V(z — y, [t" — r(y(t")),t"]) = 1.
Hence the monotonicity of V' implies (7.2).

Proposition 7.1. V(¢ — ¢, [—7(¢(0)),0]) =1 for all ¢,v in A with ¢ # .

Proof. Let ¢, € Awith ¢ # . Set z = 2?, y = y¥ and definen : R > t — t—r(x(t)) € R.
Recall, from Proposition 5.5, that: x; # y; for all ¢t € R, and x and y are either slowly
oscillating or zero. It is also true that

(.I - y)|[t—r(az(t)),t] ?—é 0, (-77 - y>|[t_r(y(t)),t] ?é 0 for all t € R.

Indeed, assume (z — y)|t—r(z@),y = O for some t € R. Let ty = inf{s : z(u) =
y(u) for all s <u <t}. Wehavet—R < tg < t—r(z(t)). Then &(s)+pz(s) = y(s)+py(s
and r(z(s)) = r(y(s)) for all s € [tg,t]. The equations for x,y and the injectivity of f
imply

(s —r(x(s))) = f7(@(s) + pa(s)) = f7(9(s) + py(s)) = y(s — r(y(s))) = y(s — r(z(s)))

for all s € [to,t]. Hence x(u) = y(u) follows for all u € [min{s — r(x(s)) : to < s < t},t].
This contradicts the definition of ¢y since min{r(u) : —R < u <0} > 0.
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In the remaining part of the proof we distinguish several cases and subcases.

Case 1: a(¢) = a(yp) = {0}. Either ¢ # 0 or ¢ # 0. We may assume ¢ # 0 since, by
the remark preceding the proposition, there is a symmetry in the role of ¢ and . Then
x(t) — 0 as t — —oo. So, there exists a sequence (")§° in (—oo, 0] such that " — —oo as
n — oo and

2(t)] = sup{|a(t" + )| : < 0}.
Define
o(t" 4 t)

z”:(—oo,O]BtHW

e R.

The functions 2" satisfy

2 (t) = —p2" (/ [ (sz(n(t™ +1)))ds ) 2((t” +¢)) for all t <0,
()]
and [z"(t)] < 1 for all ¢ < 0. There is a uniform bound for the right hand side of
the differential equations for 2", n € N, on (—o0,0]. Therefore (z™)5° is a uniformly
bounded and equicontinuous sequence of functions on (—o0,0]. By the Arzela—Ascoli
theorem and the diagonalization process, there is subsequence (2™#)22 , and a continuous
function z : (—o0,0] — [—1, 1] such that

2" (t) — 2(t) as k — oo uniformly on compact subsets of (—o0, 0].

Using the differential equations for 2"+ we obtain that (£"*)3°, also converges to Z uni-
formly on compact subsets of (—oo,0]. Moreover, from the fact xz(t) — 0 as t — —o0 it
follows that

1
/ f(sx(n(t™ +1t)))ds — f'(0), r(z(t"+1t)) —1 as n— oo
0
uniformly in (—oo,0]. Consequently, z satisfies
2(t) = —pz(t) + f1(0)z(t — 1) for all ¢ < 0,

and |2(0)] = 1, ||z|| < 1 for all ¢ < 0. Then Lemma 3.1(ii) implies ug > 0, where ug
denotes the maximum of the real parts of the points in the spectrum of the generator of
the solution semiflow of Eq. (3.1).

Case 1.1: uyp = 0. From z(t) — y(t) — 0 as t — —oo, it follows that there exists a
sequence (t")5° in (—oo, 0] with " — —oo as n — oo and

2(t") —y(")] = sup{|z(t" + 1) —y(t" + 1)| - £ <O}
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Define
(" +t) —y(t" +1)

) g

2" (—00,0] >t —

Then the functions 2" satisfy

with

0" :(~00,0] 3 t
i [ S ) e 1)
x /Oly{[l—s](t"+t—r(y(t"+t)))+s(t"+t—r(w(t"+t)))} ds
« /017“'{ [ — sJe(t + 1) + sy(t" + )} ds € R,

b" :(—00,0] Dt +—
/01 P = syt 1 — r(a( + ) + se(t™ + ¢ — r(z(t + 1))} ds € R,
From z(t) — 0, y(t) — 0 as t — —oo, it follows that
a(t) — —p, b"(t) — f/(0), r(z(t" +1t)) -1 as n — o

uniformly in (—o0,0]. Then, in the same way as in Case 1, the Arzéla—Ascoli theorem
can be applied to find a subsequence (2™*)72, of (2™)§° converging uniformly on compact
subsets of (—oo, 0] to a continuously differentiable function z : (—oo, 0] — R satisfying

2t) = —pz(t) + f1(0)2(t = 1), t<0,
[lze]| <[2(0)] =1, ¢ <0.

