Financial mathematics

Péter Kevei

November 15, 2020

Contents

1 Introduction
1.1 Forward . . . . . . . .
1.2 Options . . . . . ...

1.3 Put-call parity . . ... .. ... ... ...

Portfolio, claim, and hedging in discrete time

2.1 Portfolio . . . . . . ...

2.2 Strategies in a more general market . . . . .. ...
221 Dividend . . . . . .. oo
2.2.2  Consumption and investment . . . . ... ... . ...
2.2.3 Transaction costs . . . . . . ... ... ... ... ...

2.3 Claim and hedging . . . . . . ... .. ... .. ... ... .

2.4 Binomial market . . . . ... ... ...
2.4.1 One-stepmarket . .. ... .. ... ... .......
242 N-stepmarket . .. ... ... ... ... ... ...

Arbitrage and pricing in discrete time

3.1 Arbitrage . . . . ...

3.2 Reminder: conditional expectation and martingales . . . . . .
3.2.1 Conditional expectation . . . ... ... ... .. ...
3.2.2. Martingalok . . . . . ..o oo
3.23. Megallasiidé . . . ... ... ...

3.3 Martingale measures . . . . .. ...
3.3.1 EMM in binomial markets . . . . . ... .. ... ...
3.3.2 Pricing with EMM . . . .. ... ... ... ...



3.4  General one-step market . . . ... ..o
3.5 Complete markets . . . . . .. ... .. .. ... ... ...,
3.6 Proof of the difficult part of Theorem 3 . . . . . . . . ... ..
3.7 Proof of the difficult part of Theorem 7 . . . . . . . . ... ..

Girsanov’s theorem in discrete time
4.1 Second proof of the difficult part of Theorem 3. . . . . . . ..
4.2 ARCH processes . . . . . . . . i

Pricing and hedging European options

5.1 Complete markets . . . . . . .. ...
5.2  Homogeneous binomial market — CRR formula . . . . . . . ..
5.3 Incomplete markets . . . . . . ... ... L.

American options

6.1 Reminder: Doob’s optional sampling theorem . . . . . .. ..
6.2 Optimal stopping problems . . . . . . . .. .. ... ... ...
6.3 Pricing American options . . . . . ... ...
6.4 American vs. European options . . . . . . ... .. ... ..

Stochastic integration
7.1. Az Ito-formula . . . . . . . . . ..
7.2. Alkalmazasok . . . . . . . . . .

. Folytonos idejti piacok
8.1. Piacok altalaban . . . . . . . ... ... o000

. Mértékvaltas

9.1. Girsanov-tétel . . . . . . . ...
9.2. Black—Scholes modell . . . . . . ... ... ... ... .....
9.2.1. Ekvivalens martingdlmérték és az igazsagos ar . . . . .
9.2.2. A Black-Scholes-formula . . . . . . ... ... .. ...
9.3. A CRR-formuléatdl a Black-Scholes-formulaig . . . . . . . . ..

10 Interest rate models

10.1 The general setup . . . . . . . . . .. ... ...
10.2 Short rate diffusion models . . . . . . . . . ... ...
10.2.1. Ornstein—Uhlenbeck-folyamat . . . . . .. .. ... ..
10.2.2 Vasicekmodel . . . . . . . . . . ...

30
30
35

37
37
38
39

39
40
41
43
45

47
47
48

50
o1

54
o4
99
60
62
63



10.2.3 Hull-White model . . . . . . ..
10.2.4 Cox—Ingersoll-Ross model . . . .
10.3 The Heath—Jarrow—Morton model . . . .
10.3.1 Forward rate . . . ... ... ..
10.3.2 The Heath—Jarrow—Morton model



O/K St
K

Figure 1: Payoff of a forward

1 Introduction

These notes are based on the Hungarian lecture notes by Gall and Pap [3],
on Shiryaev’s monograph [4], and on Elliott and Kopp [2].

There are two type of financial instruments: the basic financial units and
their derivatives.

Underlying;:

e bond: risk-free asset, basically money. Its price is deterministic By;

e stock: risky asset. Its price is a random, modeled by a stochastic
process S; = (S}, ..., S9).
Derivatives are bets on the underlying. They are used to share or reduce
risk. Here we consider forward contracts and options.

1.1 Forward

A forward contract is an agreement to buy or sell an asset (stock) for a price
previously agreed K in the future time 7.

From the buyers point of view, at time 7" his wealth is Sy — K, that is
the payoff function is f(s) = s — K.

We want to determine the fair price of this contract, and to understand
the meaning of ’fair’. Assume By = 1.



Seller’s point of view: At time 0, we can buy a stock for Sy. Then at time
T selling a stock for K and paying back the loan Sy - By, we have K — Sy Br.
Therefore,
K > S(]BT.

Buyer’s point of view: At time 0, we sell a stock for Sy. At time T we
pay K for a stock, and the our wealth is SoBr — K. Thus,

K < SyBr.

We see that the fair price has to be K = SyBr. Otherwise, either the
seller or the buyer would have a strategy providing riskless profit (arbitrage).

Example 1. Let Sy = 40, B, = ¢, r = 0.1 being the annual interest, T = 1
year. What is the fair price of this forward, and what is the value of the
contract after half a year if S5 = 457

The forward price at time 0 is

K = SyB; =40 - %! = 44.2.
At time t = 0.5 the forward price
Ky = SosBos = 45 - €201 = 47.3.
Thus the current value of the contract

e2"(47.3 — 44.2) = 2.9,

1.2 Options

An option is right to do something but not an obligation. European option
can be executed only at the expiration date, while American options can be
executed at any time.

The writer of a European call option agrees to sell a stock for a previously
agreed price K. Clearly, the buyer of this option will not use his right if
St < K. The payoff function for the buyer is f(s) = (s — K)+

In case of a put option the writer agrees to buy a stock for K. The payoff
function of the buyer
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Figure 3: Payoff of a put option



1.3 Put—call parity

The aim of the course is to determine the fair price of an option, and under-
stand the fairness. However, there is a simple relation between call and put
prices regardless of the underlying market model.

Let C'x be the fair price of the call, and Px be the fair price of the put,
both with strike price K. Then, from the payoff functions it is easy to see
that having put, a stock, and —1 call results at the expiration date (regardless
of the stock price) a wealth K. That is, after discounting

K
—_p —C.
B +Sy—C

This is the put-call parity.

2 Portfolio, claim, and hedging in discrete time

Let (Q, F,P) be a probability space. In the discrete time case we always
assume (if not stated otherwise) that € is finite, and P({w}) > 0 for each
w € ). We assume that transactions are made only at the time instants
0,1,...,N. Let (F,)n=01.. ~ be a filtration, an increasing sequence of o-
algebras, such that Fy = {0,Q}, Fxy = F. Assume that there are d risky
assets and a bond. The price of the risky asset 7 at time is S', an F,-
measurable random variable, and the bond price at time n is B,.

2.1 Portfolio

An investment portfolio (strategy) is 7, = (Bn,7n), where 3, € R represents
the amount of bonds in the portfolio at time n, while v, = (7,...,~%) € RY,
where v/ represents the amount of type-i stock at time n. The random vari-
ables (5,,vn) are F,_1-measurable, which means the investor has to decide
at time n — 1 how to invest on time n. That is the sequence (3,,7v,) is
predictable. For simplicity

d
’VnSn = Z fy’iLS’:’L
=1

The wealth of the investor at time n under the strategy 7 is

7



This is the value process of the investment portfolio.

A strategy is self-financing (SF) if the investor does not take out money
from, and does not invest money to the portfolio after time 0. That is 7 is
self-financing if

Xy 1= BnBn1+Sn-1  for all n.

For a sequence a,, put Aa,, = a,, — 1.
Lemma 1. The following are equivalent:
(i) w is SF;
(i) AX™ = 5,AB, + v,AS,;
Proof. We have

AX, =X, — X,

= BuBn — Bn-1Bn-1+ Y50 — Yn-15n-1

= Bn(Bn — Bu-1) + (Bn — Bn-1)Bno1 + 7 (Sn — Sn-1) + (9 — Yn-1)Sn1
= B, AB, + AB,Bn_1 + 7AS, + Av,Sh_1,

and the equivalence follows. O

In what follows, unless otherwise stated all the strategies are meant to be
SF.
We can decompose the value process as

XT = X7 4 AXT = ..
=Xg + Z(ﬁiABz‘ + 7%AS;)

i=1

= XI+ G},

where G7 is the gain process. So the value of the strategy is the initial
investment plus the gain.

2.2 Strategies in a more general market

Previously, we assumed that there are no transaction cost (market is fric-
tionless), shares pay no dividend, and apart from time 0, there is neither
investment, nor consumption. Here we see how to handle this.

8
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2.2.1 Dividend

Assume that stock-i pays a dividend §° = D! — D! | > 0 at n, where §¢,
and D! are adapted processes. Then the change in the value process is

AX] = BAB, + Y (AS, + 6,),
and the value of the portfolio
X7 = BuBn 4 vn(Sn + 0n).
Then, 7 is self-financing portfolio if
By 1ABy 4+ Sp-1A%, = dp—17n-1-

Indeed, the dividend obtained in time n — 1 is reinvested in the portfolio.

2.2.2 Consumption and investment

The consumption and investment can be included as well. Let (C,,), (I,) be
adapted nondecreasing random sequences with Cy = Iy = 0. Then, if an
investor takes out AC),, and invests A, then

AX] = B,AB, + 7,AS, + Al, — AC,
X = BnBn + YnSh.

2.2.3 Transaction costs

If Av, > 0 then we buy share, and pay an extra cost A, that is we pay
(1 4+ N)Sn_1A%,. While if Ay, < 0 we sell, and paying transaction cost
means receiving less money, say —(1 — u)S,_1A%,. Then an SF strategy
satisfies (see (iii) in Lemma 1)

By 1 ARy + (1 + A)Su—1 Ay I (A, > 0) + (1 — p)Sp—1 Ay I (A, < 0) = 0.

2.3 Claim and hedging

Let fy be a nonnegative random variable, which is the payoff function, or
obligation, or contingent claim. A strategy 7 is an upper (x, fy)-hedge, if

P-almost surely
Xg =, X]7\rf Z fN'

9



It is a lower (x, fn)-hedge, if a.s.
Xy=z, X{y</fn.

The hedge is perfect if = holds a.s.
Put

C*(fn) = inf{z : 3 upper (z, fy)-hedge },

and similarly
Ci(fn) = sup{z : 3 lower (z, fx)-hedge }.

For the class of upper (z, fy)-hedge strategies put H*(x, fx,P), and for the
lower H,(z, fy,P).

Lemma 2. For any payoff function fyx there exists an x such that there is
an upper (x, fn)-hedge.

Proof. Put
B
v gy @l

Then the (trivial) strategy m, = (-, 0) (start with enough money and don’t
do anything) is an upper hedge. O

2.4 Binomial market
2.4.1 One-step market

Consider a one-step binomial market with d = 1 stock. That is Q = {0, 1},
Fo=1{0,Q}, Fy = F = 2% Assume that P({0}) € (0,1). The bond price
By = (1 4+ r)By, that is r > —1 is the interest rate, and for some a < b,
S1 = (1+p)So, p € {a,b}. Say, p(1) = b, p(0) = a. Let f be a payoff, that
is f(0) = fo, f(1) = fi1. We construct a perfect hedge.

Using the strategy m; = (f1,71) we want that

X{r =01B1+7mS =f as.
Since there are only two possibilities, a.s. means

B1Bo(1 + 1) +7So(1+a) = fo
B1Bo(1+7) +7150(1+b) = fi.

10
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Solving the linear system

_if1—f0

I =
M= S[) b—a )

51 - Bo<1+7')

This is deterministic, so Fp-measurable, as it should be. The initial cost of
this strategy is

1 r—a b—r
X" =B = )
o = Bob1+ Som 1+r(b—af1+b—afo)

If @ < r < b this can be written as
1
X'=—FE
O " 14+ af,
with the probability measure Q({0}) = (b—r)/(b—a), Q({1}) = (r—a)/(b—

a).
This shows that the 'fair’ price of the payoff is Eqf/(1 + 7). Note that
this does not depend on the probability measure P.

2.4.2 N-step market

Assume we have only one stock, d = 1. For the bond B, = (1 + r,)B,_1,
and for the share S,, = (1 + p,)S,_1, where p, € {a,,b,}.

