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1 Discrete time martingales

First part of discrete time martingales are mainly from Durrett [3].

1.1 Regular conditional probabilities

This is from Durrett [3].
Let G C A be a sub-o-algebra, and consider for A € A the conditional
probabilities P(A|G) = E[I4]G]. Since 0 <14 <1,

P(A|G) € 0,1] aus. (1)

Furthermore, for disjoint A; € A, 1 =1,2,..., we have
P(UX,4G) = ZP AlG) as. (2)

Therefore, P(-|G) behaves as a probability measure. However, both (1) and
(2) hold almost surely. That is, there is an exceptional set N4, which is a
P-null set, P(N4) = 0, such that (1) holds for w ¢ N4. The P-null set Ny
may depend on A. In general, a g-algebra has more than countable infinitely
many sets (indeed, it is either finite, or at least continuum). Thus these null
set may pile up to a large set. The same problem appears in (2). Under some
general conditions we can guarantee that the bad points cannot pile up.

Let (€2,.A4,P) be a probability space, X : 2 — S a random element in
(S,8), and G be a sub-c-algebra of A. The regular conditional distribution
for X given G is a function p : Q x & — [0, 1] such that

(i) for each A € A fix, P(X € A|G)(w) = p(w, A) a.s.;
(ii) Almost surely A — u(w, A) is a probability measure on (5, S).
If S = and X is the identity map, p is a reqular conditional probability.
A measurable space (S,S) is nice, if there is a 1-1 map ¢ : S — R such

that ¢, ¢~! are measurable. If S is a Borel subset of a complete separable
metric space, and S are the Borel sets, then (5, S) is nice.

Theorem 1. Regular conditional distribution exist if (S,S) is nice.

Proof. We prove only in the special case (S,S) = (R, B(R)). The general
case is almost identical, with some technical difficulties.



Consider the conditional probabilities P(X < ¢|G), ¢ € Q. For each
q € Q there is P-null set N, such that P(X < ¢|G)(w) € [0,1] for w & N,,.
Similarly, for each ¢ < r there exists a P-null set IV,, such that for each
w ¢ Ny,
P(X < ¢|G)(w) < P(X < r|G)(w).

Set
N = UgeqNg U UgcreqNg,r-

Then P(N) = 0 and P(X < ¢|G)(w) € [0,1], and it is nondecreasing in
g€ Qforwé¢ N. Let

G(z,w) =inf{P(X < ¢q|G)(w) : ¢ > x}.

If w¢ N then G(z,w) is a distribution function in z.
Furthermore, since P(X < ¢,|G) | P(X < z|G) as ¢, | = we see that
G(r,w) =P(X < z|G)(w) a.s. O

Taking G = o(Y), we see that P(X € A|G) is a measurable function of
Y, for each A. This can be done also simultaneously, as above.

Theorem 2. Let X,Y be random elements in the nice space (S,S), and let
G =0(Y). Then there exists p: S x S — [0,1] such that

(i) for each A€ S, p(Y(w),A) =P(X € AY)(w) a.s.
(11) almost surely A — u(Y (w), A) is a probability measure on (S,S).

Proof. The proof is similar to the previous one. Again assume (S5,S) =
(R, B(R)).

As above, we can find random variables G(q, w) nondecreasing in g outside
of P-null set N, such that G(q,w) = P(X < q|Y)(w), a.s., ¢ € Q. Since the
latter is o(Y')-measurable, G(¢,w) = H(q,Y (w)). Choosing

F(z,y) =inf{H(q,y) : ¢ > z},

we can show that F(z,Y(w)) = P(X < z|Y)(w). This defines a measure,
since F'(-,y) is nondecreasing. [l

Existence of regular conditional distribution allows us to compute condi-
tional expectations simultaneously, and also shows the connection to usual
expectation.



Theorem 3. Let i be a reqular conditional distribution for X given G. Let
f 5 — R measurable with E|f(X)| < co. Then

E[f(X)[g] = / f@)u(w.dz)  as.

Proof. The result holds for indicators, by definition. Linearity and monotone
convergence implies the statement, as usual. O

1.2 Martingales: definition, properties

Let (€2,.A, P) be a probability space. A filtration is an increasing sequence of
sub-g-algebras Fy C F; C ... C F, C .... A sequence of random variables
(Xn)n is adapted to the filtration (F,) if X, is F,-measurable. The sequence
(Xn, Fn) is a martingale, or (X,,) is martingale with respect to (F,), if
(i) E[Xn[ < oo;
(i) (X,) is adapted;
(iii) E[X,1]F.] = Xa.
For a submartingale (supermartingale) conditions (i) and (ii) hold, and (iii)
hold with > (<).
If the filtration is not specified then (X,,) is martingale meant as it is mar-
tingale with respect to the natural filtration (F,,), where F,, = o(X1, ..., X,,).
Clearly, if (X,) is a submartingale then (—X,,) is a supermartingale,
therefore it is enough to prove statements for submartingales.

Example 1. Let X, Xy,... iid random variables with EX = 0, and put
S, =Xi+...+X,. Then (S,) is a martingale. If EX? < co then (S?) is a
submartingale.

If X, X;,... are iid nonnegative random variables, EX = 1, then (R,),
is a martingale, where R, =[], X.

Proposition 1. If (X,,) is a submartingale then E[X,|F,] > X, for any
n > m. Equality holds for martingales.

Proposition 2. (i) Let (X,,, F,,) be a martingale and ¢ be a convex function
such that Elp(X,)| < co. Then ¢(X,) is a martingale.

(ii) Let (X,,F,) be a submartingale and ¢ be a nondecreasing convex
function such that E|o(X,)| < co. Then ¢(X,,) is a submartingale.



Proof. 1t follows from Jensen’s inequality. O
Corollary 1. If (X,,) is a submartingale then (X, —a)y) is a submartingale.

If (X)) is a supermartingale then (X, A a), is a supermartingale.

1.3 Martingale convergence theorem

A sequence (H,) is predictable if H,, is F,_i-measurable. Let (H,) be pre-
dictable and (X,,) be adapted. Then

(H-X), = zn:Hm(Xm — X 1)

Note that this is a discrete stochastic integral.

Theorem 4. Let (X,,) be a submartingale and (H,) be predictable, nonneg-
ative, and bounded. Then (H - X),, is a submartingale.

Proof. Follows from the submartingale property. O
An integer valued random variable T is a stopping time, if {T = n} € F,.

Corollary 2. Let T be a stopping time, and (X,) a submartingale. Then
(Xonn) is a submartingale.

Proof. Let H, = I(r > n). Then (H,) is predictable, thus ((H - X), =
Xoan — Xo)n is a submartingale. O

Let (X,,) be a submartingale, a < b. Let 7y = —1, and

Top—1 = min{m > 1o : X, < a},

Tor = min{m > 7o, : X, > b}.
Then 7;,’s are stopping times. So

g b if 7-2]671'< m < Ty, for some k, (3)
0, otherwise.

is predictable. By definition X (79_1) < a and X(79) > b, thus between
Tor—1 and 7o the process (X,,) crosses the strip [a,b]. This is an upcrossing.
Let U,, = max{k : 7o < n} is the number of upcrossings up to time n.

4



Lemma 1 (Upcrossing lemma). Let (X,,) be a submartingale, a < b. Then
(b—a)EU, <E(X, —a)y —E(Xy—a);.

Proof. Define Y,, = a + (X,, — a)4+. This is a submartingale, which upcrosses
la,b] the same number of times as (X,,) does. Recalling the definition of
H from (3) we have (b — a)U, < (H -Y),. Indeed, each upcrossing has
at least b — a contribution, and the last incomplete one has a nonnegative
contribution (because of changing X to Y').

Let K, =1—H,. Since Y, = Yo=(H-Y),+ (K -Y),, and

E(K-Y),>E(K -Y), =0,

we have
E(H -Y), < E(Y, - Y),
and the result follows. O

A consequence of the previous lemma we obtain the following.

Theorem 5 (Martingale convergence theorem). Let (X,,) be a submartingale
with sup EX;" < co. Then lim,,_,, X,, converges almost surely to a X with
E|X| < 0.

Proof. Fix a < b. Since (X —a); < X + |a| we have
la| + EXF
b—a

Let U = lim,,_,, U,. Clearly, U, is nondecreasing, so the limit exists. By the
assumptions EU < oo, in particular U is finite almost surely. This holds for
any a < b, the set

EU, <

A =Ugpeq{liminf X,, < a < b < limsup X, }

has probability 0. If w ¢ A then lim X, (w) exists. By Fatou, EX* <
liminf EX;" < 0o, so X is finite a.s. Furthermore,

EX, =EX - EX, <EX, — EX,,
which implies

EX™ <lminfEX, <supEX; — EX| < .

n—o0



1.4 Doob’s decomposition

A submartingale is informally a stochastically increasing sequence. It can be
decomposed to a martingale part, which corresponds to a fair game, and a
predictable almost surely nondecreasing part.

Theorem 6 (Doob’s decomposition). Let (X,,) be a submartingale. There
exists a unique martingale (M,), and a predictable nondecreasing sequence
(An), with Ag = 0 such that X,, = M, + A,.

Proof. Existence. Under the stated properties
E[Xn|Fn—1] - Mn—l + An = Xn—l - An—l + An-

Therefore, we must have

An - E[Xn - Xn—1|]:n—l]7
k=1

and M, = X,, — A,,. It is easy to see that this indeed works.
Uniqueness follows easily. O]

1.5 Doob’s maximal inequality

This part is mainly from Csérgé [2].
Our first optional stopping theorem is the following.

Theorem 7. Let (X,,), be a submartingale and let N be a bounded stopping
time, i.e. N <k a.s. for some k € N. Then

EX) <EXy < EX,.
Proof. We proved that the stopped process (X, An), is submartingale, thus
EXy=EXnrn < EXyae = EXy.

For the other direction, put K,, = I(N < n) = I(N <n —1). Then K, is
Fn_1-measurable, so (K,), is predictable. Therefore (K - X), is submartin-
gale, where

(K- X), = iI(N <i—1)(X;— Xic1) = X — Xy

i=1



That is
EX, —EXy=E(K -X),>E(K-X),=0.

An easy consequence is Doob’s maximal inequality.

Theorem 8 (Doob’s maximal inequality). Let (Xy, Fr)r be a submartingale,
and put
M, = max Xj.

1<k<n

Then for any x > 0

2P (M, > x) < / X,dP <EX,

{Mn2z}
where a* = max{a,0}.

Proof. The second inequality is obvious.
Let N = min{min{k : X} > x,k=1,2,....n},n}. Then N is a bounded
stopping time. Since Xy > x on {M,, > =}

aP{M, >z} < / XydP.

UWﬁzx}

By Theorem 7 EXy < EX,,, and Xy = X,, on the event {M,, < z}, thus

/ XydP < / X,,dP,
(M >a} (M >a}

proving the statement. O]
We obtain a new proof for Kolmogorov’s maximal inequality.

Example 2 (Kolmogorov’s maximal inequality). Let &, &1, ... be indepen-
dent random variables with E§; = 0, and E€? = 07 < co. Then X,, = >_7" | &
is a martingale with respect to the natural filtration. Therefore (X?), is a
submartingale and

P(max | Xk | Zx) :P(max X,foQ)

1<k<n 1<k<n

n
<2 ’EX? =217 Z o7

i=1



For an infinite sequence we obtain the following.

Corollary 3. If (X, Fi) is a submartingale and x > 0, then

1
P(sup X, > z) < —supEX,.
n Y n

Proof. Follows from the previous result combined with the monotone con-
vergence theorem. O

Exercise 1. Prove the corollary.
For the L? version we need a lemma.

Lemma 2. Let X,Y be nonnegative random variables such that

T

P(X>x)<—/ YdP, x> 0.
(x>}

Then for any p > 1
p
EX? < (L) EY?.

p—1
Proof. Note the for a nonnegative random variable X
EW:/‘WVW—F@ML
0
where F(x) = P(X < x) is the distribution function of X. Indeed,

EX? = /QXde = /Q/OOO I(x < X(w))pa? tdodP(w)

:zmm%m_pumm



The result follows using Holder’s inequality as

EX? — /0 g1 — F(a)]da

</Oopmp 11/X>x}Y( 0)dP(w) da
/ / PP (X (w) > 7)Y (w)dP(w)da
/Y (/X(w pxp2dx> dP(w)

:/YXp‘l—p dp
Q p—1

< D - (Eyp)l/p (EX(p—l)q)l/q
p J—

= (Eyp>1/p (EXp)l/q

where p and ¢ are conjugate exponents, i.e. 1/p+1/q=1. ]

Theorem 9 (L? maximal inequality). (i) Let (X;)7_, be a nonnegative sub-
martingale and p € (1,00). Then

p
Emax{X?,...,X?} < (LJ EX?.

(11) Let (Xi)32, be a nonnegative submartingale and p € (1,00). Then

p
Esup X? < (L> sup EXP.

neN neN

Proof. Statement (i) follows from Doob’s maximal inequality and Lemma 2.
(ii) follows from (i) and the monotone convergence theorem as

Esupo = lim E max X}

n—oo  1<k<n

» \?
< lim inf <—1) EX?

n—o0 p —



1.6 Optional stopping theorem

Let (Q, F,P) be a probability measure and (F,), a filtration on it. Recall
that a random variable 7 : Q — N is stopping time, if {7 < n} € F, for each
n € N.

We already used the following simple observation.

Proposition 3. The following are equivalent.
(i) T is stopping time;
(it) {T >n} € F, for each n € N;

(1)) {T =n} € F, for each n € N.

Exercise 2. Prove this result.

Let 7 be a stopping time. The o-algebra of the events prior to T, or short
pre-T-sigma algebra is defined as

Fr={AeF: An{r<n}eF,, n=12,...} (4)

It is easy to see that F, is indeed a o-algebra. Clearly, {2 € F., and if
A € F., then

An{r<n}=Q-A)n{r<n}={r<n}—(An{r <n}) e F,, ne N
Finally, if A, As,... € F,, then

(U Ap) N{r <n} =U (A, N{T <n}) € F,
forany n=1,2,....

Exercise 3. Show that if 7 = k for some k € N then F, = Fi, so the
notation is consistent.

Some simple properties are summarized in the next statement.

Lemma 3. Let 0,7 be stopping times.

(i) T is Fr-measurable.

(i) o AT =min(o,7) and o VT = max(o,7) are stopping times.
(i1i) If o < T, then F, C Fr.
() If (Xn)n is an adapted sequence then X, is Fr-measurable.

