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Abstract. The differential equation &(t) = —px(t) + f(z(t — 1)) with
p > 0 and a C*-smooth real function f satisfying f(0) = 0 and f' > 0
models a system with instantaneous friction and delayed feedback. For
a set of parameters p and nonlinearities f, which include examples from
neural network theory, we show that there is a global attractor A, A
contains exactly 3 stationary points and N periodic orbits, and A is the
union of 2 stable stationary points and the strong unstable sets of the
unstable stationary point 0 and of the N periodic orbits.

1 Introduction
We study the class of delay differential equations
i(t) = —pa(t) + f((t - 1)) (L1)
with parameter i > 0 and C'-smooth nonlinearities f : R — R satisfying
f(0)=0 and f(€§) >0 forall £ €R.

Eq. (1.1) models a system governed by delayed monotone positive feedback and
instantaneous damping. Specific applications occur e.g. in neural network theory,
for

f(§) = artanh(j¢)

with parameters a > 0 and 8 > 0 (see e.g. Herz [13], Pakdaman, Malta, Grotta-
Ragazzo and Vibert [23], Wu [30] and references therein).

Every element ¢ of the Banach space C' of continuous real functions on the
initial interval [—1, 0] determines a solution z¢ : [~1,00) — R of Eq. (1.1), i.e., a
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continuous function which is differentiable on (0, 00) and satisfies Eq. (1.1) for all
t > 0. The relations

F(t,¢) = x4, ©=1a%, x4(s) = z(t +5), s €[~1,0]

define a continuous semiflow F' : RT x C' — C such that all maps F(¢,-), t > 0,
are injective and continuously differentiable, and F' is monotone with respect to
the pointwise ordering on C. The derivatives Do F'(t,0), t > 0, form a strongly
continuous semigroup, and the spectrum of the generator of the semigroup consists
of simple eigenvalues which coincide with the zeros of the characteristic function

CoA=A+pu—f(0)e*eC.

There is one real eigenvalue \g, and the others form a sequence of complex conjugate

pairs (Aj, A;) with
Redjy1 <Redj <A and (25— 1) <ImA; < 2j7

for all integers j > 1, and Re A\; — —oc0 as j — oo. The number of eigenvalues in
the open right halfplane depends on p and f’(0).

The forward extension of a local unstable manifold of the stationary point 0
associated with the eigenvalues of the generator of the semigroup (D2F(t,0))¢>0
with positive real part is called the strong unstable set W% (0) of 0. The unstable
set W*(0) of 0 is the set of ¢ € C such that there is a solution z : R — R of
Eq. (1.1) so that = is bounded on (—00,0], g = ¢ and a(x) = {0}. In general,
Wk, (0) C W*(0) holds. If 0 is a hyperbolic stationary point then W4, (0) = W*(0).

For a nontrivial periodic orbit O of Eq. (1.1), the Floquet multipliers of O
outside the unit circle determine a local unstable manifold of 0. The forward
extension of such a local unstable manifold is called the strong unstable set W% _(O)
of O. The unstable set W*(O) of the periodic orbit O contains those elements ¢
in C for which a solution z : R — R of Eq. (1.1) exists such that = is bounded
on (—00,0], zp = ¢ and a(z) = O. The inclusion W%, (0) Cc W*(O) is always
satisfied. If the periodic orbit O is hyperbolic then equality holds.

In the description of the long term behaviour of the solutions of Eq. (1.1) a
natural object to study is the global attractor of the semiflow, i.e., a compact set
A C C which is invariant and attracts every bounded subset of C' (see Hale [10]).

In Krisztin, Walther and Wu [16] we described the closure W of the forward
extension of a 3-dimensional local unstable manifold of the stationary point 0 as-
sociated with the 3 leading eigenvalues Ao, A1, \; with positive real part. The set
W consisted of 3 stationary points, a periodic orbit O, and some orbits connecting
the stationary point 0 to the nonzero stationary points, 0 to the periodic orbit O,
and O to the nonzero stationary points. In Krisztin and Walther [15], for a set of
parameters ;o > 0 and nonlinearities f, we proved that the set W coincides with
the global attractor A. In particular, Re A < 0 < Re A\; was assumed in [15]. The
main steps toward the equality A = W were a uniqueness result on periodic orbits
and that the unstable set W*(O) of the periodic orbit O is equal to the strong
unstable set W4,.(O) of the periodic orbit O. The result of [15] can also be stated
as

The purpose of this paper is to show a result of the above type on the structure
of the global attractor of the semiflow F' in more general situations. We suppose

Re)\NJrl <0< Rely
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for some integer N > 0, which can be guaranteed by an explicit condition on
f'(0) and p. In addition, assuming oddness and a convexity condition on f, and
that % < p outside a bounded neighbourhood of 0, we find that the semiflow
F has exactly 3 stationary points 0,€_,&,; 0 is unstable, £_ and &, are locally
asymptotically stable; moreover, results of [15] and [17] give that F' has exactly N
periodic orbits O1, O, ... ,On. The main result of this paper is that

N
A={, & U, (0)U (U W&(%)) ~ (1.2)
k=1

We emphasize that the above equality is valid without assuming hyperbolicity of
the periodic orbits O1,0s,... ,Opn. It is shown in Krisztin and Wu [17] that
W (0) is a (2N + 1)-dimensional C! submanifold of the phase space C. As
F(t,-), DaF(t,-), t > 0, are injective maps, it follows that the strong unstable
sets WY (01),W, (0s),..., W& (On) are C* immersed submanifolds of C. In a
subsequent paper we shall prove that these strong unstable sets are also C! sub-
manifolds of C.

The sets
So=1{&-,&+}, Sant1 ={0}, Sor, =0y forall ke {1,2,... , N}

define a Morse decomposition of the global attractor A (see Conley [6]), which
means that Sy, Sa,...,S2n,San+1 are disjoint, compact invariant subsets of A,
and on A\ (So U Sy U...USan USani1) the semiflow F is gradient-like, i.e., for
every ¢ € A\ (SoUS2U...USan USany1) and for the unique solution 2% : R — R
there exist k,l € {0,2,4,...,2N,2N + 1} so that k > [ and a(z?) € S) and
w(¢) € S;. Equality (1.2) with the proof that the strong unstable sets Wk, (O)
are also C'' submanifolds of C' will show that A\ (So U SaU...U Son U Sany1) is
a finite disjoint union of C'* submanifolds of C.

Let us mention that a Morse decomposition is known to exist under weaker
conditions than ours both for the negative and the positive feedback cases (see
Mallet-Paret [18] and Polner [24]). In addition, there are some results on the
connecting sets for the negative feedback case in Fiedler and Mallet-Paret [9] and
in McCord and Mischaikow [22]. Our hypotheses are more restrictive, but we get
a finer and more detailed description of the global attractor.

The main tool, which was introduced by Mallet-Paret, is a discrete Lyapunov
functional counting sign changes of elements ¢ € C \ {0} (see [18] and [19]). We
apply a Poincaré-Bendixson theorem of Mallet-Paret and Sell [20]. Results about
the Floquet multipliers of periodic orbits are also important [16], [17], [19]. The
basic idea of the proof of the equality

W*(0) = W, (0)
for a periodic orbit O is very simple. Let p : R — R be a periodic solution of Eq.
(1.1) with minimal period w > 0 so that O = {p; : t € [0,w]}. We construct two
solutions z : [-1,00) — R and y : [-1,00) — R of Eq. (1.1) such that in the plane
R? the curve

X :[0,00) 3t (z(?@)n) € R

spirals toward the trace | P| of the simple closed curve

P:[0,w] >t~ <pé’(f)1)> eR?
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in the interior of P as t — oo, while the curve

y(t) ) 2
Y:[0,00)>t+— eR
(0,0) (y(t -1
spirals toward |P| in the exterior of P as t — co. If W*(O) # W4 _(O) then there
is a solution z : R — R of Eq. (1.1) such that the curve

Z: (00,013t (z(j(t)n) € R?

does not intersect the curves P, X,Y, and Z(t) spirals toward |P| as t — —oco. A
planar argument applying the Jordan curve theorem leads to a contradiction. A
solution « with the above property is given in Krisztin and Wu [17]. The existence
of the solution y is shown by using homotopy methods and the Brouwer degree.
The construction of z requires some information about the Floquet multipliers of
the periodic orbit @. We remark that, in [15] for the proof of W*(OQ) = W4 _(O)
in a particular case, we used a different proof.

We mention that results on attractors of delay differential equations related to
ours can be found in the works of Walther [27], [28], Walther and Yebdri [29],
Mallet-Paret and Walther [21], Chen and Wu [5], Chen, Krisztin and Wu [4],
Krisztin and Arino [14].

The organization of the paper is as follows: Section 2 contains some preliminary
results on a discrete Lyapunov functional, periodic orbits, Floquet multipliers, and
unstable manifolds. We prove the existence of a solution y with the above properties
in Section 3. The equality W*(O) = W4,.(O) for periodic orbits O is shown in
Section 4. In the last section we conclude the paper by proving equality (1.2) for
the global attractor.

Notation. N and RT stand for the nonnegative integers and reals, respectively.
Sé is the unit circle in C. An upper index ¢r denotes the transpose of a row vector.

