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Figure 1: Payoff of a forward

1 Introduction

These notes are based on the Hungarian lecture notes by Gall and Pap [5],
on Shiryaev’s monograph [7], and on Elliott and Kopp [2].

There are two type of financial instruments: the basic financial units and
their derivatives.

Underlying:

e bond: risk-free asset, basically money. Its price is deterministic By;

e stock: risky asset. Its price is a random, modeled by a stochastic
process S; (or with d risky assets = (S}, ..., S9)).
Derivatives are bets on the underlying. They are used to share or reduce
risk. Here we consider forward contracts and options.

1.1 Forward

A forward contract is an agreement to buy or sell an asset (stock) for a price
previously agreed K in the future time 7.

From the buyers point of view, at time 7T his wealth is Sy — K, that is
the payoff function is f(s) = s — K.

We want to determine the fair price of this contract, and to understand
the meaning of ’fair’. Assume By = 1.



Seller’s point of view: At time 0, we can buy a stock for Sy. Then at time
T selling a stock for K and paying back the loan Sy - By, we have K — Sy Br.
Therefore,
K > S(]BT.

Buyer’s point of view: At time 0, we sell a stock for Sy. At time T we
pay K for a stock, and the our wealth is SoBr — K. Thus,

K < SyBr.

We see that the fair price has to be K = SyBr. Otherwise, either the
seller or the buyer would have a strategy providing riskless profit (arbitrage).

Example 1. Let Sy = 40, B, = ¢, r = 0.1 being the annual interest, T = 1
year. What is the fair price of this forward, and what is the value of the
contract after half a year if S5 = 457

The forward price at time 0 is

K = SyB; =40 - %! = 44.2.
At time t = 0.5 the forward price
Ky = SosBos = 45 - €201 = 47.3.
Thus the current value of the contract

e2"(47.3 — 44.2) = 2.9,

1.2 Options

An option is right to do something but not an obligation. European option
can be executed only at the expiration date, while American options can be
executed at any time.

The writer of a European call option agrees to sell a stock for a previously
agreed price K. Clearly, the buyer of this option will not use his right if
St < K. The payoff function for the buyer is f(s) = (s — K)4

In case of a put option the writer agrees to buy a stock for K. The payoff
function of the buyer
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Figure 3: Payoff of a put option



1.3 Put—call parity

The aim of the course is to determine the fair price of an option, and under-
stand the fairness. However, there is a simple relation between call and put
prices regardless of the underlying market model.

Let C'x be the fair price of the call, and Px be the fair price of the put,
both with strike price K. Assume that By = 1. Then, from the payoff
functions it is easy to see that having put, a stock, and —1 call results at
the expiration date (regardless of the stock price) a wealth K. That is, after
discounting

K

This is the put-call parity.

2 Portfolio, claim, and hedging in discrete
time

Let (2, F,P) be a probability space. In the discrete time case we always
assume (if not stated otherwise) that € is finite, and P({w}) > 0 for each
w € ). We assume that transactions are made only at the time instants
0,1,...,N. Let (F.)n=01. ~ be a filtration, an increasing sequence of o-
algebras, such that o = {0, Q}, Fy = F. Assume that there is a risky asset
and a bond. The price of the risky asset at time is S, an F,,-measurable
random variable, and the bond price at time n is B,,, deterministic.

2.1 Portfolio

An investment portfolio (strategy) is m, = (8., Va), Where (5, € R represents
the amount of bonds in the portfolio at time n, while v, € R represents the
amount of stock at time n. (If there are d stocks, then ~, is a random vector
in R?) The random variables (8,,7,) are F,_;-measurable, which means
the investor has to decide at time n — 1 how to invest on time n. That is the
sequence (f3,,Vn) is predictable. The wealth of the investor at time n under
the strategy 7 is
X) = BB + ¥5n.

This is the value process of the investment portfolio.



A strategy is self-financing (SF) if the investor does not take out money
from, and does not invest money to the portfolio after time 0. That is 7 is
self-financing if

X:z:l = Ban—l + /VnSn—l for all n.

For a sequence a,, put Aa,, = a,, — a,_1.

Lemma 1. The following are equivalent:
(i) © is SF;
(i) AXT = 5,AB, + v,AS,;

(11i) Bn_1ABy + Sn_1A7v, = 0.

Proof. We have

AX, =X, — X,

= BuBn — Bn-1Bn-1+ VSn — Yn-1Sn-1

= Bn(Bn — Bu-1) + (B — Bn-1) Bt + 7 (Sn — Sn-1) + (9 — Yne1)Sn1
= B, AB, + AB,Bu_1 + 7 AS, + AvSn-1,

and the equivalence follows. n

In what follows, unless otherwise stated all the strategies are meant to be
SF.

2.2 Claim and hedging

Let fy be a nonnegative random variable, which is the payoff function, or
obligation, or contingent claim. A strategy m is an upper (z, fn)-hedge, if
P-almost surely

Xy=z, Xy>[n.

The hedge is perfect if = holds a.s.
Put

C*(fn) = inf{z : 3 upper (z, fy)-hedge }.

Lemma 2. For any payoff function fyx there exists an x such that there is
an upper (x, fn)-hedge.



Proof. Put

B
v = pomax|fy(w)
Then the (trivial) strategy m, = (5-,0) (start with enough money and don’t
do anything) is an upper hedge. O

2.3 Binomial market
2.3.1 One-step market

Consider a one-step binomial market with d = 1 stock. That is Q = {0, 1},
Fo=1{0,Q}, Fy = F = 2% Assume that P({0}) € (0,1). The bond price
By = (1 4+ r)By, that is r > —1 is the interest rate, and for some a < b,
S1 = (1+p)So, p € {a,b}. Say, p(1) =b, p(0) = a. Let f be a payoff, that
is f(0) = fo, f(1) = f1. We construct a perfect hedge.
Using the strategy m = (f1,71) we want that
X{r = 6131 + ’7131 = f a.s.

Since there are only two possibilities, a.s. means

B1Bo(1+7) +715(1+a) = fo

6130(1 + 7’) + ’}/150(1 + b) = fl'
Solving the linear system
_ LAk,  h—(4ph=h
%_SO b—a ' ' By(l+7)
This is deterministic, so Fp-measurable, as it should be. The initial cost of
this strategy is

1 r—a b—r
X§ = Bopi + Son = < fi fo-)

1+r\b—a +b—a

If a < r < b this can be written as

1
Xf=—F
L af;
with the probability measure Q({0}) = (b—r)/(b—a), Q({1}) = (r—a)/(b—
a).
This shows that the 'fair’ price of the payoff is Eqf/(1 + 7). Note that
this does not depend on the probability measure P.

6



/»ngsﬁ, f:fTT

/Slst 4
I T o e i

SO/
N

- — fit
 AS=st =y
™S5, = st ]

\ Sy = sH f=fH

Figure 4: 2-step binary market as 3 1-step binary market

2.3.2 N-step market

Assume we have only one stock, d = 1. For the bond B, = (1 + r,)B,_1,
and for the share S,, = (1 + p,)S,_1, where p, € {a,,b,}.

Exercise 1. Give a concrete construction of the probability space and the
filtration!

Solution 1. Let
Q=1{0,1}" ={w = (wi,...,wn) :w; €{0,1}}.

Define the random variables p, : Q — {a,,b,} as

Qp, if w, =0,
pn(w) = {

b,, ifw,=1.

For the filtration let F,, = o(p1, ..., pn), i.e. the natural filtration generated
by the variables p1,..., p,.

Consider any payoft function fy. A perfect hedge can be constructed
recursively, using the simple one-step market. Indeed, a two-step model can
be seen as 3 one-step markets.

3 Arbitrage and pricing in discrete time

3.1 Arbitrage
A SF strategy m is an arbitrage strategy if

7



o X7 =0
o X" >0foralln=0,1,...,N;
e P(X} >0)>0.
That is, using the strategy m with 0 money we have riskless profit.
If the second assumption only holds for n = N then 7 is a weak arbitrage

strategy. According to the following if weak arbitrage strategy exists, then
also arbitrage strategy exists.

Lemma 3. Assume that 7 is a weak arbitrage strategy. Then there exists an
arbitrage strategy '.

Proof. It X7 > 0 a.s. for all n, we are ready. Otherwise, there exists m < N
such that P(X] < 0) >0, and X > 0 for any n > m + 1. Let

A, ={X, <0} € F.

Consider the strategy

X

B = I(A,)I(n > m) <5n - B—m) o — (AT > m),

It is easy to check that this strategy is predictable, SF, and arbitrage strategy.
Indeed,

(i) predictable: for n < m this is clear, since 5/, = 0 and ~/, = 0, while for
n > m A, is F,,-measurable and thus F,_;-measurable as well, and
B, Vn are JF,,_i1-measurable by the assumption.

(ii) SF: for n < m this is again clear. For n = m + 1
BmAﬁ':n—&-l + SmA%InH
= L(An) (BmfBmi1(w) = X7 (@) + Sm¥mi1(w)) = 0,

since 7 is SF. For n > m + 1 we have A, = I, AB,, and Ay, =
I4,, A7, and the result follows, using again that 7 is SF.

(iii) arbitrage: we have

X" B,
X7 =I(An)I(n >m) (ﬁan + VS — g ) )
where the sum of the first two terms in the bracket is nonnegative by
the definition of m and the last is strictly negative on A,,, which proves
the statement.



O

Exercise 2. Assume that a < b < r in the one-step binomial model. Give
an arbitrage strategy.

Assume that a, < b, < r, for some n in the N-step binomial model.
Give an arbitrage strategy.

3.2 Martingale measures

A probability measure Q is called equivalent martingale measure (EMM) if
P ~ Q and (S! /B, F,) is a Q-martingale for each i = 1,2, ..., d.

3.2.1 EMM in binomial markets

In a one-step binomial market the martingale property is easy to check.
Indeed, (S;/B;)i=o01 is a martingale iff

Sh S
Eq [E fo] -2
We have
Sh Sh
Eq [E ]—"0} = EQE
+ G/)SO b)So
pu— == 1 _— pu—
(=0 + (1= Q=) 5
_ %
=3
Solving the equation we obtain that
b—r r—a
Qlp=a)=— and Qp=0) = —

That is Q({0}) = (b—1r)/(b—a), Q({1}) = (r —a)/(b — a). This is the
probability measure Q we obtained at pricing.
Let us see the general N-step model. Then

So =11+ i) So,
=1

9



thus the martingale property reads as

Sn—l
Bn—l

Sn
a4

Using the properties of conditional expectation we have

n=20,1,...N.

Fn—1:| =

S
o 3

Therefore S, /B, is a Q-martingale iff

Sp—1 1
Bn—l I+ T'n

fn—1:| = EQ[l + pn|~Fn—1]‘

Eqlpn|Fna] = rn.

This condition exactly tells that under the new measure Q the risky asset
behaves as the bond on average. Using that p, € {a,,b,}, we obtain as
above

bn_rn T'n — Qp

Q(pn = an|Fp1) = and Q(p, = by|Fn_1) =

bn_an’ bn_an‘

Note the conditioning on F,,_; gives a constant, meaning that p,, is indepen-
dent of F,_; under the measure Q.
We obtained the following.

Theorem 1. In the binomial market if a,, < r, < b, for each n then there
exists a unique EMM Q given by the formulas above. Moreover, under Q the
random variables p, ..., pn are independent.

In the proof we used the following simple result.

Exercise 3. Assume that Y € {a,b} and
P(Y =a|F)=pas.
Show that Y is independent of F.

Note that the original measure P is irrelevant.
In the special case of the homogeneous binomial market we get that

N

Q(Sy = So(1+b)*(1 +a)VNF) = (k

)qk(l -V k=0,1,...,N.