10



Theorem 10 (Optional stopping theorem, Doob). Let (X,), be a super-
martingale, and o < T stopping times such that

E(|X,|) <00,  E(X;]) <o (5)
and
lim inf / X[ dP = 0. (6)
n—oo {r>n}

Then E(X,|F,) < X, almost surely.
Furthermore, if (X,,), is martingale then E(X,|F,) = X,.

Clearly, conditions (5) and (6) hold if the stopping times are bounded.

Proof. Since X, is F,-measurable, X, = E(X,|F,), therefore it is enough to
show that
E(X, - X,|F,) < 0.

This is the same as

/(XT — X,)dP <0 forall A€ F,. (7)
A

First assume that 7 is bounded, that is 7 < m for some m. For any
AeF,

An{o<k<t}=An{c<k-1}n{r>k—-1} € Fr1, k>2,

thus

= i/ (X — Xp_1)dP

An{o<k<t}

E(X; — Xp_1|Fr_1)dP <0,

NE
—

An{o<k<t}

11



proving (7).
Consider the general case. For any n we can write

/A (X, — X,)dP

— [ (e = X+ [ (X = X0 )aP — [ (X, = Xun)dP.
A A A

On the event {o > n} we have X, 5, = X,, = Xonn, therefore

/(XT/\n - XU/\n)dP = / (XT/\n - XU/\n)dP S 07 ne Nv (8>
A

An{o<n}

where the inequality follows from the previous case.
By condition (6) there exists a sequence ny — oo such that

lim | X, | dP = 0.

k—o00 {T>nk}

It is enough to show that on this subsequence the second and third terms in
decomposition (8) tends to 0. For the second term

/ (X, — ank)dp‘
An{r>n;}

< / (16| + [ X, P
Aﬂ{7'>nk}

<[ pejaps [ opap
{r>ni} {r>ni}

‘ / (X, —XTAnk)dP’ _
A

Similarly, for the third term

/ (X, — XUAnk)dP’ _ / (X, - Xnk)dP‘
A An{o>ni}

g/ ]XU\dPJr/ X, | dP.
{o>ni} {r>ni}

Using (5) both upper bounds tend to 0. ]

Corollary 4. Assume that (X,,) is (super-, sub-) martingale, T is a stopping
time, E(|X,|) < oo and (6) holds. Then

12



(Z) E(XT|.F1) 1 and E(XT)
(ZZ) E(X’rl]:l) 1 and E(XT)
(111)) E(X |F1) = Xy and E(X;) = E(X,) for martingales.

X < E(X)) for supermartingales;
X > E

(AVARVAN

(X1) for submartingales;

Some conditions are needed for the optional stopping to hold.

Example 3 (Simple symmetric random walk). Let £, &1, &, . . . are iid random
variables with P(§{ = +1) = 1/2. Let Sp =1 and S, = S,—1 + &,. Then (S,,)
is martingale. Let 7 = min{n : S,, = 0}. Then 7 is a stopping time and the
martingale (S:nn)n tends to 0 a.s. The optional stopping does not hold as
S; =0 a.s., while Sy = 1. Clearly, condition (6) does not hold.

Theorem 11 (Wald identity). Let X, Xy, Xs,... be iid random wvariables
with EX = p € R, and let 7 be a stopping time with E(1) < oo. Put
Sn=X1+ -+ X,, neN. Then E(S;) = uE(7).

Proof. First assume X > 0. We have

To see the general case consider the decomposition S, = S 85 where

ST =3 "XI(r > k)

k=1

and

SO =" X, I(r > k).
k=1



As a simple application of the optional stopping problem we consider the
gambler’s ruin problem. There is an elementary but longer way to derive
these formulas.

Example 4 (Gambler’s ruin). Let X, X;, X5, ... be iid random variables such
that P(X =1) =p=1-P(X = -1),0 <p < 1,and put S, = X;+---+X,,,
n € N. Fix a,b € N and let

T ="Tap(p) =inf{n:S, >bor S, <—a}l,

with the convention inf ) = oco. Let (F,,) be the natural filtration, i.e. F, =
O'(Xl, e ,Xn), n € N.

It is easy to show that P(7 < oo) = 1, and 7 is a stopping time. Further-
more, |S;| < max(a,b), in particular E|S,| < oo and

n—oo n—oo

lim inf/ |Sp| dP < lim inf max(a, b)P(7 > n) = 0.
{r>n}
First assume that p = 1/2. Then EX = 0 and (S,,) is a martingale.
Therefore, by the optional stopping theorem

0=ES, = ES, = —aP(S, = —a) + bP(S, = b)
— —a(1=P(S, = b)) +bP(S, = b).

Thus

a b
P(ST:b):a—l—b and P(ST:—a):a+b.

Using that (S2 — n) is a martingale, we can determine E7. Since
0=E(S; —0)=E(5} 1)

we obtain

b 5 a

Er=E 2 = 2].3 = — 2]_3 = =aq? =
T S2=a’P(S; a) +b°P(S; =b) aa+b+ "

ab.

The case p # 1/2 is different. Introduce

14



with s = (1 —p)/p = 1/r. Then (Z,) is a martingale and
Z. = s"1(S,, = b) + s I(S,, = —a) < s" 4+ 577,

thus EZ, < oo and

n—oo

lim inf/ |Z,|dP < (s 4+ s7) liminf P{7 > n} = 0.
{r>n} n—oo

Again, by the optional sampling theorem
sTP(S,; = —a) + 5" (1 —P(S; = —a))
=5 "P(S, = —a) + s"P(S, = b)
=E(s°) = E(Z,)
= E(Z) =E(Y) = 1.

Rearranging we obtain

1—sb ot rt—1 1—rb
g—a — gb b ratb _ 1 1 — ra-&-b'

P(S, = —a) =

To obtain E7, using the Wald identity
ES. = (2p—1)ET,

from which
1 1

E = ET:
T 2p—1 S 2p—1

(—aP (S, = —a) + bP(S, = b)].

Exercise 4. Show that 7 < oo a.s.

2 Continuous time martingales

2.1 Definitions and simple properties

This part is from Karatzas and Shreve [5].

Let (€2, F,P) be a probability space and (F;);>0 a filtration, i.e. an in-
creasing sequence of g-algebras. The time horizon is either finite or infinite,
te[0,T] ort € [0,00).

In what follows we always assume that the filtration satisfies the usual
conditions:

15



(i) Fo contains the P-null sets;
(i1) (F3)¢ is right-continuous, i.e. Ngsy Fys =: Frp = Fy.
Let (X:) and (Y;) be stochastic processes. The process Y is a modification
of X if X; =Y, as. for any fix ¢, i.e. P(X; = Y;) = 1 for each t > 0. The
processes X and Y are wndistinguishable if their sample path are the same

almost surely, i.e.
PX;=Y, t>0)=1.

They have the same finite dimensional distributions if for all 0 < t; < t5 <
... <t, <ooand A € B(R")
P((Xy,....X:,) € A)=P(Ysy,....Ys,) €A).

Example 5. Let U be uniform(0,1), and X; =0, t € [0,1], and Y; = (U =
t). Then Y is a modification of X, but they are not indistinguishable, since

P(X, =Y, t>0)=0.

The process (X;); is adapted to the filtration (F), if X, is Fi-measurable
for each ¢t > 0. The process (X;, F;); is a martingale if

(i) (Xy); is adapted to (Fy);
(ii) E|X¢| < oo for all t > 0;
(ili) E[Xi|Fs] = X, as. for all t > s.
It is sub- or supermartingale if (i) and (ii) holds, and (iii) holds with > or <
instead of =.
A random variable 7 : Q — [0,00) is a stopping time if {r < t} € F,.
The o-algebra of the events prior to 7, or pre-t-o-algebra is

F.={AeF:An{r <t} e F forall t > 0}.
Exercise 5. Show that F, is indeed a o-algebra.
The next result is obvious, but very useful.

Proposition 4. Let (X;, F;) be a (sub-, super-) martingale. Then for any
sequence 0 < tg < t; < ... <ty < oo the process (X, Fi,)_o is a discrete
time martingale.

Lemma 4. Let 0,7 be stopping times.

16



(i) T is F.-measurable.
(i) If T =t then F, = F;.
(11i)) o AT =min(o,7) and o V 7 = max(o,T) are stopping times.
() If o <7, then F, C F;.
(v) If (Xy)e is right-continuous and adapted then X, is F.-measurable.

Exercise 6. Prove the lemma.

Remark 1. In continuous time the technical details are trickier.
The process (X;); is adapted to (F;)s, if X; is Fi-measurable, and it is
progressively measurable with respect to (F)s, if for all t > 0 and A € B(R?)

{(s,w) s s <1, X,(w) € A} € B([0,1]) ® Fi,

where B stands for the Borel sets, and ® is the product o-algebra. In what
follows we always need progressive measurability, adaptedness is not enough.
The next statement says that the situation is not too bad.

Proposition 5. If (X})y is right continuous and adapted, then it is progressively
measurable.

Example 6 (Poisson process). A Poisson process with intensity A > 0 is
an adapted integer valued RCLL (right continuous with left limits) process
N = (Ny, Fi)i>0 such that
(i) N has independent increments, that is N; — Ny is independent of F;
for any s < t,

(ii) No =0 a.s.,
(iii) Ny — Ny ~ Poisson(\(t — s)).

Exercise 7. Show that (N, — At) is martingale.

Proposition 6. Let (X;) be a martingale, and ¢ a convez function such that
E|p(X;)| < oo for allt > 0. Then (¢(X;)) is submartingale.

Furthermore if (X;) is a submartingale and ¢ nondecreasing and convex
that E|o(X)| < oo for allt > 0, then (¢(Xt)) is a submartingale.

Example 7 (Wiener process). The Wiener process or standard Brownian
motion is an adapted process W = (W;, Fi )0 such that

17



(i) W has independent increments, that is W; — W is independent of F;
for any s < t,

(ii) Wy =0 a.s.,
(iii) W, — W, ~ N(0,t — s),

(iv) W; has continuous sample path.

Exercise 8. Show that (W;) and (W7? — t) are martingales.

2.2 Martingale convergence theorem

Consider an adapted stochastic process (X;);>o. Fix a < b, and a finite set
F C [0,00). Let Up denote the number of upcrossings of the interval [a, b]
by the restricted process (X;)icp. Formally, let 75 = 0, and

Togp—1 = mm{t EF: t>Ty 9, X < a},
Top = mln{t cF:t> Tgk_l,Xt > b}

The number of upcrossings on F' is
Ur(a,b) = Up = max{k : m9, < 00}.
We can extend the definition of infinite sets I C [0, 00) as
Uy =sup{Ur: F C I, F finite}.
We have the upcrossing inequality.

Theorem 12 (Upcrossing inequality). Let (X;) be a right-continuous sub-
martingale. For any a <b and 0 < S <T < o0

(b—a)EUsy <E(Xr—a)" —E(Xs—a)".
Proof. Consider an enumeration of the countable set Q N [S,T] as
Q N [Sa T] = {C]17Q27 . '}7

and let F,, = {q1,...,q,} U{s,t}. Then (X, Fi)er, is a discrete time sub-
martingale, therefore, by the upcrossing inequality

(b — CL)EUFn S E(XT — CL)+ — E(XS — a)+.
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Since F,, is increasing, U, is increasing, and by the right-continuity of (X})

lim UFn = U[S,T] a.s.

n—oo
In particular, Ujg 1) is measurable, and by the monotone convergence theorem
the result follows. O

Theorem 13 (Martingale convergence theorem). Let (X;) be a right-continuous
submartingale such that
sup E(X;") < oo.

>0

Then limy_,o, X; = X exists a.s. and E|X| < oc.

Proof. By the upcrossing inequality and the monotone convergence theorem
for any a < b

sup,>o BXG" + |al
b—a '
Therefore, for any a < b the upcrossings Ujpooy(a,b) are a.s. finite. Thus
almost surely the upcrossings are finite for all a < b rationals, implying the
existence of the limit.
The integrability of the limit follows from Fatou’s lemma. m

EU[O’OO)(CL, b) <

Exercise 9. Let (X;) be a right-continuous nonnegative submartingale. Show
that the following are equivalent:

(i) (X;) is uniformly integrable;
(i) converges in L';

(iii) converges a.s. to an integrable random variable X, such that (X;):c[o,00]
is a submartingale.

2.3 Inequalities

Theorem 14 (Doob’s maximal inequality). Let (X;) be a right-continuous
submartingale.

(i) Forany0 < S<T <o0, x>0

zP(sup X, >x) <EX/.

S<t<T
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(ii) If (X¢) is nonnegative and p > 1 then

P » \?
E ( sup Xt) < (—) EX?.
S<t<T p—1

Proof. (i): Let F,, be as above. Then (X, F})icr, is a discrete time martin-
gale. Therefore, by Doob’s maximal inequality

yP (sup X > y) <EX].
t€F,
Right-continuity implies

{ sup X; > y} =Up2, {supXt > y} ,

S<t<T t€F,
and the union is increasing. Letting n — oo
yP ( sup X; > y> <EX].
S<t<T

Letting y 1 « the result follows.
Part (ii) follows as in the discrete time case. O

Exercise 10. Let N be a Poisson process with intensity A > 0. Show that
for any ¢ > 0

1
limsupP | sup (Ns — As) > eV At | < ,
t—00 P <0§32t( ) ) cV 2w

and
1

cV 2w '

limsup P ( inf (N — As) < —c@) <
0<s<t

t—o0

Show that for any 0 < S < T < o0

N, 24T
E o) < 22
sup (t ) <7

S<t<T

Corollary 5. Let N be a Poisson process with intensity A > 0. Then



Proof. By Chebyshev’s inequality

< Var(N,) A
t2e2 g2t

P([t7'N, =\ >¢) <

By the first Borel-Cantelli-lemma almost surely

So on a subsequence we are done. In between we have

E o TN, — M)
P( sup t—th—A{>6>§ (5P gy [t7N: = Al)

on StSQnJrl 52
420N 8\
92nc2 c2 ’

Applying Borel-Cantelli again, we are done. O]

2.4 Optional stopping

Let (X¢, Fi)ic[o,00) be a right-continuous submartingale. It has a last element
Xooy if Xoo is measurable with respect to the o-algebra Foo = 0 (Ui>0F7),
E|Xw| < 0o and for all t > 0 E[X|F] > X; a.s.