Simple closed curves are continuous maps ¢ from a compact interval [a, b] C R,
a < b, into R™ so that c|(4p) is injective and c(a) = c(b). The set of values of a simple
closed curve ¢, or trace, is denoted by |c|. The Jordan curve theorem guarantees
that the complement of the trace of a simple closed curve ¢ in R? consists of two
nonempty connected open sets, one bounded and the other unbounded, and |¢| is
the boundary of each of these components. We denote the bounded one by int(c)
and the unbounded one by ext(c).

A trajectory of a map g : M — N is a finite or infinite sequence (z;);ecrnz,
I C R an interval, in M with ;41 = g(z;) for all j e INZ with j+1 € INZ.

For a Banach space F and r > 0 we set

E.={x€E:|z|| <r}

Spectra of continuous linear maps T : E — FE are defined as spectra of their
complexifications.
For a given continuous ¢ : R x R? — R, solutions = : R — R of the equation

&(t) = g(t, x(t), z(t — 1)) (1.3)

are differentiable functions which satisfy Eq. (1.3) everywhere. If I C R is an
interval and if ty € I is given with tp — 1 = min/ and ty < sup! < oo, and if a
continuous function g : (I N [tg,0)) x R? — R is given, then a continuous function
x: I — R is a solution of Eq. (1.3) if = is differentiable on I N (to, c0) and satisfies
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Eq. (1.3) for all ¢ € I N (tg,00). It is then clear how to define complex-valued
solutions of equations given by functions of the form

g(t,z,y) = a(t)z + b(t)y.
For amap  : D — M, and t € R so that [t — 1,t] C D, the segment x; :
[-1,0] — M is defined by z:(s) = z(t + s) for —1 < s <0.
C denotes the Banach space of continuous functions ¢ : [-1,0] — R, with the
norm given by

¢l = max |o(t)].

—1<t<0
C! is the Banach space of all C'-maps ¢ : [~1,0] — R, with the norm given by

ol = [l + [[&1]-
C? is defined analogously.

2 Preliminary results

Consider the delay differential equation
B(t) = —pa(t) + f(a(t — 1)) (1.1)
where

(HO): >0, f: R — R is continuously differentiable, f'(£) > 0 for all £ € R,

and f(0) = 0.
A growth bound on f is also required:

(H1): |f(&)] < plé| outside a bounded neighbourhood of 0.

Let £~ denote the minimal zero of f — uid, and let £+ denote the maximal zero
of f —pid. Then £~ <0 < EF.

We recall some basic facts. Every ¢ € C uniquely determines a solution z? :
[-1,00) — R with xg) = ¢. Any two solutions on a common domain are equal
whenever they coincide on an interval of length one. The set of values of constant
solutions coincides with the zeroset of f — pid. We have continuous dependence on
initial data in the sense that given ¢ € C, t > 0, € > 0 there exists 6 > 0 so that
|z¥(s5) — 2?(s)| < € for all s € [~1,0] and all 1) € C with |[s) — ¢|| < 9.

The map

F:RYxC3(t¢)—azleC
is a continuous semiflow. 0,£_,&; are stationary points of F, where £_(s) = &~
and £, (s) = &7 for all s € [-1,0]. All maps F(t,-): C — C, t > 0, are injective.
It follows that for every ¢ € C there is at most one solution z : R — R of Eq.
(1.1) with zg = ¢. We denote also by z% such a solution on R whenever it exists.
The maps F(t,-), t > 0, are monotone with respect to the pointwise ordering on C
given by the cone
K={pecC:¢(s)>0forall se[-1,0]}.
All maps F(t,-), t > 1, are compact (i.e., send bounded sets into relative compact
sets), and all maps
C 3¢ F(t,¢) € C, t>1,

are continuous.
For reals a,b with a < b set

Cop={peC:a<eo(s) <bforall se[-1,0]}.
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Concerning boundedness properties, we have the following result.

Proposition 2.1 Assume that hypotheses (HO) and (H1) hold. For every
a,b€ R witha < £, b> €T,

F(RT x Cyup) C Cap,
and for every ¢ € C there exists t > 0 so that
F(s,¢) € Cap for all s > t.

The proof is similar to that of Proposition 2.1 in [15], so it is omitted.
Using the Arzela—Ascoli theorem, Eq. (1.1) and boundedness of solutions on
[—1,00), we obtain that for every ¢ € C the w-limit set

w(¢) = { € C : There exists a sequence (t,,)5° in RT with
t, — oo and F(tn,¢) — ¢ as n — oo}

is nonempty. w-limit sets are compact, connected, and invariant in the sense that
for every 1 € w(¢) there is a solution x : R — R with xp = ¢ and x; € w(¢) for all
t € R. For bounded solutions x : R — R, the a-limit set

a(x) = {¢ € C : There exists a sequence (t,)5° in R with
t, — —oo and xy, — ¥ asn — oo}

is nonempty, compact, connected, and invariant.

Under hypotheses (HO) and (H1) Proposition 2.1 and arguments as in Chapter
17 of [16], or in [10], yield the existence of a global attractor of the semiflow F,
i.e., of a nonempty compact set A C C' which is invariant in the sense that

F(t,A)=A for all ¢t > 0,

and which attracts bounded sets in the sense that for every bounded set B C C
and for every open set U D A there exists ¢t > 0 with

F(t,00) x B) C U.

Global attractors are uniquely determined.
It is shown in [15] that

A = {¢ € C : There is a bounded solution z : R — R
of Eq. (1.1) and ¢ € R so that ¢ = a4 }.
It is easy to obtain from Proposition 2.1 that
Ac{peC:e <g(s) <€t sel-1,00.

The compactness of A, its invariance property and the injectivity of the maps
F(t,-), t > 0, combined permit to show that the map

[0,00) x A (t,¢) — F(t,0) € A
extends to a continuous flow
Fy:Rx A— A
for every ¢ € A and for all ¢t € R we have
Fu(t, ¢) = z¢

with the uniquely determined solution z : R — R of Eq. (1.1) satisfying x¢ = ¢.
Note that we have

A=F(1,A) cch
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A is a closed subset of C'. Using the flow F4 and the continuity of the map
C3¢r— F(l,9) e C!

one obtains that C and C! define the same topology on A.

Now we linearize the semiflow F' at its stationary point 0. The smoothness of
f implies that each map F(t,-), t > 0, is continuously differentiable. For all ¢, in
C and t > 0 we have

Do F(t, )y = vy

with the solution v : [-1,00) — R of the linear variational equation

0(s) = —p(s) + f'(2%(s = 1))o(s — 1)
along x® which is given by vy = 1. The operators Do F(t,0), t > 0, form a strongly
continuous semigroup; for ¢ = 0 the linear variational equation is

o(t) = —po(t) + f(0)v(t — 1). (2.1)

The spectrum of the generator of the semigroup (D2F(t,0)):>o consists of the
solutions A € C of the characteristic equation

A p— f(0)e ™ =0. (2.2)

There is exactly one real Ao in the spectrum, the remaining points in the spectrum
are given by a sequence of complex conjugate pairs (A;, A;)7° with

Ao >Redi >ReXy > ..., 2jm—7m <Im); < 2jm

for 1 < j € N, and Re)\; — —o00 as j — oo. It is easy to see that A\g > 0 if and
only if f/(0) > p.
Assume that there exists N € N so that

ReAni1 <0< ReAy.

Let P denote the realified generalized eigenspace of the generator associated with
the spectral set {Ag, A1, A1,--. AN, Anv}. Let @ denote the realified generalized
eigenspace given by the spectral set of all A\, A\, with & > N +1. Then C = P& Q.
The spaces P and @ are also realified generalized eigenspaces of DoF'(1,0) given

by the spectral sets {e*0, e? e .. e A} and {eM i k> N+1}u{er 1 k>
N + 1}, respectively.

Choose 3 > 1 with 8 < ef**~_ According to Theorem 1.3 in [16] there exist
convex open neighbourhoods Ng, Np of Q, P, respectively, and a C'-map w, :
Np — @ with W, (Np) C Ng, w,(0) =0, Dw,(0) = 0 so that the strong unstable
manifold of the fixed point 0 of F'(1,-) in Ng + Np, namely

W*(0,F(1,-),Ng + Np) = {¢ € Ng + Np : There is a trajectory (¢,)"
of F(1,-) with ¢9 = ¢, ¢ " € Ng + Np for all n € —N,
and ¢, — 0asn — —oo}
coincides with the graph {x + wu.(x) : x € Np}. It is easy to show that every
¢ € W*(0,F(1,-), Ng + Np) uniquely determines a solution z# : R — R of Eq.
(1.1), and for this solution z?(¢) — 0 as t — —oo holds, moreover there exists t € R

with ¢ € W*(0, F(1,-), No + Np) for all s < t.
We call the forward extension

W (0) :F(R+ X WU(O,F(1,~),NQ+NP))

str
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the strong unstable set of 0. The unstable set of 0 is defined by
W*(0) = {¢ € C :There is a solution z : R — R of Eq. (1.1)
with 29 = ¢ and 2y — 0 as t — —oo}.
If ReAn41 < 0 < Re Ay holds, then 0 is hyperbolic and
W™(0) = W5, (0).

The following explicit condition in terms of p and f’(0) for the location of the
solutions of (2.2) can be found e.g. in [8] or [15].