Moreover, (™), converges uniformly on compact subsets of (—oo, 0] to 2. Then Lemma

3.1(iii) implies
Viz,[t—1,t]) =1 for all ¢t <0.
Defining
w: (—00,0] Dt eMz(t) € R,

we have
w(t) = e f'(0)w(t — 1) for all t <0,
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and
Viw,[t—1,t]) =1 for all t < 0.

Hence Lemma 4.2(iii) implies w|j_14 € H|—1,4 for all £ < 0. Then it follows easily that
also z|jp—1,4 € Hljp—14 for all t < 0. Thus Lemma 4.1(iii) can be used to get, for all
sufficiently large k£ € N, that

V(=" [=r(z(t™)),0]) = V(z,[-1,0]) = 1.

By Lemma 2.6, the differential equation for x — y can be transformed to the form of Eq.
(4.1), where z(t) — y(t) and v(t) have the same signs for all ¢ < 0. Hence, Lemma 4.2(i)
yields

1

IN

V(¢ =4, [=r(¢(0)),0]) < V(x(t™ +-) —y("™ + ), [-r(z("™)), 0])
V(anv [_T(m(tnk»? O]) = V(Z, [_17 O]) =1

for all sufficiently large k € N. Thus, V(¢ — 9, [-7(#(0)),0]) = 1.
Case 1.2: ug > 0. In the case ¥ # 0, also Propositions 5.5 and 6.1 imply that there
exist real numbers €, > 0,¢, > 0, a,b, ¢, d such that with ¢ = min{e,, ¢,} we have

x(t) = " (a cos(vgt) + bsin(vot)) + O(e(uo-l-e)t),
y(t) = euot (C COS(Uot) —+ dSiH(’Uot)) + O(e(u0+€)t)

as t — —oo. In the case ¥ = 0, y = 0 and the above asymptotic expansions hold with
€ =€z, c=d=0, and a,b, €, given as above. If (a,b) # (¢, d), then

w(t) = y(t) = ' (Vla = )2 + (b= d)sin(uot +7) + O(e™))
for some v € [—7, 7] as t — —oo. For every integer k, defining

i (k+%)7r—’y 1

Vo 2,

we obtain

1 1
(k:+§)7r—%§vot+'y§(k+§)7r+v—2o for tF —1 <t <tF.

Using vg € (5, 7), we find § > 0 such that, for every integer £,

Vi(a— )2+ (b— d)?|sin(vot + )| > 6, th—1-86<t <tk
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If t — —oo, then r(z(t)) — 1. So, for all sufficiently large negative integers k, r(z(t*)) <
1+ 6 and
lz(t) — y(t)] >0 for tF —r(z(th)) <t <t

Hence, the monotone property of V' implies V(¢ — ¢, [—7(4(0)),0]) = 1.
Now we show that the case (a,b) = (¢, d) is impossible. Assume (a,b) = (¢,d). Then
there exists Ky > 0 such that

lz(t) — y(t)] < Koelot9t ¢ <. (7.3)

Then it is easy to see that there exists a sequence (t")3° in (—o0, 0] such that " — —oo

as n — oo and
lz(t" +t) — y(t" + )| < |z(t™) — y(t™)|eot/Dt for all t < 0. (7.4)

Define
(" +t) —y(t" +1t)

RGN

2" (—00,0] 5t —
(7.4) implies that
|27 (t)| < eluote/2)t forallt<0and neN

and [z"(0)| = 1. Similarly to Case 1.1, by the application of the Arzeéla—Ascoli theorem,
we find a subsequence of (2™)§° converging uniformly on compact subintervals of (—oo, 0]
to a solution z of 2(t) = —pz(t) + f/(0)z(t — 1) with

12(0)] = 1, |2(t)] < eluote/2)t for all ¢t <0.

This contradicts Lemma 3.1(iv), and the proof of Case 1.2 is completed.

Case 2: a(¢) # {0}. The compactness of A implies the existence of y,p in A and a
sequence (t™)g° in (—oo, 0] such that x # 0, zg — X, yen — p and t" — —c0 as N — 0.
Let w, z denote the solutions of Eq. (2.1) with wo = x, 20 = p.