If we work on the finite time horizon [0, T], T' < oo, then the submartin-
gale (X¢)co,r) has a last element X7 (by definition!).

Theorem 15 (Optional stopping). Let (X, Fi)i>o0 be a right-continuous sub-
martingale with last element Xo,. Let 0 < 1 be stopping times. Then

E(X |F,] > X, a.s.
Proof. Assume that 7 is bounded, i.e. 7 < K. Let
oul) = k/2",if o(w) € [(k—1)/2", k/2),

and define 7, similarly. Then o, and 7,, are stopping times, and o, < 7,,. We
can apply the optional stopping theorem for the submartingale (Xj/on, Fi/an ),
and stopping times o, 7,,. Then

E[XTTL |‘F0'n] Z XUn?
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that is for A € F,,

/XTndP z/XondP.
A A

Since o, > o for each n, F,, D F,. Therefore, for A € F,

/XTndP z/XondP.
A A

By the right-continuity X, — X, and X, — X, a.s. This combined with
the uniform integrability implies

/ X,dP > / X, dP,
A A

proving the result. [l

Exercise 11. Prove that o, 7, are indeed stopping times.

2.5 Doob-Meyer decomposition

The Doob-Meyer decomposition is the continuous time analogue of the Doob’s
decomposition of submartingales. While the latter is basically trivial, the
Doob-Meyer decomposition is highly nontrivial, and needs further assump-
tions.

Recall that a class D of random variables are uniformly integrable, if for
any € > 0 there exists K > 0 such that for all X € D

/ | X|dP < e.
[ X|>K

S, = {7 : 7 stopping time ,7 < a}.

Put

The adapted process (X;) belongs to the class DL is for any a > 0 the class
{X;}res, of random variables is uniformly integrable.

Theorem 16 (Doob-Meyer decomposition). Let the filtration F; satisfy the
usual conditions, and let (X;); be a right-continuous submartingale in DL.
Then there exist (M;) and (A;) such that (M) is a martingale, (A;) is an
adapted nondecreasing right-continuous process with Ay = 0, and

Xt:Mt+Ata tZO

Furthermore, the decomposition is unique.
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Example 8. If (V;) is a Poisson process with intensity A > 0, then it is a
submartingale. Its Doob-Meyer decomposition is

If (W,) is a standard Brownian motion, then (1W?) is a submartingale and
its Doob-Meyer decomposition is

W2 = (W7 —t)+t.

3 Wiener process

This part is from Karatzas and Shreve [5].

3.1 First properties and existence

Let (2, A,P) be a probability space. Then W = (W, Fi)i>0 is a Wiener
process or standard Brownian motion if
(Wl) WO =0 a.s.,

(W2) W has independent increments, that is W, — W is independent of F;
for any s < t,

(W3) W, — Wy ~ N(0,t — s),
(W4) W; has continuous sample path.
Exercise 12. Show that (W2) and (W3) with s = 0 (i.e. W; ~ N(0,1))
implies (W3).
Proposition 7. (1) E(W;) =0 for all t.
(i1) Cov(Ws, W;) = E(W,W;) = min(s,t) =: s At, s,t > 0.

(11i) For anyk € N and 0 <ty < --- <y, the random vector (Wy,, ..., Wy,)
has a multivariate normal distribution with mean 0 and covariance

t1 11 t1

t1 to ()
Y= Etl ~~~~~ te — .

t to ty
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Proof. Part (i) and (ii) are trivial. For part (iii) note that by the independent
increment property the components of

X - (th,Wt2 - th, . '7Wtk - V[/vtkil)T

are independent normal random variables. Therefore X is a multivariate
normal. Since

Wiy, , W,,) T = AX,

the statement follows from the fact that a linear transformation of a multi-
variate normal is normal with covariance matrix ACov(X)AT. ]

Let (X;) be a stochastic process with finite second moment. Then m(t) =
EX; is the mean value and r(s,t) = Cov(X,, X;) = E([X, — m(s)][X; —
m(t)]), is the covariance function.

Clearly r is symmetric, and nonnegative definite, i.e.

j=1 ¢=1

Definition 1. The stochastic process (X;) is a Gaussian process with mean

function m(t) and covariance function r(t, s) if for any & € N and t;,...,t
the random vector (Xy,,...,X;, ) has multivariate normal distribution with
mean (m(ty),...,m(ty)) and covariance (r(t;,t¢))5 ;.

A simple, but not very interesting example to a Gaussian process is X; =
a(t)Z + b(t), where Z ~ N(0,1).

We proved that the Wiener process (W;) is a Gaussian process with mean
m(t) = 0 and covariance function r(s,t) = min(s,t). This could be the
definition of the Wiener process.

Proposition 8. Let (W;) be a continuous Gaussian process with mean 0 and
covariance function r(s,t) = min(s,t). Then (W) is a Wiener process.

Exercise 13. Prove the statement.

Exercise 14. Let (W (t)) be SBM. Show that
(i) Wi(t) =W(c+1t)—W(c), t > 0;
(i) Wa(t) = /eW(t/c), t > 0;

(ili) Ws(t) =tW(1/t)
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are SBM.

Kolmogorov’s consistency theorem yields the the existence of Gaussian
processes.

Theorem 17. Let T C R, and let m(t) be an arbitrary function and r(s,t) a
nonnegative definite function. Then there exists a Gaussian process (Xi)ier
with mean function m and covariance function r.

Therefore, apart from continuity, we have a Wiener process. That is, we
have a probability space (RI*>) Bl0:>) P) and a stochastic process (W;(w) =
wy)>0, which satisfies (W1)—(W3).

Let C' = C[0,00) be the space of continuous function on [0, 00). We have
to show that P(W € C) = 1. The problem is that C' does not belong to the
product o-algebra BI%*) . Indeed, it can be shown that

B0 = U{r (BX): K C[0,00), K countable}.

Therefore, if C € Bl then C' = 7' (BX) for some countable K C [0, c0).
But continuity cannot be determined from the values of the function on a
countable set. Similarly,

{wER[O"X’) D osup wy Sx}, reR,
0<t<1

is not Bl*>)-measurable, so we cannot define SUPyefo,1) W,

Thus the setup in Kolmogorov’s consistency theorem cannot deal with
continuous processes. We need a different approach.

Recall that Y is a modification of X if X; =Y} a.s. for any fix t, i.e. P(X; =
Y;) =1 for each t > 0.

Theorem 18 (Kolmogorov continuity theorem). Let (X;)ico,r) be a stochas-
tic process on (2, A, P), such that for some positive constants «, 3, C

E|X, - X,*<C|t—s|'""", 0<s,t<T.

Then X has a continuous modification X which is Hélder continuous with
exponent y for every v € (0, 8/«), that is for some h(w) a.s. positive random
variable and § > 0

P <w : sup Xt(w) — )?s(w) < 5) =1

0<t—s<h(w) |t - SI,Y

25



Proof. We can assume that 7" = 1. By Chebyshev
P(|X; — X,| >¢) < °E|X, — X,|* < Ce |t — 5|7,

in particular X; — X in probability as t — s. Fix v € (0, 5/a). Then

P ( max |Xk27n - X(k,1)27n| > 2_7”’)
1<k<2n

S 2nP (|Xk‘27n - X(k_1)27n| > 2_,)/”)
< on C2—o¢'yn2—n(l+,3)
— 9—(B-av)

By the first Borel-Cantelli lemma with probability 1 only finitely many of
the events

—Yn
max |Xk2—n — X(k-_]_)?—n’ > 2 v
1<k<2n

occur. That is, there is a set y with P(€Q) = 1, and a threshold ng(w)
(depending on w!) such that for w € Q

max

_ . —yn ‘
1<k<2n Xkg=n — X(e-1)2 | <277 n > np(w)

Fix w € Qp. Put D, ={k27™ : k=0,1,...,2"}, and D = U, D,,. Then for
n > no(w) and m > n induction gives that

[ Xi(w) = Xow)| <2 ) 277, t,s€D,, |t—s <27
Jj=n+1
This implies that (X;(w))tep is uniformly continuous in ¢t € D. Indeed, for

any t,5s € D with 0 < t — s < h(w) = 27 there is an n > ng such that
27l <t — 5 < 27" thus

2
1—2-7

2
- S |t—3|7
-

Xy (w) — X (w)| <2 27 = 27(n+D)
| Xi(w) @|<2 ) 13

j=n+1

Informally, we proved that (X;) behaves regularly on D. We define X. If
w ¢ Qlet X(w) =0, (or anything). If w € Qg and t € D let Xy(w) = Xi(w),
while if t € D choose a sequence s, € D such that s, — t and let

X, (w) = lim X,, (w).

n—o0
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By the uniform continuity and the Cauchy criteria the limit on the right-hand
side exist.

The a.s. uniqueness of the stochastic limit together with the stochastic
continuity of X implies that X is a modification of X. m

Exercise 15 (Random fields). A random field is a collection of random
variables indexed by a partially ordered set. Let (X;);c0rj¢ be a random
field satisfying

ElXt - X8|a < C”t - S”d—i—ﬂv

for some positive constants. Show that there exists a continuous modification
X which is Hélder continuous with exponent ~ for every v € (0, 3/«), that
is for some h(w) a.s. positive random variable and § > 0

P (w : sup Xifw) = Xo(w) < 5) = 1.

o<lt-s<hw) NIt — sl
Exercise 16. Show that if W, — W ~ N(0,t — s) then for any n > 0
E|W, — W,|*" = C,|t — s|",
where C,, = E|Z|", Z ~ N(0, 1).
Corollary 6. Wiener process exists.

Proof. We need only the continuity part. The condition of Kolmogorov con-
tinuity theorem holds with o = 2n and § =n — 1 for any n > 1. Thus there
exists a continuous modification on [0, N], for any N € N. Necessarily, X™
and X2 agrees a.s. for any fix ¢ € [0, N; A Ns], which allows us to extend
the process to [0, c0). O

In fact, we proved that the Wiener process is locally v-Holder continuous
for any v < 1/2.

Exercise 17. Let (N;) be a Poisson process with intensity 1. Compute the
order E|N; — Ng|® for ¢t — s small. (Thus the condition in the continuity the-
orem holds for § = 0. Well, of course, Poisson processes are not continuous.)

More generally, we obtain a result on continuity of Gaussian processes.
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Theorem 19. Let (X;) be a Gaussian process with continuous mean function
m, and covariance function r. If there exist positive constants 6,C such that
for all s,t

r(t,t) — 2r(s,t) +r(s,s) < C|t — s|°,
then (X;) has a continuous modification which is locally ~-Hélder continuous
for any v € (0,6/2).

Proof. Subtracting the mean function we may and do assume that m(t) = 0.
Simply
Var(X, — X,) = r(t,t) — 2r(s,t) +r(s,s) = 0*(s, 1),

therefore
E|X; — X,|* = E|Z|(s,1)°,

with Z ~ N(0,1). Thus
E|X, — X,|* < C|t — s[°*/2,

which implies that the condition of the continuity theorem holds with a > 0,
B =0da/2 — 1. Letting o — oo the result follows. O

Exercise 18 (Fractional Brownian motion). Fractional Brownian motion
with Hurst index H € (0, 1) is a Gaussian process (B(t)) with mean function
m(t) = 0 and covariance function

1
r(s,t) = 3 (7T + 2 — e — s
Note that H = 1/2 corresponds to the usual Brownian motion.

(i) Show that it is self-similar, i.e. B(at) ~ a B(t).

(ii) Show that it has stationary increments: B(t) — B(s) ~ B(t — s).

(iii) Prove that a continuous modification exists, which is y-Hélder for any
v < H. (That is H is the ‘roughness parameter’: for small H the
process strongly oscillates, while for H close to 1 the paths are almost
smooth.)

(iv) Are the increments independent?

Exercise 19. Let (Xt)te[o,l] be a continuous Gaussian process with mean 0
and covariance function r(s,t). Show that Y = fol Xidt ~ N(0,0?%), where

11
02:// r(s,t)dsdt.
0 Jo
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t . . . . .
Show that Y; = fo X ds is a Gaussian process. Determine its covariance
function.

A version of the continuity theorem is the following.

Theorem 20. Let T'C R finite or infinite interval, and (Xy)ier a stochastic
process such that for 6 > 0 small enough

P (|X; — X,| > ¢g(0)) < h(5) whenever |s—t| <d, s,t €T,

where g and h are continuous function such that

ig(Q_”) < 00, f:?lh (2_") < 00,
n=1 n=1

Then X has a continuous modification.

Recall that

—_
8
M

is the standard normal distribution function.

Lemma 5. For any x > 0

and

Proof. The first follows from integrating the inequality

(1 _ %) o(y) < py) < (1 + %) oY),

on (z,00). The second is immediate from the first. O
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Using Theorem 20 we obtain a better criteria for continuity.

Corollary 7. Let T C R be a finite or infinite interval and let (X;)ier be a
Gaussian process with continuous mean function m, and covariance function
r such that for 0 small enough

sup (r(t,t) —2r(s,t) +r(s,s)) < C(—log 5)—3(1+a)

|s—t]<6

for some C >0, a > 0. Then (X;) has a continuous modification.

3.2 The space C|0, c0)

As SBM is continuous, its natural space is the space of continuous functions.
Instead of a collection of random variables a stochastic process (W;) can be
understood as a random element of a function space.

Recall that p is a metric if on S
(1) P Z 07 P(WMWQ,) =0 iff W1 = Wa;
(ii) symmetric;

(iii) the triangle inequality holds, i.e.
p(wi, w2) < p(wr,ws) + plws, ws).

Then (5, p) is a metric space.

The sequence (z,,) is Cauchy if for each € > 0 there exist ng(¢) such that
p(Tpm, ) < € for all m,n > ny. The space (5, p) is complete if every Cauchy
sequence converges. A set A C S is dense, if for any = € S there exists a
sequence (x,) C A such that z,, — x. The space (S, p) is separable if there
exists a countable dense subset.

Let C[0,00) denote the space of continuous real functions on [0, 00) with
metric

oo

plwnws) =3 o max (lwi(t) — wa(B)] A1).

! 27 telo,n]

Proposition 9. p is a metric, and (C[0, 00), p) is a complete separable metric
space.
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Proof. 1t is clear that p is a metric. Fix a Cauchy sequence (z,). For any
fix N € N the limit lim, o x,(t) = 2(t) exists for ¢ € [0, N], and it is
continuous. Thus x., exists and continuous.