Proposition 2.2 Let pn > 0, N € N\ {0}, and let On and On11 denote the
unique solution of the equation § = —ptan@ in

(2N7 —w/2,2N7) and (2(N+ 1)m —x/2,2(N + 1)7),
respectively. If
p , p
< 0) < —
cos O © cosOn41

then
ReAn4+1 <0< Rely.
We recall the definition and some properties of a discrete Lyapunov functional
V:C\{0} — 2N U {oo}

which goes back to the work of Mallet-Paret [18]. The version which we use was
introduced in Mallet-Paret and Sell [19].
The definition is as follows. First, set

sc(¢) = sup{k € N\ {0} : There is a strictly increasing finite sequence
(s))& in [~1,0] with ¢(s" 1)p(s") < 0 for all i € {1,2,... k}} < oo
for p € C\ (KU (—K)), and sc(¢) =0 for 0 # ¢ € K U (—K). Then, define
Vo= {0 e
Set
R={¢ecC":9(0) #0 or (0)p(~1) > 0,
¢(—1) # 0 or (—1)¢(0) <0,

all zeros of ¢ in (—1,0) are simple}.
The next lemma lists basic properties of V. For a proof see e.g. [19] or [16].

Lemma 2.3 (1) For every ¢ € C\ {0} and for every sequence (¢n)5° in
C\ {0} with ¢, — ¢ as n — oo,

V(¢) < Liminf V(éy).
(ii) For every ¢ € R and for every sequence ()5 in C\{0} with ||¢pn—a||1 — 0
as n — oo,

V(g) = lim V(¢,) < oo.

n—oo
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(i) Let an interval I C R, a real v > 0, and continuous functions b: I — (0,00)

and z : T+ [—1,0] — R be given so that z|1 is differentiable with
2(t) = —vz(t) + b(t)z(t — 1) (2.3)

forinfI <t €I, and z(t) # 0 for somet € I + [-1,0]. Then the map
I>t— V(z) € 2NU{co} is decreasing. Ift €I, t—2¢€ 1 and 2(t) =0 =
z(t — 1), then V(z) = 00 or V(zi—2) > V(z). Forallt € I witht—3 €1
and V(zi—3) = V(z) < 00, we have z; € R.

(iv) If v > 0, b : R — (0,00) is continuous and bounded, z : R — R is differ-
entiable and bounded, z satisfies (2.8) for all t € R, and z(t) # 0 for some
t €R, then V(z) < oo for all t € R.

Observe that linear variational equations

o) = —pot) + F'(a(t — 1)t — 1)
along solutions of Eq. (1.1) are of the form considered in statements (iii) and (iv),

as well as the equation satisfied by weighted differences y = (x — Z)/c, ¢ # 0, of
solutions z, & of Eq. (1.1) on a common domain,

3(0) = —py(t) + ( / P = )2t — 1) + sa(t — 1)) ds) y(t—1).

The next a-priori estimate is a special case of a result which says that solutions
with finite oscillation frequency do not decay too fast as t increases. Estimates of
this type go back to Walther [25] and Mallet-Paret [18], see also Arino [2] and Cao
[3] and [16].

Lemma 2.4 For every v > 0,1 € N, by > 0 and by > by there are k > 0
and an integer L > 0 so that for every tg € R, and for every continuous function
b: [to—L,to] — R with range in [bo, b1], and for every solution z : [to—L—1,to] = R
of Eq. (2.8) with zi,—1, # 0 and V (zt,—1) < 21, we have

[lzt0 -1l < K|zl

For a k € N\ {0} define the continuous mapping

Mii1:C 3¢ ($(=1),6(=1+1/k), ... ,¢(=1/k),6(0))" € RF1.
In case k = 0 we set IT;¢ = ¢(0) for all ¢ € C.

The following lemma is shown in [17].

Lemma 2.5 Let tg € R, k € N, v > 0 and the continuous functions b :
[to—3—3k,to] — (0,00), z : [to—4—3k, tg] — R be given such that z is differentiable
on (to — 3 — 3k, to], 21, # 0, z satisfies (2.3) for all t € (to — 3 — 3k, to], and

V(ztg—3—3k) < 2k.
Then

Mogt12t, # 0.
We need the following corollary of a general Poincaré-Bendixson theorem for
monotone cyclic feedback systems due to Mallet-Paret and Sell [20].
Proposition 2.6 Assume that (H0) and (H1) hold.

(i) Let z : R — R be a bounded solution of Eq. (1.1). Then «(x) is either the
orbit of a nonconstant periodic solution of Eq. (1.1), or for every solution
y: R — R of Eq. (1.1) with yo € a(x) the sets a(y) and w(yo) consist of
stationary points of F.
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(il) For every ¢ € C, w(¢) is either the orbit of a nonconstant periodic solution
of Eq. (1.1), or for every solution y : R — R of Eq. (1.1) with yo € w(¢) the
sets ay) and w(yo) consist of stationary points of F.

We introduce an additional hypothesis on f:

(H2): f(&) =—f(=¢) for all £ € R, and

the function (0,00) 3 £ — % € R is strictly decreasing.

From Lemma 2.3(iii) and (iv) it follows that for any nonconstant periodic so-
lution z : R — R of Eq. (1.1) there exists k € N so that V(z;) = 2k and z; € R for
all t € R. In addition, for the derivative & of the nonconstant periodic solution we
also find I € N with V(iy) = 2] and 4, € R for all t € R. For k € N, we say that
Eq. (1.1) has a periodic orbit in V~1(2k) if it has a nonconstant periodic solution
2z : R — R with V(z;) = 2k for all t € R. One of the main results of [15] is

Proposition 2.7 Assume that hypotheses (HO), (H1) and (H2) are satisfied.

(i) For every k € N\ {0}, Eq. (1.1) has at most one periodic orbit in V~1(2k).

(ii) Eg. (1.1) has no periodic orbit in V~'(2k) if either k = 0 or k € N'\ {0}
and Re A\ <0.

The next result of [17] guarantees the existence of periodic orbits and an orbit
connecting the stationary point 0 and the periodic orbit with a given oscillation
frequency.

Proposition 2.8 Assume that hypotheses (HO) and (H1) hold. If N € N\ {0}
and Re Ay > 0, then Eq. (1.1) has a periodic orbit Oy in V=1(2N), and Eq. (1.1)
has a solution x : R — R with a(z) = {0}, w(zg) = On, and 2 € R, v+ — ¢ € R,
V(ze) =V(xy — 1) =2N for allt € R and ¢ € On.

The following a-priori result on periodic solutions of Eq. (1.1) follows from

general results in Mallet-Paret and Sell [20] for certain systems of delay differential
equations.

Proposition 2.9 Assume that hypothesis (HO) holds. If p : R — R is a non-
constant periodic solution of Eq. (1.1) with minimal period w > 0, then there are
t° € R and t* € (t°,1° + w) with p(t°) < 0 < p(t'), p(R) = [p(t°),p(t})], 0 < p(t)
for t® <t < t' and p(t) < 0 for t* <t < t° +w. In particular, it follows that
[0,w] >t ap; € R? is a simple closed curve, and if z denotes the unique zero of
pin (t°,t1), then

{(0,v)"eR*: 0< v < p(z— 1)} Cint(Ia{p; : t € [0,w]})

The next result on the sign changes of differences of elements of periodic orbits
is shown in [17].

Proposition 2.10 Assume that hypothesis (HO) holds. Let N € N\ {0} and
nonconstant periodic solutions p : R — R and ¢ : R — R be given with V(p;) =
V(g:) =2N for allt € R. Then

V(pe —qs) 22N forall t,s in R with py # qs,
and
V(pt —ps) = 2N for all t,s in R with p; # ps.

For a given N € N\ {0}, let p : R — R denote the periodic solution guaranteed
by Proposition 2.8 and normalized so that p(0) = 0 and p(—1) > 0. Then Oy =
{p: : t € R}. By Proposition 2.9, three consecutive zeros of p determine the minimal
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period w of p. All zeros of p are simple since p; € R for all ¢t € R by Lemma 2.3(iii).
Then the definition of V' and the fact V(p;) = 2N for all ¢ € R combined yield
Nw > 1. Define the monodromy operator

M = DQF(waPO)'

For every ¢ € C, we have M ¢ = v,,, where v : [-1,00) — R is the solution of the
variational equation

o(t) = —p(t) + f'(p(t — 1))o(t - 1) (2.4)

subject to the initial condition vg = ¢. The operator M ¥ is compact since w > 1/N.
We then have that the spectrum o of M contains 0, and that every point A € o\ {0}
is an eigenvalue of M of finite multiplicity, and is isolated in . These eigenvalues
in o \ {0} are called Floquet multipliers.

For 0 # XA € ¢ with ImXA > 0, let Gr(\) stand for the realified generalized
eigenspace of the eigenvalue A of M. If r > 0 and {\ € o : r < |A|} # 0, then we
use C<, and C,« to denote the realified generalized eigenspaces of M associated
with the nonempty disjoint spectral sets {\ € o : [A| < r} and {\ € 0 : r < |A|},
respectively. Then

C=C<r ®Crc, Cre = @ Gr(A).
A€o, r<|Al,ImA>0

Similarly, we can define C«, and C,<.
The following result on the Floquet multipliers of the periodic orbit Oy can be
found in Krisztin and Wu [17].