Exercise 1. Give a concrete construction of the probability space and the
filtration!

Solution 1. Let
Q= {07 1}N = {w = (wla s >WN) Twi € {071}}
Define the random variables p,, : Q@ — {a,, b,} as

if w, =0,

ana
pn(w) = {bn, if w, = 1.

For the filtration let F,, = o(p1, ..., pn), i.e. the natural filtration generated
by the variables py, ..., pp.

Consider any payoff function fy. A perfect hedge can be constructed
recursively, using the simple one-step market. Indeed, a two-step model can
be seen as 3 one-step markets.

11
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Figure 4: 2-step binary market as 3 1-step binary market

3 Arbitrage and pricing in discrete time

3.1 Arbitrage
A SF strategy 7 is an arbitrage strategy if
o X7 =0;
e X" >(0foralln=20,1,..., N,
e P(X; >0)>0.
That is, using the strategy m with 0 money we have riskless profit.
If the second assumption only holds for n = N then 7 is a weak arbitrage

strategy. According to the following if weak arbitrage strategy exists, then
also arbitrage strategy exists.

Lemma 3. Assume that w is a weak arbitrage strateqy. Then there exists an
arbitrage strateqy '.

Proof. If X7 > 0 a.s. for all n, then we are ready. Otherwise, there exists
m < N such that P(XT < 0) >0, and X7 > 0 for any n > m + 1. Let

A ={Xn <0} € F.

Consider the strategy

Xm
Bqlm = [Am[n>m (ﬂn - B_> ) 'V;L = IAmIn>m7n'

It is easy to check that this strategy is predictable, SF, and arbitrage strategy.
Indeed,

12
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(1)

(i)

(i)

predictable: for n < m this is clear, since 5/, = 0 and ~;, = 0, while for
n > m A, is F,,-measurable and thus F,_;-measurable as well, and
Bn,Vn are JF,_1-measurable by the assumption.

SFE: for n < m this is again clear. For n = m + 1

BmAﬁ;n-i-l—’—SmA’y;n—f—l = IAm (Bmﬁerl (w> - X:;L(w) + SmPYerl(w)) = 07

since w is SF. For n > m + 1 we have AB, = I, ApB,, and A~y =
14, A, and the result follows, using again that 7 is SF.

arbitrage: we have

By,

where the sum of the first two terms in the bracket is nonnegative by
the definition of m and the last is strictly negative on A,,, which proves
the statement.

/ X" B,
Xg = IAmIn>m (ﬁan + VnSn - = ) )

]

Exercise 2. Assume that a < b < r in the one-step binomial model. Give
an arbitrage strategy.

Assume that a, < b, < r, for some n in the N-step binomial model.
Give an arbitrage strategy.

3.2

Reminder: conditional expectation and martingales

3.2.1 Conditional expectation

Let (92, F,P) a probability space and G C F a sub-c-algebra. Let X be
a random variable with E|X| < co. The conditional expectation of X with
respect to the o-algebra G, E[X|G] is the almost surely uniquely determined
random variable which

e G-measurable, i.e. for any Borel set B € B E[X|G])"!(B) € G;
o forany G € g

wazémmqw.

The conditional probability of A € A with respect to G P(A|G) =
E[714]G]. Then the second condition above can be written as for all G € G

PMmGﬁi/PMWMP.
G

13



3.2.2. Martingalok

Ebben a fejezetben Osszefoglaljuk a diszkrét ideji martingalokra vonatkozo
legfontosabb allitasokat. Csorgs Sandor jegyzetét [1] kovetjiik.

Legyen (92, F, P) egy valoszintiségi mezd, és ezen (F,), egy filtrdcio (azaz
o-algebrak monoton béviilé rendszere, Fo C F; C ... C F, C Fpy1 C ... C
A), és (X,), véletlen valtozok sorozata. Az (X,,), sorozat adaptdlt az (F,)
filtraciohoz, ha minden n esetén X,, mérhets F,, szerint. Az (X, F,,) sorozat
martingdl, ha

(i) (X,) adaptalt az (F,) filtraciohoz;
(ii) E|X,| < co minden n esetén;
(iii) E[X,1]F.] = X, m.Db.

Az {X,,, F,.} sorozat szubmartingdl (szupermartingdl), ha (i), (ii) teljesiil,
és E[ X, 1| Fn] > X, (E[X,11]|F,] > X,) m.b. minden n esetén.

Vegyiik észre, hogy (X, F,,) pontosan akkor martingal, ha szubmartingal
és szupermartingél. Tovabbé, szubmartingdl minusz egyszerese szupermart-
ingal, ezért minden szubmartingélokra bizonyitott allitds megfelelGje igaz
szupermartingalokra, és martingalokra is.

1. Proposition. Legyen I véges vagy végtelen intervallum a szdamegyenesen,
P(X, € I) = 1 minden n esetén, ¢ : I — R konvex fiigguény, ¢(X,)
integrdalhato.

(i) Ha (X,,F,) martingdl, akkor (p(X,),Fn) szubmartingdl.

(i) Ha (X, F,) szubmartingdl és ¢ monoton nemcsokkend fiiggvény, akkor
(p(Xy), Fn) szubmartingdl.

Bizonyitds. (i): A martingél definicidja és a feltételes varhato értékre vonat-
koz6 Jensen-egyenlGtlenség szerint

p(Xn) = ¢ (E[Xpn|Fn]) < E[p(Xn)| Fol,
ami éppen az allitas. A (ii) bizonyitésa hasonléan megy. ]
3. Exercise. Lassuk be (ii) allitast!

Véletlen valtozok egy (Z,,) sorozata eldrejelezhetd az (F,) filtraciora néz-
ve, ha minden n esetén Z,, mérhets F,,_; szerint.

14



1. Theorem (Doob-felbontés). Legyen (X, F,) szubmartingadl, Fo = {0, Q2}.
Ekkor létezik (M, Z,) sorozat, melyre X, = M, + Z,, ahol (M, F,) mart-
ingdl, Z1 = 0, Z1 < Zy < ... m.b., és Z, elorejelezhets. Tovdbbd, ez az
eldadllitas egyértelms.

Az allitas azt mondja, hogy a szubmartingalban benne levd driftet le
tudjuk valasztani.

Bizonyitds. Legyen Z; = 0 m.b., és n > 2 esetén Z, = >, ,E[X} —
Xi_1|Fk—1]. A szubmartingal definici6ja szerint Z,, m.b. monoton nemcsok-
kend, hiszen

Zo — Zp1 =E[X, — Xp_1|Fuo1] >0 m.b.

Az el6rejelezhetdség is vilagos. (Ezzel levalasztottuk a driftet.) Legyen M,, =
X, — Z,. Konnyen ellenérizhets, hogy ez valoban martingéal. Ezzel a létezést
belattuk.

Az egyértelmiiség bizonyitasa a kovetkezSképp megy. Legyen {M}, Z*}
egy, a feltételeknek eleget tevd sorozat. Ekkor a feltétel szerint Z7 = 0 = Z;
m.b. Teljes indukciéval bizonyitunk. Tegyiik fel, hogy n — 1 esetén igaz az
allitas, azaz 2 | = Z,—1 m.b., és M _, = M, 1 m.b. Ekkor

= E[Z)|F.-1] elérejelezhetGség
= E[X, — M| F.-1] definici6
=E[X,|F.-1] — M, _, martingalsag
= E[X,|Fn-1] — Mp indukcios feltétel
=E[X, — M,|F,_1] martingalsag
= E|Z,|F.-1] definicio
=27, elérejelezhetGség.

A (Z,) folyamat az (X,,, F,,) martingal novekvd folyamata.

3.2.3. Megallasi id6

A 7:Q — N nemnegativ egész értéki (kiterjesztett) véletlen valtozo megdl-
lasi idd az (F,) filtraciora nézve, ha minden n esetén {r < n} € F,.

Vegyiik észre, hogy a definicioban megengedjiik, hogy 7 pozitiv valdszi-
niiséggel vegye fel a co értéket.

15



4. Lemma. Az alabbiak ekvivalensek:
(i) T megdlldsi idd;
(i) {T > n} € F, minden n esetén;

(i) {T =n} € F, minden n esetén.
Bizonyitds. A bizonyitas a o-algebra elemi tulajdonsigain mulik. O]
4. Exercise. Bizonyitsuk be a lemmat!

Legyen 7 megéllasi id6 az {F,} filtraciora. A 7 eldtti események o-
algebrdja / pre-t o-algebra az

F.={AecA: An{r <n} € F,,Vn}
formulaval definialt o-algebra.
5. Exercise. Mutassuk meg, hogy F, valoban o-algebral

Az F, o-algebra azt informéciot tartalmazza, amit éppen a 7 megéllasi
id6ig gydjtiink Gssze.
Legyen {X,} véletlen valtozok egy sorozata, T megallasi id6. Ekkor X,
az a véletlen valtozo, melyre X, (w) = X () (w), w € €.
2. Proposition. (i) Ha 7 megdlldsi idd, akkor T mérhetd F. szerint.
(1) Ha T =k, akkor F, = Fy (azaz a jelolés konzisztens).
(11i) Ha o, megdlldsi idék, akkor min{o,7} = o A7 és max{o, 7} =o VT
18 megdlldsi 1dok.
(iv) Ha o <1 m.b., akkor F, C F;,.
(v) Ha {X,} adaptdlt és T megdlldsi idd, akkor X, mérhetd F, szerint.

Bizonyitds. A o-algebra tulajdonsagain mulik. n

6. Exercise. Bizonyitsuk be az allitast!

3.3 Martingale measures

A probability measure Q is called equivalent martingale measure (EMM) if
P ~ Q and (S'/B,, F,) is a Q-martingale for each 1 = 1,2,...,d.

16



3.3.1 EMM in binomial markets

In a one-step binomial market the martingale property is easy to check.
Indeed, (S;/B;)i=o01 is a martingale iff

Sil.1  So
Eq [E fO] -2
We have
St St
Eq {Bl fo] =Fap
. . + (I)S(] _ . ( b)So
- (P - a) ’I")Bo + (1 Q(p - a))( T)BO
_ 5
= BO

Solving the equation we obtain that

b—r r—a
Qlp=a)=— and Q(p=0b) = —
That is Q({0}) = (b —1r)/(b —a), Q({1}) = (r —a)/(b — a). This is the
probability measure Q we obtained at pricing.
Let us see the general N-step model. Then

n

i=1
thus the martingale property reads as

Sn
o 5

Sn—l
| = —0,1,...N.
F, 1:| Bn_l n 0

Using the properties of conditional expectation we have
Sn Sn—l

Eq |=—|Fn1| =
< {Bn 11 Boil+r,

Therefore S, /B, is a Q-martingale iff

EQ[l + pn‘}—n,l]

EQ[pnu:n—l] = Tn.

17



This condition exactly tells that under the new measure Q the risky asset
behaves as the bond on average. Using that p, € {a,,b,}, we obtain as
above

bn_rn T'n — Gp

Q(pn - an|fn—1> = and Q(pn = bn’fn—1> —

s .
bn_an bn_an

Note the conditioning on F;,_; gives a constant, meaning that p,, is indepen-
dent of F,,_1 under the measure Q.
We obtained the following.

Theorem 2. In the binomial market if a,, < r,, < b, for each n then there
exists a unique EMM Q given by the formulas above. Moreover, under Q the
random variables py, ..., pn are independent.

In the proof we used the following simple result.
Exercise 7. Assume that Y € {a,b} and
P(Y =a|F) =pas.
Show that Y is independent of F.

Note that the original measure P is irrelevant.
In the special case of the homogeneous binomial market we get that

Q(Sy = So(1 + ) (1 +a)¥ ) = (‘Z) Q- * k=0,1,...,N.

3.3.2 Pricing with EMM

Proposition 3. If Q is an EMM then (X, = X7 /B,), is a Q-martingale
for any SF strateqy .

Proof. Easily follows from the SF property. Indeed, using that ,,~, are

18
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F,_1-measurable

Sn
Fn—1:| = EQ |:Bn + /YnB_

Fn—1:|

Sn
= Pn nE =
Br 4+ Q{Bn

Sn—l
St
o ﬁan—l + 7nSn—1
= Bn_l
Xia

)
Bn—l

fn—1:|

where the last equality follow from the self-financing property. O]
The following main result is the first fundamental theorem of asset pricing.
Theorem 3. There exists an EMM if and only if the market is arbitrage-free.