To find a countable dense subset consider functions which are 0 for ¢t > n,
and it is rational at k/n for k =0,1,...,n* — 1. O

If (S, p) is a metric space we can define open sets. The o-algebra generated
by open sets is the Borel-o-algebra B(.S). With this (S, B(S)) is a measurable
space.

If (92, A,P) is a probability space and (S,B(S)) is a measurable space
then a measurable X : Q — S is a random variable / random element in S.
It induces a probability measure P o X~ on S as

PoXY(B)=P(X € B) = P({w: X(w) € B}).

Let (P,) be a sequence of probability measure on (.S, B(S)) and P another
measure on it. Then P, converges weakly to P, P, = P, if

i [ far() = [ sare

for every continuous real function f. Note that the limit measure is neces-
sarily a probability measure.

Let X,, and X be random elements in S, defined possibly on different
probability spaces. The sequence (X,,) converges in distribution to X if the
corresponding induced measures converge weakly. Equivalently,

Ef(X,) = Ef(X)

for all continuous and bounded f.
Assume that X,, — X in distribution. For any 0 < t; < ... <t} consider
the projection m;, 4, : C[0,00) — R*

Tyt (W) = (W(t1), ... w(te)) -

This is clearly continuous. For a continuous bounded function f : R¥ — R
the composite function f(m,

-----



that is
B (Xa(t).- ... Xa(t)) = BF(X (1), X (t)).

That is, for any 0 < t; < ... < t;
(Xn(t1)s -, Xo(ts)) = (X (t1), ..., X ().

This means that the finite dimensional distributions converge.
We proved the following.

Proposition 10. If (X,) converges in distribution to X then all finite di-
mensional distributions converge.

The converse is not true in general.

Example 9. Let
Xn(t) = ntI[O,(2n)’1](t) + (1 - nt)I((Qn)*l,n’l]@)) t > 0.

Then all finite dimensional distributions converge to the corresponding finite
dimensional distributions of X = 0. However, convergence as a process does
not hold.

In what follows we try to understand what goes wrong in the example
above, and state a converse of the Proposition above.

A family of probability measures I on (.5, B(5)) is tight if for every e > 0
there exists a compact set K C S such that P(K) > 1—¢ for all P € II. The
family II is relatively compact if each sequence of elements from Il contains
a convergent subsequence. A family of random elements is tight (relatively
compact) if the family of induced measures is tight (relatively compact).

Theorem 21 (Prohorov). Let Il be a family of probability measures on a
complete separable metric space S. Then 11 is tight if and only if it is relatively
compact.

The modulus of continuity plays an important role in characterization of
tightness on C. Fix T"> 0 and ¢ > 0, and let w € C[0,00). The modulus of
continuity on [0, 7]

m” (w,8) = max {|w(s) —w(t)|: |s—t <50<s5t<T}.

Exercise 20. Show that m’ is continuous in w € C|[0, c0) under the metric
p, is nondecreasing in ¢, and limgjo m” (w, §) = 0 for each w € C[0,T).
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Theorem 22 (Arsela-Ascoli). A set A C C[0,00) has compact closure if
and only if the following two conditions hold:
(i) sup ea |w(0)] < oo;
(i1) for every T >0
1i T(w,8) =0.
i ()

Now we can characterize tightness of probability measures.

Theorem 23. A sequence (P,) of probability measures on (C[0,00),B) is
tight if and only if the following two conditions hold:

(i) limypoo SUP,,>y Pp(w : |w(0)] > A) = 0;

(ii) for all T >0 and e >0

limsup P, (w : m” (w,8) > &) = 0.
610 n>1

Theorem 24. Let (X,,) be a tight sequence of continuous processes such that
its finite dimensional distributions converge. Then the sequence of induced
measures (P,) converge weakly to a measure P such that the coordinate map-
ping Wi(w) = wy on C|0,00) satisfies

(Xn(tr), ..o, Xu(te)) = (W(t1), ..., W(t)),

forany 0 <t <...<tp<oo, k>1.

Proof. Tightness is the same as relative compactness. Therefore, every sub-
sequence contains a further convergent subsequence. Because of the con-
vergence of finite dimensional distributions any two limit measure has the
same finite dimensional distributions. But finite dimensional distributions
determine the measure. O

3.3 Donsker theorem

Let &,&1, &, . .. be iid random variables with E€ = 0, E€? = 02 € (0,00), and
let S, =Y, & denote the partial sum. Define the continuous time process
(Ye)io as

Ye =5+ (E = LS+,
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where |-] stands for the usual integer part. For n € N define the scaled

process
1

o/n

Then X™ — X" for s,t € N/n is independent of o(&y, ..., &), and by the
CLT its distribution tends to N(0,t — s).

x™ = You, t>0.

Theorem 25 (Invariance principle of Donsker). Let P, denote the measure
on (C[0,00), B(C[0,00))) induced by X™. Then P, converges weakly to a
measure P,. Under P, the coordinate mapping Wi(w) = w(t), w € C0, 00)
w5 SBM.

Proof. According to Theorem 24 we have to show that (X)) is tight and
the finite dimensional distributions converge to those of a SBM.

To prove tightness we have to show that the conditions of Theorem 23
hold for P,. This can be done by proving some maximal inequalities. We
skip this part.

We prove the convergence of finite dimensional distributions. Fix d € N
and 0 <t; < ... <ty < oo. We have to show that

(X§f>,...,X§:>) L (Wy,... WL,
To ease notation let d = 2 and (¢1,t2) = (s,t). We want to show that
(X, X]) = (W, W),
By the definition of X

1
o\/n

therefore it is enough to show that

P

1
m(s\_snj»s\_tnj) 2 (W, W)

By Lévy’s CLT

1
m(SLan,SLmJ — S|sn)) 2, (VsZ,\t —sZ'),
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Figure 1: Simulation of 3 independent SBM

where Z, Z' are independent N(0,1). Therefore

1 ,
77 (Stonts Stn) 25 (V2,52 +\E—sZ') 2 (W, W),

as claimed. O

In the proof above we used the following simple statements.

Exercise 21. Let (X,) be a sequence of random elements in the metric
space (S, p1) converging in distribution to X. Let ¢ : S — Sy be continu-
ous, where (S, p2) is another metric space. Show that ¢(X,,) converges in
distribution to p(X).

Exercise 22. Let (X,,), (Y,) be random elements in the separable metric
space (S, p) defined on the same probability space. Show that if X,, converges
in distribution to X and p(X,,Y,) — 0 in probability then Y,, converges in
distribution to X.

As a consequence of Donsker’s invariance principle we obtain limit result
for the path of random walks. Let us restrict to the interval [0, 1] and con-
sider the space C[0, 1] with the supremum norm. Consider the continuous

35



functional

f:C[0,1] - R; w— max w(t).
te€[0,1]

Since X™ — W in distribution (in C[0, 1]) we have that f(X™) — f(W)
in distribution (in R!). That is

P(max XM < z) = P(max W; < z),
te[0,1] te[0,1]

for each x € R (well, only for continuity point of the limit, but it is continu-
ous). By the definition of X (™ we can rewrite the RHS to get

P (maxSk < \/ﬁax) — P(max W; < x).
k<n t[0,1]
Next we determine the LHS. Using the reflection principle

P <max W, > x>

te(0,1]

:P(math>x, W1>x)+P(math>x, W1<x)

tel0,1] t€[0,1]

=2P (maXVVt>x, W1>m>

te(0,1]

=2P(W; >2x)=2(1 - ®(x)).
Summarizing

lim P (max Sk < \/ﬁa:z) =2d(x) — L.
n—>00 k<n

3.4 Markov property

Assume that we have a SBM (W;) and we know everything up to time s.
Conditioned on that information, what is the distribution of W, t > s?
Formally, (W;, F;) is a SBM, and we are interested in the conditional
probabilities
P(W, € A|F).
Since W, = W, + W, — Wy, where W, is F,-measurable and W; — W is

independent of F;, we obtain

P(Wt € A|F5) = P(Wt S A|Ws) = PWS(Wt—s S A),
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where P,.(W, € A) = P(W, € AW, = x), that is under P, W is a SBM
starting at . That is knowing the whole past up to s gives no more infor-
mation than knowing only W. This is the Markov property.

To make the previous argument formal we need the following.

Exercise 23. Let (Q2,.A,P) be a probability space, G C A a sub-c-algebra,
and X,Y random variables such that X is independent of G and Y is G-
measurable. Then

P(X+Y € Alg) =P(X +Y € A]Y) P —as.

and
PX+Y cAlY =y =PX+yecA) PY'-as.

For the latter note that for some o(Y)/B(R)-measurable h
P(X +Y € AlY) = h(Y).

So the latter statement claims that h(y) = P(X +y € A) a.s. with respect
to the induced measure PY ~1.

A (d-dimensional) adapted process (X;) is Markov process with initial
distribution p if
(i) P(Xo € A) = p(A);
(il) P(Xys € A|Fs) = P(Xyys € AlX,), for all A and t,s > 0.
Sometimes it is more convenient to work with various initial distribu-

tions. A Markov family is an adapted process (X;) together with a family of
probability measures (P,) such that

(i) P.(Xo =) =1;
(ii) Po(Xiys € AlF,) = Po(Xiys € A[XS);
(i) Po(Xpys € A|Xs =y) =P, (X, € A) P, X -as.
For a given w € () denote X,,. the function X, ;, that is we shift the

path by s. The property in the definition of Markov process easily extends
to path.

Proposition 11. For a Markov family for any F € B(RI?>))
(i) Py(Xsi. € F|Fs) =P (Xsy. € F|Xs);
(ii)) Po(Xsr. € F|Xs=y) =P, (X € F) P, X, -a.s.
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The proof goes by the usual technical machinery. The sets F' satisfying
the above properties forms a A-system and it contains the finite dimensional
cylinders.

Markov property states that the process restarts at fixed times ¢. Some-
times we need to restart the process at stopping times 7. This property is
the strong Markov property.

A (d-dimensional) adapted process (X;) is strong Markov process with
initial distribution p if

(i) P(Xo € A) = pu(A);

(ii) P(X,4: € A|F;) = P(X; € A|X,), for all A and stopping time 7.
Similarly, a strong Markov family is an adapted process (X;) together with
a family of probability measures P, such that

(i) P.(Xo=2)=1;
(il) Po(Xrye € AlF;) = Po(Xryy € AlX,) for all A and stopping time T;

(iii) P.(X, € A|X, =y) =P,(X, € A) P, X '-a.s. for all A and stopping
time 7;

Proposition 12. For a strong Markov family for any F € B((R)[*>)
(i) P (X,y. € FIF,) =P (X, € F|X,);
(ii) Po(X,\. € FIX, = 2) = P,(X. € F) P,X ..

We proved that SBM is Markov. In fact, it is strong Markov.

Theorem 26. SBM s a strong Markov process.

3.5 Path properties

Theorem 27. Almost surely the sample path of a SBM is not monotone in
any interval.

Proof. Let
A ={w: W(-,w) is monotone on some interval} .

Clearly
A = U, seq {w : W(-,w) is monotone on [r,s]}.
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Since this is a countable union it is enough to prove that each event has
probability zero. To ease notation choose » = 0, s = 1, and put

B = {w: W(-,w) is nondecreasing on [0, 1]} .
We have
B=n2 {w:W({(i+1)/n,w) > W(i/n,w), i=0,1,...,n—1} =N B,.

By the independent increment property

n—1
P(B,) = [[P(W((i+1)/n) > W(i/n)) =27",
=0
which implies that P(B) = 0 as claimed. O

For any interval [a,b] let II,, = {a =ty < t; < ... < t,, = b} a partition
with mesh
|L,|| = max{t; —t;—1 : i=1,2,...,n}.

We determine the quadratic variation of the Wiener process.
Theorem 28. Let I, = {a = tg < t; < ... < t, =b},n=12,..., a
sequence of partitions of [a,b] such that |[I1,]| — 0. Then

Z(Wt’ — Wti,1)2 L—2> b — a.

i=1

Proof. Assume that [a,b] = [0,1]. We have to show that

E (i(Wn — W, ) — 1> — 0.

=1

Using 1 = """, (t; — t;1) we have

E (i(Wtz - Wti—l)z - 1> =
N )
Z E ([(VVM - Wti—1)2 - (ti - ti—l)} [(Wt]’ - Wtj—1)2 - (tj - tj—1>]) :

i,j=1
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If ¢ # j then W;, — W,;,_, and Wtj — Wt];l are independent. Therefore
E [(Wtz - Wti—l)Q - (ti - ti—l)} =0,

so the mixed products in (9) are 0. Using that W, — W ~ N(0,t — s) we
obtain

n 2 n
E (Z(VVM - Wti—1)2 - 1) - ZE [(Vvtl - Wti_1)2 - (ti - ti—l)}z
=1 =1
" w, —w, \? ]
SNt )E L) 1
;( 1 < Vi —ti
=E(Z*-1)*) (ti —ti1)%

n
i=1

where Z ~ N(0,1). Since

n

D (i —tia)? < T (8 — tima) = |[TL]| = 0,
=1

i=1
the proof is ready. m

Under some extra conditions a.s. convergence hold. Recall that in gen-
eral neither L? convergence nor a.s. convergence implies the other. More-
over, L? convergence implies a.s. convergence on a subsequence. However, if
> I,]| < oo then the Borel-Cantelli lemma implies a.s. convergence.

Exercise 24. Let I, = {a =ty < t1 < ... < t, =0b},n=12,...,a
sequence of partitions of [a, b] such that > >~ |[IL,|| < co. Then a.s.

n

Z(th — Wti,1)2—>b — Q.

=1

Corollary 8. Let (I1,,) be a sequence of partitions of the interval [a,b] such
that 3> ||, || < 0o. Then > . | |Wi, — Wi, | = 00 a.s.

Proof. Clearly,

n

Z(Wtz - Wtiﬂ)z < sup ’Wtz - Wtifll Z |Wt7, - Wtifl |
i=1

i—1 1<i<n
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The left-hand side converges to b — a a.s. on a subsequence. On the right-
hand side the first factor goes to 0 a.s. by the continuity of the Wiener pro-
cess. (Recall that continuous function is uniformly continuous on compacts.)
Therefore the second term necessarily tends to infinity. m

We proved that the sample path of W are Hélder continuous with expo-
nent < 1/2, and that the sample path are not of bounded variation. These
results suggest that the trajectories are quite irregular. In fact, they are
a.s. nowhere differentiable.

Theorem 29 (Paley, Wiener, Zygmund (1933)). Almost surely the path
W (-,w) is nowhere differentiable.

