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3.4 Markov property
Assume that we have a SBM (W;) and we know everything up to time s.
Conditioned on that information, what is the distribution of W;, t > s?

Formally, (W;, F;) is a SBM, and we are interested in the conditional

probabilities
P(W, € A|Fy).

Since W, = W, + W, — W,, where W, is F, measurable and W, — Wy is
independent of F,, we obtain ay lank W e
PO o VA
P(W; € A|F,) =P(W, € A|W,) = PW (Wi_s € A),

where P, (W, € A) = P(W, € A|W, = x), that is under P, W is a SBM
starting at x. That is knowing the whole past up to s gives no more infor-
mation than knowing only W,. This is the Markov property.

To make the previous argument formal we need the following.

Exercise 23. Let (€2, A, P) be a probability space, G C A a sub-c-algebra,
X, Y random variables such that X is independent of G and Y is G-measurable.
Then

PX+Y ecAlG)=P(X+Y € AlY) P—-as.

and
PX+YcAY=y)=P(X+ycAd) PY'-as

For the latter note that for some o(Y)/B(R)-measurable h
P(X+Y € AlY)=h(Y).

So the latter statement claims that h(y) = P(X +y € A) a.s. with respect
to the induced measure PY L.

A (d-dimensional) adapted process (X;) is Markov process with initial
distribution p if

(i) P(Xo € A) = pu(A);

(i) P(Xi1s € A|Fs) = P(Xy4s € A|X,), for all A and ¢,s > 0.

3
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Sometimes it is more convenient to work with various initial distribu-
tions. A Markov family is an adapted process (X;) together with a family of
probability measures (P,) such that

(1) Pcc(XO = ZL‘) =1
(i) Po(Xpss € AIF.) = Po(Xips € A|X):
(i) Po(Xys € Al X, = y) P (Xt € A) P, X -as.
For a given w € denote Xs+ the function X, that is we shift the
path by s. The property in the definition of Markov process easily extends

topath.” | ( )( > ?MG

Proposition 9. For a Markov family for any F € B(RI>)) LK+
(i) Po(Xsy. € F|F,) = Po(Xor. € FIX,); j({ -
(ii) Po(Xop € FIX, =) = Py(X. € F) PX; -

The proof goes by the usual technical machinery. The sets F' satisfying

the above properties forms a A-system and it contains the finite dimensional
cylinders.

Markov property states that the process restarts at fixed times ¢t. Some-
times we need to restart the process at stopping times 7. This property is
the strong Markov property.

A (d-dimensional) adapted process (X;) is strong Markov process with
wnitial distribution p if - W’\/ﬂvl Z N m,\_é,

() P(Xo € A) = u(A); © T b
(i) P(X,4¢ € A|F;) = P(X; € A|XY), for all A and stopping time 7.
Similarly, a strong Markov family is an adapted process (X;) together with
a family of probability measures P, such that
(i) P,(Xo=12)=1;
(i) Po(Xryt € AlF;) =P (X, € AlX,) for all A and stopping time 7;
(iii) Pu(X,4 € A|X, =y) =P, (X, € A) P, X '-as. for all A and stopping
time 7;
Proposition 10. For a strong Markov family for any F € B((R)[>)
(i) Po(Xry. € F|F,) =P (X4 € FIX,);
(ii) Po(X,r. € FIX, =2) =P, (X € F) P, X !-

We proved that SBM is Markov. In fact, it is strong Markov. {th: SBM-strong}

. Theorem 20. SBM is a strong Markov process.
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Theorem 21. Almost surely the sample path of a SBM is not monotone in

3.5 Path properties

any interval.
Proof. Let /
A={w: W( i t interval} .
{w (+,w) is mono on.e on some interval} v ¢
Clearly & 0"\""“) whion
A =U, seq{w: W(-,w) is monotone on [r, s]}. VL

Since this is a countable union it is enough to prove that each event has F }

probability zero. To ease notation choose r =0, s = 1, and put

v a
B = {w : W(-,w) is nondecreasing on [0, 1]} .
V(O 4 - /
VVehaveZ J v_\) _ i [';”l]—f M/L_i> D) g
w W =

B=n{w:W((i+1)/n,w) > W(i/nw), i=0,1,....,n—1} = N>, B,.
By the independent increment property

n—1

P(B,) = [[PW((i+1)/n) > W(i/n)) =27,

i=0

which implies that P(B) = 0 as claimed. O

For any interval [a,b] let 11, = {a =ty < t; < ... < t, = b} a partition
with mesh

|IL,|| = max{t; —t;—1 : i=1,2,...,n}. 0, S ol (b

We determine the quadratic variation of the Wiener process.