Proof. Let Q be an EMM and 7 be any strategy with XJ = 0. Then, by the
previous statement

Thus Xy > 0 P-a.s., then also Q-a.s., which implies Xy = 0 Q-a.s., thus
P-a.s.

We prove the converse later. O

Assume that fy is a replicable payoff, i.e. there is a prefect hedge w. This
means that

Xy =fn as.

Then the fair price for fy is the initial cost of the portfolio, XJ = z. By the
martingale property

That is, the fair price = for a replicable payoff fy is

B,
L
v= g Baf
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In particular, it also follows that for a replicable f, the value Eqf is the
same for any EMM Q.
Summarizing, we proved the following:

Theorem 4. Consider an arbitrage-free market and let f be a replicable
payoff. Then the fair price of f is
By

C(fy=C.=C"= B_NEQf’

where Q is any EMM.

3.4 General one-step market

Assume that By = By(1 + r) with a deterministic interest rate » > —1 and
S1 = 5(1+p),

where p > —1 is a random variable, the unique source of randomness in the
model. Let
F(r)=P(p<z), zeR,

be the distribution function of p. Then F' induces a probability measure
(denoted by P) on the Borel sets of (—1,00) (or R). If F'is concentrated on
{a,b} then we get back the previous one-step binomial model.

Assume without loss of generality that By = 1. Consider a payoff function
f R — R as a function of the stock price S;. A strategy 7 is an upper hedge
if

BL+7r)+v5(1+p) = f(So(1+p) as. (1)

A probability measure on (R, B) is Q is EMM if P ~ Q (meaning that P is
absolutely continuous to Q (P(A) = 0 whenever Q(A) = 0) and conversely)
if and only if S,,/B,, is Q-martingale, that is

Sy So
Eo— = —.
B, B
This means
Eqp=r.

That is a probability measure Q which is equivalent to P is EMM iff
[ paaip) =
R
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Taking expectation with respect to the EMM Q
BA+r)+Sv(1+71) = Eqf(So(l+p)).
For the initial cost 3 + 7.5y we have

f(So(1 +P)).

So > E
Bt750 2 Q 1+r

For the class of EMM’s put
P(P) ={Q : Q probability measure ,Q ~ P, (S,/B,), is Q-martingale}.
Then

C*(f) =inf{B8 4+ ~Sp : (8,7) is an upper hedge}

» o B S0) )

Similarly, for the lower price

Ci(f) =sup{B+1So : (B,7) is a lower hedge}
< gm0 ®)
QeP(P) 1+7r

Assume now that p € [a, b] for some —1 < a < b < 0o. To ease notation
put
f(@) = f(So(1+2)), z€la,b], (4)

and assume that f is convex and continuous on [a, b]. By convexity,

1) - f(a) (1+b)f(a) — (1+a)f(b)
flo) s =g (ro+ b—a (5)

= uSo(l+ ) + .

Indeed, the left-hand side is a linear function equals to f(a) at a, and f(b)
at 0. Introduce the strategy,

T =(8%77) = ( - ,u)-

147

Then, by (5)
XT =v+pSo(1+p) = f(p),
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Figure 5: Bounding the upper price C*

that is, 7* is an upper hedge. Therefore,

C*(f)= inf XT<B +Spy =———

mupper hedge 1 r + H’SO (6) {eq: Cxlower}

Assumption (weak limit): In the set P(P) there exists a sequence P,,
such that P, converges weakly to a measure Q* supported on {a, b}. Since

Ep.p=r,
the equality holds for the limit
Eq-p=r.
Since Q* is supported on {a, b}
Eq:p=Q'({a})a+ (1-Q"({a}))b =r,
implying (as in the binomial market setup) that

b—r r

Q({a) = 7—. QU =7—
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Note that Q* is, in general, not equivalent to P. In fact, it is only equivalent
in the binomial market setup.
By the convergence of P, (here we use the continuity of f)

flp) _ . f(p)
QE%I()P) EQm = nlggo EP"E
f(p)
Y 14+7r
~@ (a2 oo 2

=" +7"5 = C*(f).
Combining with (6) we obtained the following.

Theorem 5. Assume that the payoff function is convexr and continuous on
la,b], and that the weak limit assumption holds. Then

ey flp) _b—r fla) r—afb)
¢ (f)_QEI;I()P)EQ1+T_b—a1+r+b—a1+r’

and the supremum is attained on the measure Q*.

Exercise 8. Let p be uniform random variable on [a, b]. Show that the weak
limit property holds. Construct P, explicitly!
Try to weaken the condition on the distribution of p.

Let’s see the lower price C,(f). Assume again that f in (4) is continuous
and convex. Then
Flp) = f(r) + (p = r)A(r), (7)
for some A(r). Here \(r) = f'(r) if f is smooth, but this is not assumed.
If Q € P(P) then taking expectation in (7) and noting that Eqp = r we
have

inf  Eqf(p) = f(r).

QeP(P)
Consider the strategy
_f) _Ar)
6*_1+7“ (), 7= So
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a r b T

Figure 6: Bounding the lower price Ci

Then, by (7), the value at 1
XT = B(L+7) + 751 +p) = f(r) + (p—1)A(r) < flp),

that is (Bs,7.) is a lower hedge.

Assumption (weak limit-2): In the set P(P) there exists a sequence P,,
such that P, converges weakly to a measure Q, concentrated at r.

Again note that Q. does not belong to P(P), as it is not equivalent to
any nondegenerate measure.

Then by the continuity

inf Eq ¥ < tim B, L)
QeP(P) 14+7r “nooo ""147r
f(r)
= — = % S «
1+7r Ba+ Sy

< sup{f + Sy : (B,7) lower hedge } = C..
Combined with (2) we obtain the following.

Theorem 6. Let f be a convex continuous function on |a,b|, and assume
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that the weak limit-2 assumption holds. Then

o) _ fr)

C.(f)= inf E _ ,
()= ity Bay o =1,

and the infimum is attained at the measure Q..

3.5 Complete markets

We proved that if EMM exists then we have the fair price for any replicable
payoff. A market is complete if any payoff is replicable.

We have seen in Theorem 4 that on a complete arbitrage-free market any
payoff f has a unique well-defined fair price ByEqf/Bn.

In section 2.4 we showed that a binomial market is complete.

The second fundamental theorem of asset pricing is the following.

Theorem 7. Consider an arbitrage-free market with EMM Q. Then the
following are equivalent:
(i) the market is complete;

(i1) Q is the unique EMM;

(iii) for any Q-martingale (M,) there exists a predictable sequence 7, such
that M, can be represented as

. - Sk S ZA1
MnMOjL;%(Bk Bkl) MO+ZZ <k Bkl)'

k=1 i=1

Proof. We prove again the easy parts (i) = (ii), and (iii) < (i), and postpone
the difficult (ii) = (i) implication later.

(i) = (ii): Assume that Q; and Qy are EMM’s. Consider any A € F.
We show that Q;(A4) = Q2(A) implying the uniqueness. Let m be a perfect
hedge to f = I4. Then X7 /B, is both Q; and Qs martingale, so

X3 X&
Qi(4) = Eq,f = EqX§ = ByvEq, 7= = Bn 5= = ... = Qo(A).
By By
(i) = (iii): Consider a Q-martingale M,,. There exists a strategy m, such

that a.s.
Xy = ByMy.
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Using that both M,, and X7 /B, are martingales

XT XT S,

M, = Eq[My|F,] =Eq | ZX|F |l = 22 = By + Y—0.

lMyIF] = Bq | G0 =5 =6ty

Thus, using that 7 is SF

Sn Sn—l
M, —M, {=A —_— = Yy ——
n n—1 5n+7an 7n 1Bn,1
Sh Sn_1 1

= —_— — B, A 1A

Tn <Bn Bn1)+Bn1( n—1 5n+sn 1 f}/n)

(5 5
= Tn B, B, )
as claimed.

(iii) = (i): Consider a payoff f. We are looking for a strategy = such
that X% = f Q-a.s. We know that (X7 /B,), is a martingale, so this should
be (M,,). Now the following choice is clear: let

f
M, =Eq |=—|F.| -
Q { BN|
Then M, is a martingale, therefore by the assumption

. S
M, = My + ZykAB—];.
k=1

Let s

Bn - Mn /YnB_na
and consider the strategy 7, = (8n, 7). To see that this is indeed a strategy
we have to show that it is predictable and SF. The sequence 7, is predictable
by the assumption (iii), and (3, is predictable because all the terms in M,
are J,_i-measurable except v,,S,/B,, which is subtracted. To see that it is

SF note that
Bn—lAﬁn + Sn—lA'Yn

Sh Sp—
= anl (Mn - Mnfl - ’YnB_ + fYnle !
n n—1

) + Sn_lA% = 0,

) + SnflAan

Sn Sn Sn—l

= Bn— nA_ —InH n—
1(7 B, WBn+7 "B
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showing that 7 is SF. It is clearly a perfect hedge since
XN = BnBy +nSy = ByMy = |,

as claimed. N

3.6 Proof of the difficult part of Theorem 3

Here we use strongly that (2 is finite, and let || = k.
Assume that there is no arbitrage strategy. Let

Vo={X:Q—=>Rrwv. |3r: X] =0and X} = X},

and
Vi={X:Q—=Rrv. |[X>0EX >1}

We identify a random variable X : Q — R with a vector in R*, as X <
(X (w1),...,X(wg)). Clearly, V, is a linear subspace and V; is convex set in
R*.

Since there is no arbitrage strategy, VoNV; = (. Therefore, by the Kreps—
Yan theorem, there exists a linear functional £ : R¥ — R such that £|, = 0
and £(v;) > 0 for all v; € V;. A linear function in R* (in any Hilbert space)
is a inner product, thus there exists ¢ € R¥ such that

l(v) = (v, ).
Define the random variables

1
Xi(wj) = 5i’j—P({wi})'
Then X; > 0 and EX; =1, so X; € V;. Furthermore
d;
P({wi})
implying ¢; > 0 for any ¢. Define the probability measure Q as
4;
Q({wi}) = S

It is clear that Q ~ P. We have to check that (S,,/B,,) is a Q-martingale.
First we need a lemma.
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Lemma 5. Let (X,)"_, be an adapted process. If for any stopping time
7:Q0—{0,...,N}
EX, = EX,,

then (X,,) is martingale.

Proof. We show that X,, = E[Xy|F,], which implies that X is martingale.
Let A € F,, and consider the stopping time

() n, weA,
Talw) =
4 N, otherwise.

This is indeed a stopping time, since {74 < k} = ) for k¥ < n, and A for
k > n, which is Fi-measurable. Then, by the assumption

EX, = EX,, = EX,I(A) + EXyI(A°).
With A = () we see that EXy = EXy, implying
EX,I(A) = EXyI(A).

This exactly means that
X, = E[Xy|F.],

as claimed. N

We show that (S,,/B,,) satisfies the condition of the lemma above. Let 7
be a stopping time and define the strategy

S, So
B BTI(T_n 1) By Yo =I(T>n—-1)

Since {7 < n} = {r < n —1} € F,_1, the sequence (5,,7,) is predictable.
Furthermore,
S,

Bn—lAﬁn + Sn—lA’Yn = B—Bn_lf(T =n — 1) — Sn_1]<7' =n — 1) = 0,

so it is SF. Finally,

S
X7 = —§ZBO+SO =0,
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Vo

Vo

Figure 7: Choice of y

so X3 € V. Therefore
0 = EqXy = EqfnBn + 7SN

Eq ((%[(TSN_D_ZS?_Z) BN"‘%[(T:N)BN)

That is (5,,/B,) is indeed a Q-martingale.

3.7 Proof of the difficult part of Theorem 7

Here we prove the implication (i) = (i).
We use the notation of the previous proof. Let

Vo={X:Q—Rrv. |[EqgX =0}

Then V), is a linear subspace in R*¥ and we have seen in the previous proof
that Vy C V5. We claim that equality holds.

Assume first that this is indeed true. Then for any claim X the centered
version X — EqX € V, = V), meaning that there is a perfect hedge. Thus
the market is complete. So we only have to show that V, = V.