If x # p, then it suffices to show that

Viw—z,[t —r(w(t)),t]) =1

holds for some t < —4R. Indeed, V(w — z, [s — r(w(s)), s]) = 1 for all s > —4R implies, by
Remark 4.5 and Lemma 4.2(i) and (iii), that

(W — 2)||=r(w(0)),0] € H—r(w(0)),0-
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Since the C' and C'! topologies in A are equivalent by Corollary 5.6(ii), it follows that
Tgn —Ygn — Wo — 20 =X — P as n — o0
in the C''-topology. Then Lemma 4.1(iii) implies
Viz -y, [t" —r(z(t")),t"]) =1

for all sufficiently large n € N. Hence, by Lemma 4.2(i), V(x — y, [t — r(z(t)),t]) = 1 for
all t € R, and in particular, V(¢ — 9, [—r(¢(0)),0]) =1

Now we consider different subcases.

Case 2.1: x #0, p=0. Then z = 0. From x # 0 it follows that y € A\ {0}, and thus
Proposition 5.5 implies

Viw—z,[t —r(w(t)),t]) = V(w, [t —r(w(t)),t]) =1, teR.

Case 2.2: x # 0, p # 0, x # p. By Lemma 2.2, w has arbitrarily large negative
zeros. Lemma 4.2(iii), Remark 4.5 and Proposition 5.5 combined imply that w is slowly
oscillating with simple zeros. If ¢/ < ¢’/ < —4R are consecutive zeros of w and w > 0
in (¢,¢"), then ¢/ — ¢ > 1 and r(w(t”)) = 1. Then w > 0 on [t — r(w(t)),t] for all
t < t” sufficiently close to t”. The function z is also slowly oscillating with arbitrarily
large negative zeros. Consequently, there is s < ¢’ such that z(u) < 0 for all [s — 1,s]. In
the case z has arbitrarily large zeros we find o > ¢ so that z(u) < 0 for all [0 — 1, 0].
Continuity of 7, w, z allow to choose ¢t < t” sufficiently close to t” so that the reals s,t, o
satisfy s <t < —4R, t < o,

w(t4+u) —z(s+u) >0 for all u € [—r(w(t)),0], (7.5)
and
w(t+u)—z(oc+u) >0 for all u € [—r(w(t)),0]. (7.6)

If z(u) # 0 for all large u, then z(u) — 0 as u — oo by Lemma 2.2. In this case fixing
t € (t',t") so that (7.5) and wy|[—p(w(t)),0) > 0 are satisfied, and choosing o > ¢ with

max  |z(oc 4+ u)| < min  w(t + u),
u€[—r(w(t)),0] ue[—r(w(t)),0]

(7.6) holds.
Our aim is to show

V(wy — 2z, [—r(w(t)),0]) = 1.
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Assume the contrary, that is
V(wy — 2, [—r(w(t)),0]) > 1. (7.7)
(7.5) and (7.6) imply
Vi(we = zs, [=r(w(t)),0]) = V(we — 20, [=r(w(?)),0]) = 1.

Define
€5 = sup{e > 0 :wWe|[—r(w(t)),0] 7 Zstul[=r(w(t)),0]

V(wg — zgau, [—r(w(t)),0]) =1 for all 0 < u < €}

and
€5 = sup{e > 0 :wWe|[—r(w(t)),0] 7 Zo—ul[=r(w(t)),0];

V(wg — zg—u, [—7(w(t)),0]) =1 for all 0 < u < €}.

(7.5) and (7.6) imply €, > 0 and €, > 0. We also have ¢; <t — s and €, < o — t, since the
set

{u € Rt wi|(—r(w(t)),0] Z Zul[=r(w)),0 V(ws — zu, [-7(w(t)),0]) > 1}

is open by Lemma 4.1(i), and ¢ belongs to this set by (7.7).
Case 2.2.1: ’wt|[_7~(w(t))’0] 75 Zs+teg |[—r(w(t)),0]- Lemma 4.1(1) implies

V(ws = 2s e, [=r(w(?)),0]) = 1.

Then, by Lemma 4.2(i),
V(wipr — Zsteytrs [T (w(t+7)),0]) =1 for all 7 > 0.

