This is the heat equation.

For the forward equation we need again the adjoint of S. Let pu be ab-
solutely continuous with respect to the Lebesgue measure, p(dy) = g(y)dy,
and let f € C%. Integration by parts twice gives

/ £ (0)gy)dy = / g (w)dy.

That is (S*p)(dy) = 39" (y)dy. The forward equation is

0 1 02
apt(y’@dy = §a—y2pt(y|$)dy,

which for the densities gives

0 1 02
Eﬂt(y’x) = §a—y2pt(y’$>;

again the heat equation.
Recall that the fundamental solution to the heat equation

0 1 92
1s 1 ,
F(t,z) = e %,

\ 21t

which is exactly the transition density of the SBM.

6.4 Diffusion processes

Diffusions can be handled as solution to SDEs. We showed that under gen-
eral conditions unique strong solution to SDEs exists, implying the existence
of diffusion processes. This is the probabilistic approach due to Lévy and
[t6. Another more analytical approach to such processes was applied by
Kolmogorov and Feller. They treated diffusions as general Markov processes
and using tools from the theory of partial differential equations, they showed
that under suitable conditions the Kolmogorov backward and forward equa-
tions have a unique solution. Then the existence of a desired Markov process
follows from Kolmogorov’s consistency theorem, and the continuity property
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of the process can be treated by Kolmogorov’s continuity theorem (Theorem
12). Here we look a bit into the latter approach.

A diffusion process locally behaves as a Wiener process, in the sense that k M > - f}/]
it satisfies the SDE
| av; = p(vi)dt + o(v)dws.

~ . »f SDE
That is, for h > 0 f\[‘} J‘% { D

t+h t+h
AYi=Yio—Yi= [ uvads+ [ avpaw,
t t
~ hu(Yt) +o (Y)(Wt+h — W),
thus 7 //1 S g - o \)\/ﬁ\/\/
W»/&w\a

E[AY]Y: = y] = u(y)h +ofh). ho
B[(AY)?Y; = y] = 0%(y)h +ofh).

A diffusion process (Y;) is a continuous Markov process Satlsfymg as h |
() PAY] > e¥i = 5) = o) ]+ Lviptal vom Hogn ot e
(i) E(AY]Y, = y) = u(y)h + oh);
(i) E((AY2)?Y: =y) = a*(y)h + o(h),
where AY; =Y., — Y;, and );<\/‘E> - X-k/J,ZsC)JCJ’

4

[y Ay <e, L )
@y_{o o(4

, otherwise.
Acunta iy
The definition djtermines the infinitesimal generator of the process. For

fet {(”E/ ")
| Eso-e [f( )+ (=)o) + (- 0P o - )
= f(z) M + ta%x)@ + o_(i
Therefore,
(7)) =l %E@mm — @] = 1) £ @)+ 2y
ﬂb\‘]’ 74
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Kolmogorov backward equation is

o%(z) & B /{/LU‘“\\
2 ) = o) L) + D2l

For the forward equation we need the adjoint of S. This can be de-| & ( %> =
termined as for the SBM. Let pt(y]:c) denote the density of the process, g{; 8’
ie. p(dylz) = py(ylz)dy. Let Tu(dy) = g(y)dy. If f has compact support a
then in the mtegratlon by parts formula the mcrement d1sappears and We //{[ » /_gt( ét[ >¢)

get §L§§>L (0&6 8\511](}

/(Sf)(M—/[ 9(y)d SJﬁZUQ Ly
pldg) = [ 500 [—— s+ 31 (o 2<y>g<y>)} ay
Thus
(Sl @) = |2 (vl + 3 (o)
and the forward ook is {7( a{gL v)z 5%[ tal)é) oiér
£ Zie) = =2 (k) + 5 2 (07 (o). Z
Example 23 (Ornstein-Uhlenbeck process). Consider the Langevin equation, ™ &=
o e, \/i so TF

where p1 > 0, 0 > 0, and Y} is independent of o(Ws : s > 0).
The solution of the homogeneous equation is e #!. Taking the derivative
of e"Y, we obtain

Y-
d (e"tY) = et dY, + p ey, dt = e o dW,, 6 { 0

_'_'_“,_,-)
_

which gives . ‘g\'{ 6 0&/ /
Y, =e M <YO + / et adVVS> . - G S
Ej 0 o)

This is the Ornstein—Uhlenbeck process. The integral of a deterministic func-
tion with respect to SBM is Gaussian, thus

Y;_eiut% - -/)V’%\()‘E @Mi{ OIJ/g

Ol(@)ﬂ%) ON + \/ J@’U @’} Y, ot GA@

+m = e d" M
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v )= ) et
& 4.)-/ E(/o') € @e hd

f EY, = ¢ " EY,,

t
E}/;Q — 672;115 E}/OQ + e?ut/ 2 2us ds =e —2ut EY2 + e (1 o 2pt %: z
0 24 o[ q

We see that as t — 0o Q

- 44— D 2
ﬂ}t 2, N0, 0%/ (20). 5

D

= 5€1@W>o{’>

Taking the limit for the initial distribution Y, we see that (Y;) is Gaussian =~ &

ENN(O%)' oA \/OVVL

Next we determine the covariance function of Y. Since
t
Y, =e M (Yo +/ o et qu) = O
t 0 Ey‘l—

t
’ A / oettdW,, t > s, (30)

we get

which is independent of o(W,, : u < s) . Therefore,

COV(Y;, YS) =EY)Y,=E (Y} _ e*u(tfs)ys + e*u(tfs)}/;) Y,

2
— e M=) Ry 2 — U_e*u(t*S)
S 2[[,[/

Y

which depends only on ¢t — s. That is (Y;) is stationary.
Using formula (30) for A € B(R)
PY;e AlY, :u<s,Y, =1x)
=P — e MY, e A — e*“(t*s)x\Yu cu<s, Y, =1)
=P(Y, - e Mty e A — e*“(t*s)x).