Assume on the contrary that Vy # V,. Then there is an y € V,, which is
orthogonal to Vy. Since ¢; > 0 (see the previous proof) for all i = 1,... k,
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we may choose € > 0 small enough such that
¢ =q; —ey; >0 for all 4.

As both ¢ and y are orthogonal to Vp, ¢ is also orthogonal. Define the
measure
q.
Qw}) ==
> i1 U
Exactly as in the previous proof we can show that Q' is EMM. The uniqueness
of the EMM implies

q§ . qi
k 7 )
D1l D1 G

that is, using also the definition of ¢/,

q=aq = aq— aey,
with o = > ¢;/ > ¢,. Thus
(1 —a)qg = —acy.

But y and ¢ are orthogonal, which is a contradiction. The proof is complete.

4 Girsanov’s theorem in discrete time

4.1 Second proof of the difficult part of Theorem 3

Assume that d = 1 and first consider the one-step model with By = B; = 1.
The stock price Sy is known, and the only randomness here is S;.

Exercise 9. The no arbitrage assumption (in this simple market) is equiva-
lent to
P(AS; > 0)P(AS; <0) > 0.

Furthermore, (5,) is Q-martingale if
EQSl - S().

Therefore we have to construct a measure Q such that EQAS; = 0. This is
done in the following lemma.
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Lemma 6. Let X be a random variable on (R, B(R),P) such that P(X >
0)P(X < 0) > 0. Then there exists a probability measure Q ~ P such that
EqX = 0. Furthermore, for any a € R

EQe“X < 00.
Proof. Define the probability measure
Py(dz) = ce ™ F(d),

where F(z) = P(X <) and ¢! = [, e~ F(dx). That is

Pi(A) = /A ce ™ F(dx).

Then P is equivalent to F. (Recall that u is absolute continuous with respect
to v, u < v if u(A) = 0 whenever v(A) = 0. And p and v are equivalent,
p~ v, if p<<vand v < p.) Let

QO(CL) — EpleaX :/eawpl(dx) — C/ eax_mQF(dl‘).
R R

Clearly, p(a) < oo for any a as the function e*=** is bounded on R. Note
that ¢ is convex, because ¢” > 0. Put

Then
Q.(dz) = Z,(x) P (dz)

is a probability measure for any a, and ), ~ P; ~ F. Again, this means

Qa(A) = /A Zo(2)Pr(dz) = (p(ca) /A "= P(da).

Let

o = et

Since P;(X > 0) > 0 and P (X < 0) > 0 we obtain that

lim ¢(a) = cc.

a—+oo
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Therefore, the infimum is attained, i.e. there is a, such that p(a.) = ¢..
Then ¢'(a,) = 0, thus
6agﬂX

0= (a,) = EplXe“*X = ¢(a,)Ep X ——

S = #la)Be. X

Thus the measure @),, works. O

Exercise 10. Prove rigorously that

lim ¢(a) = co.

a—+oo

Exercise 11. Let X ~ N(u,0?). Determine the measure constructed above
explicitly.

Next we extend the previous lemma for a general N-step market.

Exercise 12. The no arbitrage assumption implies that for any n a.s.
P(AS,, > 0|F,_1)P(AS, < 0|F,_1) > 0.

As a preliminary result we have to understand how to compute conditional

expectation under different measures.
{lemma: condexp-mea

Lemma 7. Let (2, F,(Fp)n=o01,..~,P) a filtered probability space, and Z a
nonnegative random variable EpZ = 1. Define the new probability measure

Q as
dQ = ZdP,

that is
Q(A) = ZdP.
(4) /A

Put Z,, = Ep[Z|F,]. For any adapted process (X,)
Zn—lEQ[Xn|~Fn—1] = EP[XnZn|«Fn—1]

Proof. Both sides are F,,_;-measurable. We have to prove that for any A €
fnfl

/Zn1EQ[Xn|]:n1]dP:/XnanP. (8) {eq:cemlemma-0}
A A
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First note that
Ep|ZX,|F.] = X, Ep[Z|F,| = XnZ,. (9) {eq:cemlemma-1}
Therefore, for an F,,_;-measurable Y

Ep[Z, 1Y |Fo ] = YEp[Z|F, 1],

implying for any A € F,,_; that

/ Z, VP = / YEp|Z|F,1]dP
A A
= / Ep[ZY|F,_1]dP = / Y ZdP.

A A

Choosing Y = Eq|[X,,|F,.—1] we obtain

/ 7 1 EQ X | Fo1]dP = / B[ X,|F, 1] ZdP
A A

= / Eq[X,|Fn-1]dQ definition of Q
A
= [ X,dQ conditional exp.
A
= / X, ZdP definition of Q
A
— / X, Z,dP, by (9)
A
which is (8). O

As a simple but useful corollary we obtain the following.
{cor:p-q-mtg}
Corollary 1. The adapted process (X,,) is Q-martingale if and only if (X, Z,)
1s P-martingale.
{lemma:existence-e
Lemma 8. Let (X,,))_, be an adapted process, and assume that

P(X, > 0|F,_1)P(X, < 0|F,_1) > 0.

Then there exists a probabilty measure Q ~ P such that (X,) is a Q-
martingale difference.
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Proof. First let

P (dw) = cexp {— ZX?(LU)} P(dw),

where ¢ is the normalizing factor, i.e.

N N
cl—/exp —Y X?dP =Eexp{ — ) X7;.
P T 2

i=0
This means that for A €¢ F

Pi(A) = c/Aexp{—fo} dP.

Let
pn(a) = Ep, [ | Foq].

Note that this is an F,,_;-measurable random variable. As in the proof of the
previous lemma there is a unique finite a,, (random!) such that the infimum
of ¢, is attained at a,. Since @, is F,,_i;-measurable so is a,,.

Let Zy = 1, and recursively

eaan

Ly = L .
"Ep, [em X0 | Fi]

Then (Z,) is a P-martingale, since
Ep [Z:|Fu-1]l = Zn-1.
Then the probability measure
Q(dw) = Zy(w) Py (dw)
works. Indeed,
1

EQ[Xn|~Fn—1] = 7 1EP1 [Zan|‘Fn—1] by Lemma 7
1 Zn—l X cps
= Ep [ X, e | F,— definit
7oy B e | Fo ] p [ Xne | 1] efinition
1
= -0=0. choice of a,,
Ep, [en*n|F,1]
O
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Exercise 13. Show that a,, is F,,_;-measurable.

Now we can return to the proof of Theorem 3. The existence of the
martingale measure follows from the previous lemma applied to X,, = AS,,.

4.2 ARCH processes

Autoregressive conditional heteroscedasticity (ARCH) models were intro-
duced by Robert Engle in 1982 to model log-returns. In 2003 he obtained
Nobel prize in economics for this model. The novelty in these models is the
stochastic volatility term.

Let
Sh

Snfl

denote the log-return of the stock, and assume that

R, =log

Rn = Un + 6 + ARi—léna

where &,’s are iid N(0,1) random variables. Then (R,) is an ARCH(1)
process. That is conditionally on F,,_; the log-return R,, is Gaussian with
mean ji,, and variance 3 + AR?_,. Write 0,, = 8+ AR?_,. Then for S,, we

obtain
S, = SnileR" = Spexp {Z (,Uk + \/ﬁ + )‘Rl%—lgk> }

= Spexp {Z (pr, + akfk)} )

k=1

In what follows we only assume that u, and o, are F,,_;-measurable, i.e. the
sequence (fi,, 0, ), is predictable, and (&,) is adapted, &, is independent of
Fn_1, and N(0,1) distributed. Put h,, = p,+0,&,. For simplicity we assume
that B,, = 1.

We construct a measure Q such that (S,) is a Q-martingale. Let

an hn

N N
Zv= s =1l g nz




where

n=——0—— 10
“ o2 2 (10)
Introduce the new measure Q as

dQ = ZndP,

and let Z,, = Ep[Zn|F,] =[], 2.
By Corollary 1, to show that S,, is Q-martingale we have to show that
SnZy is a P-martingale. We have

Eple/(tan)| F, ]
Ep [e“"hn |.Fn_1]

EP[Snan‘Fn—l] = Sn—IZn—l

Therefore we have to check that
Ep[eh"(1+“”)|Fn_1] = Ep[e“”h"|fn_1]. (11)

Recall that for a standard normal &
t2
Eel* = ez,
thus ,
Eettot = et
Since a,, in (11) is F,,_j-measurable and given F,,_; the variable h,, is Gaus-
sian N(pi,, 02), we obtain

o2 (14an)?
2 )

Ep [ehn(1+an)|}'n_1] — ehn(l+an)+

and
U?LGQ

EP [ehnan|fn_1] — e,ulnan“' 3 n)

By the choice of a,, in (10)

02(1+ ay,)? N o2a?
— = = HUnQn
2 a 2

pin (1 + @) +

Indeed, by (10)
1
,un—i—afb (—+an> =0.
2
That is, (11) holds.

We proved the following.
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Theorem 8 (Discrete Girsanov’s theorem). Let (i, 0,), be a predictable
sequence and assume that the stock prices are given by

S, = 622:1(#1@4-%61@)’

where (&,)n 1s a adapted sequence of N(0,1) random variables, &, is indepen-
dent of F,_1. Further, let B,, = 1. Then, under the new measure

dQ = ZydP

(Sn) is a martingale.

5 Pricing and hedging European options

In this section we summarize our findings on pricing and hedging, and con-
sider some special cases in detail.

5.1 Complete markets

Consider an arbitrage-free complete market. The fair price of the contingent
claim fy is
C(fy) =inf{z : In, X] =z, X} = fn}.

Then, by Theorems 3 and 7 there exists a unique EMM Q. Since (X[ /B,,)
is Q-martingale

fn XN x x
Eo=—=Eo—~ =Eqg— = —
By~ 9By B, B,
therefore B
Clfn) =z = B_OEQfN
N

Note that x is independent of the hedge 7 itself, that is for different hedges
the initial value is the same.

For a hedge we need to know not only the fair price C, but also the
strategy 7 itself. For the given claim fy consider the martingale

M, ~Eq | 2|7,

By
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By Theorem 7 there exists a representation

S
M, = M, A—
0+Z’Yk B’

with a predictable sequence (7,). Let

TnSn

5 B,

We proved that m = (B,, 7). is an SF strategy and is a perfect hedge for
I

Summarizing, we obtained the following.

Theorem 9. In an arbitrary arbitrage-free complete market the price of the
contingent claim fy 1s
f

N
By

Moreover, there exists a strateqy ™ which is a perfect hedge of fn, i.e.

C(fn) = BoEq—

X}{[:fNa

where (Bn,Yn) are given above. The value process is determined by
bs).

XT = B,Eq { i
5.2 Homogeneous binomial market — CRR formula

Consider a homogeneous binomial N-step market with a < r < b. That is
B,=(1+7r)" - H (1+ pr),

where p;, € {a,b}. We proved that this market is arbitrage-free and complete,
and the unique EMM is given by

38



and p;’s are independent. If the claim fy only depends on the final price Sy,
and not on the whole trajectory, i.e.

frn(w) = fn(Sn(w)),

then the pricing formula simplifies, and we obtain the Cox—Ross-Rubinstein
formula:

N

Cli) = g 2o (Sl + 041+ 0¥ () 1= ¥,

r—a

b—a’

where g =

5.3 Incomplete markets

We assume that the market is arbitrage-free, but there are various EMM’s.
Let P(P) be the set of EMM’s.

In incomplete markets there are contingent claims which are not repli-
cable, that is, there is no perfect hedge. The upper price of a claim fy
is

C*(fy) =inf{z : 7, XJ =z, X3 > fn}.

We proved the following result in a one-step market. Without a proof we
state the general version.

Theorem 10. The upper price of the claim fyn in an arbitrage-free incom-
plete market is given by

C*(fy) = sup BOEQé—N.
QeP(P) N

6 American options

While European options can be exercised only at the terminal date N, Ameri-
can options can be exercised at any time. Formally, instead of a fixed random
payoff function fy, a sequence of payoffs (f,)n—01,.. .~ is given, where f, is
Fn-measurable, i.e. (f,), is adapted to (F,),. So f, is the random payoff
if the option is exercised at time n. Clearly, the exercise time has to be a
stopping time.
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6.1 Reminder: Doob’s optional sampling theorem

11. Theorem (Opcionalis megallasi tétel (Doob)). Legyen (X, F,) szub-
martingdl, o, megdllasi iddék, o < T m.b. Tegyik fel, hogy E|X,| < oo,
E|X,| < oo ésliminf,, f{7>n} | X,|dP = 0. Ekkor E[X,|F,] > X, m.b.