Proof. For n,k € N consider

Xow =max { |W (k27") =W ((k—1)27")| ,[W ((k+1)27") = W (k27")] ,
W ((k+2)27") =W ((k+1)27)] }.

Using the independent increment property and the scale invariance
P(X <) = (P(W(1/27)] <))’ < (2-27%)".

Putting Y,, = min; < < non X, We obtained

n2m
P(Y, <)<Y P(Xu <e) <n2"(2-2"%¢) .
k=1

Introduce the event
A={w: W(-,w) is somewhere differentiable}.
If w € A then there exist t = t(w) such that W/(t,w) = D(w) € R. Thus

lim W(s,w)—W(t,w)

s—t s—t

= [D(w)| < 0.

Therefore there exists 6(w) = d(w,t) > 0 such that for |s — | < d(w)

[W(s,w) = W(t,w)| < (IDw)| +1)|s — .
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Let no(w) = no(w, t) so large that

2 m0l) < @, no(w) > max{4(|D(w)| + 1),t + 1}.

Fix n > ng(w) and let

W
< 2(|D(w)| +1) 23 — 4(|D(w)| + 1) 1

where the max is taken on the set j € {k(w), k(w) + 1, k(w) + 2}.
Since k(w) < n 2", we obtained

—  mi < np/on
Y, (w)  Jpin, Xpp(w) < nj2m.

Thus w € A implies w € A, = {w : Y, (w) < n/2"} for all n > ng(w) so

w e liminf A, =U;2, N-_ A,
n—oo

= {w : w € Ay, except finitely many k}.

That is A C B := liminf,,_,,, A,. Using the Fatou lemma

P(B) < liminf P(A,) < liminf P (Yn < ﬁ)

n—o00 n—o00 on

3
< liminfn 2" (2 L gn/2 ﬁ) — 0.

n—o00 on

So A C B and P(B) =0 as claimed.
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Note that we don’t claim that A € A. Now we see the usefulness of the
usual conditions. The usual conditions include that F; contains the null-sets

of A.
Let

Z(w)=A{t: W(t,w) =0}

denote the set of zeros. Let A be the Lebesgue measure. By Fubini
BAZ) = [ M(Z()P(de)
/ / = 0) dtP(dw)
_ /R (W (t,w) = 0)dt = 0.

Since A(Z) > 0 this implies A\(Z) = 0 a.s.

Theorem 30 (Khinchin, 1933). For almost every w

lim sup Wulw) =1 and liminf Wulw)

10~ /2tloglog 1/t t10 \/2tlog10g1/t:

_17

and
_ Wi (w) .. Wi(w)
1 — =1 d 1 f—————— = —1.
TP ABiloglog e TR oiloglog t

Proof. By symmetry it is enough to prove the limsup results, and since
(tWh ) is SBM it is enough to prove at 0.

Let
)\2
X; =exp {)\Wt — ?t}

This is a martingale, therefore by the maximal inequality

A
P (max (Ws — —s) > B) =P (max X, > em) < e,
s€[0,t] 2 s€[0,]

Put h(t) = y/2tloglog(1/t). Fix 6,5 € (0,1). Choose A\ = (1 + §)0~"h(6"),
b= h(@")/Q and t = 6. Then

A
P (max (WS - §s> > 5) <e M= (nlog1/0)" ).

s€[0,¢]
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This is summable, therefore by the Borel-Cantelli lemma there exists N(w),
and Q(;’g with P(Q&g) = 1 such that

max <Ws - 17—’_559"}1(9")) < %h(G") for n > N(w).

s€[0,6™]
Thus for ¢ € (6", 0"]

Wy (w) < max Wi(w) < (1+06/2)h(6") < (1+6/2) 072 ().

T s€[0,6m]
Therefore for n > N(w)

sup Wt (CU)

<(1+6/2)67Y2,
t€(9n+1,9n] h(t) ( / )

which implies as n — oo

. Wt(w) ~1/2
1 < (1+6/2)0712
m;%up hD) <( /2)

Letting 0 | 0 and 6 1 1 through rationals we obtain

lim sup Wi(w)

1 0 <1 (10)

For the opposite direction we need the second Borel-Cantelli lemma,
which requires independence. Fix 6 € (0,1) and let

An - {Wgn - W9n+1 2 V 1-— 9h(9")}

Putting z = y/2logn + 2loglog 1/6

Wgn —W9n+1 -1 _ﬁ / 1
P(A,) =P L0 >C e ,
( ) < A /977, _ 9n+1 - x) X € - N /logn

where we use Lemma 5. The lower bound is a divergent series in n, therefore
the event A,, occur infinitely often. On the other hand by (10) (for —W})

— W1 < 2h(07) < 46Y2h(6™)
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for all n > N(w). Therefore whenever A,, occur
e o

Letting n — oo we have

4%
limsup —= > V1 — 6 — 4V/6,
to - h(t)
and the result follows by letting 6 | 0. m

Exercise 25. Show that if W is SBM then for any A

)\2
X; =exp {)\Wt — ?t}

is a martingale.

4 Stochastic integral

This part is from Karatzas and Shreve [5], in a rather simplified way. Stochas-
tic integration is only worked out in detail with respect to SBM, and not with
respect to a continuous martingales. A lot of technical detailes are omitted.

Here we define the integration with respect to the Brownian motion. Note
that SBM is not of bounded variation, therefore we cannot define the integral
pathwise. This is the major difficulty in the theory.

4.1 Integration of simple processes

In what follows we work on [0, 7], for 7" < co. Let (W;, F;) be SBM.
The process (X;) is a simple process, if

Xi(w) = Golw)Loy (¢ +Z& W)t 1241 (8),

where 0 =ty < t; < ... < t, = T is a partition of [0,7], and &; is Fy, -
measurable.

That is (X;(w)) is a step function for each w € Q, where the step sizes
are random. Note that &; is measurable with respect to the o-algebra corre-
sponding to the left end point of the interval.
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Exercise 26. Show that a simple process is adapted.

The definition of the integral of simple processes is straightforward. Let
k be such that t € (¢, tx41]. Then

t k—1
[t(X) :A XSdWS :Z£1<Wtz+1 —th)—ng(Wt—Wtk), tE [O,T]
=0

Note that we defined the process for each t € [0, 7.

Theorem 31. Let XY be simple processes with square integrable coeffi-
cients.

(i) 1,(X) is a continuous martingale, Io(X) =0 a.s.

(i) Fort>s
t 2 t
(/ Xuqu) )fs :EU Xidu‘Fs};

in particular EL(X)* = E fot X2du.

(11i) The integral is linear, that is

I(aX +8Y)=al(X)+BIY), «afeR.

E

2
w) Esu Ex,dW,) <4E [T X2du.
(iv) Po<i<T fo udWy fo u

Proof. (iii) is clear. (iv) follows from Doob’s maximal inequality.
(i) The continuity is obvious and [y(X) = 0. We prove that (I;) is mar-
tingale. Let s <t and s € (tg, tx41],t € (tm, tme1]. Then

t k—1
/ X dW, =3 &(Wa,, = Wy,) + &(W, — W3,
0 i=0

m—1

+ gk(Wtk+1 - WS) + Z gi(WtH»l - th) + gm(I/Vt - th)'

i=k+1

By the tower rule

E[&(Wtiﬂ - Wtz) FS] =E [E[gi(Wti+l - Wtz) ‘th] ‘FS}
=E [fiE[WtiH - Wti ]'—ti} «7'—5}
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The first and last term can be handled similarly.

(ii) We showed that
¢
/ Xuqu = gk(Wtk_,_l - Z gz WtH_l Vth) + gm( th)
s i=k+1

Taking square and conditional expectation we end up with sum of terms
E[&(Wey, = Wi)& Wy — Wiy )| F]
We show that this equals 0, whenever ¢ # j. Indeed,
E[gi(WtiJrl - Wti)fj(Wthrl - Wtj)‘f;‘]
=E [E[&(Wtiﬂ - Wti)gj(Wthrl - Wtj)"thH‘FS} =0

Therefore

( / t Xuqu)2 |]—"S]

m—1
éZ(thq - WS>2 + Z é@z(Wti+1 - Wti)z + £r2n<Wt - th>2’fS] .

i=k+1

=E

By the tower rule again
E[giZ(Wtiﬂ - =E [E 52 Wt1+1 - 2)2’th]f5:|
:Ef (tig1 — t3)|Fs]

z+1
= [ ngu|]:s] :

Summing we obtain the result. O]

4.2 Extending the definition

The idea is the following. We defined the integral for simple processes.

Adapted processes can be approximated by simple processes, so we can de-

fine the integral of adapted process as a limit and hope for the best. This

was the method at the definition of both Riemann and Lebesgue integral.
Let

T
H = {(Xt) : Fr-adapted and E/ X2du < oo}
0

We extend the definition to the class H.
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Lemma 6. Let (X;) € H. There exists a sequence of simple processes
{(X7")}n such that

T
lim E/ (Xs— X")?ds = 0.
0

n—oo
Proof. We only prove in the special case when X is bounded and continuous.
Let -

th(w) I{o} + Z chT (AT (k+1)T](t).

27L ) omn

These are simple processes. Since continuous function is uniformly continu-
ous on compacts, almost surely

T
/ X" — X, |*dt — 0.
0

Lebesgue’s dominated convergence gives the proof. O]
Let X € H and {X"}, given in the lemma. By Theorem 31 (iv)
t 2 T
E sup ( / (X7 —X;”)dwu) <4E / (X — X™)>2du.
te[0,7) 0 0

The right-hand side tends to 0 by the lemma above, therefore the left-hand
side too. Thus there exists a sequence {n;} such that

E sup </t(ijk+1 — X]jk)qu>2 <27, (11)
tefo,1] \Jo
The first Borel-Cantelli lemma implies
I(X™) — I(X), uniformly on [0,7]-n a.s.
As I(X™) is continuous, so is I(X). We have to show that I(X) does not

depend on the subsequence. In (11) letting m — oo

E sup (I(X) = L(X")) < 4E / C(X, - X0,

te[0,T]

so I(X) does not depend on the subsequence.
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Next we show that /(X)) is martingale, i.e. for any s < ¢
E[I(X)|F] = L(X).
For any n

IEL(X)|F] = L(X)|[ 2 < [[BIL(X) — LX) F]l2
+IEL(X") = LX) Flle + [Ho(X") = L(X)]| 22,

where || X2 = VEX?. The second term on the RHS equals 0, since I(X™)
is martingale, while the first and third term can be arbitrarily small. So
I(X) is indeed a martingale.

Summarizing, for X € H we defined the stochastic integral

t
IL(X) = / X, dW,
0
and showed that it satisfies the properties of Theorem 31.

We note that the definition of the integral can be further extended from
‘H to the larger class

T
H = {(Xt) : Fi-adapted and / X2du < oo a.s.}
0

such that Theorem 31 remains true.

Example 10 (Approximation of fot WdWy). Fix € € [0,1] and consider

|
—

n

SE<H) = (€Wti+1 + (1 — €>Wt¢) (WtiJrl — Wtz) .
i=0
We prove that
2 1 1
lim S.(I) £ w2 - 12
Jim i) 2 Sz (== ) (12)

We know that (W2 —t) is martingale, thus the limit above is martingale
iff ¢ = 0, which corresponds to the definition of It6 stochastic integral. There
are other stochastic integrals: € = 1/2 corresponds to the Fisk—Stratonovich
integral, and € = 1 corresponds to the backward Ito integral.

By (12) t )
/ W.dW, = Wi —t
o 2
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Next we prove (12). Since

W, . . + W, 1
€Wti+1 + (1 - g)Wti - % + (6 - 5) (VVtHI - th) )
we have to determine the limits
n—1 n—1
Z(WtiJrl - Wti)2> (Wt2i+1 - WtQZ)
i=0 i=0

The first is exactly the quadratic variation of SBM, therefore converges to ¢
in L?, while the second is a telescopic sum, giving W?.

Example 11. Let X be simple process and W SBM. Let

t 1 t
GO0 = [ Xaw, - [ X o=

We show that (Y; = e%) is martingale.
Since X is simple, we have

n—1
Xt = &JI{O} (t) + Z giI(tiyti+l](t)7
=0

where &; is Fy,-measurable. Thus if s € (¢, tx11], t € (tm, tms1], then

2 m—1 2
Cts :gk(Wtk+1 - WS) - %(tk-‘rl - S) + Z [gi(Wti+1 - Wtz) - %(ti-‘rl - ti)
€2 i=k+1
+&n(Wy =Wy, ) — 7’”(1& —tm).

(13)
Since (, is Fs-measurable we obtain
E[e%|F,] = e“El[e% | Fy].
We only have to show that

E[e%|F,] = 1.
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This can be done by a repeated application of the tower rule. In (13) all
terms but the last are F; -measurable and

E [exp {gm(wt —Wi,) — %(t - tm)} Iftm}

2
—_= ei%n(

t*tm)E [exp{ﬁm(Wt — th)}‘ﬂm] :

In the exponent of the RHS &, is F;,,-measurable and W, — W, is indepen-
dent of F;, , therefore (by the next exercise) &, can be handled as a constant.
We have

Eet = eg,
therefore ,
B [exp{&n (Ws = Wi, )}, ] = e3¢,
Summarizing
£2
E |exp{&, (W, — W,,) — 7’"(15 —tm) HF, | = 1.

Applying repeatedly the tower rule first to the o-algebra F; _,, thento F; .,
..., we obtain that each factor equals 1.

Using the It6 formula we show that Y is martingale for more general
processes and it satisfies a certain stochastic differential equation.

Exercise 27. Let X,Y be random variables, X is G-measurable, and Y is
independent of G. Then

E[L(X,Y)[G] = / h(X, y)dF(y),

where F(y) = P(Y < y) is the distribution function of Y.

4.3 1Itd’s formula

Let (2, F, P) be a probability space, (F) a filtration, and (W;) SBM for this
filtration. Then (X) is It6 process if

t t
X, = X0+/ sts—l—/ H,dW,, (14)
0 0
where
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e X, Fo-measurable;

e K, H are F;-adapted processes;

o fOT | K, |du < oo, fOT H2ds < oo a.s.

The part fot K.ds is the bounded variation part of the process, while
fot H,dW, is the martingale part.

Lemma 7. If M, = fg Kds is a continuous martingale and fOT | K|ds < oo
almost surely then M; = 0.