Fix 7 > 4R. Lemma 4.2(iii) yields

Witr — Zstes+r € H{_p(w(t41)),0]-
Using Lemma 4.2(iii), we find 7 > 0 such that

c<0, |—r(wit+71)—c <y, reCc0],R),

max |w(t+74u)—z(s+es+7+u)—r(u)|+ max |[w(t+7+u)—2(s+es+7+u)—k(u)| <~

u€[c,0] u€[c,0

imply
V(k,[c,0]) = 1.
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We claim that there exist 51 > 0 and n; € N such that

V(@tprttn = Ystetraprn, [-r(@(t+7+¢7)),0]) =1 (7.8)

for all integers n > ny and 3 € [0, 41].
Since z : R — [—B, A] is a solution of Eq. (2.1), we obtain that Z and Z are bounded
functions on R. Hence it follows that

sup |z(u) — z(u+B)| = 0,  sup|i(u) — Z(u+ )] —0
u€eR u€R

as [ — 0. Choose 3; > 0 such that

sup [2(u) — 2(u + B)] +sup |2(u) — (u+ B)| < 3
ueR ueR 3
and wy # zsye,+p for all g € [0, 31].
We have
z(t" 4+ u) = w(u), (" +u) — w(u) as n — oo,

y(t" +u) — z(u), (" +u) — 2(u) as m — 00

uniformly on compact subsets of R. Hence there exists ng € N such that

Y
[[Wigr = Tigrgan|[er < 3
Y
[Zsteotr+8 = Ystestrp+tn||cr < 3
for all integers n > ng and all 3 € [0, 31]. Let us choose n; € N such that ny > ng and
Ir(z(t+74+1t")) —r(w(t+71))| <7y  for all integers n > n;.

Fixing n > ny, § € [0, £1], and choosing ¢ = —r(z(t + 7+ t")) and k(u) = x(t + 7 + " +
u) —y(s+es+7+F+t"+u), we obtain V(k, [c,0]) = 1. Consequently, (7.8) holds for all
integers n > ny and all § € [0, 31].

Now, for any n > nq, pick k € N such that k > n; and ¢ —t* — 7 > 0. There is such a
k since t* — —o0o as k — oo. Then t + 7 + t* < t + t". Therefore, using (7.8) and Lemma
4.2(1),

1= V(T prgtk — Ysteopripier, =@t +7+15)),0])
> V(@tptn = Yste,+p+tm, [—r(@(t +17)),0]),

for all integers n > ny and all § € [0, 51]. Hence Lemma 4.1(i) implies

V(we = zZsge, 45, [—r(w(?t)),0]) =1
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for all 0 < 3 < ;. This contradicts the definition of €.
Case 2.2.2: Wi|[—r(w(t)),0] 7 Zo—co |[=r(w(t),0]- We get a contradiction analogously to
Case 2.2.1. We have
V(we = zg—c,, [-r(w(t)),0]) = 1

and for fixed 7 > 4R

Witr = Zo—e,+7 € H[—T(w(t+7))’o])'

The application of Lemma 4.1(iii) gives f2 > 0 and ns € N such that

V($t+r+tn —Yo—eo+T+t"—03) [—r(m(t + 7+ tn))a 0]) =1

for all n > ng and all § € [0, 53]. Hence, in the same way as in Case 2.2.1, the monotonicity
of V implies
V(Ttyin = Yoegttn—p, [—T(x(t +1")),0]) =1

for all n > ny and all 5 € [0, 32]. The lower semicontinuity of V' gives
V(wt — Zo—e,—f3> [—’I“(’U)(t)), O]) =1

for all g € [0, 32], contradicting the definition of €.

Case 2.2.3: wt|[_r(w(t))70] = Zs—|—es|[—7~(w(t)),0] = ZU—€U|[—r(w(t)),0]- In this case z is
periodic since z is determined by z5+es|[_r(z(s+es))70] = z8+€s|[_r(w(t)),0] and s + €5 <t <
0 — €,. w is also periodic since it is a translate of z. Using also w; # z, it follows that
2zt = wy_, for some 7 € (0,p), where p is the minimal period of w. Proposition 5.11(ii)
yields

V(wy — z¢, [—r(w(t)),0]) =1 for all t € R.

Case 2.3: x # 0, x = p. Then w # 0 is a slowly oscillating solution. Either w is not
periodic or w is periodic with minimal period p > 0. Let ¢y > 0 be arbitrary if w is not
periodic, otherwise choose €y € (0, p). Then

We # Wo for 0 < € < €.
For 0 < € < €, define ¢ : R3¢t — z(e+t) € R. Then
Tin — We, Yin — 20
as n — 0o. We have

we 0, 20 #0, weF# 2 for 0 < € < €.
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Therefore, replacing z and y with ¢ and w,, respectively, Case 2.2 can be applied to
obtain
Vi —y, [t —r(z(t)),t]) =1 for all ¢t € R.