A tétel feltételei mellett, ha {X,,, F,} martingéal, akkor E[X,|F,] = X,
m.b.

Bizonyitds. Tegyiik fel, hogy 7 korlatos, 7 < m. A szubmartingal és a felté-
teles varhato érték definicidja szerint azt kell megmutatnunk, hogy minden
A € F, eseményre

/ (X, — X,)dP > 0.
A

Irjuk 4t az integrandust

T

Xe=Xo= Y (Xp—Xpo1) =) I(o <k <7)(Xp — Xpi)
k=2

k=o+1

alakba. Vegyiik észre, hogy AN{oc <k <71} =(ANn{o <k—-1})n{r <
k — 1}¢. Ttt a metszet els6 tagja F, definicioja szerint Fi_i-mérhets, a
mésodik tagja pedig a megallasi id6 definicidja szerint, igy a metszet maga is
elem az Fj_ o-algebranak. Ezt, feltételes varhato érték és a szubmartingél
definici6jat hasznalva

/(X — X,)dP = Z[a</<;<7)(Xk—Xk |)dP

A p—2

= Z/ (Xy — Xp_1)dP
An{o<k<T}

k=2
m

- Z/ (E[Xk|Fr-1] = Xi—1)dP >0,
An{o<k<t}

k=2

ami éppen a bizonyitando.

Az altalanos esetben a 7,0 megéllasi id6krél at kell térni a 7 An, o An
korlatos megallasi id6kre, és belatni, hogy a kimaradé tagok 0-hoz tartanak
egy részsorozat mentén. Ezt nem bizonyitjuk, a részletekért lasd [1]. O

2. Corollary. Ha E|X,| < co és liminf,, . f{7>n} | X, |dP = 0, akkor ha
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(i) {Xn, Fn} szubmartingdl, akkor E[ X |F1] > X1 m.b., és persze EX, >
EXl y
(ii) {X,, Fn} martingdl, akkor E[X,|F1] = X; m.b., és persze EX, = EX].
Fontos megjegyezni, hogy a tételben szerepls feltételek nem csupén tech-
nikai feltételek. Legyen S, egy egyszert szimmetrikus bolyongas az egye-
nesen. O martingal a az altala generélt természetes filtraciora nézve. Tud-
juk, hogy az egydimenzios bolyongas rekurrens, ezért majdnem biztosan el-
éri az 1-et. Legyen az elérés id6pontja 7. Ekkor 7 megallasi id6, és persze
S, =1+# 95y =0. Csak a liminf, ., f{’r>n} | X,,|[dP = 0 feltétellel lehet baj,
és valoban, ez nem teljesiil.

6.2 Optimal stopping problems

Consider a probability space with a filtration (2, F, (Fn)n=01...n,P), and
let
MY = {7: 7 is a stopping time, 7 € {n,..., N}}.

To ease notation we suppress NN in the upper index. Consider a sequence
of nonnegative adapted random variables (X,),, and define by backward
induction its Snell-envelope (Z,), as follows. We are interested in the value

Zn =Xn, Zn,=max{X,,E[Z,1|F.]}, n<N.
For a stopping time 7 the stopped process is denoted by Z7, i.e.

Z = ZT/\na

where a A b = min{a, b}.

Proposition 4. Let (Z,) be the Snell-envelope of (X,,) with X,, > 0 a.s.
(i) Z is the smallest supermartingale dominating X .
(i) The random wvariable T* = min{n : Z, = X,,} is a stopping time and

the stopped process Zna—~ = Z* is martingale.

Proof. From the definition it is clear that Z is supermatingale and dominates
X. Let Y be another supermartingale dominating X. Then Yy > Xy = Zy.
Assuming that Y,, > Z,, we have

Y1 2> maX{E[Yn|fn—l]7Xn—l} > maX{E[Zn|~Fn—1]7Xn—l} = Zn_1.
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Thus the minimality follows.
To see that 7* is stopping time note that

{r =n} = {Z > Xi} N {Z, = X.,.}.
For the last assertion note that
25— 27 = 17" = 0)(Za— Zu).
On the event {7* > n} we have Z,_; = E[Z,|F,,_1] therefore

E[I(T* > n)(Zn - anl)“’t‘nfl] =0.

A stopping time o is optimal if

EX, = sup EX.,.
TEMo

Proposition 5. The stopping time 7* is optimal for X, and

Zy=EX,» = sup EX,.
TEMo

Proof. Since Z7 is martingale
Zy=72] =EZ, =EZ;. = EX,..

On the other hand for any stopping time 7 the process Z7 is supermartingale
(by Doob’s optional sampling), thus

Zy=EZ) > EZ, > EX,.
[l

Proposition 6. The stopping time o is optimal iff the following two condi-
tions hold.

(Z) ZO' - XJ;

(i1) Z° is martingale.
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Proof. 1f (i) and (ii) hold than o is optimal. This follows exactly as the
optimality of 7*.
Conversely, assume that o is optimal. We have seen that sup, EX, = Z
thus
Zy=EX, <EZ,,

by the dominance of Z. By Doob’s otional stopping theorem Z¢ is super-
martingale, therefore EZ, < Z,, implying that

EX, =EZ,.

Since Z,, > X,, this implies X, = Z, a.s., proving (i).
By the optimality EZ, = Z;, while the supermartingale property implies

ZO Z EZO’/\TL Z EZO"

Thus
EZspny = EZ, = EE[Z,|F,].

Furthermore, by Doob’s optional stopping
Za/\n Z E[Zo|fn]7
implying Z,r, = E[Z,|F,]. Thus (Z7) is indeed a martingale. O

6.3 Pricing American options

Let us return to our pricing problem. Assume that we have an arbitrage-free
complete market, that is the EMM Q is unique. Let (f,,)n—0... .~ be the payoff
of an American option. A hedging strategy now has to fulfil the conditions

X:{an7 ’I’L:O,l,...,N,

as the option can be exercised at any time. A hedge is minimal, if for a
stopping time 7* we have X7. = f,-.
By Doob’s optional stopping (X[ /By, XT/B,) is martingale for any stop-
ping time 7, i.e. ¥ ¥ ;
z 0 4 T
B~ "B, 9B, = "°B
Therefore the initial cost of the hedge is at least

r > By sup EQﬁ.
TeMY BT
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At time N we need
XN > fn-

At time N — 1 the holder either exercise the option or continues to time N,

(in that case we discount the price), therefore

By
By

CNINE]Y

Fia

Thus, we see the connection with the Snell-envelope.
For a hedging strategy m we have that

(i) (X7/Bp)n is a Q-martingale (since Q is EMM and 7 is SF), and
(ii) (X7/B,) dominates (f,/B,) (since 7 is a hedge).
Therefore, the value process of a hedge is larger than the Snell-envelope of

(fu/Bn), i.e.

X]T\rffl Z max {fN—lv

Dividing by By_1

X5 { fnoa {fN
——— > max yEg | —=—
Bn1 = By, Q| By

X7I'
F 22y n=01..N (12)

where (Z,) is the Snell-envelope of (f,/B,). The Snell-envelope (Z,) is
a supermartingale, therefore by the Doob-decomposition (that’s stated for
submartingale, but multiply with —1) we have

Zn =M, —A,, n=0,1,...,N, (13)

where M, is a Q-martingale, and (A,,) is an increasing predictable sequence,
Ap = 0. Comparing (12) and (13) we see that

XT('
Znos o0
B, —

On the other hand, the market is complete, which implies (see the easy parts
of the proof of Theorem 7) that there exists a strategy 7 such that

XT('
— = M,, =0,1,..., V.
B, "
This is a minimal hedging strategy with initial cost
r  XJ

— = — = My = Z.
By By 0 0
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Theorem 12. Consider an aribtrage-free complete market with unique EMM
Q. Let (f,) be the nonnegative payoff sequence of an American option. Let
(Z,) be the Snell-envelope of the discounted payoff sequence (f,/By). The
fair price for this option is

fT*
B,

C = B()Z() = BO sup EQ% = B()EQ

TEM(])V

where T is an (not unique in general) optimal exercise time given by

t = : B = n .
T —mm{n n—Z

Furthermore, there exists a SF strategy m which is an optimal hedge with
wital cost C' and
P

™ Br

6.4 American vs. European options

Clearly, an American option with payoff sequence (f,,)n—0.1,.. n worth at least
as a European option with payoftf f. However, in some cases the fair prices
are equal.

Consider an American call option with strike price K, that is

Jn= f(Sn) = (Sn - K)-l—'

Assume that the deterministic sequence (B,,) is nondecreasing (i.e. the inter-
est rate is nonnegative). Let (Z,) denote the Snell envelope of (f,/B,), that
is

_In
By’

Zn:max{%,E[ZnHu—n]}, n:o,l,...,N—l.

n

Zn
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Using that (S,,/B,) is a Q-martingale, by Jensen’s inequality

fvar (Syvoa—K)y

By_1 Bn_1

(52 -5)
Bvi: Byi).

/S K

< Eq (—N — ) F N_l} Jensen’s inequality
I\B~y Bn-1/.
[/ S K

< Eq (B_Z - B_N)+ ]:N—l] by By > By
[(Sy — K)

= Eq ( B + -/—"N—1:|
i N

This means that at time N — 1 it is always good to hold the option and
continue to step N.

An induction argument shows that at any time it is better to hold the
option. Indeed, assume for some n

% < Eq|Zn41|Ful-

n
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We just proved this for n = N — 1. The same way as above we have

fn—l _ (Sn—l - K)+
Bn—l Bn—l
1 K

(3=
Bn 1 Bn—l 4

< Eq (% — Bi( 1>+ .7:”1] Jensen’s inequality
_ Eq ( n—K), F 1]

a2 fn@

< Eq [EQ[Zn+1|fn] | Fi] induction
< Eq[Z,|Fn-1] Z supermartingale

Thus 7 = N is an optimal stopping time, which means that no matter what
happens, we wait until the end. Then the American option behaves as the
European, so the prices are equal.

Theorem 13. Assume that the market is arbitrage free and complete, and
the interest rate is nonnegative. Then the price of a European call option
equals to the price of the American call option.

7 Stochastic integration

7.1. Az Ito-formula

Ezek utan belatjuk az Ito-formulat.

14. Theorem (Ito-formula (1944)). Legyen X; = Xo + f(f K,ds + fg H.dW,
Ito-folyamat, és f € C? kétszer folytonosan differencidlhaté fiigguény. Ekkor

f(X) = f(Xo) + /f $)dX, + = /f” X,)H?ds.
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A kovetkezdkben bevezetjiik a tobbdimenzios Ito-folyamatokat.

AW = (WYL W2 ... ,W") egy r-dimenzids Brown-mozgds, ha a kompo-
nensei fliggetlenek, és minden komponens egy SBM. Az (X;) egy d-dimenzids
Ito-folyamat, ha az i-edik komponense

t T t
X;‘:X3+/ Kids+) /Hﬁ’des?, (14)

ahol [\ |K?|ds < oo, [ (H#)?ds < oo m.b., és K', H" F-adaptalt folya-

S

matok, 1 =1,2,...,d, 5 =1,2,...,r.

15. Theorem (T6bbdimenzios Ito-formula). Legyen (X;) egy tobbdimenzids
Ité-folyamat, (14) formula szerint, és f : R4 — R, f € CY2. Ekkor

t
ft, Xt X :f(o,Xg,...,Xg)+/ %f(s,Xsl,...,Xj)ds
0

d t
0 .
X XHdx?
+Zz:;/0 8$Z‘f(87 S ? s) S

r

d t 2
1 ) o
- § Xt x¢ § HMFHPF ds.
+ 2ij_1/0' axlaxjf<s7 S bl 5) S S S

k=1

7.2. Alkalmazasok

Az Ité-formulara néziink néhany alkalmazast.