10



3.2.2 Pricing with EMM

T

Proposition 1. If Q is an EMM then (X, = X7 /B,)n is a Q-martingale
for any SF strategy .

Proof. Easily follows from the SF property. Indeed, using that f,,, are
Fn_1-measurable

X7
Eq [B_

Sy
fn—1:| = EQ |:Bn + rYnB_

fn—1:|

S
= Mn nE o
Bn Q{Bn

Sn-1
= ﬁn + Tn B,_,
~ BnBn1+ YnSn1
By
Xi

)
Bn—l

]:n—l:|

where the last equality follow from the self-financing property. O
The following main result is the first fundamental theorem of asset pricing.
Theorem 2. There exists an EMM if and only if the market is arbitrage-free.

Proof. Let Q be an EMM and 7 be any strategy with XJ = 0. Then, by the
previous statement

Thus Xy > 0 P-a.s., then also Q-a.s., which implies Xy = 0 Q-a.s., thus
P-a.s.
We prove the converse later. O

Assume that fy is a replicable payoff, i.e. there is a prefect hedge . This
means that
Xy =fn as.

Then the fair price for fy is the initial cost of the portfolio, X7 = x. By the
martingale property



That is, the fair price = for a replicable payoff fy is

By
=—E .

In particular, it also follows that for a replicable fy, the value Eq fy is the
same for any EMM Q.
Summarizing, we proved the following:

Theorem 3. Consider an arbitrage-free market and let fn be a replicable
payoff. Then the fair price of fn s

B
C(fy)=0C" = B_OEQfN>
N

where Q s any EMM.

3.3 Complete markets

We proved that if EMM exists then we have the fair price for any replicable
payoff. A market is complete if any payoff is replicable.

We have seen in Theorem 3 that on a complete arbitrage-free market any
payoff f has a unique well-defined fair price ByEqf/Bn.

In section 2.3 we showed that a binomial market is complete.

The second fundamental theorem of asset pricing is the following.

Theorem 4. Consider an arbitrage-free market with EMM Q. Then the
following are equivalent:

(i) the market is complete;
(i1) Q is the unique EMM;

(iii) for any Q-martingale (M,) there exists a predictable sequence 7, such
that M, can be represented as

. Sk Sk—1
o S (852
— By Bi

Proof. We prove again the easy parts (i) = (ii), and (iii) < (i), and postpone
the difficult (ii) = (i) implication later.

12



(i) = (ii): Assume that Q; and Qy are EMM’s. Consider any A € F.
We show that Q;(A) = Q2(A) implying the uniqueness. Let 7 be a perfect
hedge to f = I4. Then X7 /B, is both Q; and Q2 martingale, so

XN Xg
Qi(A) =Eq,f =Eq, Xy = BvEq, -~ =By = ... = Qz(A).
By By

(i) = (iii): Consider a Q-martingale M,,. There exists a strategy m, such
that a.s.

XT = ByMy.

Using that both M,, and X7 /B, are martingales

X7 X7 S
Mn:E M n] — i n n_n~
lMyIF) = Bq | FE0 ] = 5 =6ty
Thus, using that 7 is SF
Sn Sn—l
Mn_Mnf :An n,5_ In—
1 B+, B, Y "B,
S, Sho1 1
= — — B, A A
Tn <Bn Bnl) +Bn71( n—1 5n+sn 1 f}/n)

o & i Sn—l
- ’Yn Bn Bn_l )
as claimed.

(iii) = (i): Consider a payoff f. We are looking for a strategy 7 such
that X% = f Q-a.s. We know that (X /B,), is a martingale, so this should
be (M,). Now the following choice is clear: let

-

Then M, is a martingale, therefore by the assumption

n Sk;
M, = M, A—
0+t Z% By
Let g
n:Mn_ n_na
p gy

13



and consider the strategy 7, = (5,,7,). To see that this is indeed a strategy
we have to show that it is predictable and SF. The sequence 7, is predictable
by the assumption (iii), and 3, is predictable because all the terms in M,
are JF,_j-measurable except 7,S,/B,, which is subtracted. To see that it is
SF note that

Bn—lAﬁn + Sn—lA’Yn

Sh Sn_1
=By 1| M, — M,_1 — == + Y S 1A,
1( 1 VBH‘FW 1Bn_1>+ 1A%,
Sy, Sy Sn_1
=B, _ A— —~, — _ 1A, =
n 1(% B, %Bnﬂn 1Bn_1) + Sp1Ay, =0,

showing that 7 is SF. It is clearly a perfect hedge since
XN = BNBn +YvSn = ByMy = f,

as claimed. O

3.4 Proof of the difficult part of Theorem 2

Here we use strongly that 2 is finite, and let |Q| = k.
Assume that there is no arbitrage strategy. Let

Vo={X:Q—=Rrv. |3n: X] =0and X = X},
and
Vi={X: Q= Rrv. [X>0EX>1}.

We identify a random variable X : © — R with a vector in R¥, as X «
(X (w1),...,X(wg)). Clearly, V, is a linear subspace and V; is convex set in
RE,

Since there is no arbitrage strategy, VoNV; = (). Therefore, by the Kreps—
Yan theorem, there exists a linear functional £ : R¥ — R such that £|y, = 0
and {(v;) > 0 for all v; € V;. A linear function in R* (in any Hilbert space)
is a inner product, thus there exists ¢ € R¥ such that

L(v) = (v,q).
Define the random variables

b
YP({wi})

14
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Then X; > 0 and EX; =1, so X; € V;. Furthermore

- P({wi})

implying ¢; > 0 for any ¢. Define the probability measure Q as

o 4 '
Q({w:}) S

It is clear that Q ~ P. We have to check that (S,/B,) is a Q-martingale.
First we need a lemma.

Lemma 4. Let (X,)N_, be an adapted process. If for any stopping time
7:Q0—1{0,...,N}
EX, = EX,,

then (X,) is martingale.

Proof. We show that X,, = E[Xy|F,|, which implies that X is martingale.
Let A € F,, and consider the stopping time

() n, weaA,
Talw) =
4 N, otherwise.

This is indeed a stopping time, since {74 < k} = () for £ < n, and A for
k > n, which is Fi-measurable. Then, by the assumption

EXo = EX,, = EX,I(A) + EXyI(A).
With A = () we see that EXy = EXy, implying
EX,[(A) = EXyI(A).

This exactly means that
X, = E[Xy|F.],

as claimed. O

We show that (.S,,/B,,) satisfies the condition of the lemma above. Let 7
be a stopping time and define the strategy

Sr So
=T ir<n—1)-2 -y — 1),

15



that is buy a stock at time 0, and sell it at 7+ 1, and don’t do anything else.
Since {T < n} = {r <n -1} € F,_1, the sequence (f3,,,7,) is predictable.
Furthermore,

anlAﬂn -+ SnflA’)/n = %Bnlf(T =n — 1) — Snflj(T =n — 1) = 0,

so it is SF. Finally,

S
X7 = —§ZBO+SO =0,

so X3 € Vy. Therefore

0 = EqQXy = EqfnBn +7nSN
So S

S, :
:EQ ((g[(TﬁN—l)—E) BN_I'B_[(T:N)BN)

That is (S,/B,) is indeed a Q-martingale.

3.5 Proof of the difficult part of Theorem 4

Here we prove the implication (i) = (i).
We use the notation of the previous proof. Let

VQ :{X Q= Rrwv. ’EQXZO}

Then V, is a linear subspace in R* and we have seen in the previous proof
that Vy C V,. We claim that equality holds.

Assume first that this is indeed true. Then for any claim X the centered
version X — EqX € V, = V), meaning that there is a perfect hedge. Thus
the market is complete. So we only have to show that Vy = V.

Assume on the contrary that Vy # V,. Then there is an y € V,, which is
orthogonal to Vy. Since ¢; > 0 (see the previous proof) for all i = 1,... k,
we may choose £ > 0 small enough such that

¢ =q; —ey; >0 for all 4.
As both ¢ and y are orthogonal to Vg, ¢ is also orthogonal. Define the

measure

oy — G
Vb=

16



Vo

Vo

Figure 5: Choice of y

Exactly as in the previous proof we can show that Q' is EMM. The uniqueness
of the EMM implies

q; i
Zf:l q; Zle qi ’

that is, using also the definition of ¢/,

q=aq = aq— agy,
with o = > ¢;/ > ¢,. Thus
(1—a)g=—asy.

But y € V5 and by the definition of V, ¢ is orthogonal to it, so y L ¢, which
clearly contradicts to the previous displayed equation. The proof is complete.

4 Pricing and hedging European options
In this section we summarize our findings on pricing and hedging, and con-

sider some special cases in detail.

4.1 Complete markets

Consider an arbitrage-free complete market. The fair price of the contingent
claim fy is

C(fy) =inf{z : Ir, XJ =z, X§ = fn}.

17



Then, by Theorems 2 and 4 there exists a unique EMM Q. Since (X7 /B,)
is Q-martingale

fn X% x x
Eo—=Eqo—=Eq— = —
By~ By By By
therefore B
Clfn) =z = B_OEQfN
N

Note that x is independent of the hedge 7 itself, that is for different hedges
the initial value is the same.

For a hedge we need to know not only the fair price C, but also the
strategy 7 itself. For the given claim fy consider the martingale

M, = Eq {f—N .7-“,11 .
By Theorem 4 there exists a representation
n Sk

By
Mn = MO + Z’ykA_7
k=1 Bi

with a predictable sequence (7,). Let

TnSn
B,

/Bn:Mn

We proved that m = (B, 7, )n is an SF strategy and is a perfect hedge for
I

Summarizing, we obtained the following.

Theorem 5. In an arbitrary arbitrage-free complete market the price of the
contingent claim fy is
In

Moreover, there exists a strategy m which is a perfect hedge of fn, i.e.

X]7\r/ = va
where (Bn, ) are given above. The value process is determined by
In
X" =B,Eq |—|F.]| -
=By |

18



4.2 Homogeneous binomial market — CRR formula

Consider a homogeneous binomial N-step market with a < r < b. That is
B, =(1+7)" H (1+ pr),

where py, € {a,b}. We proved that this market is arbitrage-free and complete,
and the unique EMM is given by

and p;’s are independent. If the claim fy only depends on the final price Sy,
and not on the whole trajectory, i.e.

fn(w) = fn(Sn(w)),

then the pricing formula simplifies, and we obtain the Cox—Ross-Rubinstein
formula:

Cl) = g 2o (Sl 041+ ¥4 ()1 = )

(1+7r)N &=

where g = =2.

5 American options

While European options can be exercised only at the terminal date N, Ameri-
can options can be exercised at any time. Formally, instead of a fixed random
payoff function fy, a sequence of payoffs (f,)n—01,.. .~ is given, where f, is
Fn-measurable, i.e. (f,), is adapted to (Fy,),. So f, is the random payoff
if the option is exercised at time n. Clearly, the exercise time has to be a
stopping time.

5.1 Optimal stopping problems

Consider a probability space with a filtration (2, F, (Fy)n=01,..~,P), and
let M denote the set of stopping times. Consider a sequence of nonnegative

19



adapted random variables (X,,),, and define by backward induction its Snell-
envelope (Z,,), as follows. We are interested in the value

Zn =XN, 2, :maX{Xn,E[ZnH\}"n]}, n < N.
For a stopping time 7 the stopped process is denoted by Z7, i.e.

Z = ZT/\na

where a A b = min{a, b}.

Proposition 2. Let (Z,) be the Snell-envelope of (X,,) with X,, > 0 a.s.
(i) Z is the smallest supermartingale dominating X .

(i) The random wvariable " = min{n : Z, = X,,} is a stopping time and
the stopped process Znny = ZT is martingale.