We have sup,cp |2°(u) — z(u)] — 0 as € — 0. Thus, the lower semicontinuity of V' in
Lemma 4.1(i) implies

V(e —y,[t—r(z(t)),t]) =1 for all t € R,

and in particular

V(¢ =4, [=r(¢(0)),0]) = 1.

8. The Poincaré—Bendixson theorem on A

Recall from Proposition 5.5 that for every ¢ € A there is a unique phase curve R >
t— :cf € Lk in A and w(¢), a(¢) are nonempty compact connected and invariant subsets

of A.

Theorem 8.1. For every ¢ € A, either w(¢) = {0}, or 0 € w(¢) and w(p) is a slowly
oscillating periodic orbit; either a(¢p) = {0}, or 0 € a(¢) and a(p) is a slowly oscillating
periodic orbit. If » € A and z® is neither identically zero nor periodic, then a(¢)Nw($) = 0.

Proof. Define

¢(0) ) .
¢(—r(9(0)))
Clearly, h is continuous. Let ¢, 1) be in A with ¢ # 9, and set x = 2?, y = y¥. Then x¢, v,
are in A and x; # y; for all ¢ € R. Proposition 7.1 implies

2

h:A9¢|—><

Vie—y, [t —r(z(t)),t]) =1 for all t € R.
Then it can be easily shown, by applying Lemma 4.2(ii), that

(x(t) —y(t),z(t —r(z(t))) —y(t —r(z(t))) # (0,0) for all t € R.

In particular

It ¢(0) # ©(0), then h(¢) # h(y). If ¢(0) = (0), then ¢(=r(¢(0))) = P(=r(4(0))).

Therefore,
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So, h is injective. Since A is compact, it follows that h(A) is also compact and h is a
homeomorphism.

For each £° € h(A), there is a unique ¢ € A with h(¢) = £°. The unique solution z?
of Eq. (2.1) gives the continuous curve & : R 3 ¢ — h(zf) € h(A) C R2. We call ¢ the
canonical curve through £°. The canonical curves are C''-curves since the mapping

.—>i 20 — i?(t) 2
B3 ghie) (:'c¢<t—r<x¢<t>>>[1—r'<x¢<t>>fc¢<t>1) <E

is continuous.
Define
vy = {(u,v)"" €R?*: u=0,v>0}.

Let ¢ € A, 2 = 2% and assume that, for some ¢ € R, h(z;) € vy, that is, z(t) = 0 and
x(t —r(z(t))) = x(t —1) > 0. Then ¢ # 0 and Proposition 5.5 implies that x is a slowly
oscillating solution. This fact, (¢t —1) > 0 and x(¢) = 0 combined imply z; € ANU \ {0}.
It also follows that @(t) < 0. Hence we obtain that vy is transversal to the canonically
determined curves in the following sense:

((1.0). T ha) = it) <.
This implies that if h(z?) € vy for some ¢ € A\ {0} and t € R, then there exists ¢ > 0
such that h(x?) belongs to the first quadrant of R? for all s € (t — ¢,t) and to the second
quadrant of R? for all s € (¢,t + €).

If ¢ =0 then a(¢) = w(¢) = {0}. Let ¢ € A\ {0}. Proposition 5.10 implies that there
are t € R and ¢ € ANU \ {0} such that ¢ = 2¥. Clearly, a(¢) = a(1) and w(¢) = w(¥).
Thus, it is enough to prove the statement of the theorem for ¢ € ANU \ {0}.

Let 9 € ANU \ {0} and £° = h(¢). Let & denote the canonical curve through £°. As
x? is a slowly oscillating solution by Proposition 5.5, we find

h(ANT N\ {0}) = vy NA(A). (8.1)

Hence it follows that £(¢) € vy if and only if h=1(£(t)) = 2f € ANU \ {0}. Proposition
5.10 yields that, for each t € R,

£(t) e vy if and only if ¢ € {205(¢) : j € Z,25 < J(9)},

where (z; (¢))i(¢) is the zeroset of z%. Let

[o.¢]

& = £(225(0)) = h(al, ) for j € Z, 2j < J(9),
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and define s/ so that :cfj = h~1(&7), or equivalently £(s7) = ¢7. (&€9)7_ is a sequence in

h(ANU\ {0}) C vy, where J* = o0 if J(¢) = o0, and J* € Z if J(¢) € Z. Clearly, the

sequence (s7)7"_

is increasing.
The sequence (£7)7_ is monotone with respect to the natural ordering <, of {(u,v)"" €
R? : u = 0}. Indeed this follows from the Jordan curve theorem and the facts that F4 is

a flow on A and h is a homeomorphism of A4 onto h(A).