2. Example. Parcialis integralas I. Legyen (X,Y") kétdimenzios Ito-fo-
lyamat

t t
Xt:X0+/sts+/HdeS
" :
K_}/E)+/Lsd3+/Gdesa
0 0
ahol K, L, H, G olyanok amilyennek lennitiik kell. Ekkor

t ¢ t
/ X dYs = Xo Y, — XoY) — / Y,d X, — / H,Gds.
0 0 0
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Vegyiik észre, hogy a hagyomanyos parcialis integralasi formulaban (ami-
kor tehat X, Y determinisztikus, korldtos vdltozdsi fiiggvények) nem szerepel
az utolso tag.

A bizonyitashoz alkalmazzuk az [to-formulat az (X,Y) folyamatra, és az
f(z,y) = xy fiiggvényre. Ekkor a (14) formula szerinti szereposztas:

r= 17 d:27 Ksl :KS7 Ks2 :LS7 H;,l :HS7 H?,l :Gs-

. 2 2
Mlvel%:%%:x or — 2

? 92x

o~

_ fe O2f _ O*f 1 ¢
- O’ . Oxdy ~— Oydx 1’ 18y

Q
<

t t 1 t
X,Y; = X,V +/ Y,dX, +/ X,dY, + 52/ H,Gds,
0 0 0

ami rendezés utan éppen az allitas.

3. Example. Parcialis integralas II. Egy kicsit modositjuk az el6z6 pél-
dat. Legyen W egy W-tdl fiiggetlen SBM, és (X, Y") kétdimenzios Ito-folya-
mat

t t
Xt:Xo—}-/sts—i—/HdeS
y .
Y, =YO+/ Lsds+/ G, iV,
0 0
ahol K, L, H, G olyanok amilyennek lenniiik kell. Ekkor
t t
/ X,dY, = XY — Xo¥y — / Y,dX,.
0 0

Ennek bizonyitasa ugyanigy megy, mint az el6bb. Vegyiik észre, hogy itt
d=r =2, és a két folyamatot kiilonbéz6 Wiener-folyamat hajtja meg, ezért
nem jelenik meg az extra tag.

4. Example. Korabban mar meghataroztuk az f W,dW, sztochasztikus in-
tegral értékét. Most meghatarozzuk az [to-formula segitségével.

A Wiener-folyamat Ito-folyamatként valo reprezentéacidja K, = 0, H, =
1. Legyen f(x) = x?. Az Ito-formula szerint

t 1 t
W2 =W¢ +/ 2W,dW, + 5/ 2ds.
0

0
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Ezt atrendezve kapjuk a méar ismert

t 2 _
/ W,dW, = We —t
O 2

formulat. Innen azt is rogton latjuk, hogy W72 — ¢ martingal, hiszen min-
den sztochasztikus integral martingal (na nem mintha a direkt bizonyités
bonyolult lett volna).

14. Exercise. Az Ito-formula alkalmazasaval igazoljuk, hogy Y (t) = e!/? cos W,
martingal!

15. Exercise. Mutassuk meg, hogy

t 1 t
/ W2dW, = ~W? — / W.ds,
0 3 0
és
t 1 3 t
W3dw, = - Wi —= | W2ds.
s 4 t 2 s
0 0

16. Exercise. Legyen W = (W' ... W") r-dimenzios SBM, r > 2, és
legyen R a W hossza, azaz

Igazoljuk, hogy R; teljesiti a

r—1 —~ W}
dt :
or, ¢ T E,

i=1

dR; = dw;

differencidlegyenletet! Ez a sztochasztikus Bessel-egyenlet, és R; a Bessel-
folyamat.

8. Folytonos ideji piacok

A sztochasztikus integralelmélettel felvértezve ratériink a folytonos ideji pi-
aci modellek targyalasara.
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8.1. Piacok altalaban

Az alapfogalmak a diszkrét id6ben mér megismert fogalmak természetes foly-
tonos ideji megfelelsi.

A tovabbiakban a [0, 7] véges idShorizonton dolgozunk, T < co. Adott
egy (92, A, P) valoszintiségi mezs, azon egy (F;) filtracio. A piacon két termék
adott, egy kockdzatmentes és egy kockazatos. A kotvény a kockazatmentes,
az arfolyamata (B;) egy determinisztikus folyamat, a részvény a kockéazatos,
arfolyamata (S;) egy pozitiv véletlen sztochasztikus folyamat, ami adaptalt
az (F) filtraciohoz. Tovabba azt is feltessziik, hogy (S;) az (F) filtraciohoz
adaptalt [to-folyamat.

A stratégia / portfolic egy (my = (5, 7:)) folyamat, ami adaptalt (hat
persze, hiszen nem latunk a jovébe), és

T T
/ |Be]dt < o0, / y2dt < oo, m.b.
0 0

A (;) folyamat jelenti a t-ben birtokunkban levs kétvény, (v;) pedig a rész-
vény mennyiségét. Természetesen mindkét folyamat lehet negativ is.
A (m) portfolio értéke t-ben

X{ = BB+ 1St (15)

ez a portfolio értékfolyamata.

Az onfinanszirozo stratégiat szeretnénk definiadlni a diszkrét id6 analo-
gonjaként. Az, hogy nem fektetek be plusz pénzt a portféliomba, és nem
is veszek ki belGle, azt jelenti, hogy amikor az n-edik napon este atrende-
zem a portfoliomat, akkor az Gsszérték meg kell egyezzen az n-edik napon a
portféliom értékével, azaz

ﬁn+1Bn + anJrlSn - Ban + f)/nsn;

és a Bui1, Yna1 valtozok F,-mérhetSek. Felirva, hogy X, 11 = Bui1Bni1 +
Vn+15n+1, azt kapom, hogy a portféliom értékének megvaltozéasa

Xn+1 - Xn = ﬁn—i-l (Bn+l - Bn) + 7n+1(Sn+l - Sn)

Ez azt jelenti, hogy az értékfolyamat megvaltozéasa a kotvényar és a részvény-
ar megvaltozasabol tevédik Ossze, kiils6 forrast nem vesziink igénybe. Ennek
az egyenletnek a folytonos megfelelGje a

dXZr = 5tdBt + ’thSt

o1
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sztochasztikus differencidlegyenlet. Ez lesz az onfinanszirozosag definicidja.
Azt mondjuk, hogy a (m; = (B;, V%)) stratégia dnfinanszirozo, ha teljesiil
a
dX[ = B:dB; + vdS; (16) {eq:onfin}

sztochasztikus differencidlegyenlet.

Az (S, = S,By/B,) folyamat a diszkontdlt részvénydrfolyamat, az (X, =
X7 By/By) folyamat pedig a diszkontdlt értékfolyamat.

Mostantol feltessziik, hogy a folytonos kamatrata » > 0, azaz

B, =¢", t>0.
Ekkor B .
St = eirtSt, és X: = €7TtXZr.

{all:onfin-ekv}
7. Proposition. A (m; = (B, 7)) stratégia pontosan akkor dnfinanszirozo,

ha ,
X, :X{;+/ 75dSs, t€[0,T].
0
Bizonyitds. Tegyiik fel, hogy m 6nfinanszirozo. Az Ito-formula alapjan
dX; =d (e " X]) = —re " X[dt + e "dX,

= —Te_rt(ﬁtfirt + ’YtSt)dt + 6_” (ﬁtdert + ’Ytdst)
= —re "y, dt + e "y, d S,

= nd (€_Tt5t) )

amint allitottuk.
Megforditva, tegyiik fel, hogy

dy’:’ = ’thgp
Mivel X[ = Sie" + 7,5, igy a bal oldal
dY: = —Te_”det + e_”tht’r = —e "B, dB; — re ", S,dt + e_’"tht”.

A jobb oldal
’ytdgt = —Te_rt’ytstdt + ’Yte_rtdst.

A két oldal egyenlségébdl adodik, hogy
dX[ = B dB; + v, dSy,

ami éppen az Onfinanszirozosag definicidja. ]
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Bevezetjiik az arbitrazs fogalmat. A 7 6nfinanszirozo stratégia arbitrdzs-
stratégia, ha X§ = 0 m.b.,, Xy > 0 m.b.,, és P{X] > 0} > 0. A piac
arbitrazsmentes, ha nincs arbitrazsstratégia.

Ez a fogalom fejezi ki azt, hogy 0 kezd&tékével indulva, biztosan nyeriink,
azaz ingyen ebédhez jutunk. Természetes feltenni, hogy a valésagban arbit-
razs nem létezik a piacon, hiszen ha létezne, akkor mindenki ezt a stratégiat
jatszand meg, ezzel modositva az arakat, és igy nagyon gyorsan megsziinne
az arbitrazslehetGség. Diszkrét idejd piacon lattuk, hogy (bizonyos feltételek
mellett) az arbitrazsmentesség ekvivalens azzal, hogy létezik piacon olyan, az
eredeti P mértékkel ekvivalens mérték, melyre nézve a diszkontalt részvény-
arfolyamat martingal. Ez bizonyos feltételek mellett a folytonos esetben is
igaz, rdadéasul az egyik iranyu implikicidé most is nagyon egyszert.

Tegyiik fel, hogy van a piacon egy olyan Q valoszintiségi mérték, melyre
P ~ Q (azaz a két mérték ekvivalens, azaz P < Q és Q <« P), és az
(S;) folyamat martingal. Az ilyen mértéket ekvivalens martingdlmértéknek
(EMM) nevezziik. Legyen 7 egy tetszleges onfinanszirozo stratégia. A 7
Allitas szerint ekkor az értékfolyamat

t
X, =X+ / 7,dS.
0

Mivel (S;) Q-martingal, és Y: e szerinti sztochasztikus integral, ezért az
(X]) folyamat is Q-martingal. (Vegyiik észre, hogy ugyanezt az allitast
belattuk a diszkrét piacok esetén is.) Eszerint

EqX; = EQX[.

Mivel P ~ Q, ezért ha XJ = 0, X7 > 0 P-m.b., akkor Q-m.b. is. Na
de EqX} = EQXZ = 0, amib6l kovetkezik, hogy X% = 0 Q-m.b., de igy
P-m.b. is.

Ezzel belattuk az alabbit.

16. Theorem. Ha az (2, A, P, (S,), (B =€), (F:)) folytonos ideji piacon
letezik Q EMM, akkor a piac arbitrazsmentes.

Természetesen folytonos idejd piacon is tekinthetiink opcidkat, ill. tet-
sz6leges koveteléseket. Az egyik célunk az ilyen kovetelések igazsagos aranak
definidlasa, meghatarozésa, ill. fedezeti portfolio osszeallitasa. Igazsagos arat
és fedezeti stratégiat csak specialis esetben adunk meg a kévetkez6 fejezetben,
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azonban a definiciot kimondjuk és néhany tulajdonsagot bebizonyitunk az
altalanos esetben.

Az fr egy véletlen kovetelés, ha Fr-mérhets. A 7w egy fedezeti stratégia
fr-re x kezdstokével, réviden ( fr,x)-fedezet, ha

X7 > frmb., és Xj=uz.

Az fr kévetelés igazsdgos dra alegkisebb olyan x érték, melyre létezik ( fr, z)-
fedezet, azaz

Cr(fr) =inf{zx > 0: létezik (fr,z)-fedezet }.

Tegyiik fel, hogy a piacon létezik EMM, legyen Q egy ilyen. Ekkor tet-
sz6leges  (fr,x)-fedezetre

r=EqX] = EqX, = Eqe "' XI > Eqe " fr.

Ezzel belattuk, hogy
C(T, fr) > Eq(e™"" fr). (17)

9. Mértékvaltas

A diszkrét ideji piacok elméletében lattuk mennyire fontos az ekvivalens
martingdlmérték, ugyanis ez alapjan tudtunk arazni. Jelen fejezet célja, hogy
megértsiik hogy valtozik egyes folyamatok dinamikaja ha megvaltoztatjuk a
mértéket, vagy méasképpen, hogyan vezessiink be olyan mértéket, ami szerint
a folyamatunk martingal lesz.

9.1. Girsanov-tétel

17. Theorem (Lévy tétele a Wiener-folyamat karakterizaciojarol). Legyen
M; folytonos martingdl, melyre My = 0. Ha M? — t martingdl, akkor M,
Wiener-folyamat.

Megjegyezziik, hogy a folytonossagi feltétel nélkiil nem igaz az allitas.
Hiszen ha N; 1 intenzitast Poisson-folyamat, akkor N; —t és (N; — )2 —t is
martingal.