Proof. From the definition it is clear that Z is supermartingale and dominates
X. Let Y be another supermartingale dominating X. Then Yy > Xy = Zy.
Assuming that Y, > Z,, we have

Ynfl Z maX{E[YnLanl];anl} Z maX{E[ZnLanl]?anl} = anl-

Thus the minimality follows.
To see that 7* is stopping time note that

{r* =n} =M{Z > Xi} N{Z, = X,.}.
For the last assertion note that
Zy =25 =1 > n)(Zy = Zn).
On the event {7* > n} we have Z, | = E[Z,|F,_1] therefore

E[l(t" > n)(Z, — Zn-1)|Fu-1] = 0.

A stopping time o is optimal if

B(X,) = sup E(X,).
TEM
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Proposition 3. The stopping time 7 s optimal for X, and

Zy=EX,.« = sup EX,.
TEM

Proof. Since Z7 is martingale
Zy=72] =EZ, =EZ.. = EX,..

On the other hand for any stopping time 7 the process Z7 is supermartingale
(by Doob’s optional sampling), thus

Zy=EZ] > BZ, > EX,.

5.2 Pricing American options

Let us return to our pricing problem. Assume that we have an arbitrage-free
complete market, that is the EMM Q is unique. Let (fy,)n—o.. .~ be the payoff
of an American option. A hedging strategy now has to fulfill the conditions

XF > fo, n=0,1,...,N,

as the option can be exercised at any time.
By Doob’s optional stopping (X[ /By, X7 /B;) is martingale for any stop-

ping time 7, i.e.
x X7 XT f
— =Eq-2 =Eq—- > Eq~*-.
BO QBO QBT N QBT

Therefore the initial cost of the hedge is at least

x > By sup EQﬁ. (1)
TEM B‘r

For a hedging strategy m we have that
(i) (X7/B,)n is a Q-martingale (since Q is EMM and 7 is SF), and
(ii) (X7/B,) dominates (f,/B,) (since 7 is a hedge).

Therefore, the value process of a hedge is larger than the Snell-envelope of

(Fa/Ba). i -
- >7Z, n=01,..

LN 2
Bn V) ()
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where (Z,) is the Snell-envelope of (f,/B,). The Snell-envelope (Z,,) is
a supermartingale, therefore by the Doob-decomposition (that’s stated for
submartingale, but multiply by —1) we have

Zy=M,— A, n=0,1,... N, (3)

*

where M, is a Q-martingale, and (A,) is an increasing predictable sequence,
AO = 0.

The market is complete, therefore (see the easy parts of the proof of
Theorem 4) there exists a strategy 7 such that

X
B—Z:Mn, TLZO,L...,N.

This is a hedging strategy with initial cost

x X7

L 20y = 7.

B~ B 0 0
Comparing to (1), we see that 7 is optimal.

Theorem 6. Consider an arbitrage-free complete market with unique EMM
Q. Let (f,) be the nonnegative payoff sequence of an American option. Let
(Z,) be the Snell-envelope of the discounted payoff sequence (f,/By). The
fair price for this option is

C = ByZy = By sup Eqﬁ — ByEq Jr :
TEM T BT*

*

where T* is an (not unique in general) optimal exercise time given by

: fn
= Ay
T mln{n B

n

Furthermore, there exists a SF strategy m which is an optimal hedge with
wnitial cost C' and
X7 = Iz

T BT* °
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5.3 American vs. European options

Clearly, an American option with payoff sequence (fy,)n=0.1,.. n worth at least
as a European option with payoff f. However, in some cases the fair prices
are equal.

Consider an American call option with strike price K, that is

Jn= f(Sn) = (Sn - K)-i-'

Assume that the deterministic sequence (B,,) is nondecreasing (i.e. the inter-
est rate is nonnegative). Let (Z,) denote the Snell envelope of (f,/B,), that
is

_ Iy
By’

Zn:max{%,E[Zn+1|fn]}, ’I’L:O,l,...,N—l.

Zn
Using that (S, /B,) is a Q-martingale, by Jensen’s inequality (E[p(X)|G] >
©(E[X]G])) with the convex function ¢(z) = (x — K/By_1)+

fN—l (SN—l _K)—i-

Bn_1 By

~(5ac)
By-1 Bn-1/

[/ S K
< Eq (—N - ) F Nl} Jensen’s inequality
[\By Bn-1/.
[/ S K
< Eq (B—Z - B_N)+ ~7:N—1] by By > By_1
(Sy — K) 1
—E I\ Fae
Q _ B N-1
= Eq[Zn|Fn-1].

This means that at time N — 1 it is always good to hold the option and
continue to step V.

An induction argument shows that at any time it is better to hold the
option. Indeed, assume for some n

In
B_ < EQ[Zn+1|]:n]-

n
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We just proved this for n = N — 1. The same way as above we have

fn—l _ (Sn—l - K)+
Bn—l Bn—l
(5 -a)
Bn 1 Bn 1/ 4
S, K
<E - - J s i lit
< Eq (B B 1)+ F 1} ensen’s inequality
S, K
<E — - — Foe by B, > B,_
S B ( B, Bn>+ 1} Y = 1
[(Sn— K,
= EQ n—l
fn
=Eq | = |F._
|3, Fn1
< Eq [EQ[Zns1| Fl| Fui] induction
< Eql|Z,|Fn-1] Z supermartingale
Thus 7 = N is an optimal stopping time, which means that no matter what

happens, we wait until the end. Then the American option behaves as the
European, so the prices are equal.

Theorem 7. Assume that the market is arbitrage free and complete, and the
interest rate is nonnegative. Then the price of a European call option equals
to the price of the American call option.

The same argument shows that for a put option with negative interest
rates (that is with decreasing B,,) the European and American options are
the same.

6 Stochastic integral

This part is from Karatzas and Shreve [6], in a rather simplified way. Stochas-
tic integration is only worked out in detail with respect to SBM, and not with
respect to a continuous martingales. A lot of technical details are omitted.

Here we define the integration with respect to the Brownian motion. Note
that SBM is not of bounded variation, therefore we cannot define the integral
pathwise. This is the major difficulty in the theory.
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6.1 Integration of simple processes

In what follows we work on [0, 7], for ' < co. Let (W;, F;) be SBM.
The process (X;) is a simple process, if

n—1

Xt<w) = ’SU(w)I{O} (t) + Z £i<w)1(tiyti+l](t)7

1=0

where 0 =ty < t; < ... < t, = T is a partition of [0,7], and &; is Fy, -
measurable.

That is (X;(w)) is a step function for each w € 2, where the step sizes
are random. Note that &; is measurable with respect to the o-algebra corre-
sponding to the left end point of the interval.

Exercise 4. Show that a simple process is adapted.

The definition of the integral of simple processes is straightforward. Let
k be such that ¢ € (tg, tx4+1]. Then

t k—1
[t(X) _/0 XSdWS :Z@(Wtzﬂ —th)+£k(Wt—Wtk), tE [O,T]
=0

Note that we defined the process for each t € [0, 7.
Recall Doob’s maximal inequality, which states that for a right-continous
submartingale Y; we have E(supy,<p Y;?) < 4E(YZ).

Theorem 8. Let X, Y be simple processes with square integrable coefficients.
(i) 1,(X) is a continuous martingale, Io(X) =0 a.s.

(i) Fort>s
t 2 t
(/ Xuqu) )fs :EU Xﬁdu‘}"s};

in particular EL(X)* = E fot X2du.

(i1i) The integral is linear, that is

E

IaX +pY)=al(X)+BI(Y), o peR.
: ¢ 2 T
(iv) Esupgcicr (fo Xuqu> <4E [, X2du.

25



Proof. (iii) is clear. (iv) follows from Doob’s maximal inequality.
(i) The continuity is obvious and [y(X) = 0. We prove that (;) is mar-
tingale. Let s <t and s € (tg,txs1],t € (tm, tme1]. Then

t k—1
/ X AW, =3 &(Wa,, = Wy,) + &(W, — W3,
0 i=0

m—1

+ gk(Wtk+1 - WS) + Z €i<Wti+1 - Wtb) + gm(I/Vt - th)'

i=k+1
By the tower rule for ¢t; > s
E[&(va‘wl - Wtz>|]:8] =E [E[SZ(WtHl - Wtz)|ftz]|f5j|

=E [giE[Wtiﬂ - Wtz|]:t1]|fs]
=E[, - 0]F] = 0.

The first and last term can be handled similarly.
(ii) We showed that

m—1

/ XudWy = (W, =W+ > &G(Wi, = W) + Eu(Wh = WA,

i=k+1

Taking square and conditional expectation we end up with sum of terms

E[&(Wtiﬂ - th)gj(Wt

1 Wtj)|‘F5]
We show that this equals 0, whenever i # j. Indeed,

E[Si(WtH—l - Wti)fj(Wtj+1 - Wtj)|f5]
=E [E[él(WtH-l - Wti)&j(Wtj-;-l - Wt])|E]]|‘FS} = 0.

Therefore

t 2
(/ Xuqu) |.7:S]
m—1

6/3(Wtk+l - WS)2 + Z €’i2<Wti+l - Wti)z + ffn(Wt - th)Qy‘FS

i=k+1

E

=E
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By the tower rule again

E[S?(Wtiﬂ - Wti)2|‘F5] = [EEQ(WUH - Wt)2|~/—_;fz]}—8}

Summing we obtain the result. O

6.2 Extending the definition

The idea is the following. We defined the integral for simple processes.

Adapted processes can be approximated by simple processes, so we can de-

fine the integral of adapted process as a limit and hope for the best. This

was the method at the definition of both Riemann and Lebesgue integral.
Let

T
H = {(Xt) : F-adapted and E/ X2du < oo}.
0
We extend the definition to the class H.

Lemma 5. Let (X;) € H. There exists a sequence of simple processes
{(X7)}n such that

T
lim E/ (X, — X™M?ds = 0.
0

n—oo

Proof. We only prove in the special case when X is bounded and continuous.
Let

X (w) = I{O} + Xer ( ﬂ k+1)T](7f)

2n PICREY)

These are simple processes. Since continuous function is uniformly continu-
ous on compacts, almost surely

T
/ X" — X, [>dt — 0.
0

Lebesgue’s dominated convergence gives the proof. O]

27



Let X € H and {X"}, given in the lemma. By Theorem 8 (iv)

t 2 T
E sup < / (X;}—dewu) <4E / (X! — X™?2du. (4)
1 \Jo 0

telo, T
The right-hand side tends to 0 by the lemma above, therefore the left-hand
side too. Thus there exists a sequence {n} such that

2

t
E sup < / (X1 —ijk)qu> <27 (5)
] 0

tel0,T

Then by Chebyshev

t€[0,T]

P ( sup | — %] > k2> < k27

which is summable. Therefore, the first Borel-Cantelli lemma implies that
I(X™) converges uniformly on [0, 7]-n a.s. Let define the stochastic integral
I(X) as the limit

L(X) = ’}Lrgolt(X”’“).

As I(X™) is continuous, so is [(X). We have to show that I(X) does

not depend on the subsequence. In (4) letting m — oo

E sup (L(X) - L(X"))* < 4E / C (X - X7

te[0,T

so I(X) does not depend on the subsequence.
Next we show that /(X)) is martingale, i.e. for any s < ¢

For any n

IE[L(X)|F] = L(X)|22 < [[E[L(X) — L(X™)[F] || 22
+IEL(X") = L(X™) | Flle + [Ho(X") = L(X)]| 22,

where || X||z2 = VEX?2. The second term on the RHS equals 0, since I(X")
is martingale, while the first and third term can be arbitrarily small. So
I(X) is indeed a martingale.
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Summarizing, for X € H we defined the stochastic integral

t
L(X)= / X, dW,
0
and showed that it satisfies the properties of Theorem 8.