Proposition 2.11 (i) There exists rpr € (0,1) such that
Cary NVTH{0,2,... ,2N}) =0, Crpy<NC<s CVH(2N)UA{0},

dim 07-N1< N C§1 = 2.

(i) 1< dimCye < 2N —1.
(i) Ifv:R — R is a solution of Eq. (2.4) with vo # 0 and V(v:) < 2N — 2 for
all t € R, then vy € C1 <.

Choose A € (0,1) so that

1
A>max{ max -—, max |(|p.
cealcI>1 [¢] ceaicl<t
Theorem 1.3 in [16] guarantees the existence of a local strong unstable manifold
of the period-w map F(w,-) at its fixed point pp; namely, there are convex open
neighbourhoods Vi< of 0 in 1« and N<; of 0 in C<y, a C'-map w* : Nj« — C<
so that w*(0) = 0, Dw"(0) = 0, w*(Ni<) C N<1, and with N* = N<; + Ny the
shifted graph
Wu(pOaF(w7 )7Nu) = {pO + X + wu(X) X € N1<}
is equal to the set
{x € po + N" : There is a trajectory (x")° ., of F(w,-) with x° = x,
A (x™ —po) € N* for all n € =N, and \"(x" — pp) — 0 as n — —oc}.

The C''-submanifold W (pg, F(w,-), N*) of C is called a local strong unstable man-
ifold of F(w,-) at po.
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The strong unstable set Wk (On) of the periodic orbit Oy is defined by
Wu

sr(On) = F(RT x W"(po, F(w,-), N")).
The unstable set W*(Op) of the periodic orbit Oy is given by
W*(On) = {¢ € C : There exists a solution z : R — R
so that zg = ¢ and dist(z¢, On) — 0 as t — —oco}.
It is not difficult to show that
Wi (On) C WH(On).

If Oy is hyperbolic, i.e., oﬂS([l: = {1} and the generalized eigenspace of M associated
with 1 is 1-dimensional, then the equality W% (On) = W*(Oy) is satisfied. For a
nonhyperbolic Oy, in general, we do not have equality. The main purpose of this
paper is to show that under hypotheses (HO), (H1) and (H2)

Wi (On) = W*(On).

holds without assuming hyperbolicity of Op .
We need a result from Polner [24] which estimates the number of sign changes
for segments of solutions tending to 0 as t — oo or t — —o0.

Proposition 2.12 Assume that (HO) holds and N € N with Re Ay11 <0 <
Re )\N-
(i) If ¢ € C\ {0} with w(¢p) = {0}, then V(¢) > 2N + 2.
(ii) Ifx : R — R is a solution of Eq. (1.1) so that x is bounded on (—o0,0] and
alx) = {0}, then V(zg) < 2N + 2. If Re Any1 <0 then V(zg) < 2N.

Finally we prove a result on the number of sign changes of elements of limit
sets.

Proposition 2.13 Assume that (HO) holds and N € N.
(i) If z : [-1,00) — R is a bounded solution of Eq. (1.1) with lim;_,oc V(2¢) =
2N, then w(zg) C V1(2N) U {0}.
(ii) If z : R — R is a solution of Eq. (1.1) which is bounded on (—o0,0] and
limy_ oo V(2;) = 2N, then ax) C V-1(2N) U {0}.

Proof Let N € N and let  : R — R be a bounded solution of Eq. (1.1) with
limy oo V(2t) = 2N. Let ¢ € w(zo) \ {0}. There is a solution y : R — R of
Eq. (1.1) with yo = % and y; € w(zo), t € R. Lemma 2.3(i) and the definition of
w(zo) yield V(y¢) < 2N for all t € R. By Lemma 2.3(iii) there exist ' € R and
k€ {0,1,...,N} such that y; € R, V(y) = 2k for all t > T. There is a sequence
(tn)§° in R so that ¢, — oo and x;, — yr as n — oo. Eq. (1.1) and continuous
dependence on initial data give that ||z, +1 —y7+1]||1 — 0 as n — co. Then Lemma
2.3(ii) implies limy, oo V (21, +1) = V(yr4+1) = 2k. This fact and the monotonicity
of V show k = N. Then V(y;) = 2N for all t € R, by the monotonicity of V.
Consequently, w(zg) C V~1(2N)U{0}. The proof of assertion (ii) is analogous. O

3 Existence of a large orbit in V~!(2N)

In this section we show that, for every integer N > 0 and for every periodic
orbit O of Eq. (1.1) in V71(2N), there exists a solution y : [-1,00) — R of Eq.
(1.1) such that y; € V=1(2N) and [lay; € ext(I1;0) for all ¢ > 0. The last property
is why we call {y; : t > 0} a large orbit.
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For technical reasons we consider also the equation
i(t) = —pa(t) + g(z(t — 1)) (3.1)

with g € CY(R,R), g(0) = 0 and ¢’(£) > 0 for all £ € R. First we introduce a set of
integrable functions, and then associate solutions with these functions.
Let L' = L'([-1,0],R) denote the space of Lebesgue integrable functions ¢ :

[-1,0] — R with norm |¢|; = fi)l |p(s)|ds. We do not make distinction between

elements of L!, i.e., equivalence classes of integrable functions ¢ : [~1,0] — R, and
representatives of these classes. This should not cause confusion.
For each r > 0 and for all integers n > 0 introduce the sets

X" ={¢ € L' : There exist sg,s1,...,5, € [~1,0] with
—1=s9<s1 <...<s, =0such that for each ¢ € {1,2,... ,n}
either ¢(s) =r for all s € (s;-1,8;) or ¢(s) = —r for all s € (s;_1,5;)}-
Set
S™ = {(ap,a1,... ,an)" ER" a2 46 +... +a? =1}
For n € N, let the function
K i S™ — X,’.LJrl

be defined by

’in((aoaala cee 70%)”) = (b
where
i—1
s = —1, si:—l—i—Za? forie{1,2,... ,n+1},
3=0
and, for every i € {0,1,... ,n},

¢(s) = rsigna; for all s € (s;, Si+1)-

It is easy to see that r,, is continuous. As S™ is compact, and r,(S™) = X!, we
conclude that X *! is also compact.

For every ¢ € L', there exists a unique continuous function z : [0,00) — R so
that

¢
z(t) = ef“t/ e g(p(s —1))ds for all t € [0,1],
0
z is differentiable on (1, c0), and
z(t) = —px(t) + g(z(t — 1)) for all t > 1.

We use z(¢) to denote this unique function x. Observe that for ¢ € C with ¢(0) =0
we have x(¢) = x¢|[0,00), where 2% : [-1,00) — R is the solution of Eq. (3.1) with
z$ = ¢. Tt is easy to see that z1(¢) # 0 for all ¢ € X7 with r > 0 and n € N\ {0}.

Proposition 3.1 Assume that g € C*(R,R), g(0) =0, ¢’(£) > 0 for all £ € R,
and m = infeer ¢’(§) > 0. Let N € N\ {0}. Then for every r > 0 there exists
¢ € X2V so that for the function x(¢) : [0,00) — R we have

V(zi(¢)) = 2N for allt > 1,
and
mie Hr

l[za(d)[| = SnNT
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Proof Let r > 0 be fixed.

1. We claim that, for every k € N\ {0} and for every ¢ € XF,

V(z:(6)) < 2 E] for all £ > 1.

Let k € N\ {0}, ¢ € X* and t > 1 be given. It is not difficult to show that
there exists a sequence (¢™)5° in C'\ {0} so that
¢"(0)=0 for all n € N,

" — @ as n — oo almost everywhere in [—1, 0],

o™ (s)] <r for all n € N and s € [-1,0],

Vie") <2 [g} for all n € N.

Then Lebesgue’s dominated convergence theorem yields

| elaten s =) =gt~ 1)lds =0 asn— e

Let 2" = 2" denote the solution of Eq. (3.1) with xg)n = ¢". Tt follows that
|z} —z1(9)|[ =0 asn — oo

By the continuous dependence on initial data of solutions of Eq. (3.1) we find
|zt —:(P)]| =0 asn — oo

The monotonicity of V' gives V(z}) < 2[k/2] for all n € N. Using the lower
semicontinuity of V' in Lemma 2.3(i), we obtain

k
V(zi(¢)) < liminf V(a}) <2 {5] )
2. We show that there exists ¢ € X2V with

V(zi(¢p)) =2N for all t > 1.

Assume that this assertion fails, i.e., there is no ¢ € X2V with V(z,(¢)) = 2N
for all t > 1.
2.1. We claim that there exists 7' > 3N 4+ 1 so that

Mon_12:(p) #0 forallt > T and ¢ € XEN.