Proof. Assume that fOT |Ks|ds < C for some C' < co. Then for a sequence
of partitions (I, ={0 =ty <t; <...<t, =T7}) of [0, 7]

n—1 T
E E (Mti+1 - Mti>2 <E Sllp ‘MtiJrl - ’Kslds
i—0 0<i<n—1

<CE sup |M;,, —M;|—0,

0<i<n—1

as ||IL,]| — 0. We used that continuous function is uniformly continuous on
compacts and Lebesgue’s dominated convergence can be used because of the
boundedness.

Furthermore,

E(M, — M,)* = EM? + EM? — 2E (E[M,M,|F,])
=EM? - EM?,

for s < t, thus
n—1
BY (M., - M, ) = QL - M) = B
=0

Therefore EM? = 0 for all ¢, and the statement follows. ]
Corollary 9. Representation (14) is unique.

Proof. Indeed, if

t t t t
/ sts+/ H,dW, :/ Lsds+/ G,dWy,
0 0 0 0
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then

/ (K, — L)ds = / (G~ Ho)aw,.

The RHS is a continuous martingale, therefore by the previous lemma it has
to be constant 0. O

In what follows we use the notation
dXt - tht + thWt.

Theorem 32 (It6 formula (1944)). Let X; = X + [) Kods + [, H,dW, be
an Ito process and f € C*. Then

f(Xe) = f(Xo) + /D f’(Xs)dXer% /0 f"(X,)Hds.

That is (f(X;)) is an It6 process too, with representation (14)

FX) = f(X) + /0 t < FX)E, + % f"(XS)H§> ds + /0 PG HAAW,.

Example 12. We already calculated the stochastic integral [ W,dW; in
Example 10. Now we determine it again.

The SBM as an [to process can be represented with Ky, =0, H;, = 1. Let
f(z) = 2% Then

t 1 t
W2 =W; +/ 2W,dW, + 5/ 2ds.
0 0

From this we obtain

t 2 _
/ WdWy = W, t.
0 2

We see immediately that W? — ¢ is martingale.

Proof. We only prove under the following extra assumptions: f is compactly
supported; sup, , | K (w)| < K, sup,, |Hs(w)| < K for some K < oco. (This
is not an essential restriction.)
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Take I={0=1ty <t; <...<t, =T} Using the Taylor formula

[
NE

f(Xe) = f(Xo) Lf(Xe) = F(Xey)]

e
Il

1

1 m
f'(Xe ) (X, — X y) —Z (i) (X, — X))

k=1
!/ tk !
f (th_l) K,ds + Z (X)) " HdWw,
-1 k—1 tg—1

[
NE

N}

k=1

Il
1M

1 m
+§kz (1) (X, — X,y )?
=5+ L+ I,

where 7y (w) is between X, | (w) and X3, (w).
It is easy to handle I;. As [’ and X, are continuous

I = Zf (X, / Kd5—>/ f'(X,)K.ds as., (15)

lp—

as |[II|| — 0.
Rewrite Iy as

[2 va th 1 / H dW / va th 1 (tk 1tk]( )H dW
th— k=1

As ||II]| — 0

t m 2
E/ <f’(X5)H5 — Z f/(th—l)I(tkhtk}(S)HS) dS — 0.
0 k=1

Indeed, for any w € €2 fix the integrand is bounded and by continuity goes to
0, therefore the dominated Lebesgue convergence theorem applies. Theorem
31 (ii) implies

b= [ 5 () HAW, / FX)HAW,.  (16)
0 k=1
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Next comes I3, the difficult part. We have to show that

1 t
Iy = 3 / (X, H2ds.
0

Write

2
tr tr
(th — th_l)Q = / sts +/ HdeS
te—1 te—1
ti 2 tr tr
([ mas) w2 [ s [T maw,
th—1 tr—1 te—1
th 2
+ / H AW, | .
lk—1

We show that the contribution of the first two terms is negligible to the whole

sum. For the first

m

m tr 2
> () (/ sts> <Moo K2 (b —tic1)* =0 as. (17)
k=1 te—1

k=1

To handle the second introduce M; = fot H,dW,. Then
m th th
> () / K,ds - / H, AW,
k=1 te—1 te—1

<o K sup (M — My -3t~ i)
1<k<m 1

= [|f"lec - Kt sup [My, — M, _,| =0, as.,
1<k<m

since M; = fg H,dWj is a continuous martingale.
We have to deal with the sum

S ) ( / k HSdWS> |

k=1
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First we change 7 to X;, ,. Taking the difference

L7 () = " (X DI (My, — My, )?

NE

£
Il

1

< sup () = (X )| - Y J(Myy, — My, ).

1<k<m

k=1
By the Cauchy—Schwarz inequality
EY [f"(m) = f"(Xo, )My, = My,_,)?
k=1

(19)

< \/E sup (f"(me) — f"(Xe,_1))* | E (Z(Mtk - Mtk_l)Q) :

1<k<m Pt
The first term tends to 0 because (X;) is continuous and f” is bounded. The
second is bounded by the following lemma.

Lemma 8. Let (M;) be a continuous bounded martingale on [0,t], that is
sup, , |My(w)| < K, and let 1 = {0 =ty <t < ... <t, =t} be a partition.

Then )
E (Z(Mti - Mti_1)2> < 6K*.

=1

Proof. Expanding the square

d

i

2
(Mti - Mti1)2>

E<Mti - Mti71)4 + Z E<Mti - Mti—l)Q(Mt
1 i#]j

— M, )*.

J

L

)

Using several times that

E[(M, — M,)*|F,] = E[M} — MJ|F], s <t,
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we obtain

1 j=i+1
m—1
=2 E(Mti Mthl)Z(MtQ - Mtz)
=1
m—1
<2K*Y B(M, — M,_,)*
i=1
m—1
=2K* Y B(M} — M} ) <2K*
=1

While, for the sum of 4th powers

ZE(Mtz - Mti—1)4 < 4K2EZE(Mtz - Mti—1)2
=1 =1

=4K’E(M}? — M3) < 4K*.

Summarizing from I3 we have the sum
Z f”<th_1)(Mtk - Mtk—1)2'
k=1
We claim that
m 1 t
> £ )0ty = M) [ mzas
k=1 0
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Since X and f” are continuous

m

tr t
Zf”(thl)/ Hfds—>/ (X )H%ds  as.
t_1 0

k=1
Thus it is enough to show that
m t o
Z F'(Xy ) | (My, — My, ) — / Hids | = 0.
kzl tk—l

Theorem 31 (ii) implies

2
ty
E [(Mtk - Mtk—1)2|ftk—lj| =E (/ HS dWS) |~Ftk_1
te—1

- "
=E / H%ds|F, |,
|V tk—1
m tk 2
E <Z f”(th—1) ((Mtk - Mtk_1)2 - / H3d8)>
k=1 b1

the expectation of the mixed term is 0. Thus this equals

SO in

IA
=
g

&

NE

(M, — M,,_ ) +2EZ M, — M, ) / HZ2ds
k=1 k=1

m th
+EY ( H3d5> }
k=1 \7tk—

< ||f||§o[EZ M, — M, )*+2K*E sup (M, —Mtk_l)%K“tIIHH}-

m
P 1<k<m
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The second and third term tend to 0, and for the first

EZ M, — M, )'<E

=1

Z Mtk Mtk 1 © Sup ’Mtk - Mtk—lP]

= 1<k<m

m 2

< E Z(Mtk - Mtk71)2 \/E sup |Mtk - Mtk—1|4
1 1<k<m
< x/6K2\/E sup M, — M, |*— 0.
1<k<m

Summarizing we obtained L', L? and almost sure convergence in (15)—
(20). Since everything is bounded, L! convergence follows in each case, that
is

Z th th—1)}

k=1
/f S)dX, + = /f” X,)H?ds.

Convergence in L' implies a.s. convergence on a subsequence. As both sides
are continuous we obtained that the two process are indistinguishable.  [J

f(X

Example 13 (Continuation of Example 11). Let

t 1 t

where X, is an adapted process. Then Z; = e satisfies the stochastic differ-
ential equation

t
Zy =1 —l—/ Z X dW,
0
or with a common notation
dZt ZtXtth) ZO - ]_

Writing ¢ as an [to process

t 1 t
G = / ——X2du + / X, dW,.
0 2 0
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xT

Using [t0’s formula with f(z) =e
t 1 t
Zy=¢e =1 +/ e d¢s + —/ e X2ds
0 2 Jo
t 1 1 t
=1+ / e (——deerXdeS) + = / % X2ds
0 2 2 Jo
t
=1+ / e X AW,
Ot
=1 +/ Z X dWs,
0
as claimed. We see that Z; is martingale.
Exercise 28. Let (; be as above. Show that Y, = e~ satisfies the SDE

dY, = Y, X?dt — X, Y, dW,, Y, =1.

Similarly, one can show a more general version, where f depends on the
time variable .

Theorem 33 (More general 1t6 formula). Let X, be an Ité process and f €
CY2. Then

Lo Lo
f(t,Xt) = f(O,Xo) +/0 %f(S,XS)dS—i-/O %f(S,XS>dX5
1 ("o

5 @f(S,XS)Hde
0

_|_

4.4 Multidimensional It6 processes

Let W = (WY, W2, ...,W") be an r-dimensional SBM, that is its component
are iid SBM’s. Then (X}) is a d-dimensional It6 process, if

t T t
X;‘:X3+/ K;‘de/ HY W9, (21)

where [ |Ki|ds < oo, [ (H)2ds < oo a.s., and K', H" are F-adapted,

s

i=1,2,....d,j=12...,r
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Theorem 34 (Multidimensional It6 formula). Let (X;) be a multidimen-
sional Ité process and f : R'T¢ = R, f € CY2. Then

t
flt, Xk X3 :f(o,Xg,...,Xg)+/ %f(s,Xsl,...,Xg)ds
0

f(s, X XYax?

+= Z/ S ng,...,Xj)ZHg’ng’kds.
k=1

’Lj_

4.5 Applications

Example 14 (Integration by parts I). Let (X,Y’) be a two-dimensional It6
process with representation

t t
Xt:X0+/K8ds+/Hde8
0 0

t t
}/t:YO—i_/Lsds'f—/Gdesa
0 0

where K, L, H,G are as usual. Then

t t t
/ XY = Xo Y — XoY) — / Y, d X — / H,Gds.
0 0 0

Note that in the deterministic integration by parts formula the last term
is missing.
For the proof apply Itd’s formula for (X,Y) and f(z,y) = xy. Then

r=1,d=2, K! =K,, K=L,, H"' = H,, H*' =G,

Since 8f =Y, 3 8f =z, ng ng =0, and aigy = ayg; = 1, we obtain

t t 1 t
XY, = XoYo + / Y,d X + / XsdYs + 52/ H,Gds,
0 0 0

as claimed.
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Example 15 (Integration by parts II). To change a bit let W be another
SBM independent of W and (X,Y)

t t
Xt:X0+/K5d3+/HSdWS
0 0

t t N
Y;:YO—i—/Lsds—l—/GdeS.
0 0

Then . .
/ X dY, = XY, — XoYy — / Y.dX,.
0 0

The proof is the same but here d = r = 2, and no extra term appears.

Example 16 (Geometric Brownian motion). Let 4 € R, o > 0. Solve the
SDE
dXt = ILLXtdt + O'Xtth. (22)

We have . .
Xy =Xo+ / nXsds +/ o X, dWs.
0 0

Applying It6’s formula with f(z) = logz

| 11
log X; = log X, + /0 X (uXsds + o X, dWy) + 5 /0 —XSQ o?X2ds
o2
= log Xog + oW, + <,u — ?> t.
Thus
0,2
X, = Xy W (=7) (23)

This is martingale iff g = 0.
Note that log x is not defined at 0, so the proof is not complete. It only
gives us a potential solution.

Exercise 29. Show that X; in (23) is indeed a solution to the SDE (22).

A more constructive solution is to apply Itd’s formula with a general
f, and then choose f to obtain a simple equation. With f(z) = logx the
integrand in the martingale part is constant.

Exercise 30. Show that Y (t) = e"/? cos W, is martingale.
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Exercise 31. Show that

t 1 t
/ W2dW, = ~W? — / W.ds,
0 3 0

and
t 1 3 t
/ W3dW, = ~W; — —/ W2ds.
0 4 2 Jo

Exercise 32. Let W = (W' ... W") be an r-dimensional SBM, r > 2, and
let

Show that R satisfies the SDE

r—1 : ! ;
AR, = ¢ EqIVe.
t= o, T ; R,

This is the Bessel equation and R is the Bessel process.

4.6 Quadratic variation and the Doob—Meyer decom-
position

We proved that

E

t 2
( / Xuqu) |7

t
g U X? du‘]—"s} ,
which means that the process

(/OtXuqu)Q—/otxgdu (24)

is a continuous martingale. In the decomposition

t 2 t t 2 t
(/ Xuqu) :/ ngu+</ Xuqu) —/ X2du
0 0 0 0

the first term is an increasing process and the second term is a martingale,
that is we obtained the Doob-Meyer decomposition of I;(X)?2.
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On the other hand, at the proof of Itd’s formula we showed (see (20))

that )
n t; t
Z(/ Xuqu> L—>/ X2du, as |[IL| — 0.
i=1 \ti-1 0

The left-hand side is exactly the quadratic variation process of the martingale
I,(X).
Summarizing, we proved the following.

Theorem 35. For any Ité process Xy, the quadratic variation of I;(X) and
the increasing process in the Doob—Meyer decomposition of I,(X)?* are the
same.

This result holds in a more general setup.

Let (X;) be a (continuous) square integrable martingale, X € M, (or X €
MS). Then X7 is a submartingale, so by the Doob-Meyer decomposition
there exists a unique (up to indistinguishibility) adapted increasing process
Ay, such that Ay = 0 a.s. and X? — A; is a martingale. The process (X); = A,
is the quadratic variation of X.

With this notation, Theorem 35 states that

</0 Xuqu>t =(I(X)); = /Ot X2 du.

Without proof we mention that Theorem 35 holds not only for 1t6 pro-
cesses but for continuous square integrable martingales.

Theorem 36. Let X € M$. For partition I1 of [0,t] we have

- P
VA =) (X, = X, )” = (X)e as 1T 0.
k=1
For square integrable martingales X, Y the crossvariation process of X
and Y is

1
(X Y)e= (X +Y) — (X =T)).
The processes X and Y are orthogonal if (X,Y); = 0 a.s. for any ¢.

Exercise 33. Show that if XY € Ms, then XY — (X,Y’) is a martingale.