We note that the definition of the integral can be further extended from
‘H to the larger class

T
H = {(Xt) : Fi-adapted and / X2du < oo a.s.}
0

such that Theorem 8 remains true.

Example 2 (Approximation of f(f W,dWy). Fix ¢ € [0,1] and consider

I
—

n

£;5<II) = (€I1Qi+1 + (1 — 8)‘%@1) (L@Qi+1 — L@Qi).
i=0
We prove that
. L2 1 2 1
1 I == —— |t
i 5 = 5 W +(€ 2)t )

We know that (W2 — t) is martingale, thus the limit above is martingale
iff e = 0, which corresponds to the definition of It6 stochastic integral. There
are other stochastic integrals: ¢ = 1/2 corresponds to the Fisk-Stratonovich
integral, and € = 1 corresponds to the backward Ité integral.

By (6) t )
—t
/ W.dW, = Wi-t

) 2

Next we prove (6). Since

Wy o+ W, 1
5Wti+1 + (1 o g)Wti - % * (8 a §> (WtiJrl - Wti) ’
we have to determine the limits
n—I1 n—1
Z(WtiJrl - Wti)2> (Wtzi“ o Wt%)
i=0 i=0

The first is exactly the quadratic variation of SBM, therefore converges to ¢
in L?, while the second is a telescopic sum, giving W}?.
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Example 3. Let X be simple process and W SBM. Let

t 1 t

We show that (V; = e%) is martingale.
Since X is simple, we have

n—1
Xt = ’SOI{O} (t) =+ Z g’iI(ti,tH—l](t)?
=0

where &; is Fy,-measurable. Thus if s € (¢, tx11], t € (tm, tms1], then

m—1

2 2
G =& Wy, —=Wo) = %(tkﬂ —s)+ ) {fi(th - W) — %(ti+1 — ;)
52 i=k+1
+&n(Wy =Wy, ) — 7m<t —tm).

(7)
Since (, is Fs-measurable we obtain
E[e‘|F,] = e E[et | F].
We only have to show that
Ele‘ | F,] = 1.

This can be done by a repeated application of the tower rule. In (7) all terms
but the last are F; -measurable and

E [exp {fm(Wt -W,)— %(t - tm)} Iﬂm}

Em (4
= = #UIE [exp{&n(Ws — Wi, ) H ] -
In the exponent of the RHS &, is F;,,-measurable and W; — W,  is indepen-
dent of F;, , therefore (by the next exercise) &, can be handled as a constant.
We have

A2
Ee’\Z:e2,
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therefore ,
E [exp{&n (W, — W, )} F, | = e 2=t

Summarizing

2
B | exp{én (W — We,) — 22(t — 1)}, | = 1

Applying repeatedly the tower rule first to the o-algebra F;, _,, thento F;  _,,

..., we obtain that each factor equals 1.

Using the It6 formula we show that Y is martingale for more general
processes and it satisfies a certain stochastic differential equation.

Exercise 5. Let X,Y be random variables, X is G-measurable, and Y is
independent of G. Then

E[L(X,Y)[g] = / h(X, y)dF(y),

where F(y) = P(Y < y) is the distribution function of Y.

6.3 1Ito’s formula

Let (2, F, P) be a probability space, (F) a filtration, and (W;) SBM for this
filtration. Then (X;) is Ité process if

t t
X, = Xo+ / K.ds + / H,dW,, (8)
0 0

where
o X, Fo-measurable;

e K, H are F;-adapted processes;

o fOT | Ky |du < oo, fOT H2?ds < oo as.

The part fot K,ds is the bounded variation part of the process, while
f(f H,dWj is the martingale part.

Lemma 6. If M, = fot K.ds is a continuous martingale and fOT | K |ds < o0
almost surely then M; = 0.
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Proof. Assume that fOT |Ks|ds < C for some C' < co. Then for a sequence
of partitions (I, ={0 =ty <ty <...<t, =T7}) of [0, 7]

n—1 T
EZ(MtiH - Mti>2 < EO<§EE—1 ‘MtiJrl - Mti /0 ’K8|d8
i=0 =S

< CE sup |Mti+1 - Mt

0<i<n—1

d—0,
as ||IL,]| — 0. We used that continuous function is uniformly continuous on
compacts and Lebesgue’s dominated convergence can be used because of the

boundedness.
Furthermore,

E(M, — M,)* = EM} + EM? — 2B (E[M, M| F.))

=EM? - EM?,
for s < t, thus
n—1
E) (M, —M,)’ =E(M; — Mg) = EM;.
i=0
Therefore EM? = 0 for all ¢, and the statement follows. ]

Corollary 1. Representation (8) is unique.

Proof. Indeed, if
t t t t
/sts+/ HSdWS:/ Lsds—l—/ GdWs,
0 0 0 0

/Ot(Ks L)ds = /Ot<c;s —H)dW,.

The RHS is a continuous martingale, therefore by the previous lemma it has
to be constant 0. O]

then

In what follows we use the notation

dXt = tht + thWt'
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Theorem 9 (It6 formula (1944)). Let X; = X+ fg Kds+ f(f H,dW; be an
Ité process and f € C?. Then

f(X)) = f(Xo) + / fI(X)dX, + = / (X)) H2ds.
That is (f(X¢)) is an Itd process too, with representation (8)
P00 = 500 + | (f (XK. + (X >H2) ds+ / FX AW,
0

Example 4. We already calculated the stochastic integral [ W,dW; in Ex-
ample 2. Now we determine it again.

The SBM as an [to6 process can be represented with Ky, =0, H;, = 1. Let
f(x) = 2% Then

1 t
W2 =W+ /2WdW+ /2ds.
0 2 0

t 2 _
/ WdW, = W, t.
0 2

We see immediately that W2 — ¢ is martingale.

From this we obtain

Proof. We only prove under the following extra assumptions: f is compactly
supported; sup, , K (w)| < K, sup, , |Hs(w)| < K for some K < oco. (This
is not an essential restriction.)

Take I = {0 =1ty <t <...<t, =T} Using the Taylor formula

[
NE

f(Xt) - f(XO) [f(th) - f(th—1)]

k=1
m 1 m

- Z f,(thfl)(th - th 1 5 Z nk th th71)2
k=1 k=1

I
NE

173
o) | Kads + 3 F(Xo ) / HAW,
tg—1 k=1 tk—1

Z f”<77k)(th - th71)2

:Il+]2+-[37

i
I

_|_

N |
ES
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where n;,(w) is between X;, | (w) and X3, (w).
It is easy to handle I;. As f’ and X; are continuous

I = Zf Xt“/ de—>/f OKds as., (9)

t—

as |[TI|| — 0.
Rewrite I5 as

I = Zf Xt“/ H AW, = /Zf (Xto Xty (8) Hed W
k=

lp—

As ||II|| = 0

t m 2
E/O (fI(XS)HS - Zfl(th1)I(tk17tk}(3)HS> ds — 0.

k=1

Indeed, for any w € 2 fix the integrand is bounded and by continuity goes to
0, therefore the dominated Lebesgue convergence theorem applies. Theorem
8 (ii) implies

t m
I, = Zf’(th_l)](tk,l,tk]( )H dW, —)/ f HdW (1())
0 k=1

Next comes I3, the difficult part. We have to show that

1 t
Iy = 3 / (X )H2ds.
0

Write

(th th 1 </ K dS +/ H dW)
ti tg 23
([ mas) w2 [ s [T maw,
th—1 tr—1 te—1
tr 2
+ / H,AW, | .
lk—1
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We show that the contribution of the first two terms is negligible to the whole
sum. For the first

m tr 2 m
> () (/ sts> <Moo - K2 (b —tic1)* = 0 as. (11)

k=1 k=1

To handle the second introduce M, = fg H,dW,. Then

m tr tr
S [ Kase [T maw,
k=1 te—1 te—1

<"l K sup [ My, = My |- D5 (0~ i)

k=1
= 1"l - Kt 13;15 | M, — M, | =0, as.,
m

since M, = fo H,dWj is a continuous martingale.
We have to deal with the sum

zf (/k Hdw) |

First we change 7 to X;, ,. Taking the difference

NE

[f,/(nk‘) - f//(th—l)](Mtk - Mtk—1>2

i

1

< sup |f//(77 ) // th 1 Z Mtk Mtk 1

1<k<m

By the Cauchy—Schwarz inequality

EZ // - // th 1)](Mtk - Mtk—1>2
=1

(13)

m

< \/E sup (f"(ne) — f"(X,_,))% | E (Z(Mtk - Mtk—JZ) :

1<k<m P

The first term tends to 0 because (X3) is continuous and f” is bounded. The
second is bounded by the following lemma.
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Lemma 7. Let (M;) be a continuous bounded martingale on [0,t], that is
sup, , [Ms(w)| < K, and let I = {0 =ty < t; < ... <ty =t} be a partition.

Then )
E <Z(Mti - Mtil)2> < 6K*.

i=1

Proof. Expanding the square

m 2
E (Z(Mtz - Mti—1)2>
=1

E(M,;, — M, )" + Z E(M;, — M, ,)*(M;

J

~ M, )%

)

1 i#]
Using several times that

E[(M, — M,)*|F] = E[M} — MZ|F], s <t,
we obtain

Z E(Mtl — Mti,l)Q(Mtj - Mtj—1)2

1 j=i+1
m—1 m
=2 Z Z E [E[(Mtz - Mti—1)2(Mt]' - Mtj_1)2|‘F-t]'_1:|j|
i=1 j=i+1
m—1

Z E(Mti B Mt¢71)2<Mt2j o Mtzj,l)

1 j=i+1
m—1
— 2N EB(M, — M, )2(M? — M?)
=1
m—1
< 2K? Z E(Mti - Mt¢71)2
i=1
m—1
_ 2K2 ZE(ME _ Mt2 1> < 2K4
=1



While, for the sum of 4th powers

Z E(Mti - Mti71)4 < 4K2EZ E(Mti - Mtifl)Q
=1 =1

= 4K*E(M}? — M7) < 4K*.

Summarizing from I3 we have the sum
Zf” th 1 Mtk Mtk71)2'
k=1
We claim that
Zf” th 1 Mtk Mtk 1 —>/ f” HQdS.
k=1

Since X and f” are continuous

> (X)) / H%ds — / f"(X)H%ds  as.
k=1

(14)

Since almost sure convergence and boundedness implies L' convergence, and

L? convergence implies L' convergence, it is enough to show that

> (X, (Mtk M, ) / H2ds> 0.
k=1

Theorem 8 (ii) implies

2
173
E [(Mtk - Mtkq)Q“Ftka =E (/ Hy dWs> ‘thk,l
tk—1

- "
=E / HSQdS’./—"tk71 5
|V k-1

SO in

(i f// th 1) <(Mtk Mtk 1 / H2d3>>
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the expectation of the mixed term is 0. Thus this equals

Ms

< ||f//||zo|: (Mtk Mtk N —}—QEZ Mtk Mtk L / H2d5

([ )]

suf“uzo[EZ (My, — My, )+ 2K sup <Mtk—MtM>2+K4t||HH].
k=1

1<k<m

The second and third term tend to 0, and for the first

EZ (M, — M, )
=1

m

2 2
E Mtk Mtk 1 © sup |Mtk - Mtk—1|
Pt 1<k<m

2

\/E sup ’Mtk _Mtk,1’4

m

Z(Mtk - Mtkq )2

k=1

<.|E

1<k<m

< \/EKQ\/E sup |M,, — M, |*— 0.

1<k<m

Summarizing we obtained L', L? and almost sure convergence in (9)—(14).
Since everything is bounded, L! convergence follows in each case, that is

F(Xi

Z th thﬂ)}
k=

—>1/f dX+/f” X,)H2ds.