If this claim is not true then there exist a sequence (¢")5° in X2V and a
sequence (t,)5° in (3N + 1, 00) such that ¢, — oo as n — oo, and

Mon_124,(¢") =0  forallneN.
The result of part 1 and Lemma 2.5 with £ = N — 1 combined imply that
V(ze,—sn(¢™)) =2N  foralln e N.
By the compactness of X2V, without loss of generality we may assume
P — pe X2V as n — 0o
in the L'-norm. Part 1 shows

Vi(xe(d)) < 2N for all ¢t > 1.
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Lemma 2.3(iii) yields ¢* > 4 so that
zi(¢) € R for all ¢ > ¢*.
As in part 1, we obtain
|lze(¢") =2 (9)[| =0 asn— o0
for all ¢ > 1. Using Eq. (3.1) we conclude that
(6"~ 2@l =0 asn— oo
for all ¢ > 2. Then Lemma 2.3(ii) gives that
Jim Vi (6) = V()
for all ¢ > t*. Fix t > t*. The monotonicity of V, V(z;,_sn(¢")) = 2N and
t, — oo combined imply
V(ze(¢")) = 2N
for all sufficiently large n. Therefore,
V(wi(9) = 2.
As t > t* was arbitrary and V is monotone,
V(zi(¢)) = 2N forall ¢t >1

follows. This contradiction justifies the claim.
2.2. Part 2.1 shows that the map
Y. §2N-15 40, N 127 (ken—1(a)) c §2N-2
|[Han 127 (K2n—1(a))||r2n -1
is well defined. Clearly, Y is continuous.
2.3. For a € [0,1] and ¢ € L' we define a unique continuous function = =
x(a, @) : [0,00) — R such that

x(t) = ef“t/o e (1 —a)g(¢(s — 1))+ ag’ (0)¢(s — 1)) ds  for all t € [0,1],
x is differentiable on (1, 00), and
(t) = —pz(t) + (1 — a)g(x(t — 1)) + ag’ (0)x(t — 1)  for all ¢ > 1.

Clearly, z(0,¢) = x(¢). It is not difficult to show that, for every ¢ > 1 and
n € N\ {0}, the map [0,1] x X" 3 (a, ) — z¢(cr, p) € C is continuous. Applying
the result of part 1 for the nonlinearity R 3 £ — (1 — a)g(§) + ¢'(0)¢ € R instead
of g we obtain

V(vi(e,¢)) <2N -2 forallt > 1, a€[0,1], ¢ € X2V 1
Then Lemma 2.5 yields
Mon_1(z7(0,¢)) #0  forall a € [0,1], ¢ € X2V~
This fact and the continuity of kan_o : S2V =2 — X2N=1 imply that the map

oy 127 (o, kan—2(a))

Z:00,1] x SN2 5 (o, a) — e SN2
0,1] (aa) Hon—127 (@, Kan—2(a))||gzn—1
is well defined and continuous.
2.4. Setting
i: SN2 35 (ag,ai,... ,aon—2)" v (ag, a1, ... ,aan—2,0)" € SN



16 Tibor Krisztin

we have Y oi = Z(0,-). Considering the map
h:[0,1] x S*N725(8, (ap, a1, - .. ,azn—2)")
Y (Bao, Bay, ... , Bagn—2,\/1 — 52)” € §2N=2

we see that Y o¢ = Z(0,-) is homotopic to a constant map. Then Z(1,-) is also

homotopic to a constant map. Now we extend Z(1,-) from S?N=2 to RV~ (the
(2N — 1)-dimensional closed unit ball) by

Zi(ta) =77 (1,a) for all 7 € [0,1] and a € S?V 2,

The fact that Z(1, ) is homotopic to a constant map easily implies that the Brouwer
degree

deg(Zla R%Nila O)
is zero. On the other hand, Z; is odd, and thus, by Borsuk’s theorem [7],
deg(Zla RfNilﬂ 0) 7é 0;

a contradiction. This completes the proof of the existence of a ¢ € X2V with
V(zi(¢p)) = 2N for all t > 1.
3. Let ¢ € X2V be given so that for the function = = z(¢), V(z;) = 2N, t > 1,
holds. We show that
mie Hr
||$4|| > 924 N4
3.1. First we prove the following
CLAIM. Let the positive numbers «, 3 and an open interval I of length |I| = (3
be given. If u : I — R is a continuously differentiable function with |u(t)| > « for
all ¢ € I, then there exists a subinterval J of I such that |J| = §/4 and
lu(t)] > %ﬂ forall t € J.

Proof of the claim. Let I = (to,to + 3). Assume u(t) > « for all t € I. (The
case u(t) < —a, t € I, is analogous.) Then

35) ( ﬁ) /%*36/4 . of
ulto+— | —ulto+— )= u(t)dtz_
( 4 4 to+6/4 2

Hence u(tg+38/4) > af/4 or u(to+5/4) < —af/4 follows. In case u(to+35/4) >
af/4 setting J = (tg+305/4, to+ ), by the monotonicity of u, we have u(t) > af/4
for all ¢ € J. Otherwise, choosing J = (to,to + /4), we obtain u(t) < —a8/4 for
all ¢t € J. This completes the proof of the claim.

3.2. Let (s;)3" be the sequence in the definition of ¢ € X2V¥. There exists
i€{1,2,...,2N} so that

1
8; — Si—1 = W
Then there is an open interval Iy C (s;—1,s;) C (—1,0) such that [Io| = 5%, and
either ¢(s) = r for all s € Iy or ¢(s) = —r for all s € Iy. In either case, x is

continuously differentiable on Iy = Iy +1 C (0, 1), and
(t) = —pa(t) + g(o(t — 1)) forall t € I.
Defining y(t) = e#tz(t), t > 0, we have
y(t) = e g(o(t — 1)) for all ¢t € I,
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and
y(t) = ettg(x(t — 1)) for all ¢ > 1.
From |¢(s)| =r, s € Iy, it follows that
lg(o(t — 1)) = mr for all ¢t € I.
Thus
ly(t)| > mr for all t € I,

and |I;| = ﬁ Applying the claim of part 3.1 we get an open interval J; C I; C

(0,1) so that
ly(t)| > == for all t € Jy,

and |J;| = ﬁ
Forall t > 1,
[9(t)] = e lg(x(t — 1)) = e"'mla(t — 1)| = me"|y(t — 1)

holds. Setting I = J; +1 C (1,2), one obtains
. m2etr
|y(t)| Z W for all ¢ S IQ,

and
1
BN
The claim of part 3.1 gives an open interval J, C Is C (1,2) so that

[2] =

2pH
ly(t)| > % for all t € J,

and
1

25N
Repeating the above argument twice, we find an open interval Jy C (3,4) such that
|J4| = 4%|J2| = ﬁ and

|Ja| =

4,31
ly(t)| > % for all ¢t € Jy.

Using z(t) = e #'y(t), t > 0, we conclude

do—p
@) > e Hy@) > 2 forallt e .
924 4
Consequently,
do—p
lleall > T
924 4

O

Theorem 3.2 Assume that hypotheses (HO) and (H1) hold, N € N\ {0} and
Eq. (1.1) has a periodic orbit O in V~=Y(2N). Then Eq. (1.1) has a solution y :
[-1,00) — R such that

yt€R, yr —Y €R, V(yr) =V(yr —p) = 2N for allt >0 and ¢ € O,
and

oy € ext(I1;0) for all t > 0.
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Proof Let p : R — R be a periodic solution of Eq. (1.1) such that O = {p; :
t € R}. From Proposition 2.1 it follows that

£ <pt)y<g¢t  forallteR.

The definition of £7,&T yields f(£7) = p&™, f(ET) = p&T and f(€) > pé for
—00 < £ < €7, f(&) < pé for £ < € < oo. Then it is easy to find = € (—o00,£7)
and nt € (€T, 00) such that
For)y<p f'0f) <p
Let the function g : R — R be defined so that g(¢) = f(§) for n= < £ < nt,
9(€) = fn)+f'(n)(E—n") for —oo < & <n~,and g(&) = fF(n")+f (n")(€—n")
for nT < € < co. Then g satisfies the conditions of Proposition 3.1. Clearly, O is a
periodic orbit of Eq. (3.1) as well.
Choose a > 0 so that

11,0 C Rz
Then, in particular, a > max;cr |p(t)| follows. Set
224N4e;t
r = (74 + 1) a.
m
By Proposition 3.1 we find ¢ € X2V such that the function z = x(¢) : [0,00) — R

satisfies

V(xy) = 2N forallt > 1,

|lzal[ = a.

Let (s;)3" be the sequence associated with ¢ € X2V by its definition. We can
select € > 0 so that

1
€< §min{si —si—1:1€{1,2,... ,N} and s; — s;—1 > 0}.
Choose ng € N with ng > r/e. For each integer n > ng define the function
¢" 1 [—1,0] — R as follows. Let ¢™(—1) = ¢(sg +€). If s; € (—1,0) and sign ¢(s; —
€) = sign ¢(s; + €), then let ¢™(s;) = ¢(s; +¢€). If s; € (—1,0) and sign ¢(s; — €) #
sign @(s; + €), then let
¢"(s) = n(s — s;)signo(s; + €) for all s € (si - Z, s; + Z) .
n n

For —r/n < s <0, let ¢"(s) = —nssign ¢(—e). Otherwise, set ¢™(s) = ¢(s). Then
¢" € C, 9" — ¢ almost everywhere in [—1,0] as n — oo, [¢" —¢|1 — 0 as n — oo.
It also follows that

7

0,00) — x(¢) as n — 00

uniformly on compact subsets of [0, c0), where ¢ denotes the solution of Eq. (3.1)
with :L'gn = ¢". Using Eq. (3.1) we find that

79

Moo) = #(D)|[1,00) @SN — 00

uniformly on compact subsets of [1, c0).
Let t > 1 and s € R be fixed. Select an integer n1 > ng with ny > maxer |p(t)|-
Then r > a > maxcr |p(t)| and the choice of n; combined yield

V(™ —pr) < 2N for all n > n; and 7 € R.
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The monotonicity of V' implies

V(:Ew —pr) <2N for all n > n; and 7 € R.
Using ||z —2:(¢)|| — 0 as n — oo and the lower semicontinuity of V, we conclude

V(we(6) - p) < 2N,
Lemma 2.3(iii) gives ug > 3 and k € {0,1,..., N} so that
V(@t1u(P) — Dstu) = 2k for all u > ug
and
Zi4u(P) — Pstu € R for all u > ug.