Define :
fooo = lim &,
j——00
¢ limj oo & if J* = o0,
= ] (0,0 if J* € Z.

€ oy €0 EMANT) C vy U{(0,0)} since h(ANU) is a compact subset of R?. Now we
need the following two claims.

CLAIM 1. (i) If & — £ as j — —oo and £ € vy, then £ € h(ANU)\ {0}, 2" ' © is a
slowly oscillating periodic solution of (2.1) and «a(¢) = {:c?_l@ 1t € R}
(ii) If J* = 0o and &/ — £ as j — oo and € € v, then € € h(ANU)\ {0}, 2 s a
slowly oscillating periodic solution of (2.1) and w(¢) = {x?il(é) :t € R}

Proof of Claim 1. Suppose £/ — £as j — —ooand & € v,. We have ¢/, € € h(ANU\{0})
for all integers j < J*. Proposition 5.10 implies that

PHRTHE) = hH (&) for all integers j < J*.

Using that h=1(&7),h=1(€) € ANU \ {0} and that A~ is continuous on h(A) and P~ ! is
continuous on AN U \ {0}, by letting 7 — —o0, we obtain

Therefore, h='(€) = P(h~1(€)) = Flga(h~"(8),h"1(€)) and thus " ~© is g(h"(8))-
periodic. Proposition 5.1 implies that go = go(R™1(£)) is the minimal period and zh (@ is
slowly oscillating. Let O = {m?il(é) . 0 <t<qa}. We have to show that dist(z{,0) — 0
ast — —oo. Let € > 0 be given. From Lemma 2.4 and Proposition 5.1 it follows that there
exists § = §(e) > 0 so that for every v» € ANU \ {0} with ||[¢p — h=1(€)|| < & we have

dist(z?,0) < € for all s € [0, g2 + 1]

and
12(¥) — 2| < 1.
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There is jo € Z such that
W) =Y E)|| < 6 for all integers j < jo.

Let t < s70. Choose j; € Z so that j; < jo and s/t <t < s/1T1 < s/, By the choice of jo,
[|h=1(&5) — =1 (€)|| < 6. Hence, using also h=1(&71) € ANU \ {0}, it follows that

@(h'E) <@ +1

and
dist(:c?il(gh),()) <€ for all s € [0, g2 + 1].

From mfjﬁl = F(qQ(h_l(fjl)),mfjl), we obtain t — s/t < go(h71(€71)) < go + 1. Conse-
quently,
dist(z?,0) < e.

As € > 0 was arbitrary, a(¢) = O follows, and the proof of assertion (i) in Claim 1 is
complete. The proof of assertion (ii) is analogous.

CLAIM 2. (i) If & — (0,0)'" as j — —oo, then a(¢) = {0}.
(i) If J* = co and & — (0,0)!" as j — oo, then w(¢) = {0}.

Proof of Claim 2. Assume &/ — (0,0)" as j — —oo. By Lemma 2.4, for each ¢ > 0,
there exists § = d(¢) > 0 so that ¢ € Lx and |[¢]| < & imply ||z¥]|| < € for all s € [0, R].
Let € > 0 be fixed. Choose jo € Z such that ||h=1(¢7)|| < §(6(¢)) for all integers j < jo.

Let ¢t < s/. Choose j; € Z so that j; < Jjo and s < t < sittl < gjo. We have
|h=2(¢31)|| < 6(5(e)). Tt follows that ||z || < §(e) for 0 < s < R. We state

PG, BH eI < 6e)  for 0< s < (B (). (.2
The case ¢1(h™1(£71)) < R is obvious. Assume ¢;(h™1(£71)) > R. Propositions 5.1 and
5.10 imply F(s,h=1(£71))(0) < 0 for all s € (0,q1(h™1(&71))). Using Eq. (2.1) and (H1), it
follows that the function [0,00) > s +— F(s,h~1(£71))(0) € R is increasing on the interval
(R, q1(h=1(&71))]. Therefore (8.2) holds. (8.2) implies

P i @ <6 for0<s<aq(h () + R

Hence, similarly to the proof of (8.2), we obtain

1F(s,h= ()l < e for qu(h™ (€M) < s < q2(h71(E)). (8.3)
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Since d(€) < ¢, (8.2) and (8.3) yield
1F(s, k7 (E))| <e  for 0<s < go(h™H(E)).
Observing that t — st < ga(h™1(£%1)) follows from s/t <t < s/171 we conclude

laf || = [[F(t = s, h7 ()] < e
Since € > 0 was arbitrary, 7 — 0 as ¢ — —oo, and thus a(¢) = {0}. The proof of assertion

(ii) is analogous.