Convergence in L' implies a.s. convergence on a subsequence. As both sides
are continuous we obtained that the two process are indistinguishable. [
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Example 5 (Continuation of Example 3). Let

= [ xaaw, = [ Xaaw a=¢
where X, is an adapted process. Then Z; = e satisfies the stochastic differ-
ential equation
Zy=1+ /t Z X dW,
or with a common notation i
dZ;, = 2, X, dW,, Zy=1.

Writing ¢ as an [to process

t 1 t
Ct:/ —= 5du+/ X, dW,,.
0 2 0

xT

Using [t6’s formula with f(x) =e
t 1 t
Zy= et = 1+/ e<sdgs+—/ e X2ds
0 2 Jo
t 1 1 t
=1 +/ et (——desqLXdes) + —/ eCSdes
0 2 2 Jo
t
= 1+/ % X, dW,
0

t
— 1+ / Z. X dW,,
0

as claimed. We see that Z; is martingale.
Exercise 6. Let (; be as above. Show that Y; = e~ satisfies the SDE

dy, = V, X2dt — X, Y, dW,, Y, =1.

Similarly, one can show a more general version, where f depends on the
time variable ¢.

Theorem 10 (More general 1t6 formula). Let X; be an [to process and f €
C12. Then

Lo i,
f(t,Xt) = f(O,Xo) +/0 %f(S’XS)dS+A %f<S,Xs)dXs
1 [t o2

— [ = X.)H?ds.
+2 i &Ezf(s, s)Hzds
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6.4 Multidimensional It6 processes

Let W = (WY, W2 ... ,W") be an r-dimensional SBM, that is its component
are iid SBM’s. Then (X}) is a d-dimensional Ito process, if

t T t
X;:X3+/ K§d3+2/ HYdW?, (15)

where fOT |Kilds < oo,fOT(Hi’j)zds < o0 a.s., and K', H" are Fi-adapted,

S

i=1,2,....d,j=12...,r

Theorem 11 (Multidimensional It6 formula). Let (X;) be a multidimen-
sional Ité process and f : R'T4 — R, f € CY2. Then

t
f(tathaaX;i) :f<0aXéa7X6l)+/ %f(saXslaan)dS
0

d t
0 .
X! XHaxe
3 [ gafo XKh Xhax:

d t 2 r
1 o o
— E Xt x¢ § HOFHI* s,
+ 2 ijl/o a$i8$jf(87 87 ’ S> s 8 5

k=1

6.5 Applications

Example 6 (Geometric Brownian motion). Let 1 € R, ¢ > 0. Solve the
SDE

We have . .
X, =Xo+ / nXgds —I—/ o X, dW;.
0 0

Applying 1t6’s formula with f(z) = logz

b1 |
log X; = log Xy + /0 Z (uXsds + o X, dWy) + 5 /0 —st 02X52d3

o2
=log Xo + oW, + (u — 7) t.

Thus ,
X, = X - eV le=T)e, (17)
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This is martingale iff © = 0.
Note that log x is not defined at 0, so the proof is not complete. It only
gives us a potential solution.

Exercise 7. Show that X; in (17) is indeed a solution to the SDE (16).

A more constructive solution is to apply Itd’s formula with a general
f, and then choose f to obtain a simple equation. With f(z) = logz the
integrand in the martingale part is constant.

Example 7 (Integration by parts I). Let (X,Y’) be a two-dimensional It6
process with representation

t t
Xt:X0+/K5d8+/Hde5
0 0

t t
Yt=Yo+/ Lsds+/ G, IV,
0 0

where K, L, H, G are as usual. Then

t t t
/ XsdYs = X3Y, — XoYo — / Y d X — / H,Gds.
0 0 0

Note that in the deterministic integration by parts formula the last term
is missing.
For the proof apply Itd’s formula for (X,Y) and f(z,y) = zy. Then

r=1,d=2, Ksl = K, K32 = L, Hsl’l = H, Hsll = G,.

ince & — ¢ & — 4 2f _ 2F _ o2f _ f _ -
Since 3 =y, oy =T o T oy = 0, and oxdy = oyz = 1, we obtain

t t 1 t
XiYy = XoYo + / stXs + / Xsd}/s + 52/ H5G5d87
0 0 0

as claimed.

Example 8 (Integration by parts II). To change a bit let W be another
SBM independent of W and (X,Y)

t t
Xt:X0+/ sts—l—/ H,dW,
) P
Yt:YO+/ Lsds+/ G, div,.
0 0
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Then . .
/ X dY, = XY, — XoYy — / Y.dX,.
0 0

The proof is the same but here d = r = 2, and no extra term appears.

Most of the following examples and exercises are from Evans [3].

Example 9. Let g be a continuous function, and consider the SDE

dXt = g(t)Xtth
XO - 1

Show that the unique solution is

X, = exp {—% /Otg(s)QdS + /Otg(s)dWs} |

The uniqueness follows from general results, assuming ¢ is nice enough.
To check that X; is indeed a solution, we use Itd’s formula. Let

t t
Ytz——/ 9(5)2d5+/ g(s)dWs.
2 0 0

With f(x) = e®, we have

t 1 t
X, =e=1 +/ e¥+dY; + 5/ e g*(s)ds
0 0

t
=1 —i—/ Xsg(s)dWy,
0

as claimed.

Exercise 8. Show that Y (¢) = e!/2 cos W; is martingale.

Exercise 9. Show that

t 1 t
/ W2AW, = -W? — / W.ds,
0 3 0

and
t 1 3 t
/ W3dW, = ~ Wt — = / W2ds.
0 4 2 0
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Exercise 10. Let W = (W' ... . W") be an r-dimensional SBM, r > 2, and
let

Show that R satisfies the SDE

r—1 W -
dR, = dt LAW?,
DY) * z; R, !

This is the Bessel equation and R is the Bessel process.

Exercise 11. Let f and g be continuous functions, and consider the SDE

XO - 1

Show that the unique solution is

X, = exp {/Ot {f(s) - %9(5)2] ds + /Otg(s)dWS} :

Exercise 12 (Brownian bridge). Show that

t
1
B;=(1—-t dW;
0= ) /0 1—s
is the unique solution of the SDE

dB, = —L£udt + dw,
BO = 0

Calculate the mean and covariance function of B.

A mean zero Gaussian process B; on [0, 1] is called Brownian bridge if its
covariance function is

Cov(Bs, B;) = min(s,t) — st.

Exercise 13. Show that if W is SBM then B; = W; — tW; is Brownian
bridge.
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Exercise 14. Solve the SDE

dXt = —%672Xtdt + eiXtth
X(0) =0

and show that it explodes in a finite random time. Hint: Look for a solution
Xt = U(Wt)

Exercise 15. Solve the SDE
dXt = —Xtdt + G_tth.

Exercise 16. Show that (X;,Y;) = (cos W;,sin W}) is a solution to the SDE

dXt - —%Xtdt - }/tth

dY; = —%Ytdt + X dW,.
Show that v/ X? + Y;? is a constant for any solution (X,Y)!
Exercise 17. Solve the SDE

dX, = dt + dw!
ay;, = X;daw?,

where W and W® are independent SBMs.
Exercise 18. Solve the SDE

dX, = Y,dt + aw
aY, = X,dt + dw,?,

where W® and W® are independent SBMs.

6.6 Quadratic variation and the Doob—Meyer decom-
position

We proved that

E

t 2 t
(/ Xuqu) |7, :EV Xidu\fs},
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which means that the process

(/OtXuqu>2—/0tX5du (18)

is a continuous martingale. In the decomposition

t 2 t t 2 t
(/ Xuqu) :/ ngu+</ Xuqu) —/ X2du
0 0 0 0

the first term is an increasing process and the second term is a martingale,
that is we obtained the Doob—Meyer decomposition of I;(X)2.
On the other hand, at the proof of Itd’s formula we showed (see (14))

that )
n ti t
Z(/ Xuqu> L—>/ X2du, as |[IL] — 0.
i=1 \tio1 0

The left-hand side is exactly the quadratic variation process of the martingale
L(X).

Summarizing, we proved the following.

Theorem 12. For any Ito process Xy, the quadratic variation of I;(X) and
the increasing process in the Doob—Meyer decomposition of I;(X)? are the
same.

This result holds in a more general setup.

Let (X;) be a (continuous) square integrable martingale, X € M, (or X €
MS). Then X7 is a submartingale, so by the Doob-Meyer decomposition
there exists a unique (up to indistinguishibility) adapted increasing process
Ay, such that Ag = 0 a.s. and X? — A; is a martingale. The process (X); = A,
is the quadratic variation of X.

With this notation, Theorem 12 states that

</0 Xuqu>t =(I(X)); = /Ot X2 du.

Without proof we mention that Theorem 12 holds not only for It6 pro-
cesses but for continuous square integrable martingales.

Theorem 13. Let X € MS. For partition I1 of [0,t] we have

n

V) =3 (X, — Xy ) = (XD s |[TI]| = 0.

k=1
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For square integrable martingales X, Y the crossvariation process of X
and Y is

1
The processes X and Y are orthogonal if (X,Y); = 0 a.s. for any t.
Exercise 19. Show that if XY € Ms, then XY — (X,Y’) is a martingale.

One can define stochastic integral with respect to more general processes.
The process (X;) is a continuous semimartingale if

Xy = M, + Ay,

where M, is a continuous martingale and A; is of bounded variation, and
both are adapted. As in Lemma 6 it can be shown that this decomposition
is essentially unique.

We can define stochastic integral with respect to semimartingales. Indeed,
integral with respect to A; can be defined pathwise, since A is of bounded
variation, and integration with respect to continuous M; can be defined sim-
ilarly as for SBM.

The following version of [t6’s formula holds.

Theorem 14 (It6 formula for semimartingales). Let X; = M; + A; be a
continuous semimartingale, and let f € C%. Then

Fx) = 106+ [ rxgax.+ g [ .

6.7 Lévy characterization

One can define stochastic integral with respect to more general processes.
The process (X;) is a continuous semimartingale if

Xy = M, + Ay,

where M; is a continuous martingale and A; is of bounded variation, and
both are adapted.

We can define stochastic integral with respect to semimartingales. Indeed,
integral with respect to A; can be defined pathwise, since A is of bounded
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variation, and integration with respect to continuous M; can be defined sim-
ilarly as for SBM.

We recall It6’s formula. If X; = M, + A; be a continuous semimartingale,
and f € C?, then

Fx) = 100+ [ Fxgax.+ g [,

We have seen that if W, is SBM, then it W, is a continuous martingale, and
W2 —t is a martingale. It turns out that this characterizes SBM.

Theorem 15 (Lévy’s characterization of SBM). Let M; be a continuous
martingale, such that My =0, and M? — t is martingale. Then M; is SBM.

Proof. We determine the conditional characteristic function of M; with re-
spect to F,, t > s. Apply Ito with f(z) = €, where u € R is arbitrary but
fixed. Since f'(z) = iue™, f"(z) = —u?e™, and by assumption (M), = t,
therefore

t 1 t
elth . eluMs — / iue‘“M“dMU + 5 / (—UQ)GWM”dU.
S S

Let A € F, arbitrary. Multiplying by e "*s_ and integrating on A we get

2

t
E [eiu(Mt—Ms)]A} _ P(A) . %/ E [eiu(Mu—Ms)IA} dv.

With A and s fixed, define
gas(t) =g(t) =E [eiu(Mths)[A} -

With this notation



This holds for any A € F;, which means that

E [eiu(Mths) F = 67%(7575)

for v € R. That is the increment M; — M, is independent of F;, and it
is Gaussian with mean 0 and variance (¢ — s). Since it is continuous, it is

SBM. O

Note that the continuity assumption is important. Indeed, if N; is a
Poisson process with intensity 1, then both (N; — t) and (N; — t)* — ¢ are
martingales.