Theorem 22. Letll, = {a =ty < t1 < ... <t, =b}, n=12,..., a
sequence of partitions of [a,b] such that ||IL,|| — 0. Then

n

I S Wy - W) b —a
i=1
o
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Proof. Assume that [a, b] = [0, 1]. We have to show that

n 2
E <Z(Wti - Wi, )% = 1> 5 0. .

i=1

Using 1 =) ., (t; — ti—1) we have _
g n St = ti0) 2 \ M.\&L?QMA@UA
E <§ (W, — Wi, ) — 1) =

i=1 (6) {eq:Wquad-1}

Z E ([(Wtz - th‘,fl)Q - (ti - ti—l)] [(Wtj - Wtjfl)Q - (tj - tj—l)]) :

ij=1
If i # j then W, — W,,_, and W, — W;,_, are independent. Therefore
E [(Wtz - Wti—1)2 - (tl - ti—lﬂ = 07

so the mixed products in (6) are 0. Using that W, — W, ~ N(0,t — s) we
obtain

n 2 n
E (Z(Wn — Wy )? — 1) =N E[(Wy — Wi ) = (ti — ti1)]
i=1 =1
= - i i—l) ( T — 1, ) - ]
=E(Z*-1)2) (t; —t;i1)%

n
=1

where Z ~ N(0,1). Since

n

D (= ti1)® < )| D (= tia) = [T = 0,
=1

i=1
the proof is ready. O

Under some extra conditions a.s. convergence hold. Recall that in gen-
eral neither L? convergence nor a.s. convergence implies the other. More-
over, L? convergence implies a.s. convergence on a subsequence. However, if
> o2 I, ]| < oo then the Borel-Cantelli lemma implies a.s. convergence.
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e 5 bea
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(?\L \2(/‘“ Exercise 24. Let I, = {a =ty < t; < ... < t, =b}), n=1,2,...,a o5\n Q\\\,b@ﬂg

i M ?szjég 2 5%’5’ £

sequence of partitions of [a, b] such that Y~ >°, ||IIL,]| < co. Then a.s.
=

n

> (W, =W, )*—b—a.

i=1
Corollary 6. Let (I1,,) be a sequence of partitions of the interval [a,b] such
that Y 0" | |TL,|| < oo. Then Y " | |[Wy, — Wi, _,| = 00 a.s.

Proof. Clearly, M L)@A‘Q'/XW:“

{ Z Wtz th 1) < sup |Wt1 Wtz 1|Z‘Wtz th 1‘

i—1 1<i<n i1 J_\
The left-hand side converges to b — a a.s. oh a subsédjuence® On the right-

hand side the first factor goes to 0 a.s. by the continuity of the Wiener pro-
cess. (Recall that continuous function is uniformly continuous on compacts.)
Therefore the second term necessarily tends to infinity. OJ

We proved that the sample path of W are Hélder continuous with expo-
nent < 1/2, and that the sample path are not of bounded variation. These
results suggest that the trajectories are quite irregular. In fact, they are
a.s. nowhere differentiable.

Theorem 23 (Paley, Wiener, Zygmund (1933)). Almost surely the path

W (-,w) is nowhere dlﬁefentmble' \X/ (_é) W(‘é J W)

Proof. For n,k € N consider

X = max { [W (k27°) = W ((k —1)27)| ,|W ((k +1)27) = W (k27| ,
W ((k+2)27") — W(k+1 ")}

Using the independent increment property and the scale invariance —’R"‘/"JQ(,
-
(
| PO <) = @IW(/2Y) < o)) < (2 /2 U
LJM_E-
Putting Y,, = min; < <27 Xpp we obtained (7/\/ /i) (U ><'“’Z Zi )Z

n2™
P(Y,<e) <) P(Xuu<e)< HM
k=1
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Introduce the event 0

l

A={w: W(-,w) is somewhere differentiable}.

If w € A then there exist t =4(w) such that W'(t,w) = D(w) € R. Thus ] . ,j -
'nlo,

lim W(s,w) — ZV(t,w) = [D(w)| < o0. (og 0@”\
S— S — .

al:
Therefore there exists d(w) = d(w, t) > 0 such that for |s — t| < §(w) / /”'C

(W(s,w) = W(t,w)| < (ID(w)] + 1)s — 1.

Let ng(w) = no(w, t) so large that

—\
g < ) ) > max{a(ID(w)] + 1), 1+ 1.
o) 2 max{4(|D()|
Fix n > ng(w) and let q
kw) k) +1 %
n = 2n
Then _1_1 Jé \E L*"f da.pZ
. —~ 7\
max{Ji- 2]+ =k -1k ke s 1k P < 2 2, B T

IXn,k(w)(w) < maX{'WG;I,w) - Vﬁtg w)

w
<2(|D(w)| + 1) 22 _4(|D |+1) 2i <,

where the max is taken on the set j € {k(w), k(w) + 1, k(w) + 2}.
Since k(w) < n 2", we obtained
Y,(w)= min X,;i(w) <n/2"

1<k<n2n

Thus w € A implies w € A,, = {w : Y, (w) <n/2"} for all n > ng(w) so

—_———

w € limint 4, =0y, NP Ay,

n—oo

= {w:w € Ay except finitely many k}.
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n © L -1
t= o "2 ®
That is A C B := liminf,_ ., A,. Using the Fatou lemma

P(B) < liminf P(A,) < lim inf P <Yn < 3)

n—o00 n—00 on

3
< liminfn 2" <2 L gn/? 3) — 0.

n—o00 on

So A C B and P(B) = 0 as claimed. [

Note that we don’t claim that A € A. Now we see the usefulness of the
usual conditions. The usual conditions include that Fj contains the null-sets
of A.