Az 1j mérték bevezetése diszkrét modell esetén nem jelentett nehézséget.
Folytonos modelleknél a dolog nem ilyen egyszerd.
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Legyen (€2, A, P) egy valoszintiségi mezd, (F;) egy filtracio, és Q egy
masik valoszintiségi mérték (€2,.4)-n, ami abszolut folytonos P-re, jelben
Q < P. Legyen M., a Q Radon-Nikodym-derivéltja,

_dQ

My = —,
dP

ami azt jelenti, hogy
Q(A) = / M dP.
A

Mivel a tovabbiakban altalaban tébb mértékkel dolgozunk, ezért a var-
hato érték alsdé indexében jeloljiik, hogy melyik szerint vessziik a varhato
értéket; azaz EpX = fQ XdP és EqQX = fQ XdQ. Tovabba a P mérték
szerinti martingalokat réviden P-martingalnak, a Q mérték szerintieket Q-
martingalnak nevezziik.

Definialjuk az

AL:::EP[ALnLFH

P-martingalt. A kovetkezd lemma megadja a P- és Q-martingalok kozti
kapcsolatot a Radon—Nikodym-derivalt segitségével.

9. Lemma. Az (X;) Fi-adaptdlt sztochasztikus folyamat pontosan akkor Q-
martingdl, ha az (M, X;) folyamat P-martingdl.

Bizonyitds. Mivel

Ep[ Mo X;|F] = Xi M,

igy minden A € F; eseményre

/XtMoodP:/XtMth.
A A

Ezért, ha A € F, C F;, akkor

A A A
/XsdQ:/XsMoodP:/XsMsdP.
A A A

Az (X;) folyamat pontosan akkor Q-martingél, ha a bal oldalak egyenlGek
minden A € F; halmazra, és s < t esetén, ami persze pontosan akkor teljesiil,
ha a jobb oldalak egyenlek, ami azt jelenti, hogy (M;X;) P-martingal. [
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Legyen
t 1 t ) 0
Cf = / Xuqu - 5/ Xudua Ct = Ct7

ahol X, adaptélt folyamat. Ekkor Z, = e kielégiti a
t
Zy =1 —I—/ Z X AW
0

sztochasztikus differencidlegyenletet. (Ezt a formulat hasznélni fogjuk a
Girsanov-tétel bizonyitasanal.)
A fenti sztochasztikus differencidlegyenletet differencidlegyenletes jelolés-
sel
dZ, = Z, X, dWy,  Zy =1,

alakba frhato.
A ( folyamatot Ito-folyamatként felirva

t 1 t
Gt = / —=Xodu + / X, dW,,.
0o 2 0
Legyen f(x) = e”, ekkor az Ito-formula szerint
t 1 t
Z, = =1 +/ eCSdCS + —/ egSXSst
0 2 Jo
t 1 1 t
— 1+/ e <——X§ds+XdeS) +—/ % X2ds
0 2 2 Jo
t
=1+ / % X, dW,
0
t
= 1+/ Z X AW,
0

amint allitottuk. Azt is rogton latjuk, hogy Z; martingél.
17. Exercise. Legyen (; mint fent. Mutassuk meg, hogy a Y; = e~ folyamat
kielégiti a

dY; = ¥, X7dt — X, Y, dW,, Yy =1,

sztochasztikus differencidlegyenletet!
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18. Theorem (Girsanov-tétel). Legyen (6;) adaptdlt folyamat, melyre fOT 62ds <

oo m.b., és tegqyiik fol, hogy

t 1 t
Ay = exp {—/ 0, dW, — 5/ Hids} (18)
0 0

P-martingdl, ahol (W;) SBM a P mérték szerint. Definidljuk a Qp = Q
meértéket a
dQy

| M

Fr

formulaval. Ekkor a W, = W, + fot O,ds SBM a Q-mérték szerint.

1. Remark. Tanultuk, hogy a A; folyamat martingal. Akkor meg miért
tessziik f6l a Girsanov-tételben, hogy martingal? A helyzet az, hogy a mart-
ingalsaghoz kell integralhatésag, ami nem feltétleniil igaz, ha a 6; folyamat
nagy lehet. Ha bizonyos momentumfeltétel teljesiil, akkor méar A; tényleg
martingédl. Lényegében a ,tegyiik f6l, hogy” helyett gondolhatunk ,legyen”t
is.

Bizonyitds. ElGszor azt kell belatni, hogy Q tényleg valoszintiségi mérték.
Lattuk, hogy

t
At — 1 — / ASQSdWS,
0

ami martingal, igy
EpAr = EpAy =1,

és mivel Ar > 0 ezért Q tényleg valoszintiségi mérték.

Most megmutatjuk, hogy a W folyamat teljesiti a Lévy-féle karakterizé-
cios tétel feltételeit a Q mérték szerint.

A folytonossig nyilvanvalo, hiszen W folytonos, ¢s Q << P. Mivel A,

martingdl, ezért a 9 Lemma szerint (W;) pontosan akkor Q-martingél, ha
(W,A,) P-martingél. Irjuk fel az Ito-formulat az f(z,y) = ry fiiggvényre a

t t
W, :/ Qsds—i—/ 1dW;
0 0

t
At - 1 - / AsedeS7
0
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kétdimenzios Ito-folyamattal. Eszerint
3 t t R t
AtWtz/ WsdAS—i—/ AdeS—i—/ —A0,ds
0 0 0
t t t
= —/ WSASHSdWs—l—/ A (93d3+dWS)—/ As0sds
0 0 0
t
:/ Ag(1 — 0, W)dW,
0

ami P-martingal. Tehat (W;) valoban Q-martingal.
Ahhoz, hogy a (W72 —t) folyamat Q-martingél, megint azt mutatjuk meg,
hogy (W2 — t)A; P-martingal. Elgszor felirjuk (W2 — t) Ito-folyamatos rep-

c s

rezentaciojat. Az Ito-formulat az 2? fiiggvényre felirva
N t _ 1 t
W2 =2 / W, dW, + = / 2dt,
0 2 Jo
amit rendezve, és befrva W, elsallitasat
~ t ~
W —t= 2/ W (05ds + dWy) .
0
A kétvaltozos Ito-formulat felirva, mint az elébb

t t t
A(W2 —t) = / A2W, (0,ds + dW,) + / (W2 — 5)dA, — / A0 2W,ds
0

0 0

t
_ /0 [0, — (77 — 9)A.0,] aw,

adodik, ami P-martingal. Tehat (W? — t) Q-martingél, és ezzel az allitast
belattuk. O

Végiil, bizonyitas (és preciz allitas) nélkiil megemlitjiik, hogy minden foly-
tonos martingal elGallithat6, mint egy megfelel§ adaptélt folyamat Wiener-
folyamat szerinti sztochasztikus integrédlja. Vagyis minden szemimartingél
[to-folyamat.

19. Theorem (Martingél reprezentécios tétel). Legyen (W;) SBM az (2, A, P)
valdszintségi mezdn, és legyen (F;) a hozzd tartozo filtracid, azaz a (Wy) dltal
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generdlt filtracid, amihez hozzdvesszik a P-null halmazokat. Ha (M) foly-
tonos, négyzetintegralhato martingdl, My = 0 m.b., akkor létezik olyan (Y;)
adaptdlt folyamat, melyre

t
Mt:/ Y, dWs.
0

9.2. Black—Scholes modell

Ebben a részben egy specialis folytonos modellben kiszamitjuk a kdvetelé-
sek igazsagos arat, és megadunk egy tokéletes replikald portfoliot. Speciélis
esetként levezetjiik a hires Black—Scholes-formulat, ami az eurdpai call opcio
igazsidgos arat adja meg.

Legyen r > 0, € R és 0 > 0. Legyen (92, A, P) valoszintiségi mezd, (W;)
SBM a [0,7] intervallumon, T' < oo, és F; a (W;)-hez tartozo filtracio. A
Black-Scholes-modellben a kotvényarfolyamatot és a részvényarfolyamatot a

dBt = TBt dt, BO = 17

(19)
dSt = ,USt dt + O'St th, S(] = So,

differencidlegyenletek hatarozzédk meg.
A kétvényarra B, = e adodik, amit mar a korabbiakban is feltettiink.
Az S; Ito-folyamatként valo felirdsa

t t
S =Sy + / uSsds + / oS, dW.
0 0

Az f(z) = log z figgvénnyel felirva az It6-formulat

b1 1/t 1
log S; = log Sp + /0 5 (1Ssds + o S,dWy) + 5/0 _S_SQUQSSQdS
o2
= log Sy + oW, + (,u — 7) t.
Innen kapjuk, hogy
02
S, = Gy - eVt (=T)e, (20)

Ez a folyamat az exponencidlis Brown-mozgas.
A differencidlegyenletes alakbol azt is latjuk, hogy ez pontosan akkor
martingél, ha a korlatos valtozasi rész = 0, azaz pu = 0.
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Vegyiik észre, hogy ez a megoldés nem teljes, hiszen a logaritmus fiiggvény
nem kétszer folytonosan derivalhato, a O-ban nem definialt. Igy az el6bbi
gondolatmenet csak segit megtalalni a megoldast.

18. Exercise. Igazoljuk az It6-formula segitségével, hogy (20) valéban meg-
oldésa a differencidlegyenletnek!

(A feladat egy konstruktivabb megoldasa az, hogy felirjuk az It6-formulat
egy altalanos f fiiggvénnyel, majd megvalasztjuk tgy az f-et, hogy minél
egyszeriibb egyenletet kapjunk. Az f(x) = log x valasztas esetén a martingal
részben az integrandus a konstans fliggvény lesz.)

9.2.1. Ekvivalens martingalmérték és az igazsagos ar

Olyan mértéket szeretnénk megadni, mely szerint (S;), a diszkontalt rész-
vényar martingal. Ezt a Girsanov-tétel segitségével adjuk meg. A (19)
egyenlet alapjan révid szamolés utan kapjuk, hogy

dS; =S, (1 — r)dt + cdW,) = S,od WY, (21)

ahol
th' = M/t +

w—=r
t. 22
~ (22)

Ha taldlunk egy olyan P, mértéket mely szerint a Wt“ folyamat SBM,
akkor a (21) differencidlegyenlet szerint az (S;) folyamat P,-martingal. A
Girsanov-tétel éppen ilyen P, mértéket definial. Legyen 0, = 0 = == és

o

! 1 g 02T
:AT:eXp{—/ QdWs——/ 92ds}:e_9W -z,
Fr 0 2 Jo

A Girsanov-tétel szerint (Wt”’ ) éppen P,-SBM, és igy (5;) P,-martingal.
Mivel Ar > 0mb., igy P ~ P, tehat P, EMM. S6t, meg is hatérozhatjuk
az (S;) dinamikajat P, szerint. Az (21) egyenletet megoldva

P,
P

S, =Sy e T, (23)

Megmutatjuk, hogy a Black—Scholes-modellben az igazsagos ar a (17)
formulaban szerepls als6 becslés. Legyen fr egy tetszéleges olyan kovetelés,
melyre Ef2 < oco. Tekintsiik az

Ny = EPM [e_rTfTU:t} , 05t < T,
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P ,-martingalt. A martingal reprezentacios tétel szerint létezik olyan Y; adap-
talt folyamat, hogy

t —_—
Ny = Ny +/ Y, dWE, (24)
0
ahol persze Ny = Ep,e~"" fp. Definidljuk a m, = (5, ) stratégiat a

Y Ye’rt
ﬁt:Nt__tv Y = :
o oSy

formulaval.
10. Lemma. A (7, = (B;,7:)) stratégia onfinanszirozd, és X, = Ni.
Bizonyitds. A definicié alapjan

Y, Y,
X[ = BB+ 1S = (Nt - ﬁ) e + ;tert =e"'N,,

azaz X, = N,.
Ahhoz, hogy megmutassuk, hogy 7 dnfinanszirozo, a 7 Allitas szerint azt
kell belatni, hogy dX; = 7,dS;. Mivel X; = N, igy (24) alapjan
dX] = dN, = Y,dW}.
Ugyanakkor (21) szerint
’Ytdgt = ’Ytgtgdfwvtu = }/;d/thM’

s stz

lattuk. ]
Mivel
X7 =€ "Ny =e"Ep, [e7 fr|Fr] = fr,

igy a lemma szerint 7 egy tokéletes fr-fedezet X[ = Ny = Epue_’"T fr kezdeti
tékével. Ezzel belattuk az alabbit.