According to the relation between £_ ., and &, we consider 6 cases.

Case 1: £ o = &o = (0,0)'". We show that this case cannot occur. Assume J* < oo.
Lemma 2.2 implies 2®(t) — 0 as t — oo. Hence &£(t) — (0,0)!" as t — oo. From this fact
and the Jordan curve theorem it follows that (£7)77 is strictly decreasing. Consequently,
(0,0)!" <, €, a contradiction. So, J* = co. As (£7)*°

~ 18 a monotone sequence 1 v,

€ oo = &so = (0,0) is impossible. Therefore this case cannot occur.

Case 2: (0,0)" = € # £_o. There are two subcases.

Case 2.1: (0,0)" = & # £ o and J* < oco. Claim 1 gives that a(¢) is a slowly
oscillating periodic orbit. w(¢) = {0} follows from Lemma 2.2.

Case 2.2: (0,0)'" = £ # € o and J* = co. Claims 1 and 2 imply that a(¢) is a
slowly oscillating periodic orbit and w(¢) = {0}.

In the remaining cases (0,0)" <, & which implies J* = oco.

Case 3: (0,0)'" = €_ o <y £so. Applying Claims 1 and 2, we get a(¢) = {0} and that
w(¢) is a slowly oscillating periodic orbit.

Case 4: (0,0)" <, oo <p €_oo- In this case both a(¢) and w(¢) are slowly oscillating
periodic orbits by Claim 1. Proposition 5.11 implies that the intersection of a slowly
oscillating periodic orbit with A N U is a single point. As h™1(£,) and h™1(£_ ) are
different points of AN U, it follows that a(¢) Nw(¢) = 0.

Case 5: (0,0)" <, € oo <y €x- Analogously to Case 4, a(¢) and w(¢) are slowly
oscillating periodic orbits with a(¢) Nw(¢) = 0.

Case 6: (0,0)" <, € o = £x. In this case & = € o, = & for all j € Z. Claim 1
implies that 2? is a slowly oscillating periodic solution.

Observe that, by the uniqueness of the zero solution in A, a slowly oscillating periodic
orbit does not contain 0. The proof is complete. O

9. A is homeomorphic to the closed unit disk

Finally, we prove a topological property of A provided A is different from {0}.
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A sufficient (and by Theorem 8.1 also necessary) condition for A # {0} is the existence
of a slowly oscillating periodic solution. From [41] it can be obtained that if

]
f1(0) < ———=,
cos(o (1))
where v(u) € (5,7) is the solution of v = —ptanwv, then Eq. (2.1) has a slowly oscillating
periodic solution, and consequently, .4 # {0}.

Theorem 9.1. Assume that A # {0}. Then there exists a slowly oscillating periodic
solution y with minimal period T > 0 such that the simple closed curven : [0, 7] — y: € Lk

with trace in A satisfies

h(A) = int(h o n).

Consequently, A is homeomorphic to the 2-dimensional closed unit disk so that the unit

circle corresponds to a slowly oscillating periodic orbit.

Proof. 1. From (8.1) and h(0) = (0,0)™, it follows that
h(ANU) = (vy U{(0,0)}) Nh(A). (9.1)

Recall that AN U is a connected set by Corollary 5.8. From these facts and A # {0} we
obtain the existence of v* € v, with

h(ANU) = {sv":0<s <1} (9.2)

Set y =z (7).

We claim that y is periodic. Let (£7)7 OO be the monotone sequence of intersections
with vy of the canonical curve £ through v* as defined in the proof of Theorem 8.1.
We have €Y = v*. The sequence (£7)7 ZO is either constant or strictly increasing since
(1,00)v* N A(A) = 0 by (9.1) and (9.2). Define £_, and £, as in the proof of Theorem
8.1. If (¢7)7_ is strictly increasing, then necessarily J* < oo and thus &, = (0,0)"" since
¢0 = v* and (1, 00)v*NA(A) = (). On the other hand, by the increasing property of (¢7)7"_,
we have (0,0)" = €50 >, €00 >4 (0,0)", a contradiction. Therefore, (¢7)7_ is a constant
sequence and J* = co. Analogously to Case 6 of the proof of Theorem 8.1, we conclude
that y is a slowly oscillating periodic solution.