Let

Z(w)=A{t: W(t,w) =0}

denote the set of zeros. Let A\ be the Lebesgue measure. By Fubini
EXNZ) = / AMZ(w))P(dw)
Q
_ / / (W (¢, w) = 0) dP(dw)
QJR

_ / P(W(t,w) = 0)dt = 0,

Since A\(Z) > 0 this implies \(Z) = 0 a.s. T&ﬂﬁwﬂ { C*—Z'\/Q’,‘I@Oé
Theow or almost every w gﬁj@b &gm
lim sup W) =1| and liminf Wi(w) =—1,
W i oglog 17 A o oglog 17t
and
lim sup Wiw) =1 and liminf M =—1.

twoo \/2tloglogl

oo \/2tloglogl

{W y symmetry it is enough to prove the limsup results, and since

s SBM it is enough to prove at 0.

thexp{/\Wt—)\—Qt}. (L/ (/ . /,] > O‘

2

This is a martingale, therefore by the maximal inequality

P (s (.- 20) =) =P (g x5 o) < o 7P

s€[0,t] s€[0,1]
. 39
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Put h(t) = /2tloglog(1/t). Fix 6,0 € (0,1). Choose A = (1 + 0)0~"h(6"),
p = h(@”)/Q and t = 6", Then

P W,—2s) > 8) <e = (nlog1/6)" . Vlbw
max { W, — os I64 e (nlog1/6)~ < Ji

s€[0,t]
~
This is summable, therefore by the Borel-Cantelli lemma there exists N(w),
and s with P(€s4) = 1 such that

max <Ws ! ;559_7%(9”)) < %h(@n) for n > N(w).

s€[0,0m] % -

Thus for t € (6", 6"]

s€[0,0m]

Therefore for n > N(w) Lé\ (9 ) é ,& (%)
sup Wt(()) < (1 +5/2) 0_1/27 /(/( %, (62 )’\LIQ J

Wi(w) < W, (w) < (1 62(h_?<1 §/2) 6712 h(
H(w) < max Wi(w) < (1+6/2)h(0") < (1+6/2)

te(gnt+1,6m] h

which implies as n — o0

. Wt(“’) ~1/2
1 < (1+6/2)672
m;ﬁ)up ho) <( /2)

Letting 6 | 0 and 6 1 1 through rationals we obtain

—_— A >

(7) {eq:loglog-1}

For the opposite direction we need the second Borel-Cantelli lemma,

which requires independence. Fix 6 € (0,1) and let ; N
— -6 {1
X =

An - {Wgn - W9n+1 Z V 1 - Qh(é’n)}

A 7
Putting z = V/2logn + 2loglog 1/6 m

Won — Wynis ) L2
P(A)=P| ——>2 ) >Ca e 2 >
( ) ( ,/9n_9n+1




2 aTy T {ijg grel
A= e @ 16)
where we use Lemma 4. The lower bound is a divergent series in n, therefore OJD/ g?

the event A, occur infinitely often. On the other hand by (7) (for —W,)
e <o) < 40200 q
for all n > N(w). Therefore whenever A, occur OL?KL \J
Win (w)

wgny = VI—0-4v0. VC/Q"\ g owediny

Letting n — co we have ?
a‘xg"_/

limsup — > V1 — 4\/5,
140 h( )

and the result follows by letting 6 | 0. m
Exercise 25. Show that if W is SBM then for any A

)\2
X; =exp {)\Wt — 7t}

is a martingale.

4 Stochastic integral

Here we define the integration with respect to the Brownian motion. Note
that SBM is not of bounded variation, therefore we cannot define the integral
pathwise. This is the major difficulty in the theory.

4.1 Integration of simple processes

In what follows we work on [0, 7], for T < co. Let (W, F;) be SBM.
The process (X;) is a simple process, if

Xi(w) = &o(w) Loy (t +Zfz W), 1,,1(1),

where 0 = ¢y < t; < ... < t, = T is a partition of [0,7], and &; is F,-
measurable.

That is (X¢(w)) is a step function for each w € €2, where the step sizes
are random. Note that &; is measurable with respect to the o-algebra corre-
sponding to the left end point of the interval.
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