6.8 Girsanov’s theorem

Let (€2, A, P) be a probability space, and (F;) a filtration. Let Q be another
probability measure on (£2,.4), which is absolute continuous with respect to
P.ie Q < P. Let M., denote the Radon-Nikodym-derivative,

dQ
My = T

dP
that is

Q(A) = / M dP.
A

In what follows, we have more (usually 2) probability measures, therefore
we put in the lower index of E the corresponding measure. That is Ep X =
fQ XdP, and EqX = fQ XdQ. Note that the notion of martingale does
depend on the underlying measure. Therefore, we have P-martingale, and
Q-martingale.

Define the P-martingale

M; = Ep[M|F].

Lemma 8. The adapted process (X;) is Q-martingale if and only if (M;X;)
1s P-martingale.

Proof. Since
Ep[M Xi|Fi] = X M,

for each A € F,
A A
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Therefore, if A € F, C F;, then

/XtdQ:/XthdP:/XtMth
A A A
/XsdQ:/XsMoodP:/XsMsdP.
A A A

Then (X;) is Q-martingale if the left-hand sides are equal for each A € F,
s < t, which is obviously equivalent to the equality of the right-hand sides,
which means that (M;X;) is P-martingale. O

t 1 t
G = / (—0,)dW, — —/ Qidu,
0 2 s

where 0, is adapted. Then Z, = e satisfies the SDE

Let

t
Z, =1 +/ Z,(—0,)dW,. (19)
0

We use this formula in the proof of Girsanov’s theorem. We can write the
SDE above as
dZt == Zt<_0t)th; ZO = 1

Indeed, rewriting ¢ as an [to process

t 1 t
gt:/ ——93du+/ (—0,)dW,,
0 2 0

and using the Itd formula with f(x) = e, we obtain
t 1 t
Z, =% =1 +/ ecsdﬁs + —/ ecsegds
0 2 Jo

t 1 1 t
14 / oG <_—0§ds+(—95)dW5) 42 / e 02ds
0 2 2 Jo

t
1+/ % (—0,)dW,
0

t
—1 +/ Z,(~6,)dWV,,
0
as claimed. We also see that Z; is a martingale.

49



Exercise 20. Let (; as above. Prove that Y; = e~ satisfies the SDE
dY, = V;02dt — 0,Y,dW,, Y, =1.

Theorem 16 (Girsanov’s theorem). Let (6;) be an adapted process, such that
fOT 62ds < oo a.s., and assume that

t 1 t
Ay = exp {—/ 0, dWy — —/ Hgds} (20)
0 2 Jo

is P-martingale, where (W;) is P-SBM. Define Qg = Q

aQ

P =Ar.

Fr

Then Wy = W + [} 6,ds is Q-SBM.

Remark 1. We have seen above that A; is martingale. In fact, in general it is
only local martingale, and we need integrability conditions. These technical
assumptions are omitted.

Proof. First we show that Q is indeed a probability measure. By (19)
t
At = 1 - / AsedeS,
0
which is martingale, so

EpAr =EpAy = 1.

Since Ap > 0 we see that Q is probability measure.
Next we show that TV satisfies the conditions of the Lévy characterization.
The continuity is clear, since W is SBM and Q < P. By Lemma 8 (W;)

is Q-martingale iff (fV[\;tAt) is P-martingale. We apply the It6 formula with
f(x,y) = zy and the It process

N t t
W, :/ Hsds—l—/ 1dW,
0 0

t
Ar=1 —/ A0,dWs.
0
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Then
. t t . t
AtWt:/ WSdAS+/ AdeS+/ —A0,ds
0 0 0
t ¢ ¢
= —/ WA 0,dW, —|—/ A (05ds + dWy) —/ A0,ds
0 0 0

t —~
:/ Ay(1 = 0W,)dW,,
0

which is P-martingale. Thus (/Mv/t) is Q-martingale.
Next we show that (W72 — t) is Q-martingale. Again, by It6’s formula
with f(z) = 2?

o tN . 1 t
W2 =2 / W dW, + = / 2dt,
0 2 0

from which

—~ t/—\_/
Wf—tzz/ W, (0,ds + dW,) .
0

Therefore, using again the multivariate It6 formula with f(z,y) = xy,

t/—\_/

A2 — ) = / A2V, (B,ds + dW,) + / (W2 — s)dA, — / ALB,2Tds
0 0 0
t — —
- / [QASWS—(Wf—s)ASGS] dw,
0
which is P-martingale. Thus (Wf — t) is Q-martingale, and the proof is

complete. n

Finally, we state without proof (and precise statement) the martingale
representation theorem.

Theorem 17 (Martingale representation). Let (W;) SBM on (2, A, P), and
let (F;) the generated filtration, together with the P-zero sets. If (M) is
continuous square integrable martingale with My = 0 a.s., then there exists
an adapted (Yy;) such that

t
Mt:/ Y, dWs.
0
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7 Continuous time markets

7.1 General setup

The general notations are the same as in the discrete time setup.

In what follows, we work on the finite time horizon [0,T], T" < oco. Let
(2, A, P) be a probability space, and (F;) a filtration. There are two financial
instruments on the market, the bond, which is the riskless asset, and the
stock, which is the risky asset. The price process of the bond is given by the
deterministic process (B; = €™), r € R being the continuous interest rate,
while the price process of the stock is (S;), which is nonnegative, adapted to
(F:). Furthermore, we assume that (S;) is an It6 process.

A strategy / portfolio is a process (m; = (8¢, 7)), where the components
are adapted and

T T
/ |G| dt < o0, / F2dt < oo, aus.
0 0

The process [3; represents the amount of bonds at time ¢, while 7, is the
amount of stock. Both processes are real valued (short selling is possible).
The value of the portfolio (7) at t is

Xtﬂ— = BtBt + %St- (21)

Recall that in discrete time an equivalent formulation of self-financing
portfolio is

mi1 — Xy = Bni1(Bryr — Bn) + Vg1 (S — Sh)-
The continuous time analogue of the above is the SDE
dX] = fidB; + v dS;.
The strategy (m; = (B¢, ) is self-financing (SF) if it satisfies the SDE
dX] = fidB; + v dS;. (22)

In what follows all strategies are SF unless otherwise stated.
The discounted processes are defined as (S, = S;/B,) and (X; = X7 /B,).
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Proposition 4. A strategy (my = (B, 7)) @s SF iff
t
X, :Xg+/ v,dSs, t€[0,T].
0

Proof. Assume that 7 is SF. Then, by It6’s formula
dX; =d (e "X]) = —re " X7dt + e "dX]
= —re " (B + 7, Sp)dt + e (Btdert + %dst)
= —re "y, dt + e "y, d S,
= vd (6_”5}) ,

as claimed.
For the reverse direction, we have

dX; = ~,dS,.
Since X[ = fie™ + 7,5y, so
AdX; = —re " X[dt + e "AXT = —e "B d By — re” "y, Sydt + e T AXT
The right-hand side
vdS; = —re "8, dt 4+ e "t dS,.
The equality of the sides gives
dX] = fidB; + v dSy,
which is the definition of SF. [

An SF strategy m is arbitrage, if X§ = 0 a.s., Xr > 0 a.s., and P(X] >
0) > 0. The market is arbitrage free if there exists no arbitrage strategy.

A probability measure Q is equivalent martingale measure (EMM) if P ~
Q (that is P < Q and Q < P), and (S;) is Q-martingale.

We have seen in the discrete time setup that the existence of EMM is
equivalent to the arbitrage free property. One of the implications is rather
simple in the continuous time setup. Assume that Q is EMM, and let =
be an (SF) strategy. By Proposition 4 the discounted value process has the

representation
t

X, = X7 +/ 7,dS,.
0
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Since (S;) is Q-martingale, and 7: is a stochastic integral with respect to
S, we see that (X, ) is Q-martingale. (Recall the discrete time analogue of
this statement.) Therefore

EqX; = EQX[.

Since P ~ Q, XJ = 0, X7 > 0 P-a.s., implies Q-a.s. Then EQX; =
EqX{§ =0, from which X7 =0 Q-a.s., and so P-a.s.
We proved the following.

Theorem 18. Assume that on the market (Q, A, P, (S;), (B, = €™),(F))
there exists EMM. Then the market is arbitrage free.

7.2 Black—Scholes model

In a special model we explicitly construct the EMM via Girsanov’s theorem,
and compute the fair price of a payoff. In particular, we prove the Nobel-
prize winner Black—-Scholes pricing formula, which gives the fair price of a
European call option.

Fix r > 0,u € R and o > 0. Let (Q2, A, P) be a probability space, (W;)
SBM on [0,7], T < oo, and F; be the generated filtration. The bond and
stock price in the Black-Scholes-model is given by

dBt = TBt dt, BO = 1,

(23)
dSt :ﬂStdt+UStdm, S() = S().

From the form of S; we immediately see that .S; is a martingale if and
only if p = 0.

The bond price is simply B; = e".

Writing S; as an It6 process

t t
St:SO—l—/ ,uSsds—l—/ oS,dWs.
0 0
Applying It6 with f(z) = logz
log S; = log S —i—/ti( Ssds + SdVV)—i—l/t—i 252ds
&2 = 108 00 OSSMS 0532058208
o2
:logSo—i-JWt—i-(u—?)t.
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From which ,
S, = Sy etz (24)
This is the exponential Brownian motion.
Note that the proof is not complete, because the logarithm is not smooth
at 0. The argument above only helps to find out the solution. (A more

constructive approach is to apply Ito with a general f, and then choose f to
obtain a solvable equation.)

Exercise 21. Prove that (24) is indeed a solution.

7.2.1 Equivalent martingale measure and the fair price

As an application of Girsanov’s theorem, we construct a new measure, such
that S, is a martingale under this measure.
By (23)
dS, =5, ((u — r)dt + odW,) = Syod W}, (25)

where
pw—r

Wi =W, + t. (26)
Therefore, we need a measure Q such that the process Wt“ is Q-SBM.
Then, by (25) (S;) is Q-martingale.
Let 0, =0 = £~ and

g 1 (7 2
@ = Ar =exp {—/ OdW, — _/ 92ds} _ 6—9WT_GTT‘
-FT 0 2 0

dpP
By Girsanov’s theorem (Theorem 16) the shifted process (Wt“ ) is Q-SBM,
thus (S5;) is Q-martingale. Since Ay > 0 a.s., P ~ Q, therefore Q is EMM.
By (25)

S, =Sy e -Ft, (27)
Next, we determine the fair price of a claim fr, for which Ef2 < co. Let
Ny=Eq[e " fr|F], 0<t<T.

By the martingale representation theorem (Theorem 17) there exists an
adapted process Y;, such that

t —_—
N, = N + / Y, dW, (28)
0
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where Ny = Eqe ™7 fr. Define the strategy 7 = (8, 7:) as

Y, Yie"
B = Ny — —t, Yt = : .
o oSy

Lemma 9. The strateqy (m; = (Bs, 7)) is self-financing and X, = Nj.
Proof. By the definition

Y, Y;
Xi = BiBi + 7S = (Nt — —t> e+ Lt = ¢ N,

o o

i.e. 7:— = Nt' B
In order to show that 7 is SF, by Proposition 4 we need that dyzr = Y dS;.
By (28)
dX; = dN, = Y;dW},
while (25) gives
1 dS; = 1 SodW/} = Y. dW/.

Since
X7 = GTTNT = GTTEPH [eirTfTLFT} = fr,

7 is a perfect hedge for fr, and X7 = Ny = Eqe™"" fr. Therefore, we proved
the following.

Theorem 19. In the Black—Scholes model the fair price of the contingent
claim fr is

Cr(fr) =Eqe " fr.