2. Let 7 > 0 denote the minimal period of y, and set n : [0,7] > t — y; € Lg.
Propositions 5.10, 5.11 and the fact that h is a homeomorphism combined imply that the
curve hon is simple closed and has values in h(A)\ {(0,0)*"}. Let ext(hon) and int(hon)
denote the unbounded and bounded components of R? \ |h o 5|, respectively. Using that

the only intersection of hon with v, U{(0,0)""} is v* and (1, c0)v* is unbounded, it follows
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that (1,00)v* C ext(h on). Moreover, since the intersection of h on with vy U {(0,0)} is
transversal at v*, it also follows that

[0,1)v" C int(hon).

In particular, (0,0)"" € int(h on).

3. We claim that ext(h o n) N h(A) = () Suppose that there exists a point x € h(.A) N
ext(hon). Then x # (0,0)* and h=!(x) # 0. Proposition 5.10 implies that the phase curve
R>t— m?il(X) intersects AN U. Then the canonical curve £ : R 3 ¢ +— h(m?il(X)) € R?
through x intersects h(ANU) = {sv* : 0 < s < 1} Cint(hon) U|hon|. On the other
hand, x € ext(h on) implies that £(t) € ext(h on) for all t € R. This is a contradiction.

4. We remark that h(.A) N (int(h o n) \ {(0,0)!"}) is closed in int(h o n) \ {(0,0)""} in
the relative topology of this set.

We claim that h(A) N (int(h o n) \ {(0,0)'"}) is also open in int(h on) \ {(0,0)"} in
the relative topology. Let x € h(A) N (int(hon)\ {(0,0)*"}). We have to show that there
is an open disk D in R? containing x so that D C h(A) N (int(h on) \ {(0,0)}). As
h=1(x) € A\ {0}, Proposition 5.10 implies that there is ¢ € ANU \ {0} and T' > 0 so that
h=Y(x) = F(T,%). Then h(¢)) € (AN U \ {0}) = (0, 1]v*. From x € int(h o n) it follows
that h(y) # v*. So, h(y)) = sev* for some sy € (0,1). Let € € (0, min{sg,1 — s¢,T}).
Consider the map

g:(—€€) x (—€,€) 3 (t,8) — h(Fa(T +t,h (50 + s)v*))) € R

g is continuous since h is a homeomorphism, F 4 is a flow on A and (sg—¢, so+¢€)v* C h(A).
We want to show that g is also injective. Let (t1,s1), (t2,5?) € (—¢,€) X (—¢, €) and assume
that g(t!, s') = g(t?, s?). Without loss of generality we may assume t? > t!. Since h is
injective, it follows that

FA(T + 11, h=Y (0 + 51)0%)) = FA(T + 12, h=Y((s0 + 52)0°)).
As F, is a flow on A, we obtain
R ((sg + s*)v*) = Fa(t* —t', h = ((s0 + s )v™)). (9.3)

Assume that t! # 2. (9.3) implies that z = 2" ((50+5)0%) g a 42 — ¢! periodic solution.
By Proposition 5.5, z is slowly oscillating. So, t? —t! > 2 follows. On the other hand, the
choice of € implies t? —t! < 2e < 2, a contradiction. Therefore t* = ¢2. Then (9.3) implies
h=1((so + s?)v*) = h=((so + s*)v*). Hence s' = s2. Consequently, g is injective.

It follows that g is an open mapping. As ¢g(0,0) = x, we obtain that g((—e, €) X (—¢, €))
is an open neighborhood of x in R2. From (so — €80 + €)v* C h(A) it follows that
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g((—€,€)x(—¢€,€)) C h(A). So, if we choose an open disk D in R? with center at  such that
D C g((—€,€)x(—¢,¢€)) and D C int(hon)\{(0,0)!"}, then D C h(A)N(int(hon)\{(0,0)!"}).

5. int(hon)\ {(0,0)!"} is an open connected subset of R?. Therefore, the only nonempty
subset of int(hon) \ {(0,0)"}, which is both closed and open in int(h on) \ {(0,0)!} in
the relative topology, is int(hon)\ {(0,0)!"} itself. Observe that (0,1)v* C h(A)N (int(ho
n) \ {(0,0)""}). This fact and the results of part 4 yield

h(A) N (int(h o n) \ {(0,0)""}) = int(h o) \ {(0,0)"}.
Using (0,0)"" € h(A), |hon| C h(A) and the result of part 3, we conclude
h(A) = int(hon)U|hon| =int(hon).

The Scheonfliess theorem [48] gives that int(h o 1) is homeomorphic to the 2-dimensional
closed unit disk so that |h on| corresponds to the unit circle. This completes the proof. [
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