where we use Lemma 4. The lower bound is a divergent series in n, therefore
the event A, occur infinitely often. On the other hand by (7) (for —W,)

—Weni1 < 20(0"HY) < 40Y2R(67)

for all n > N(w). Therefore whenever A,, occur

Won (w) —
hn) >/1—0—4V0.

Letting n — co we have

limsup — > V1 — 4\/5,
140 h( )

and the result follows by letting 6 | 0. m
Exercise 25. Show that if W is SBM then for any A

)\2
Xt = eXp {)\Wt — ?t}

is a martingale.

4 Stochastic integral

Here we define the integration with respect to the Brownian motion. Note
that SBM is not of bounded variation, therefore we cannot define the integral
pathwise. This is the major difficulty in the theory.

4.1 Integration of simple processes

In what follows we work on [0, 7], for T < co. Let (W, F;) be SBM.

The process (Xt)w%s a W if cAited o
k) -
\ 37 A I_
Xe(w) = &olw)Loy () + Z& W)t 1,111 (1), ) & e,
-
where 0 = ¢y < t; < ... < t, = T is a partition of [0,7], and &; is F,-
measurable. —_

[hat is (X;(w)) is a step function for each w € 2, where the step sizes
are random. Note that &; is measurable with respect to the o-algebra corre-
sponding to the left end point of the interval.
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1 wt
,H\y/ Exercise 26. Show that a simple process is adapted. l

The definition of the integral of simple processes is straightforward. Let
k be such that ¢ € (¢, tx41]. Then [
. w
[~ ULLHLLJ@ i (el ’\?‘,lJ r

‘ k—1
It<X) - XSdWS - §i(Wti+1 - Wt2> + fk(Wt - Wtk) t € [0 T
x tl: ;é; Y,'L”“ﬂvph) & lM@VéLTAZQ/ %\ﬂwﬁﬁnﬁ4

Note that we defined the process for each ¢ € [0, 7.
{thm:stint-prop}

Theorem 25. Let X,Y be simple processes with square integrable coeffi-
cients.

(i) I,(X) is a continuous martingale, Io(X) =0 a.s.

(ii) Fort>s Ul C\ ﬁ%/x
N

(f ) ] ) los
in particular Eg x= EJV I XQd% oo gz/\f )b/ 5

(i1i) The integral is linear, that is ,,ﬂ y
Co - 4
P R TN ) = el I, i eR q

fL — — |
—=~ (w) Esu m i < 4E [T X2du. W""’u\“.
> (iv) Po<i<r ( 0 “u

0

t
X2du

S

Proof. (iii) is clear. (iv) follows from Doob’s maximal inequality.
Lf—"/<1) The continuity is obvious and Iy(X) = 0. We prove that (/;) is mar-

HW tingale. Let s <t and s € (tg, tgr1],t € (tm, tmy1]. Then
Uovuvv-'k?( Pl
e B R UMEUAREIUARS
i~
m—1
+ ék(Wtk+1 - WS) + Z g’i(WtH—l - ) + gm( th)
i=k+1

By the tower rule
E[éi(wti+1 - Wtz) fS] =E [E[&(Wtiﬂ - th>
=E [giE[WtHl - Wti th]
= E[§; - 0[F] = 0.

i]

|

5]
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The first and last term can be handled similarly.
(ii) We showed that

t m—
/ Xuqu = gk(WthA - WS) + Z gi(Wti+1 - Wti) + gm(Wt - th)'

i=k+1
Taking square and conditional expectaion we end up with sum of terms
E[&(Wey, — We)& Wy, — Wi )| ]
We show that this equals 0, whenever 7 # j. Indeed,
E[GWey, = Wi)& Wy, — W) | F]
= E [E[&(W,,,, — Wi)§(Wy,, — W) F, NI F] =0

Therefore

( / t Xuqu)2 ny]

m—1
gl%(Wthﬂ - WS)2 + Z giQ(WtiH - Wtz')Q + €r2n<Wt - th)2"’r5] :

i=k+1

=E

By the tower rule again

E[& (Wi, — W )| 5] = B [EIE (Wi, — W) 7] 7]
= E[& (tir1 — t:)|F]
tit1
=E { Xﬁdu\fs}
t;
Summing we obtain the result. ]

4.2 Extending the definition

The idea is the following. We defined the integral for simple processes.
Adapted processes can be approximated by simple processes, so we can de-
fine the integral of adapted process as a limit and hope for the best. This
was the method at the definition of both Riemann and Lebesgue integral.