The variable Y; — e *(=9)Y, is mean zero Gaussian with variance

B (Y; — ¢ *Y)" = e / ey — ;’—2 (1— ey,
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Substituting s = 0
et

V p(fz) ~N (6_‘“33,% (1- e‘Q“t)) ,

that is, the transition density

We proved that (Y;) is a continuous stationary Markov process. It can be
shown that this characterizes the OU process.
Finally, we spell out the Kolmogorov equations. The backward is

Y Zotwle) = —nx L ptyle) + T2 iyl
8t/0tyx— anzptyx 28x2'0ty$’

which is called Fokker—Planck equation. The forward is
0 0 o? 0?
\[ 51 Wlz) = ~ay (—nype(yle)) + 78—3/2@(1/\%)-

It is important to emphasize that in general explicit formulas for the tran-
sition densities cannot be obtained. For simulation results the Kolmogorov
equations are important, because solutions can be approximated numerically.

7 Brownian motion and PDEs

This part is from Karatzas and Shreve [5].

We showed that the infinitesimal generator of the SBM is the Laplacian
operator A. Furthermore the transition density of SBM is the fundamental
solution to the heat equation. These facts already show the intrinsic connec-
tion between Brownian motion and partial differential equations. Here we
spell out this connection a bit more.

7.1 Harmonic functions and the Dirichlet problem

Let D be an open subset of R%. Let W be a d-dimensional standard Brownian
motion, and let

p=inf{t >0: W, € D} ~_ €M/"/ /
Iv
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the first exit time from D. Let B, be the open ball centered at the origin, V,

its volume and S, its surface. The normalized surface measure on B, is
—

po ()  dr).
&l
“ @

fade= [, [ pmldndp
B 0o, JoB,

=

)

A function v is harmonic in D if

in 7]_)_ A function u : D — R satisfies the mean-value property, if for every
a € D and r > 0 such that a + B, C D,

u(a) = / u(a + x)pr(dx).
o s
We know that w is harmonic if and only if it satisfies the mean-value
property. We give a simple proof to one direction using [t6 formula.

Proposition 11. If u is harmonic in D, then it satisfies the mean-value
property there.

Proof. By It6’s formula

)

d

WWingyop,) = u(Wo) + Y / T O aw o 4 L / T (W) ds.
Ta+ By 2, o, s ) A
Taking expectation E; and letting ¢ — oo ‘“O
uy, :;L E.u(Wr, 5.) = u(a),
as stated. ]

Let D be an open set of R and f : 9D — R be a continuous function.
Consider the Dirichlet problem

Ay =0, in D,

u=f, ondD. (82)
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e’ w ()= g&) /

A solution to the Dirichlet problem is a continuous function v : D — R which
satisfies the equation above. (A)Ca\
Then one can guess that ]

I}@%i&ﬂwé) V 63,
should be a solution, provided that the expectation exists.

Indeed, the boundary condition holds by the definition of 7. Using the
strong Markov property T —— A~ o
Lrong Marko

(al@) = Buf (W) = Eu [Bulf(W;,)|F ]
~EouWyp) = [ ulat a)p(da),
e~ OB,

that is the mean-value property holds, which means that u is indeed har-
monic.
We proved the following.

a8

Proposition 12. If u in (33) is well-defined then it is harmonic.
The proof of Proposition 11 shows in fact uniqueness.

Proposition 13. If f is bounded and P,(tp < 00) =1 for all a € D, then
any bounded solution to (32) has the form (33).

Proof. Consider a bounded solution u. By Ito’s formula

W(Winrp) = u(Wh) +Z/ Wy)dwD. & ;: &(u
N

Taking expectation E, an — 0 i
E,.u(W,,) = u(a), 0

as stated. N

tATa+ B, au

Note that a solution to the Dirichlet problem (32) is necessarily contin-
uous. Therefore, we need conditions characterizing the points a € 9D for
which

lim W = f(a) (34)

r—a,xeD

holds for any bounded measurable function, which is continuous at a.
Define the stopping time op = inf{t > 0 : W; € D°}. Note the >
compared to > in 7p. A point a € 9D is regular for D is P,(op =0) = 1.

Without proof we state the result on regularity.
0 &1 D
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Theorem 34. Let d > 2 and fir a € 0D. The following are equivalent:

(i) (34) holds for every bounded, measurable function which continuous at

a;
(ii) a is reqular for D;
(iii) for all e > 0 we have
lim P,(rp >e¢e)=0.
z—a,x€D
For d = 1 every point of 0D is regular. The Dirichlet problem is always

solvable, the solution is piecewise linear. For d > 2 consider the punctured
unit ball D = {z € R?: 0 < ||z]| < 1}. Clearly, the origin is irregular for D.
For any = € D the SBM exits D on its outer boundary, therefore we do not

see the value of f at 0. For this D the Dirichlet problem has a solution only
if £(0) = u(0), where u is the solution for B.

7.2 Feynman—Kac formula

Consider the heat equation
ou 1

5 = §Au, (35)
with initial condition u(0,z) = f(x).
The fundamental solution to the heat equation is in fact the transition
probabilities of the d-dimensional SBM
I S =
pelyle) = We

Under some growth condition on f, the unique solution to (35) has the
form

u@@=EJM@=/?mﬁww@.

The probabilistic representation of the solution to certain PDEs holds in a
more general setup.
Consider the equation
v
o "
o(T,z) = f(x), xR

where f: R? - R, k:R? — [0,00), and ¢ : [0,T] x RY — R.

1
kv = §Av +g on [0,T) x RY, (36)
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