Using these facts, Lemma 2.3(ii) yields a dg > 0 such that

V(@tiuo (0) — Pstuots) = 2k for all § € [0, dp).
Hence

V(#i1u(d) — Psturs) < 2k

follows for all & € [0,0¢) and u > ug.

Consider the w-limit set w(z1(¢)) of the solution z(¢) : [0,00) — R of Eq.
(3.1). Proposition 2.6 can be applied. Assume that w(z1(¢)) is not a periodic orbit
of Eq. (3.1). As V(z(¢)) = 2N for all t > 1, w(x1(¢)) cannot contain a nonzero
stationary point by Proposition 2.13. Therefore, 0 € w(x1(¢)). Then there is a
sequence (s,)5° in (0, 00) with s, — 0o and x4, (¢) — 0 as n — co. Without loss
of generality we may assume psys, — pr as n — oo for some 7 € R. Lemma 2.3(i)
yields

2N =V (p;) < liminf V(zi4s, (¢) — Psts,) = 2k.
Thus k£ = N and by the monotonicity of V', we conclude

V($t(¢)) — ps) = 2N.

Now assume that w(z1(¢)) = {¢: : t € R}, where ¢ : R — R is a nonconstant
periodic solution of Eq. (3.1). By Proposition 2.13, V(¢:) = 2N for all ¢ € R. Then
there exist a sequence (uy)5° in (0,00) and reals 71, 72 such that u, — oo and

Lttun, (¢) — 4y Ps+5+u, — Prats

for all § € [0,60) as n — oo. Fix 6 € (0,dp) with pry45 # ¢r,. Hence the lower
semicontinuity of V' yields

V(q7'1 _p7'2+6) S 2k.

Lemma 2.10 gives k > N. Thus k = N and V(z(¢) — ps) = 2N.
Ast > 1 and s € R were arbitrary, we obtain

V(zi(¢p) —ps) = 2N forallt > 1 and s € R.
Applying Lemma 2.3(iii) it follows that
x2¢(P) € R, x(¢p) —ps € R for all t > 4 and s € R.
Set
z:[—1,00) 2t x(d)(t+4) € R.
Then
2t €R, zz— Y ER, V(zt) =V (2t — ) =2N forallt >0, ¢ € O.
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Consequently, oz ¢ II,O for all ¢ > 0. Using ||z4(¢)|| > a, we find s € [3,4] with
|z(4)(s)| > a. Then
pzs-5 = aws11(9) = (2(9)(s + 1), 2(¢)(5))" ¢ RS

By the choice of a, we have II,O C Ri. These facts yield Ilazs—3 € ext(I120).
Consequently,

IIoz; € ext (I120) for all ¢t > 0.

Proposition 2.1 can be applied to obtain a T' > 0 so that z(t) € (p~,n") for all
t > T — 1. Then the function
y:[-1,0)2t— 2z(t+T) R
is a solution of Eq. (1.1) with the desired properties. O

4 Unstable sets of periodic orbits

str (O)
for a periodic orbit O guaranteed by Proposition 2.8. The first result excludes the

existence of two solutions z: R — R and y : [-1,00) — R with a(z) = w(ye) = O
and with certain additional properties.

Proposition 4.1 Assume that hypotheses (H0) and (H1) hold. Let N € N\{0}
and let O be a periodic orbit of Eq. (1.1) in V=Y(2N). Then Eq. (1.1) does not
have two solutions ¢ : R — R and y : [-1,00) — R so that

a(z) = wlyo) = O,

V(e =V(ys) =V(ey =) =V(ys —¢) = 2N forallt <0, s>0, p €O,

In this section we give sufficient conditions for the equality W*(O) = W4

2w€R, ys €R, vy —VER, ys — € R forallt <0, s>0, ¥ €O,
and {ax; : t < 0}, {Iays : s > 0} belong to the same open connected component
of R?\ T, 0.

Proof 1. Assume that Eq. (1.1) has two solutions z : R — Rand gy : [-1,00) —
R with the stated properties. We want to get a contradiction.
We claim that there are 1 < 0 and s; > 0 with

Virg —ys) =2N  forallt <ty, s> s;.

Let p : R — R be the periodic solution with minimal period w > 0 such that
O ={p;:t € R} and p(0) =0, p(—1) > 0. Consider the closed curves

c:[0,w] 3 s+ ps—yo € CH,
d:[0,w] 35+ ps—x9 € C.

By assumption, |¢| C R and |d| C R. The traces |c| and |d| are compact subsets of
Cl. There exist € > 0 and e-neighbourhoods N, ., Ny, of |c|, |d|, respectively, in
C! such that

V(n) =2N for all n € N.c U Ng.

The sets N +yo and Ng .+ z¢ are C'-neighbourhoods of O. Using Eq. (1.1) and
the assumptions dist(z;, O) — 0 as t — —oo, dist(ys, O) — 0 as s — 00, we obtain
that

distci(xy,0) - 0 ast— —oo, distgi(ys,0) — 0 ass— oo.
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Then we find t; < 0 and s; > 0 so that
2t € Nee + Yo for all t < tq,

Ys € Ng,e + 20 for all s > s7.
Let t <t; and s > s1. Then ys_+ — 29 € Ng,c and xs—s — yo € Nc,.. Consequently,
2N = V(zo — ys—t) < V(xr —ys) < V(x5 —y0) = 2N.
2. Set to = t1 and sg = s1 + 3. Then, for all ¢t < t5 and s > s3, we have
V(ﬂft - ys) = V(ﬂftfzs - y573) =2N.

It follows from Lemma 2.3(iii) that z; — ys € R. A corollary of this fact is that the
curves

(—o0,ta] 3t Tlaxy € R?
and
[52,00) 3 5 = Iy, € R?

do not intersect.
3. From dist(z:, O) — 0 as t — —o0, by using Eq. (1.1), we get that

distor (2, 0) — 0 as t — —oo.
Differentiating Eq. (1.1) it also follows that z; € C?, ¢t <0, O C C?, moreover
distoz (2, 0) — 0 as t — —oo.

Let t° denote the maximal zero of z on (—oo,0] with @(t°) > 0. If ¢" is defined for
some n € —N, then let "~! be the greatest zero of x on (—oo,t"). Then, applying
x; € R for all t <0, for the sequence (t")° _ in (—oc,0] we obtain

z(t") =0 for all n € —N,
(1) >0, #(t*""') <0  forallne —N,

t" — —o0 as n — —oo.

Recall from Section 2 that p; € R and p; € R for all t € R, and thus all zeros of
p and p are simple. These results, the fact distgz(z¢, O) — 0 as t — —oo, and
Proposition 2.9 combined imply that z;2» — pg as n — —oo, and that there exists
ng € —N such that

@ has exactly one zero in ("', ¢") for all ng >n € —N.

Then, for every integer n < ng, the curve

22" 5t (igg) €R?

is injective. Set
X : (—00,0] > t s Iz € R,

As z(t) and z(t — 1) uniquely determine (t), it follows that, for each integer
n < ng, the restriction X|j2n—2 420y is also injective. Observe that z(t?" —1) >0
and z(t*"~! — 1) < 0 for all n € —N since x; € R, t < 0. Then we have

X2,y N {(0,0)7" € R v € R} = {(0,2(t>" % — 1)), (0, 2(t>"~ —1))'"}.
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4. Assume that {Ilsz; : ¢ < 0} and {Ilays : s > 0} belong to ext(Ilo@). The
unbounded set
U=1{0,v)"cR*:v>p(-1)}
is a subset of ext(II;0). By Proposition 2.9,
V ={(0,v)" €R?:0<v < p(—1)} C int(Tl,0).
>

2 and ys € R for all s > 0, there exists s* > so such that
y(s*) =0 and g(s*) > 0. Then y(s* —1) > 0. Using also Ilpys- € ext(II;O) we find
—1

s
) so that
0
Hgys* = <Ul) eU.

From z2n — po as n — —oo and z(t?") = 0, x(t>* — 1) > 0, n € —N, we obtain an
integer k < ng, reals vy, v3 such that 2k < ta, p(—1) < v2 < w3 < vy and

X(£22) = (??2) LX) = (1?3)

The line segment connecting (0, v2)!", (0,v3)!", and the injective curve X |jp2r—2 g2k
form a simple closed curve 7. It is easy to see that the sets {(0,v)" € R? : 0 <
v < v} and {(0,v)" € R? : v3 < v} belong to different connected components of
R2\ |y]. As {(0,v)!" € R? : v3 < v} is unbounded, we conclude

0 € int(y), (0,v1)"" € ext(7).
Using |y| C ext(IIzO), we obtain
II,O C int(7).
We claim that
Moy, € ext(y) for all s > s*.