Let
H= {(Xt) Fi-adapted and %/ X2d <oo}

We extend the definition to the class H
m/l\/gh/’
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Lemma 5. Let (X;) € H. There exists a sequence of simple processes
{(X")}n such that

T
lim E/ (X, — X™)2ds = 0.
0

n—oo

Proof. We only prove in the special case when X is bounded and continuous.
OUnCed alit Lon ot

Let
2" —1 ,
Xf(w) I{O} -+ Z XkT (kT (k+1)T](t> ]J L LV\,IK/&,
k=0 w j M .aua»\]
These are simple processes. Since contiuous function is uniformly cofltlnous

on compacts, alwl_)f (sz,d’ Xt[(/u> QLM, COVLQ[ giwu\/

T
X" — X |2.% 0. )

ik, R fa

besgue’s domlnated convergence glves the‘proof. [ (~n
Let X € #H and {X™}, given in the lemma. By Theorem 25 (iv)
T n m
an ([ em)

2 T
4E / (X! — X™)2du
0

~— L
h ﬂ%ﬂﬂm
72
© [
e
The right-hand side tends to 0 by the lemma above, therefore the left-hand [] E< ft 10{ )

side too. Thus there exists a sequence {n;} such that

t 2
sup (/ (Xor — X3k>qu) <27k {eq:unif-conv-ineq
tef0,1] \Jo

The first Borel-Cantelli lemma implies
I(X™) — I(X), uniformly on [0,7]-n a.s.

As I(X™) is continuous, so is I(X). We have to show that I(X) does not
depend on the subsequence. In (8) letting m — oo

T
E sup (1Y) - L(X"))* < 4E | (X, ~ X})du,
0

te[0,7]

SO ﬁ)_(l does not depend on the subsequence. kdiv O> ( 3 Hz,\) (/JV/ Ujm 2 U&)
&
et 14

2,23 Z/—”%_ ai’v\/js
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Next we show that I(X) is martingale, i.e. for any s < ¢

w7,
For any n e O oo
e W/A IBILOXOE] — Ll < [EILX) - LX)IE] 2 {mm«/@ ijff
+ |B[L(X"™) = L(X")|Flllz2 + [ s(X ) = L(X)] 22,

where HX Iz = VEX?2. rf‘h@second term on the RHS equals 0, since [ (X ™) {
is martingale, while the first and third term can be arbitrarily small. So (X)) \)
07/"‘/’W\ is indeed a martingale.

Summarizing, for X € H we defined the stochastic integral D < i Eﬁf‘l‘b{ } "Iq[)()“;'} U

t Z:L
L(X)= [ X,dW, \[
0
and showed that it satisfies the properties of Theorem 25. g [ L [ 3&”? 3 ] -I {>(7)
We note that the definition of the integral can be further extended from
‘H to the larger class r-$
@\a : !
U H = {(X;) : Fr-adapted and / X2du < o0 a.s.}
0
\Aﬂw\ such that Theorem 25 remains true.
{example:W-appr}
1 Example 9 (Approximation of fg W,dWy). Fix € € [0, 1] and consider
—

'\ =0

QEJMM\/%\/‘ S(IT) = nz:_l (/5.%&1 + (1 — 5)“_{%) (Wti+1 - Mﬁz) :
C all

= We prove that p@fi\llﬂ\“ tg"o 4 J°1(' e & to= 1.
lim S.(II) = §Wt2 + (5 — 1) t. (9) {eq:W-int}

ITI||—0 2

We know that (W72 — ¢) is martingale, thus the limit above is martingale
iff e = 0, which corresponds to the definition of Ité stochastic integral. There
are other stochastic integrals: € = 1/2 corresponds to the Fisk-Stratonovich
integral, and € = 1 corresponds to the backward Ito integral.

By (9)
:\/"—’V/’/_\
U@U}«Jr/)»\~ &QL{;MQ\ \
S% Ax < xC =7 ;u;/@ fﬁflxumjg

j%cj)\ L\/u%w/@

—_~

S




Next we prove (9). Since

e (v /(o)

we have to determine the limits (/M 9

€Wt

._/ﬁ =

W—/j
k 2 Z Wtz+1 - th r—’- Wt i1 - WZ)
J =0

The first is exactly the quadratic variation of SBM, therefore converges to ¢
in L?, while the second is a telescopic sum, giving W2.

A
2

{example:exp}
Example 10. Let X be simple process and W SBM. Let

t 1 t

We show that (Y; = e%) is martingale.
Since X is simple, we have

n—1
Xi = &l () + Z &ilt i) (1)
i=0

where §; is F;,-measurable. Thus if s € (tg, tx11], t € (tym, tme1], then

2 m—1 2
Cts :§k<Wtk+1 - WS) - %(tk-‘rl - S) + Z |:§i(Wti+1 - WQ) - %(tz—H — 1 )
62 i=k+1
+&n(We = Wa,,) = 254t = tm)-

(10) {eq:zeta-felbontas
Since ( is Fs-measurable we obtain
E[e%|F,] = e“E[e | F,].
We only have to show that

E[e|F] =
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