Furthermore, 7 = (B¢, V1),

Y, Y,e™
ﬁt:Nt——t7 %:t—,
o oS,

is a perfect hedge, where N, = Eqle™" fr|F:], and N, = Ny + fot nd/T/IV/;‘.
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7.2.2 Black—Scholes formula

The famous Black—Scholes formula gives the fair price of a European call
option. In this case the payoff function is fr = (S — K),, where K is the
strike price. By Theorem 19, the fair price is

Cr(K)=Eq (e (S — K)3).

By (27)
Sy = S()GTTGUW;_%T,
where Wz’ﬁ ~ N(0,T) under Q. Therefore, writing Z for a standard normal
Cr(K) =Eq (¢7"(Sr — K))
— o2
— EQ <5060W%_7T - e—rTK>

—F (Soeaﬁzng _ efrTK>

.
.

= \/% /:O (Soe”ﬁx_L;T - e_TTK> e‘é dz
_ SO\/12_7T / T 4 TR - (7))
= 5y (1= (v = oVT)) = K1 - 0(1)),

1 K o?
= log—+|—=——r|T].
! OT[gSO (2 ) }

The pricing formula

(29)

where

Cr(K) = S (1= @y = aVT)) = e "TK(1 - a())

is the Black—Scholes formula, which was published by Fischer Black and
Myron Scholes in 1973. The underlying theory was generalized later by
Merton. In 1997, Scholes and Merton received the Nobel prize for this (Black
died in 1995).
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7.2.3 From CRR to Black—Scholes

Here we derive the Black—Scholes formula as the limit of the discrete CRR
pricing formula. This part is based on [2], section 2.6.

Consider the continuous model on [0,7]. Let r > 0 be the continuous
interest rate and o > 0 the volatility. In the approximating discrete model

choose, for N fixed

i
O=mp<n<...<mw=T, Ti:NT
Put h = T/N. The parameters of the N-step homogeneous binomial market
are ry,ay, and by. The price of the bond and stock is denoted by Bg and
Sg , respectively.
Choose

T 14 by l+ay
ry=ro=rh, 0g1+TN ov'h, og1+TN ovV'h (30)

It is easy to show that this implies

N
BY =(1+ry)l7) et =B,
T

which in fact suggests the choice of ry. Similar, but more complicated cal-
culations gives that with the choice above VarSi\]’V converges.
In the homogeneous binomial model the EMM was given by the upwards

step probability
« _I'N—an
Py = bN . CLN.

Under the EMM

1+ by
1+apn

Yn
SN = So(1+bx) ™ (1 +an)V ¥ = S, ( ) (14+ax)™,  (31)

where Yy ~ Binomial(N, p},).
The CRR pricing formula gives
(SN~ K),

Cn(K) = Ejy—~

(32)
By,
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By the central limit theorem (Lindeberg—Feller theorem)
YN — Npj
N PN PUN(0,1), N - oo, (33)
Npy(1 = py)

whenever 0 < liminfx_, py < limsupy_,., Py < 1. Simple calculation gives
that limy_, piy = 1/2, so (33) holds. Rewriting (31)

L4+ by\ ™ 1+ by
( i N> (1+aN)N:exp{YNlog i

1‘|—CLN an
YN—Np / 1—|—bN
N * *

NpN 1 — i)
+ log(1 + aN)) }

—i—Nlogl—i—aN}

1+ by
+N (p*N log
1 +an
By (33) we need to determine the limits
1+ by
1 N 190! d
im / pi(1 )log Tray O
hm ( + log(1 + aN))

Taylor expansion and (30) gives

2
1+ by = e (1 +1y) = (1 +ovh+ %h + O(h3/2)) (1+7rh)
0,2
=1+oVh+ (7+r> h+O(h*?),

thus

2
by = oVh+ (% +?") h+ O(h3/?).

Similarly,

>
ay = —ovVh+ (% +7’) h+O(h%?).
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From this
* _TN—aN_U\/E—%Qh+O<h3/2)
Py by —an 20V h + O(h3/2)
B 1 B ovh+O(h)
2+ 0(h) 44 O(h)
1 o
=5 ZVM O(h).

Substituting back, and using the second order expansion log(l + x) = = —
22+ O(x*), x — 0, we obtain

. * ES 1+bN _ 3 * & J—
]&gI;O\/NpN(l—pN)logl_i_aN —]\}I_Igo\/pN(l—pN)QO'\/T—O'\/T,

and

1+b
lim N (p}‘v log T ON +log(1 —I—aN))
N—o00 1

+
L 1 o |T N-3/2
_]\}I_I&N( 5 4“]\7 ]20\/ G\/ —I—r + O(N ))

Substituting back into (32)

N—oo

lim Cy(K) = e "E* (Soem/fZJrT(r—Z) _ K)
+

— E* (SoeoﬁZf“—;T o €7TTK> 7
+

which is exactly the second line in (29).

In fact, we need the convergence of moments, that is, uniform integrabil-
ity. That can be done with a little more work, but the details are skipped.
It is important to note that not only the price convergence, but the whole
process (SY) converges to the exponential Brownian motion. This follows
from Donsker’s theorem.
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8 Ruin theory

This part is based on Asmussen, Steffensen: Risk and Insurance [1].

8.1 Risk processes

The classical risk process or Cramér—Lundberg model is the following. Let
(Ni)i>0 be a Poisson process with intensity A > 0, independently let Z, Z,,
Zs, ... nonnegative iid random variables with distribution GG. In terms of the
insurance, the kth jump time of the Poisson process represents that claim
arrives of size Z,. Then the reserve of the insurance company at time t is

given by
N

Uy=u+tct—Y Z, (34)

k=1
where u > 0 is the initial capital, ¢ is the rate of premium inflow.

For more general risk processes, called renewal model, we only assume
that N is a renewal process (not necessarily Poisson). The interarrival times
are X, X1, Xo, ..., (which in case of Poisson process are iid Exp())), and we
assume that EX =: 1/\ < o0.

The general risk process has the following ingredients:

e claims: Z, 7, Z,, ... nonnegative iid with df G, EZ = p;

e time between claims / interarrival times: X, X7, X5, ... iid, EX = %;
this sequence defines the renewal process Ny;

e rate of premium inflow: ¢ > 0;
e initial capital u > 0.
Ruin occurs if U; < 0 for some ¢, and the time of ruin is

7(u) = inf{t > 0: U, < 0}.
The ruin probability is the probability that ruin ever occurs

Y(u) =P(1(u) < 00).

Proposition 5. In the general renewal model, lim;_, % = c— A\u. Further-
more, if A > ¢ then ¥(u) =1 for all w > 0, while if A < ¢ then p(u) < 1

for all u > 0.
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Proof. By the SLLN

_%A7 —%/jﬂ
t n

implying
]kthzk th1Zth
= = = — = A S.
t N, t s

thus the first claim follows.

If ¢ < Au, then U; — —oo meaning that ruin occurs a.s. If ¢ > Au then
Uy — oo, and P(inf U; > 0) > 0 for u = 0 (thus for any u > 0).

If ¢ = Ap then the corresponding random walk oscillates between 400
and —oo. Details are omitted. O

Therefore, in what follows we always assume the net-profit condition
c > AL

From the structure of U in (34) it is clear that ruin occurs when claim
arrives. Recall that X, Xy, ... are the interarrival times of N (the times
between two consecutive claims). Define the variables Yj := Z; — ¢Xj. The
net profit condition is exactly that EY” < 0, which assures that > ;_, Yy —

—00, SO
n

M = supZYk < 00 a.s.
20 =1

Then it is clear that
P(u) = P(M > u),

that is the ruin probability is the tail of the maximum of a random walk with
negative drift.

8.2 Maximum of a random walk

Here we follow Foss, Korshunov, and Zachary [4].
Let Y, Y7, Y3, ... be iid random variables with E(Y) < 0 and S,, = > | Y;
their partial sum. Define

M :=supY, < oo.
n>0
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We want to determine the tail probabilities P(M > u).
Let
7 = 74(1) = min{k > 0: S, > 0}

denote the first strict ascending ladder epoch, and S-, the first strict ascend-
ing ladder height. Since S,, — —o0, these are defective random variables,
that is

P(ry =00)=P(S, <0, Vk) =P(M =0) =:p>0. (35)

If 7.(1) < oo we can define the second ladder epoch
74(2) = min{k > 7.(1) : S, > S, (1h },
and inductively, if 7, (n) < oo
7r(n+1) = min{k > 7 (n) : Sp > S;, ()}

Since Y1, Y, ... are independent, 7, (2) —74(1) given 74 (1) < oo has the same
distribution as 7 (1), and in general if 7, (n) < oo then 74 (1), 74(2) — 7 (1),

.y T4(n) — 74(n — 1) are iid. Furthermore, P(7(n) < o0) = (1 — p)™,
and it is defined (possibly infinite) with probability (1 — p)"~!. The same
independence shows that given 7, (n) < oo the variables

S

T+

(1)) 7 (2) = (1) -+ Ori () — Sy (n—1)
are independent and identically distributed. Put

Hyw) = P(S,, <a), H(z)=P(S,, <alr < o0) = 1%pﬁrd(m). (36)

Then H, is a defective distribution function, that is Hy(co) = 1 —p < 1.
Therefore,

P(M >x)=> P(S: ¢ >z 74(k) < 00,74 (k+1) = c0)
- (37)
- ZP(ST+(]<J) > x|ry (k) < 00)(1 — p)Fp.
k=1

Or, what is the same, if £, (1),e,(2), ... are iid with df H, and independently
N has geometric distribution P(N = k) = p(1 — p)*, k=0, 1,..., then

MZE ng’).
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Define the taboo renewal measure on [0, 00)

R(B)=X0€B)+ > P(5>05>0,...,5, >0,5, €B).

n=1

The random vector (Y7,...,Y,) has the same distribution as (Yy,...,Y1),
thus

P(S;>0,9>0,...,5,>0,5, € B)

—P(Y, >0,Y,+Y, 1 >0,...,5 >0,, € B)
=P(S,>S,1,5, > S 2,...,5. >0,5, € B)

= P(S, is a strict ascending ladder height in B )
= EI(S,, is a strict ascending ladder height in B ).

Therefore, summing over n we obtain the following.

Lemma 10. For any B C (0,00), R, (B) is the expected number of ladder
heights in B. In particular,

Ru((0.00)) = 3 ko1 = )" = -2,

and
R.([0,00)) = 1+ Ry((0,00)) = }?

Similarly, define the weak descending ladder epochs and ladder heights as
follows. Let
7 =7_(1) =min{k > 0: S, <0},

the first weak descending ladder epoch, and S,  is the ladder height. and
inductively, for 7_(n) defined let

7_(n+1) =min{k > 7_(n) : Sp < S;_m}-

Furthermore, let e_(1),£_(2), ... iid with the same distribution as S, _. Since
Sp — —oo a.s., these random variables are all proper (finite with probability
1). Moreover, by Lemma 10

Er_=) P(r_>k)=1+)» P($>0,...,5 >0)
k=0 k=1

— Ri((0,50) = .
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Since 7_(1) is a stopping time for (S,,), by Wald’s identity

Define for B C (—o0, 0]
R_(B)=)» P(S<0,...,5,<0,5, €B).
n=0

As in Lemma 10 we obtain

Lemma 11.
R_(B) =1(0 € B) + E|{weak descending ladder heights in B}|.

The distribution of the ascending ladder height can be expressed for z > 0
as

P(S;, >z) = ZP(Sn > X, Ty =n)

n=1

:ZP(slgo,...,sn,lgo,sn>x)

:Z/ P(Yn>x—y)P(SlSO,...,Sn_lgo,Sn_ledy)
n=1 v (=00,0]
= / P(Y > a2 —y)R_(dy).