64



One can define stochastic integral with respect to more general processes.
The process (X;) is a continuous semimartingale if

Xy =M, + Ay,

where M, is a continuous martingale and A; is of bounded variation, and
both are adapted. As in Lemma 7 it can be shown that this decomposition
is essentially unique.

We can define stochastic integral with respect to semimartingales. Indeed,
integral with respect to A; can be defined pathwise, since A is of bounded
variation, and integration with respect to continuous M; can be defined sim-
ilarly as for SBM.

The following version of [t6’s formula holds.

Theorem 37 (Ito formula for semimartingales). Let X; = M; + A; be a
continuous semimartingale, and let f € C%. Then

Fx) = 500+ [ rgax.+ g [ i,

5 Stochastic differential equations

5.1 Existence and uniqueness

We define the strong solution of SDEs and obtain existence and uniqueness
results.
The followings are given:

probability space (92, .4, P);

with a filtration (F;)ej0,17;

a d-dimensional SBM W, = (W}, ... W) with respect to the filtration
(F);

measurable functions f : R? x [0, 7] — R?, o : RY x [0,T] — R¥*7;

e Fo-measurable 1v £ : Q — R? .

The (d-dimensional) process (X;) is strong solution to the SDE

dXt = f(Xt7 t) dt + O'(Xt, t) dVVt,

Xo =&, (25)
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if fo (X, s)ds are fo (X, s)dW, well-defined for all ¢ € [0,7] and the
integral version of (25) holds, i.e.

t t
X, =¢ —i—/ f(Xs,s)ds +/ o(Xs,s)dWs, forall t € [0,7T] a.s.
0 0

Written coordinatewise
XZ—£‘+/ f’(Xs,s)der/ > 0ii(Xes)dWI, i=1,2,....d.
0 (Rt

It is important to emphasize that with strong solutions not only the SDE
(25) is given, but the driving SBM, the initial condition (not just distribu-
tion!) ¢ and the filtration.

For d-dimensional vectors |z| = /2% + ... + a2 stands for the usual Eu-

clidean norm, and for a matrix o € R¥" define |o| = , /2205

Theorem 38. Assume that for the functions in (25) the following hold:

[f(2,t) = fly, )] + lo(x,t) —o(y,t)] < K|z —yl,
[f(@ O] + lo(z,t)]* < Ko(1 + |2]*),
E[¢]? < oo.

Then (25) has a unique strong solution X, and

E sup |X,> < C(1+E[£]).

0<t<T

Proof. We only prove for d = r = 1. The general case is similar, but nota-
tionally messy.

Recall the following statement from the theory of ordinary differential
equations.

Lemma 9 (Gronwall-Bellman). Let «, 3 be integrable functions for which

a(t) < B(t) —I—H/toz(s) ds, te€la,b,

for some H > 0. Then

at) < B(t) + H/ A=) 3(s) ds



Uniqueness. Let X, Y; be solutions. Then

Xt—Yt—/O (f(XS,s)—f(YS,s))der/o (0(X,,5) — o(Ys, ) dIV,.

Since (a + b)? < 2a® + 2b?, by Theorem 31 (ii) and the Cauchy—Schwarz
inequality

2

B0 =7 < 28 ([ ((X00) - 705
4 OE /Ot(a(Xs, 5) — o (Vs 5))2ds
<2(T+1)K? /tE(XS —Y,)?*ds.
0
With the notation ¢(t) = E(X; — Y;)? we obtained

o(t) <2(T + 1)K2/0 ©(s)ds.

By the Gronwall-Bellman lemma ¢(t) =0, i.e. X; =Y} a.s. Since X; — Y] is
continuous, the two processes are indistinguishable, meaning

P(X, =Y, Vte[0,T]) =1.

Thus the uniqueness is proved.
Existence. Sketch. The proof goes similarly as the proof of the Picard—
Lindelof theorem for ODEs. We do Picard iteration. Let Xt(o) = ¢, and if

X™ is given, let

t t
Xt<n+1>:§+/ f(XS(”),s)ds—l—/ (X, s)dW,.
0 0

Write



By Doob’s maximal inequality, as in the proof of uniqueness

t
E (sup (M§”))2) < 4E/ (U(XS("), s) —o(Xn), s))2 ds
0

s€(0,t]

t
< 4K? / E(X™ — X" ds.
0

On the other hand, by Cauchy-Schwarz

t
E <sup (B§">)2) <tK’E / (XM — X (=1 g,
0

s€[0,t]

This implies

t
E <sup (XD — Xﬁ”’f) <L / E(X{" — X"V)2ds,
0

s€[0,¢]

with L = 2(T + 4)K?. Tterating and changing the order of integration

t
E <sup (X (n+D X§”>)2> <L / E(XM — x=Dy2 45

s€[0,t]

0
t s
< L? / E(X Y - X=2)2 4y ds
0o Jo
t
< L2/ (t —s)E(X"D — X["=2)2 (s,
0

Continuing, and using the assumption on ¢ we obtain

E (s 0 -

s€[0,t]
(L7)"
n!

n ! (t — S)n_l
<L /0 WE(XS1 —¢)Pds < C

By Chebyshev

o wt)  onp - > (LT)"
;P(sup XM — X1 > n 2) S;C”n4T<oo.

0<t<T
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Therefore, applying the first Borel-Cantelli lemma the infinite sum

DX =X
n=0
converges a.s. Clearly the sum is a solution to the SDE (25). [

5.2 Examples

Most of the examples and exercises are from Evans [4].

Example 17. Let g be a continuous function, and consider the SDE
dXt = g(t)Xtth
Xo=1.

Show that the unique solution is

X; = exp {—% /Otg(S)ZdS + /Otg(S)dWs} :

The uniqueness follows from Theorem 38, assuming g is nice enough. To
check that X; is indeed a solution, we use Itd’s formula. Let

1 t t
y,— -t / os)2ds + / g(s)dIW..
2 0 0

With f(x) = e”, we have

t 1 t
X, =e"=1 +/ e¥dY, + 5/ e¥g?(s)ds
0 0

t
=1 —|—/ Xsg(s)dWy,
0

as claimed.

Exercise 34. Let f and ¢ be continuous functions, and consider the SDE

XO == 1

Show that the unique solution is

X, = exp {/Ot [f(s) _ %g(S)Q} ds + /Otg(s)dWs} |
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Exercise 35 (Brownian bridge). Show that

t
1
o L —s
is the unique solution of the SDE

By =0.

Calculate the mean and covariance function of B.

A mean zero Gaussian process By on [0, 1] is called Brownian bridge if its
covariance function is

Cov(Bs, B;) = min(s,t) — st.

Exercise 36. Show that if W is SBM then B, = W, — tW; is Brownian
bridge.

Exercise 37. Solve the SDE

dXt = —%€_2Xtdt + €_Xtth
X(0) =0

and show that it explodes in a finite random time. Hint: Look for a solution
Xt == U(Wt)

Exercise 38. Solve the SDE
dXt - —Xtdt + eitth.

Exercise 39. Show that (X;,Y;) = (cos Wy, sin W,) is a solution to the SDE

dX, = 1 X,dt — Y,dW,
dY, = —1v,dt + X,dw,.

Show that v/ X? 4+ Y;? is a constant for any solution (X,Y)!
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Exercise 40. Solve the SDE

dX, = dt + dw!
ay; = X,daw?,

where W® and W® are independent SBMs.

Exercise 41. Solve the SDE

dX, = Y;dt + aw!
aY; = X,dt + dw?,

where W and W® are independent SBMs.

6 General Markov processes

This part is from Breiman [1].

6.1 Transition probabilities and Chapman—Kolmogorov
equations

The process (X;) is a Markov process, if for each Borel set B € B(R), and
t, TR
P(Xt+7— € B‘XS, S S t) = P(Xt+7- € BlXt)

Choosing natural filtration F; = o(X, s < t), the definition is the same
as in Subsection 3.4

Since regular conditional distributions exist, we may choose the proba-
bilities

DPto tq (B’.T) = P(Xt2 c B|Xt1 = 33')7 t2 > t]_,B € B,

such that

o for x fixed, py, 4, (-|z) is a probability measure;

e for B € B fixed, py, ., (B|-) is measurable.

These probabilities are the transition probabilities of the Markov process
(Xy).
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Let 7 < s < t, B € B. By the tower rule, the Markov property, and the
properties of regular conditional distribution

P(Xt € B‘XT) =E [P(Xt € B‘XT7XS)’XT]
=E [P(Xt € B|XS)|XT]
= E [h(X,)|X7]

- / h(y)dP(X, € dy|X,)

- [PUX € BIX, = P (X, € g}

—/ﬁgmngwm».
R

That is
per(Blx) = / Pr.s(Bly)ps,-(dy|x).

We proved the following.

Theorem 39 (Chapman-Kolmogorov equations). The transition probabili-
ties of a Markov process satisfies the equations

por(Blz) = / pes(Bly)per(dylz), 7<s<t,BeB. (26)

The expression p; - (B|x) is the probability that starting from z in time 7
we end up in B at time t. Consider any s between 7 and t. The distribution
of X, given X, = z is p, ,(-|z), that is the probability being in y is ps - (dy|z).
Therefore, the Chapman—Kolmogorov equation is the law of total probability
plus Markov property.

We are cheating again a bit. What we proved is that (26) holds for fixed
T < s < t almost surely with respect to the probability P(X, € -). Indeed,
in the proof we calculated conditional probabilities, where each equality is
only an almost sure equality. In what follows we assume that (26) holds for
every .

The Markov process (X;) is stationary if the transition probabilities de-
pend only on the time increment, i.e. p; - (B|z) = pi—-(B|z). Then p,(B|x) =
peo(B|z), and the Chapman-Kolmogorov equations simplify to

Prys(Blz) = / pi(Bly)pa(dylo). (27)

72



Assume that (X;) is stochastically continuous at 0, that is
P
X, 55 Xy, t—0.

If (X;) starts at = then its distribution is denoted by P,, and the corre-
sponding expectation is E,, that is

P, (X, € B) =P(X, € B|Xy = 1), E.f(X,)=E[f(X,)|X, =1].

Example 18 (Poisson process). Let N; be a standard Poisson process. Then
Ny — Ny ~ Poisson(t — s), so

k

t
Px(Nt =x+ k) = pt({x + k}‘l‘) - Ee_t7

or, what is the same

th
pe(Blz) = Z 71° g

k:x+keB

The Chapman—Kolmogorov equation (27) become

Prs({EH0) = > pe({k}HO)po({}0),
/=0

which is just a reformulation of the fact that the sum of two independent
Poisson random variables is Poisson, and the parameter is the sum of the
parameters.

Example 19 (Wiener process). Let W; be SBM. Then

1 y2
= e_ﬁd
/BI V2t Y
1 (y—=)2
= e 2t dy.
/B vV2nt Y

That is p;(B|x) is absolutely continuous with transition density p,(dy|x) =
pi(ylr)dy

1 _ (y—=)2

Pt(ylx) - \/2—m6 2
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The Chapman—Kolmogorov equation (27) become

pris(Blz) = / p(Bly)os(yl)dy,

or for the densities
Prys(2|T) Z/pt(ZIy)ps(ylw)dy-
R

This is a reformulation of the fact that the sum of independent normals is
normal. Recall the convolution formula for densities.

6.2 Infinitesimal generator

The infinitesimal generator of X an operator defined by

fi 5 Sf(@) = Jim B [f(X) ~ (@), (28)

whenever the limit exists. Its domain is denoted by D(S).
We determine the infinitesimal generator of the Poisson process and the
Wiener process.

Example 20 (Poisson process). Let (/V;) be a Poisson process with intensity
1, and let f be a bounded measurable function. By definition N; — Ny ~
Poisson(t), thus

Xk

B, f(N) = 3 e flk+ ).
k=0

Since f is bounded the sum is finite, and as ¢ | 0

E.f(N,) = f(z)e ™' + f(z + Dte™" + O(?).

Thus
§4(x) = lim 7B [F(N) — f(2)]
. et —1 —t

= fle+1) = f(=z).

The limit exists for any bounded measurable function.
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Example 21 (Wiener process). Let (W;) be SBM and f € C? twice continu-
ously differentiable function with compact support. Using Taylor expansion

/ h2 1/
Fla+ 1) = F(@) + B (@) + o) + o),
and since EqW; = 0, EgW? = ¢, we have
E.f(W;) = Eof(z + W,)
VVt2

" (@) + o(W7)

— Bo | f(a) + W f (@) + -5

= () + 5 () + oft).
Thus Y
§f(x) = lim VB, [F(W) — f(a)] = T2
We see that C? C D(9).

6.3 Kolmogorov equations

Backward. Let t > 0 fix, B € B(R), 7 > 0 small. By the tower rule and
the Markov property

P(Xt+T 6 B|X0 - x) - E [P<Xt+7— E B|X7—)|X0 = Q’,‘] .
With the notation ¢:(z) = p(B|z)

90t+7'<x) = E,¢; (X‘r>7

which reads as
1

T

[Prer(@) — (@] = ~Bu [(Xs) — pu(a)].

Letting 7 tend to 0, we obtain

2 x) = (1) (@)

Substituting back the definition of ¢, we obtain Kolmogorov’s backward equa-
tion

on(Blz) = (5p(B1) (2). (29)
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Forward. Let ¢t > 0 fix, f € D(S). By the tower rule and the Markov

property
Exf(XtJrT) =E, [Ex[f<Xt+‘r)‘XtH )

which can be rewritten as

/ ()P (dyle) = / / £ (2)pr (dzly)pi(dylz) = / E, /(X )pi(dylz).
Subtracting
E, f(X,) = / F()pe(dyle)
and dividing by 7

/f<y)pt+7(dy|x) — pi(dyl|)

T

_ / LB T(5) — F()] pudyle).

Letting 7 | 0 5
[ 1) gmtaste) =[S0, (30)

The adjoint of the operator S is an operator S* on the space of measures
such that

/ (SF)(y)uldy) = / £(9)(S° 1) (dy).

If this holds for sufficiently many f and u, then it is unique.
Using the definition of adjoint in (30)

[ tgasia) = [ ) (°ni1) (@)

from which we get Kolmogorov’s forward equation

9 pu(Bla) = (5" 1)) (B) (31)

Remark 2. The derivation of the forward equation is rather intuitive. What
kind of space is the domain D(S), and how the adjoint operator defined?
Furthermore, in (30)) we differentiated a family of measures with respect to
t. If the measure are absolutely continuous, i.e.

pe(dylz) = py(y|x)dy,
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e (vle) = plole) _ 9
. P \YIT) — pe\Y|r) O
lim - = 5 wlz).
In general, both for the backward and for the forward equations extra
conditions are needed. As it can be guessed from the derivation, for the

forward equation more restrictive conditions are needed.