If this is not true, then there exists s** > s* so that Ilyys € ext(y) for s* < s < s**
and Tloys«= € |y]. By the result of part 2, Tloys~ ¢ X|p26-242¢). So, there is

vg € (v2,v3) so that
[ ys™) Ny _ (O
]-_-[st** - <y(5** _ 1> - (’U4>

We can find a § > 0 such that

{(u,v)"" €R?: =5 <u <0, |v—wy] <8} Cint(y)
and

{(u, )" €R?: 0 <u <6, |v—u4] <8} Cext(y).

On the other hand, the equation for y yields g(s**) > 0. This implies Iy, € int(7)
for some s < s** sufficiently close to s**. This is a contradiction.

The above claim, the facts IIoO C int vy and dist(ys, ©) — 0 as s — oo combined
give a contradiction.

The assumption {Iloz; : ¢t < 0} C int(II;0), {Ilays : s > 0} C int(I,0)
analogously leads to a contradiction. O

Now we prove that in case W*(O) # Wk _(O) there is a globally defined solution
z: R — R of Eq. (1.1) with some of the properties assumed in Proposition 4.1.
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Proposition 4.2 Assume that hypotheses (H0O) and (H1) hold. Let N € N\
{0} be given so that ReAn > 0. Let O = On be the periodic orbit of Eq. (1.1)
in V-1(2N) given by Proposition 2.8. If W*(O) # WY (O) then there exists a
bounded solution x : R — R of Eq. (1.1) so that

alz) =0,
V(zg) =V(ey —9p) =2N  forallt <0, ¢ € O,

. €R, vy —yYER forallt <0, ¥ €O.

Proof Let p: R — R be the periodic solution of Eq. (1.1) such that p(0) = 0,
p(—=1) > 0and O = {p; : t € R}. Assume W*(O) # W%, (O). Then there exist
¢ € W*(O)\ W4,.(0) and a bounded solution z : R — R of Eq. (1.1) so that
20 =, a(z) = O and zy ¢ W¥(po, F(w, ), N*) for all t € R. Observe that the set
{z¢:t € R} U QO is a subset of the global attractor.

1. First we claim that

V(zy — ) <2N forallt e R, ¢ € O.

Let t € R and ¢ = p, be fixed. From a(x) = O it follows that there exist a sequence
(tn)% . and reals 7, s € [0,w) such that ¢, — —oo and

Tt+t, — Pry  Pr+t, — Ps as n — —0o0.

The above sequences converge in the C'-topology as well. If r # s, then p, —p, € R
and V(p, — ps) = 2N by Proposition 2.10. Then Lemma 2.3(ii) yields

V(ttt, — Prytn) = 2N for all sufficiently large negative n.

Hence the monotonicity of V' gives V(x; —p,) < 2N. If r = s then p,4. # p, for all
€ € (0,€9) with ¢ = w — r. Then the above proof shows also V' (z¢y — pr) < 2N.
By the lower semicontinuity of V,

Viw: = pr) < HminfV(@ere —pr) < 2N.

2. Assume that s < 0 has the property that the sequence (¢,)" ., defined by

On = :L'f+nw for all n € —N, has a subsequence converging to pg as n — —oo. We
claim that V' (¢, — po) = 2N for all sufficiently large negative integers n.
Recall from Section 2 that A € (0,1) is fixed so that

1
A> max{ max -—, mmax |(:|} ,
cealcI>1 [¢] ceaici<t
where o denotes the spectrum of the monodromy operator M = DyF(w, pg).

We first show that (A" (¢, —po))° o, does not converge to 0 as n — —oo. Assume
A" (pn, — po) — 0 as n — —oo. For every negative integer k, 1, = ¢g4n, satisfies

A (1 = o) = X (Phan —P0) = A NT"(Gpepn — po).
Therefore, if k is a sufficiently large negative integer, then A*(n, — pg) € N*
for all n € —N, and lim,—,_cc A"(n, — po) = 0. Thus gy = ¢ = forkw €
W (pg, F(w,-), N*), which is a contradiction to our assumption.
Choose A* € (0, \) such that
1

* max —.
¢eal¢>1 [¢]
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Let v € (1/X*, min¢eq,¢j>1 [¢]). By Theorem L1 in [16], there exists an equivalent
norm | - | on C such that

| Ml > v]Y]e for all ¢y € C<.

Choose § > 0 so that {¢p € C': || < §} C N*.
We construct a subsequence (¢y, ). of (¢n)% o such that ¢, — po as k —
—oo and

|)\*nk;1(¢nkfl 7p0)|e Z 1 (41)

[N (D, — Po)le
holds for all k € —N. In order to define ng, choose an integer m € —N such that
|om — pole < 6 = 2%. If (4.1) holds with ny = m, then let ng = m. Otherwise, we
note that if (4.1) does not hold with n, = m,m—1,... ;m—j for some j € N, then

|¢mfj71 7p0|e < )\*|¢mfj *p0|e
<A Bm—jir — pole < oo <X b — pole.
If this is the case for all j € N, then with 7, = ¢m4n, n € —N, it follows that

(4.2)

)\ n
|)\n(nn 7p0)|e = |)\n(¢m+n 7p0)|e < (F) |¢)m 7p0|e <4
for all n € =N, and lim,,—, _ oo A™ (9, — po) = 0. Hence
Om = x?erw € Wu(pov F(wa ')a Nu)
follows, a contradiction. Therefore, there is a maximal j € N such that (4.2)
holds. Now define ng = m — j — 1. Then (4.1) holds with k = 0. Assume that

ng,N_1,...,n; are defined for some [ € —N. In order to define n;_;, we choose
m € —N such that m < n; and

0
|pm — pole < PEEE

If (4.1) holds with ny = m, then let n;—1 = m. If (4.1) does not hold with ny =m
then the same argument as above shows that there exists a maximal j € N such
that (4.2) holds. In this case define n;_1 = m — j — 1. Then (¢,, )° . is defined by
induction and has the desired properties.
For every k € —N the function
1
k

- bny
‘ |¢nk _p0|e (1’ ' p)

o0

is a solution of the equation

2(t) = —pz(t) +/O f(uz® e (t = 1) + (1 —w)p(t — 1)) duz(t — 1)

with |28, = 1, and V(2F) < 2N for all t € R by part 1. As ¢,,, — po and Fy is a
continuous flow on A,

b (1) = /O F (at (t— 1) + (1 wp(t — 1) du— f'(plt 1) ask — —oo

uniformly on compact subsets of R. As z is bounded, we can find positive constants
bo and by such that by < b¥(¢) < by for all t < 0 and k € —N. Then, by Lemma 2.4,
there is ¢ > 0 with ||2F|| < ce®l*! for all t < 0 and k € —N. Using the differential
equations for z* we can apply the Arzela—Ascoli theorem to get a subsequence
(zF)0 o of (zF)%  and a C'-function z : (—00,0] — R such that 2| _., o — 2
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and 2% (0,00 — £ as i — —oo uniformly on compact subsets of (—o0,0], and z
satisfies

() = —pz(t) + f(p(t = 1)z(t — 1) (4.3)
for all t < 0. It also follows that |zp|e = 1. From

én o
|Zk | _ |x7wk 7p7w|e _ |>\ k 1(¢nk71 *po)|e>\*
e |¢7‘Lk _p0|e |)\*nk (¢nk _p0)|e
and property (4.1) of (¢, )% ., we infer |2 |. > \*, k € —N. Hence
|z—wle = A"

Suppose the statement
V(én —po) =2N for all sufficiently large negative integers n

is false. Then, from V (¢, —pp) < 2N for all n € —N and from the monotonicity of
V, we get V(édn —po) < 2N —2 for all n € —N. Extending z to a solution v : R — R
of (4.3) and using the monotonicity of V, we find

V(v) <2N -2 for all t € R.
Then, Proposition 2.11(iii) implies v_,, = z_,, € C1<. Then
1=20le = |Mz_wle > V|z—wle = VA" > 1,

a contradiction. So, we have V (¢, — pg) = 2N for all sufficiently large negative
integers n.
3. We prove that there exists Ty < 0 with V' (z; — pg) = 2N for all t < Tp.
Assume that there exists a sequence (t,)° . in (—o00,0) with ¢, — —oc as
n — —oo and

V(zs, —po) < 2N —2 for all n € —N.
We claim that z;, — pp as n — —oo. If not, then there exist a subsequence

(tny)% oo Of (tn)% o and 7 € (0,w) such that z;, — pr as k — —oc since a(z) =

—0o0
0. As 7 € (0,w), we have V(p; — po) = 2N by Proposition 2.10, and hence
V(mtnk — po) = 2N for all sufficiently large negative integers k, a contradiction.
Each t,, can be uniquely written as t, = m,w + 7, for some m, € —N and
T, € [0,w). We may assume (replacing (¢,)° . with a subsequence if necessary)

Tn — 75 € [0,w] as n — —oo.
We claim that
V(zregu —pu) <2N —2 for all u € R. (4.4)
If (4.4) is not satisfied then there exists & < 0 so that
V(zr+ 44 — pa) = 2N.