(—O0,0}

(38)

Similarly, for the distribution of the descending ladder height

P(S, < —x)= /[0 )P(Y < —z—y)R:(dy), x>0. (39)

8.3 The Cramér—Lundberg model

In what follows we mainly consider the classical risk process, or Cramér—
Lundberg process, where (N;) is a Poisson process with intensity A, that is
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the interarrival times are exponential(\). Here we specialize the formulas
obtained in the previous section.

Since Y = Z — ¢X, where Z > 0 is the claim size, X is exponential(\),
and Z, X are independent, for y > 0

P(Y < —y) =P(X > ¢ (Z +y))
:/ e MTEHIP(Z € dz2)
(0,00)

= 6_21// e_%ZP(Z € dz)
(

So, by (39)
P(S, < —1) = /[ PO Ry

N / e s HICR, (dy)
0.00)

e_ix/ e_%yC’lRJr(dy)
[0,00)

A
= e Ex7

where the last equality follows from P(S,_ < 0) = 1. That is, the distribution
of —S._ is exponential(A/c). This means that the weak descending ladder
heights form a Poisson process on (—o00,0), so Lemma 11 gives that the
measure R_ is A\/c times the Lebesgue measure together with a unit mass at
0, or more formally

A
R_(dt) = Zdt + .
Therefore, by (38)

P(S., >x) = / PY >z —y)R_(dy)

(_0070]

:/0 P(Y>x—y)%dy+P(Y>x) (40)

—00

- %/ P(Y > y)dy + P(Y > 2).
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For z > 0

P(Y>:v):P(Z—cX>x):/

(2,00)

(1 - e—,\zzx> P(Z € dz)
_a

=P(Z > ) —/ e~ cFIP(Z € dz).
(z,00)

Substituting back, using Fubini

A o
E/ P(Y > y)dy
AT AT ~2(:-y)
= P(Z > y)dy — - I(z > y)e ¥ YP(Z € dz)dy
z x (z,00)
A oo
- —/ P(Z > y)dy — / (1 - e*%ﬂH)) P(Z € dz)
C Jx (z,00)
)\ oo
= —/ P(Z > y)dy — P(Z > xz) —|—/ e cCIP(Z € dz)
C Jx (z,00)
A

:E/OOP(Z>y)dy—P(Y>:L’).

Substituting back into (40)

P(S;, >z) = %/ P(Z > y)dy.

Thus we obtained that S;, has a density, and substituting x = 0 we also see
that P(7 < 00) = Au/c < 1. Using the notation

Cila) = % / P(Z > y)dy,

we see that
H(z) =P(S,, <z|ry <o0)=G(z).

Recalling also (35) and (37), and that ¢ (u) = P(M > u) we obtain the
following.

Theorem 20. In the Cramér-Lundberg model assume the net-profit condi-
tion ¢ > Ap. Then for the strict ascending ladder epoch T, and height S-,
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we have

For the maximum of the random walk M = sup,,>q Sy,

Y = PO >u) = 3 (M) (1-2) 1 -Gt

C C
k=1

Exercise 22. Assume that Z ~Exp(d). Compute explicitly ¢ (u) using The-
orem 20.

8.4 Lundberg inequality

Introduce the notation

Next we calculate the moment generating function of K.

Proposition 6. Let N be a nonnegative integer valued random wvariable,

independent of the iid sequence Y,Y,.... Then
al N
E exp {SZY’“} =E [(Eesy) } .
k=1

Proof. Simply,



Recalling that if N ~ Poisson()\) then Es™ = exp{\(s — 1)}, we obtain
k(a) = log Be®XM) = )\(@(a) —1) —ac (41)

Similarly,
log Ee®®®) = t5(a).

Corollary 2. For a € R assume that G(a) < oo. Let M(t) = eKO~tr(@),
Then (M(t)i>0) is a martingale with respect to the filtration F; = o(K(s) :
s €[0,t]).

Proof. Let t > s > 0. Since K (t) — K(s) is independent of F; we have
E[M(t)|Fs] = E[exp{aK(s) — sk(a) + a(K(t) — K(s)) — (t — s)r(a)|Fs]
= M(s)
as claimed. N
We need that the function s is convex.

Lemma 12. For any random variable X, the function h(s) = log Ee*X is
CONVEL.

Proof. Differentiate twice, and use Cauchy—Schwarz. Indeed,

EXesX

h/ = —

() = geox
W(s) — E(X%eX)EesX — (EXesX)?

(EesX)Q

Cauchy-Schwarz inequality with Xe**/2, and e**X/2 shows that h”(s) > 0,
that is h is convex. O

Note that £(0) = 0, and «'(0) = A — ¢ < 0, since the net profit condition
hold. Cramér’s condition is that

vy > 0 such that x(y) =0, K'(7y) < oo. (42)

Convexity implies that there is at most 1 solution. Then ~ is the Lundberg
exponent.

Recall from section 9.1 that 7(u) = inf{¢ : U; < 0} the time of ruin. With
the notation of K (t) we have 7(u) = inf{¢t : K(t) > u}. At the time of ruin
7(u) the process K upcrosses u by making a jump. Let {(u) = K(7(u)) —u
denote the overshoot (defined on the event 7(u) < 00).
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Proposition 7. Under the Cramér condition
e

V() = it () < oo

Proof. Clearly, 7(u) is a stopping time, thus by the optional sampling theo-
rem
EM(r At)=EM(0) = 1.

With o = v we have x(7y) = 0, thus M(t) = e?® and
1 = Bk — | [e”K(T(“)At)I(T(u) <t)]+E [evK(T(“)At)I(T(u) >1)].

As t — oo the second term tends to 0, as the integrand is bounded by e,
and tends to 0 pointwise since K (t) — —oo. Thus

1=E [evK(T(“))I(T(u) < 00)] = e™E [evs(u)I(T(u) < 00)]
=e"Y(u)E [e“’g(“)h(u) < 00].
O
Noting that £(u) > 0 Lundberg’s inequality is an immediate corollary.

Corollary 3 (Lundberg’s inequality). Under the Cramér condition for all
u >0
P(u) < e 7.

Corollary 4. Assume that Z ~ FExp(5). Then

A A
= L (=2
P(u) 3¢ :

Proof. Since

/{(a):/\(@(a)—l)—ac:)\((sfa—l)—ac,

the unique solution to k(a) =0is 7 =6 — A/c.
Given 7(u) = t and K (t—) = z < u we know that the claim size V' > u—x.
The overshoot {(u) = V —u+x given that V > u—x is again exponential(¢).

Thus - 5
E [675(“)|T(u) < o0] = / e¥oe~dy = %
0
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8.5 Cramér—Lundberg theorem

Theorem 21 (Cramér-Lundberg approximation). Assume that Cramér’s
condition hold, i.e. k() =0 for some v > 0. Then
Y(u) ~Ce™ ™ as u— o0,

where
c—A = A
K(Y) MG —¢
This means that the ruin probability decreases exponentially with the
initial capital u. This is good news for the insurance company.

Proof. Conditioning on the first ascending ladder height we have
P(u) =P(Sr, >u) + o (u—y)P(5r, € dy).
0,u
Using the explicit expressions in Theorem 20

v =2 [TPzs i+ [ vl 2Pz > pa

C

This is a defective renewal equation, since the total mass on the integral
involving 1 is

N A
/ —P(Z >y)dy=—pn<1.
0 C c

Put ¢ (u) = ™ (u). Multiplying both sides by ¢, we have

~ A

dw =2 [Pz =y [ n)IPE ey (43)

This is proper renewal equation, as

/ %P(Z > y)eVdy = 1. (44)
0

Indeed, by Fubini

/ P(Z > y)eVdy = / / I(z > y)e"G(dz)dy
0 0 J(0,0)

— A1 ( /(Om) e*G(dz) — 1)
=77 (G - 1),
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and by the definition of the Lundberg exponent (see (42) and (41))

G(y) =14 1€
G(y)=1+ e

Substituting everything back we obtain (44).
Introducing the notation

A

olw) =5 [ P(Z > y)ay,

and uy,
Flu) = / AP(Z > y)evdy,
0

c
we have the usual form

Ju) = afu) + / " - y)F(dy).

Therefore, we can apply the key renewal theorem! to equation (43). We
obtain
I3 aly)dy [ 2™ [ZP(Z > y)dydu

lim ©(u) = = =
uo0 Jo.00) YF (dy) 2 [ yP(Z > y)erdy

It remains to evaluate the constant above. The numerator

oo
0

[ e [Pz n= 2 [T -0 - cwpay

For the denominator
/ yP(Z > y)e?dy = / / I(z > y)G(dz)yedy
0 0 J(0,00)
— 7—1/( | (€72 —~71 (e = 1)) G(d2)
0,00
- _97C 1
= 'E(Ze?) - 772 = —i(y),

Ay
since R
K'(7) = AG(y) —c= AE(Ze?) — c.
[

'Here we have to check that a is directly Riemann integrable. In fact, it is of bounded
variation, which is not difficult to show.

72



8.6 Heavy tails

We learned that if the claim sizes have exponential moments, more precisely
Cramér’s condition holds, then the ruin probability decreases exponentially
with the capital. This is good for the insurance company, since in order
to decrease the ruin probability by a factor 0.5, only a constant amount of
money needed. The bad news is that in practice, claims are heavy-tailed,
no exponential moments exists. Assume that the claim sizes have Pareto
distribution,
P(Z>z)=1-Gx)=2"% z>1,

for some o > 1. Then EZ = y = %7 < oo. The integrated tail distribution

Gi(z) = 1 /Owu —Gy))dy = 2= ! <1 + /1 y‘ady) =1—a'z'

W o

Then by Theorem 20 we see

TORDS (A—”) (1 - A—’“‘) (1 -G > 2 (1 - M) o lyie

k=1

that is
lim inf u* 4 (u) > 0.

U—00
In this case the ruin probability is much larger, decreases only as a power of
u.

In what follows, we are dealing with distributions on (0,00) with un-
bounded support. In terms of random variables, Z, Z;,... are nonnega-
tive iid random variables, G(z) = P(Z < z), G(z) < 1 for all z. Let
Sn = Z1 + ...+ Z, denote the partial sum. Then P(S, < z) = G"(x).

The distribution G is subexponential, if

%2
lim 1 = G(@)

ST ew 2 (45)

Exercise 23. Determine the limit above if
e G(r)=1—e;
e G(x) = ®(x) standard normal distribution;
e G(x)=1—a""
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Note that
1-G*(2)=1-P(Z1+Zy<2)=P(Z, + Zy > ).
For any distribution with unbounded support
P(max(Zy, Z3) > z) = 1 — P(max(Z1, Z3) < x)
— 1 Gla)? ~ 2(1 - G(x).

where the last asymptotic equality holds as © — oco. Thus definition (45) is
equivalent to

P(Zy+ Zy > z) ~ P(max(Z1, Z3) > x) as x — oo.
That is, the sum is large if and only if one term is large. This is the one big
jump property.
Proposition 8. Let G be subexponential. Then
1 —G"(z)
lim ——— =
e 1- Q)
or equivalently
P(S, > z) ~P(max{Zy,...,Z,} >x) as x — oc.
To ease notation write
p=—-
c
Theorem 20 states that

= A1 =p)(1— G (w).

If G} is subexponential, then by Proposition 82

Zp (1= )1 = Gi*(w)

N me — (1 = Gyu)) = - f (1= Gi(u).

Corollary 5. Consider the Cramér—Lundberg risk process with the net-profit
condition, and assume that Gy is subexponential. Then as u — oo

Uu) ~ (1= Gy(w).

2In fact, here we need a bit more, a kind of uniform bound to ensure that we can
interchange summation and limit.
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