The importance of the Kolmogorov equations (29) and (31) is that from
infinitesimal conditions (from the generator S) one can determine the evolu-
tion of the whole process, that is the transition probabilities. In most of the
cases the solution cannot be determined explicitly, only by simulation.

Example 22 (Poisson process). Let (IV;) be a Poisson process with intensity
1. We proved that

(@) = flz+1) - f(z).
Therefore, the backward equation reads as

%pt(fﬂx) = p(Blz + 1) — pi(Blz). (32)

For the forward equation we determine the adjoint of S. We need an S*u
such that

[+ 1) = sutas) = [ fa)( (),
From this form we can guess that
S*(A) = p(A — 1) — u(A),

should work, where A —1 = {a —1 : a € A}. This indeed holds, therefore
the forward equation reads as

9 pu(Bla) = pu(B — 1]2) ~ p(Bla).

The initial condition in both cases is

1, ifz e B,

0, otherwise.

po(Blz) = 0.(B) = {

In this special case we can solve the equation (32). Let 2 = 0 and
B = {0}. Since the process have only upwards jumps p;({0}|1) = 0,

p({0}10) = ~n({0}]0).
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which together with the initial condition py = 1 gives

pe({0}]0) = ™",
Now B = {1} gives

—pt({1}|0) =e ' —p({1}/0).
Multiplying by et
d
< (e {1310) =
which with the initial condition py({1}|0) = 0 gives
p({1}|0) = te".

In general, induction gives that

k

p({}10) = e

Example 23 (Wiener process). Let (IW;) be SBM. Since (Sf)(z) = f"(x)/2,
the backward equation is

0 1 0?

Ept(BW) 20x th(B|I)‘
For the density p;(dy|z) = pi(y|x)dy we get

9 1 0

This is the heat equation.

For the forward equation we need again the adjoint of S. Let u be ab-
solutely continuous with respect to the Lebesgue measure, p(dy) = g(y)dy,
and let f € C?. Integration by parts twice gives

/ ey = [ 9" Wiy

That is (S*u)(dy) = 5¢”(y)dy. The forward equation is

0 1 0%
5P (ylr)dy = —mpt(ylrr)
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which for the densities gives

0 1 92
&Pt(ym = §a—y2/)t(y|$),

again the heat equation.
Recall that the fundamental solution to the heat equation

0 1 9%
au(tam) = Q@U(t )
1S

1 2

e’%,
V27t

which is exactly the transition density of the SBM.

F(t,x) =

6.4 Diffusion processes

Diffusions can be handled as solution to SDEs. We showed that under gen-
eral conditions unique strong solution to SDEs exists, implying the existence
of diffusion processes. This is the probabilistic approach due to Lévy and
It6. Another more analytical approach to such processes was applied by
Kolmogorov and Feller. They treated diffusions as general Markov processes
and using tools from the theory of partial differential equations, they showed
that under suitable conditions the Kolmogorov backward and forward equa-
tions have a unique solution. Then the existence of a desired Markov process
follows from Kolmogorov’s consistency theorem, and the continuity property
of the process can be treated by Kolmogorov’s continuity theorem (Theorem
18). Here we look a bit into the latter approach.

A diffusion process locally behaves as a Wiener process, in the sense that
it satisfies the SDE
dY; = p(Y)dt + o (Y;)dW,.

That is, for h > 0

t+h t+h
AY, = Vi — Y, = / u(Y2)ds + / o(Y.)dWV,
t t

~ hu(Yy) + o(Yy) (Wi, — Wa),
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thus
E[AY,|Y; = y] = u(y)h + o(h),
E [(AY,)2[Y; = 4] = *()h + olh).
A diffusion process (Y;) is a continuous Markov process satisfying as h | 0
(i) PAYy] > efY; = y) = o(h);
(i) B(AYY: = y) = n(y)h + o(h);
(i) E((AY)?|Y; =) = 0(y)h + o(h),
where AY; = Y, — Y;, and

ALY, — AY,, if |AYt| <e,
0, otherwise.

The definition determines the infinitesimal generator of the process. For

fecC?

o f"(z)
2

E, f(Y;) = E, [f«c) L))+ -2l oy - )

f"(x)
2

= f(z) + tu(z) f'(z) + to*(z) + o(t).

Therefore,

(S7)(w) = lim 7B [F(V) — F(@)] = pa) () + ()
Kolmogorov backward equation is

9 pole) = ) oepilole) + DLy

For the forward equation we need the adjoint of S. This can be de-
termined as for the SBM. Let p;(y|x) denote the density of the process,
i.e. p(dylz) = pi(ylx)dy. Let pu(dy) = g(y)dy. If f has compact support
then in the integration by parts formula the increment disappears and we
get

[snwawan= [ [u<y>f’<y }
1
2

/f [ 1(y)g(y)) +
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Thus
(Sl (@) = |~ (o)) + 15 (o) | do

and the forward equation is

1 o?

%pt(yw) = _a% (1Y) pe(ylx)) + 2097 (*(y)pe(ylz)) -

Example 24 (Ornstein—Uhlenbeck process). Consider the Langevin equation
dY; = —pY, dt + o dW,

where 1 > 0, o > 0, and Yj is independent of (W, : s > 0).
The solution of the homogeneous equation is e . Taking the derivative
of e"Y, we obtain

d (e“th) = e Y, + petY, dt = et o dW,,

t
Y, =e M (YO +/ e“SJdWS) )
0

This is the Ornstein—Uhlenbeck process. The integral of a deterministic func-
tion with respect to SBM is Gaussian, thus

which gives

Y, — e MY,
is normal with mean and variance

EY; = ¢ " EY),
t 2

EY? _ —2mt EY02 + e—Q,ut/ o2 o215 g — e—2ut EY02 + g

(1 —e 2,
0 24

We see that as t — oo
Y 25 N(0,0/(2u)).

Taking the limit for the initial distribution Yy we see that (Y;) is Gaussian

and )
Y, ~ N (0, “—> .
21
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Next we determine the covariance function of Y. Since
¢
Y, =e M (Yo + / o el qu)
0

t
Y, — e o)y, = H / et dW,, t > s, (33)

we get

which is independent of (W, : u < s) o. Therefore,

COV(Yt, Ys) —EY,Y.=E (Yt _ 6_“(t_S)YS + e—u(t—s)ys) Y,

2
— e Ht-) BY2? = 9 —nlt=s)

21

Y

which depends only on ¢ — s. That is (Y;) is stationary.
Using formula (33) for A € B(R)
PY,e AlY, :u<s,Y,=1x)
=P, - e M=y, e A — e’“(t"s)aﬂYu cu<s, Y, =x)
=PV, — e "9V, € A — e 79y).

The variable Y; — e #t=%)Y, is mean zero Gaussian with variance

E (Y, - 67“(“8)3/5)2 =e /t o?e*duy = % (1 — 2=,

Substituting s = 0

2
pe(-]x) ~N <e“t:c 7 (1- 62‘“))
7 2M Y

that is, the transition density

pe(ylr) = \/Mz(l - o2ty P {_%} '

We proved that (Y;) is a continuous stationary Markov process. It can be
shown that this characterizes the OU process.
Finally, we spell out the Kolmogorov equations. The backward is

2 tyle) = —neLputyle) + T2 oyl
atpty'r - luxaxpt yx 2ax2pt yx7

82



which is called Fokker—Planck equation. The forward is
0 0 o? 0?
5P lr) = ~ay (—pypi(ylz)) + 78—3/2&(1/\33)-

It is important to emphasize that in general explicit formulas for the tran-
sition densities cannot be obtained. For simulation results the Kolmogorov
equations are important, because solutions can be approximated numerically.

7 Brownian motion and PDEs

This part is from Karatzas and Shreve [5].

We showed that the infinitesimal generator of the SBM is the Laplacian
operator A. Furthermore the transition density of SBM is the fundamental
solution to the heat equation. These facts already show the intrinsic connec-
tion between Brownian motion and partial differential equations. Here we
spell out this connection a bit more.

7.1 Harmonic functions and the Dirichlet problem

Let D be an open subset of R%. Let W be a d-dimensional standard Brownian
motion, and let
TDZIHf{tZO : Wt S Dc}

the first exit time from D. Let B, be the open ball centered at the origin, V.
its volume and S, its surface. The normalized surface measure on B, is p,

pr(dx) = Po(W,, € dx).

Then .
faxe =[S, [ fanldndp (34)
B, 0 oB,
A function w is harmonic in D if
d
82

i=1
in D. A function u : D — R satisfies the mean-value property, if for every
a € D and r > 0 such that a + B, C D,

u(a) = /83 u(a + z)p,(dz).

83



We know that u is harmonic if and only if it satisfies the mean-value
property. We give a simple proof to one direction using It6 formula.

Proposition 13. If u is harmonic in D, then it satisfies the mean-value
property there.

Proof. By Itd’s formula

d tATo+ B, ou

] 1 t/\Ta-s-Br
u(Winr,,p,) = u(Wo) + > /0 o (W)W + 2 /O Au(W,)ds.

® 2
i=1

Taking expectation E, and letting t — oo
E,u(W,,,,,) = u(a),
as stated. O

Let D be an open set of R and f : 9D — R be a continuous function.
Consider the Dirichlet problem
Au=0, in D,

u=f, ondD. (35)

A solution to the Dirichlet problem is a continuous function « : D — R which
satisfies the equation above.
Then one can guess that

u(r) = Ep f (W) (36)

should be a solution, provided that the expectation exists.
Indeed, the boundary condition holds by the definition of 7. Using the
strong Markov property

u(a) = Eof (Wr,) = Eq [Eulf (W) | Fry ]

=Eu(W,,,, )= / u(a + z)p,(dz),
OB,

that is the mean-value property holds, which means that u is indeed har-
monic.
We proved the following.
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Proposition 14. If u in (36) is well-defined then it is harmonic.
The proof of Proposition 13 shows in fact uniqueness.

Proposition 15. If f is bounded and P,(tp < o0) =1 for all a € D, then
any bounded solution to (35) has the form (36).

Proof. Consider a bounded solution u. By [to’s formula
tATo+ B, 8u
u(Wipry) = u(Wo) + Z / axz W)dW®.
Taking expectation E, and letting t — oo
E,u(W.,) = u(a),
as stated. O

Note that a solution to the Dirichlet problem (35) is necessarily contin-

uous. Therefore, we need conditions characterizing the points a € 9D for
which

lim E.f(Wr,) = f(a) (37)

rz—a,x€D

holds for any bounded measurable function, which is continuous at a.
Define the stopping time op = inf{t > 0 : W; € D}. Note the >

compared to > in 7p. A point a € 9D is regular for D is P,(op = 0) = 1.
Without proof we state the result on regularity.

Theorem 40. Let d > 2 and fix a € OD. The following are equivalent:
(1) (37) holds for every bounded, measurable function which continuous at
a;
(i1) a is reqular for D;
(11i) for all € > 0 we have

lim P,(rp >¢)=0.
z—a,x€D

For d = 1 every point of 0D is regular. The Dirichlet problem is always
solvable, the solution is piecewise linear. For d > 2 consider the punctured
unit ball D = {x € R?: 0 < ||z|| < 1}. Clearly, the origin is irregular for D.
For any x € D the SBM exits D on its outer boundary, therefore we do not
see the value of f at 0. For this D the Dirichlet problem has a solution only
if f(0) =u(0), where u is the solution for Bj.
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7.2 Feynman—Kac formula

Consider the heat equation
ou 1
A
with initial condition u(0,z) = f(x).
The fundamental solution to the heat equation is in fact the transition
probabilities of the d-dimensional SBM

1 _ eyl
pe(yle) = We .

Under some growth condition on f, the unique solution to (38) has the
form

ult, x) = B, f(W) = / F(w)pe(yl)dy.

The probabilistic representation of the solution to certain PDEs holds in a
more general setup.
Consider the equation

0 1
—a—:—l—kv:éAzH—g on [0,7) x RY,

o(T,z) = f(z), z &R

(39)

where f: R? - R, k:R?Y — [0,00), and g : [0,7] x R" — R.
Theorem 41 (Feynman—Kac formula). Assume that (39) has a solution and

max |v(t,z)| + max |g(t, z)| < Ke®l*I’, vz e R?,
0<t<T 0<t<T

for some constant K > 0, 0 < a < 1/(2T7d). Then v admits the stochastic
representation

Tt
o(t,7) = By | f(Wy_y)e™ o b0V +/ gt + 0, Wy)e™ Jo HW)sqg|
0
Proof. Consider the case d = 1. The general case is the same. Fix t. Let
Xp = U<t + 0, Wg)

Y, = e Jo K(Wa)ds
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Then, by Ito’s formula

0 0 1
ng = av(t + 9, Wg)dg + %?J(t + 0, Wg)de + EAU(t + 9, Wg)dg

and, using also (39)
d(XpYy) = XodYy + Yypd Xy
0
= —g(t + 0, Wy)e~ Jo kWodsqg | 5 ov(t + 0, Wp)dW.
x
Taking expectation E, and integrating on [0,7" — t], and using the terminal
condition we obtain the desired form. O

As a consequence we obtain the representation of the solution to the
parabolic equation

0 1
a—?u+ku:§Au—|—g, t € (0,00),x € RY,

u(0,7) = f(z), x¢€R%

(40)

where k : R? — [0,00), g: (0,00) x R - R, f:RY— R.

Corollary 10. Assume that f,k, and g are continuous, u : [0,00) x R? — R
is continuous, on (0,00) x R? it is CY2, and satisfies (40). Further assume
that for each T > 0 there exist K >0 and 0 < a < 1/(27d) such that

max |u(t, )| + max |g(t,z)| < Ke!l*I vz e R
0<t<T 0<t<T

Then u admits the stochastic representation

t
u(t, z) = By f(Wy)e™ Jo Wads 4. / gt —0,Wy)e™ Jo K(Ws)ds g
0
Proof. Fix T' > 0 and consider the PDE (39) with g, r(t,z) = ¢(T — t, z).
Then vy (t,x) = u(T — t,x) satisfies the conditions of Theorem 41 with g, r
instead of g. Therefore vy has a Feynman—Kac representation, which, rewrit-
ing to u gives the statement. O
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