By continuity, there is € € (0,1) so that

V(@r4a —pa) =2N  forall7 € R with |7 —7%| <e.
Choose n € —N such that |7, — 7*| < € and ¢, = myw + 7, < @. Using

Trya = F (@ = mpw, T7, 4m,w),  Pa = F (@ — mpw, po)
and the monotonicity of V', we get

2N = V(2r,1a —pa) < V(Tr,4muw —po) = V(21, —po) < 2N =2,

a contradiction. Therefore, (4.4) holds.
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We also notice that
Lr*4muw — Po A5 N — —00,

since Trspm,w = Fa(m™ — Tn, Fa(mpw + 7, ¢)) and 7, — 7%, Fa(mpw + 70, @) =
Z¢, — po as n — —oo. Then the result of part 2 with s = 7" — w implies that
V(@7 4nw —po) = 2N for all sufficiently large negative integers n. This contradicts
(4.4) and proves the existence of Tp.

4. We show that V(z; — ¢) = 2N for all p € O and for all t < Tj — w.

Let u € [—w, 0]. Then, from part 3 and the monotonicity of V' it follows that

2N =V (zs —po) < V(Zt4u — Pu) for all t < Tj.

On the other hand, V(¢4 — pu) < 2N by the result of part 1. This proves the
assertion.

5. The facts a(x) = O, O C RNV ~1(2N) and that the C and C* topologies on
A are equivalent give T1 € R such that V(x;) = 2N for all t < Ty. Then the results
of part 4, Lemma 2.3(iii) and a time shift easily show the existence of a globally
defined solution with the required properties. ([l

Now we can prove the main result of this section.

Theorem 4.3 Assume that hypotheses (H0), (H1) and (H2) hold, N > 0 is
an integer so that

O —

cos Oy
where O € (2Nm — w/2,2N7) is the unique solution of 6 = —utan@. Then Eq.
(1.1) has a unique periodic orbit Oy in V~"1(2N), and
W*(On) = Wi,.(On).

Proof Propositions 2.2, 2.7 and 2.8 give that there is a unique periodic orbit
On in V=1(2N). By Proposition 2.8 there exists a solution z : R — R of Eq. (1.1)
so that

2t€R, zz—YER, V(zt) =V(2t — ) =2N forallt € R and ¢ € Op
and

a(z) = {0}, w(z) =OnN.
Then the curves R 3 ¢ — Ilpz € R? and II,Ox do not intersect. By Proposition

2.9 we have 0 € int(II;Op). From a(z) = {0} it follows that IIs2; € int(IlsOpn) for
all sufficiently large negative t. Consequently,

Iy 2z € int(II;Op) for allt € R.

Using lim¢_.o % =1, (H2) yields g}c;g) < 1 for all £ > 0. Hence it follows

that (0,00) 3 £ — % € R is strictly decreasing. By assumption we have f/(0) > p.
These facts and the oddness of f combined give that 0,&_, £, are the only stationary
points of F.

Theorem 3.2 shows the existence of a solution y : [-1,00) — R of Eq. (1.1)
such that

yt€R, yr—Y € R, V(y) =V(ys — ) =2N forallt >0, v € Oy
and

Iy, € ext(II2O) for all ¢ > 0.
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Then 0 ¢ w(yo) since 0 € int(IIoOp) by Proposition 2.9. By Proposition 2.13(i),
we have w(yo) C V~1(2N)U{0}. Thus, w(yo)N{0,&-,6.} = 0 follows. As 0,&_, &,
are the only stationary points of F', and Oy is the only periodic orbit in V~(2N),
Proposition 2.6 implies w(yo) = On.

Assume W*(Op) # W4,.(On). Then Proposition 4.2 guarantees the existence
of a solution z : R — R so that

rr €R, xy — Y €R, V(It)ZV($t—¢):2N forall t <0, ¥ € Oy,

and a(z) = On. Then {Ilxz; : t <0} NT2On = 0.

In case {Ilsx; : t < 0} C ext(II;On), by Proposition 4.1 we have a contradic-
tion. In case {Ilyx; : t < 0} C int(IIoOy ), Proposition 4.1 with y = 2z leads again
to a contradiction. [l

5 The structure of the global attractor

The equality W*(O) = W, (O) of Theorem 4.3 implies a result on the struc-

ture of the global attractor A. This is formulated in the next theorem.

Theorem 5.1 Assume that hypotheses (HO0), (H1) and (H2) hold, and let N >
0 be an integer such that

M / H
< 0) < 5.1
cosfy 1) COSN+1 (5.1)
is satisfied where O, Ony1 denote the unique solution of 6 = —ptan in (2N7 —

w/2,2N7), (2(N + 1) — 7/2,2(N + 1)7), respectively. Then the semiflow F has
exactly 3 stationary points 0,€_, &, and N periodic orbits O1,Oa, ... ,On, and, for
the global attractor A of F', we have

N
A={ & U, (0)u <U W;,.(O@) : (5.2)
k=1

Proof Proposition 2.1 and the remarks following it show that the semiflow has
a global attractor A. As in the proof of Theorem 4.3 we obtain that 0,£_,& are

the only stationary points of F. We also saw that % < 1 for all £ > 0. Hence

1> E;J(cé(f;) = f’(§+), that is f/(€%) < p. From the oddness of f it also follows
that f/(§7) < p. Therefore, £_ and & are locally asymptotically stable stationary
points. By Proposition 2.2 and assumption (5.1), 0 is a hyperbolic and unstable
stationary point. In particular, W*(0) = W4,.(0).

Propositions 2.2, 2.7 and 2.8 imply that F' has exactly N periodic orbits
01,09,...,0n, and O C V7Y2k), k € {1,2,...,N}. Theorem 4.3 shows
W (Or) = W (Ok), ke {1,2,... ,N}.

Let ¢ € A\{{_,&+}. By the invariance of A, there exists a solution z : R — R
so that g = ¢ and z; € A for all ¢ € R. Proposition 2.6 and the above facts give
that either a(z) = Oy, for some k € {1,2,... N} or, for every solution y : R — R
of Eq. (1.1) with yo € a(z), the sets a(y) and w(yo) consist of stationary points of
F. In order to show (5.2) it suffices to verify that in case a(x) is not a periodic
orbit we have a(z) = {0}. Suppose

a(x) # O for all k € {1,2,...,N}.
Then a(z) N{0,6_,6+} # 0. As £_ and &, are locally asymptotically stable sta-

tionary points, we conclude a(x) N{¢_,£&4} = 0. So, 0 is the only stationary point
in a(z). Assume a(x) # {0}. Then there exist ¥ € a(x) \ {0} and a solution
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y: R — R with yo = ¢ and a(y) Uw(y) C a(z) N {0,{_,&+} = {0}. Thus,
a(y) = w(yo) = {0}. Proposition 2.12 gives the contradiction

2N +2 <V (y) <2N.
Consequently, a(z) = {0} and (5.2) holds. O

Remarks. 1. We emphasize that no hyperbolicity condition on the periodic
orbits is assumed in Theorem 5.1. The stationary points 0,&_, &4 are supposed to
be hyperbolic, which can be checked by Proposition 2.2. We believe that Theorem
5.1 remains true if (5.1) is replaced by

0 ) p
< f(0)< ———,
cos Oy 0) = cos Oy 41

that is the hyperbolicity of the stationary point 0 can be omitted.
2. As the maps F'(¢,-) and D2F'(¢,-) are injective for all ¢ > 0, Theorem 6.1.9
in Henry [12] can be used to show that the strong unstable sets

Wgﬁr(ol)a s 7W;T(ON)

in formula (5.2) are C! immersed submanifolds of C. In a subsequent paper we
show that these strong unstable sets are also C''-submanifolds of C.

3. We mentioned in Section 1 that Theorem 5.1 implies a Morse decomposition
of the global attractor A with Morse sets

So={-,&+}, Sor =0 forall ke {1,2,... ,N}, Sani1 ={0}.
Introducing the connecting sets
CF = {¢ € A There is a solution z : R — R of Eq. (1.1)
with g = ¢, a(z) € Sk, w(p) € Si}
for integers k > in {0,2,... ,2N,2N + 1}, one has

A= ( U Sk> U < U cf).
ke€{0,2,... ,2N,2N+1} .,2N,2N+1}

k>l k,1€{0,2,..
Clearly,
wa.\{oy= |J o
ke{0,2,... 2N}
and

Wity (Or) \ O = J ¢F  forke{n2.. N}
1€{0,2,... ,2k—2}
A description of the connecting sets CF would give a finer structure of the global
attractor A than formula (5.2). We refer to Fiedler and Mallet-Paret [9], McCord
and Mischaikow [22], Krisztin, Walther and Wu [16], Krisztin and Wu [17] for

some results on connecting sets.
4. In the particular case

f(§) = artanh(j¢)

with parameters @ > 0 and § > 0, which is used in neural network theory, the
conditions of Theorem 5.1 are satisfied if

af > p
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and

2N — arccos % <Va?p? — pu? < 2(N + 1)7 — arccos %;
a a

or equivalently,

af ( 1 1 )
- e ,
o cosfn’ cosOni

with 0, 0n11 defined in Theorem 5.1.
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