20. Theorem. A Black—Scholes-modellben eqy fr kdvetelés igazsigos dra
Cr(fr) =Ep, e fr.
Tovdbbd a m = (B, V),

Y, Yie™
ﬂt = Nt - _t7 Yt = : ’
o oS,

eqy tokéletes fedezeti stratégia, ahol Ny = Ep [e7"T fr|F], és N, = Ny +
Jo v, awe.
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9.2.2. A Black—Scholes-formula

A Black—Scholes-formula az eurépai call opcié arara vonatkozik. Egy K
kotési ara eurdpai call opcio kifizetési fliggvénye fr = (St — K)4. A 20 Tétel
szerint az igazsagos ar

Cr(K)=Ep, (7" (Sr — K)3).
A (23) formula alapjan
Sy = SOGTTGUW;L—“—;T’

ahol fWV}‘ ~ N(0,7) a P, mérték szerint. Tehat, bevezetve egy Z standard
normalis véletlen valtozot

CT(K) = EPu (€7TT<ST - K)+)
=Ep, <5060W¥*§T — e*TTK)

o2
—E (SoeoﬁZ_TT . e—rTK>

.
.

— \/% /:o (Soe"‘/ﬂ_%?T — e‘TTK> % dz
_ \/127 / T G TR — ()

=5y (1= (7= oVT)) — e TK(1 - ®(1)),

= les (377

Cr(K) = 8y (1= ®(y = oVT)) = " TK(1 - &())

arazési formula a hires Black—Scholes-formula, melyet 1973-ban publikalt Fis-
cher Black és Myron Scholes. A mogottes elméletet késébb Merton altalano-
sitotta. Munkajukért 1997-ben Scholes és Merton kozgazdaségi Nobel-dijat
kapott, Black azért maradt ki, mert 1995-ben meghalt.

ahol

A
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9.3. A CRR-formulatol a Black—Scholes-formulaig

Ebben a részben megmutatjuk, hogy a Black—Scholes arazési formulat meg-
kaphatjuk gy, mint a homogén binomialis piacon a Cox—Ross—Rubinstein
arazasi formula hatarértékét. Ez a rész a [2| jegyzet 2.6 fejezetén alapul.

A folytonos modellt a [0, T] intervallumon tekintjiik. A folytonosan sza-
mitott kamatlab r > 0, és o > 0 rogzitett paraméter, a volatilitas. A diszkrét
modellben legyen

)
O=mp<n<...<tw=T1T, Ti:NT.

Ezek a lehetséges kereskedési id6pontok az N-1épéses binomialis modellben.
Vezessiik be a T/N = h jelolést. Majd az N — oo hataratmenetet vizsgaljuk.
Jellje BY SN a kotvény, ill. a részvény arat a 7, id6pontban az N-edik
piacon. Az N-lépéses diszkrét idejii homogén binomialis piac paraméterei
legyenek ry, ay, és by.

Most megvélasztjuk az ry,ay, by paramétereket. Legyen By = 1. Foly-
tonos idében a kotvényar t-ben B, = €. Diszkrét id6ben a t-hez tartozo
osztopont 7uy 7|, ahol |x] az x egészrészét jeloli, ezt a késdbbiekben elhagy-
juk. Tehéat

et =B, ~BY =(1+ry) T,

TN
T

Ha ry = rT/N = rh, akkor a jobb oldal N — oo esetén konvergél a bal

oldalhoz. Legyen
T

TN =Ty = rh. (25)
(A késsbbiekben emlités nélkiil tobbszor felhasznaljuk, hogy h = T'/N.) Ha-
sonl6 okoskodassal megmutathato, hogy ahhoz, hogy VarSi\J[V hatarértéke

N — oo esetén létezzen, nagyjabol az kell, hogy

1+ 1
log 11 N —ovh, log 1+aN = —oVh (26)

N +ry
teljesiiljon. Az N-edik modellben igy valasztjuk a paramétereket. Belatjuk,
hogy ilyen valasztds mellett a K kotési arta eurdpai call opcié binomialis
modell alapjan szamolt igazsagos ara N — oo esetén a Black—Scholes-édrhoz
konvergél.
A binomialis modellben meghataroztuk az egyértelmii ekvivalens martin-
galmértéket. Ez az volt, mely szerint a részvényar

o 'y —an
N by —ay

63

{eq:r-valaszt}

{eq:ab-valaszt}



valoszintiséggel (14-by)-szeresére ns, 1—p}, valoszintséggel (14-ay)-szeresére,
és az N-1épés soran ezek egymastol fiiggetleniil torténnek. Vagyis a részvény-
ar eloszlasa a Py, EMM szerint

N Y, N-Y] ]‘+bN w N
STN :So(1+bN) N(l—l—aN) N =25 1 (1+CLN) ,
+an

ahol Yy ~ Binom(N,p}). A CRR érazasi formula szerint a K kotési ara
eur6pai call igazsagos ara

($Y — K).

TN

Cn(K) =Ey
BJ,

(27)
Most meghatérozzuk ennek a hatérértékét. A centrélis hatareloszlés-tétel
szerint .
Yy — Npy
Npy(1—py)
ha 0 < liminfy o py < limsupy_,o Py < 1, de majd megmutatjuk, hogy

ez teljesiil, s6t limy_,o piy = 1/2. A fenti formula bal oldalat kialakitva az
Sﬁv—ben,

25 N(0,1), N — o0, (28)

14+ by ™ N 1+ by
1 = Yyl Nlog(1

. { YN — Np}kv
= eXp
Npy(L—py)

1+ by
N pi 1 log(1 .
+ <pN 0g1+aN + log( —|—aN))}

1+ by
1+ ay

Npi (1 = py) log

Latjuk, hogy (28) alapjan a

_ - —  14by o 14by
]\}E%O\/NpN(l—pN)logl_’_aN, és ]Vllian <leog1+aN + log(1 + ay)

hatarértékeket kell meghataroznunk. A (26) formula és a Taylor-sorfejtés
szerint

2
1+by =™ (14 ry) = (1 +ovh+ %h + O(h3/2)> (1+rh)
0.2
=1+oVh+ <7+r> h+O(h*/?),
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igy

2
by = oVh+ (% - 7‘) h 4 O(h%?),

és ugyanigy

= —oVh+ ( —1—7") h+ O(R*?).
Innen kapjuk, hogy
_ N —an . U\/E_ %2h+0(h3/2)
PN =y —an 20Vh + O(h3/2)

1 ovh +O(h)
" 240(h) 4+0(h)

1 o

Rogton latjuk, hogy py — 1/2, tehat (28) valoban teljesiil. A kapott aszimp-
totikdkat visszairva a kérdéses limeszekbe (h = T/N), és felhasznalva a
log(1 4+ 2z) = 2 — 2?/2 + O(z?), x — 0, sorfejtést (az elsérendd sorfejtés
nem elég!), kapjuk hogy

. * % 1+bN _ 3 * * —
A}g};o\/NpN(l—pN) log1+aN —]}glgo\/pN(l—pN)Qaﬁ_aﬁ,

és

. N 1+ by
Nh—I};oN <pN log T a —|—log(1 + CLN))

T 1 o /T / / N-3/2

Mindezt visszairva (27)-be

—00

lim Cy(K)=e "TE* (SOeUﬁZ+T<"U2> — K)
+

— E* <So€aﬁz_§T o e—TTK> ’
J’_

65



ami éppen a Black—Scholes-formulédban kapott ar. Ezzel belattuk, amit akar-
tunk.

Itt persze a hataratmenet jogossagarol hallgattunk. Valojaban van egy
eloszlasbeli konvergenciank, mert (28)-bol kovetkezik a részvényar eloszlas-
beli konvergencidja. Innen a momentumkonvergencia tétel alapjan akkor
kovetkezik a varhato értékek konvergencidja, ha megmutatjuk az egyenletes
integralhatosédgot. Mint méar sokszor, ezt nem bizonyitjuk.

Azt is fontos megemliteni, hogy nemcsak a részvényar lejaratkori eloszlésa
konvergal a Black—Scholes-modellben szerepld lejaratkori eloszlashoz, hanem
az egész folyamat is (tehat mint a [0, 7] intervallumon értelmezett folytonos
fiiggvény) eloszlasban konvergél az exponencialis Brown-mozgashoz. Ennek
igazolasa azonban méar kifinomultabb technikat igényel.

10 Interest rate models

10.1 The general setup

In what follows we are interested in options on bonds instead of stocks.
Therefore, we assume that the stock price B; is also random. The bond price

is given by
t
B, = exp {/ rudu} : (29)
0

where 1y, the interest rate is an adapted stochastic process. The time interval
is [0, T]. The stock price is given by

t t
Sy =Sy + / p(w)S,du + / OuSudW,, (30)
0 0

with some adapted process p and 0. Note that the bond price B, is a stochas-
tic process too, but it is much smoother than the stock price 5, as it is the
exponential of the Lebesgue integral of a stochastic process. In particular,
the path of B; are of bounded variation, while the path of S; are not. (Re-
call that an It6 process is of bounded variation if and only if the stochastic
integral part vanishes.)

We want to find an equivalent martingale measure. For the discounted
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stock price S, = S,/B,

d% —d (Ste_ ls ’”ud“)

t
=e f(f TudSt + St(—rt)e_ f(f Tududt
= gt ((,ut — T’t)dt -+ Utth)
= gtUtth,

where

. t
Wt = / 08d8+m,
0

with , = #=—= Applying Girsanov’s theorem W, is SBM under the measure

9, where
dQy T 1T,
P _exp{_/o edeS—E/O oy

Therefore, under @y the discounted stock price S; is a martingale, i.e. Qy is
an equivalent martingale measure.

We are not interested in the specific form of the underlying risky asset
(Sy) in (30), but we assume that there exists a unique equivalent martingale
measure (that is (S;/B;) is martingale). This will be the only measure on
the probability space, therefore it is denoted by P (instead of Q).

Formally, let (€2, A, (F;), P) be a filtered probability space, (r,) an adapted
stochastic process, and (By) is given by (29). We assume that the risky as-
set (S;) is an adapted stochastic process, such that (S;/B;); is a martingale
under P, and P is the unique such measure.

A zero coupon bond (elemi kotvény) maturing at time 7' is a claim that
pays 1 at time 7. Its value at time ¢ € [0,7] is denoted by P(¢,T), 0 <t <
T<T.

From the pricing theorem we see that the fair price of the zero coupon
bond at time 0 is .

P00, T)=E {B—T] ,
thus at time 0 < ¢ < T

P(t.T) = BE [BiT‘ft] —E {exp {— /tT 'rudu} )]—“t] . (31)
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A term structure model (hozamgdrbe modell) is a mathematical model for
the prices P(t,T).

We are interested in pricing bond options. The fair price at time 0 of a
FEuropean call option with strike price K at expiry date 17 for a zero coupon
bound with expiry date 75, where T, > 17, is given by

Ee™lo' v (P(Ty, Ty) - K) (32)

+-

10.2 Short rate diffusion models

In short rate diffusion models the interest rate r; is given as a solution of a
stochastic differential equation.

10.2.1. Ornstein—Uhlenbeck-folyamat

Tekintsiik az un. Langevin-egyenletet
dY, = —pY,dt + o dW,, Yy fiiggetlen az o(Wy : s > 0) o-algebratol,

ahol > 0, 0 > 0. A homogén egyenlet megoldasa e, és igy differencial-
egyenletek elméletébdl ismert modszer szerint e#'Y; differencialjat tekintjiik.
Ez

d (e“tY;) = e Y, + petY, dt = et o dW,,

amit integralva kapjuk a Langevin-egyenlet megoldéasét

t
Y, =e M (YO +/ e“SUdWS) .
0

Mivel determinisztikus fiiggvény Wiener-folyamat szerinti sztochasztikus in-
tegralja normélis eloszlast, igy

Y, — e,
normalis eloszlasi, varhato értéke és szorasnégyzete

EY, = ¢ " EY,,

0.2

1 — e 24y,
2u( e )

t
E}/;Q — 6—2ut E}/E)Q + 6—2,ut/ 0_2 €2us ds = 6—2ut E}/E)Q +
0
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Innen latjuk, hogy Y; eloszlasban konvergél egy N(0,02/(2u)) eloszlashoz,
amint ¢ — co. Ez adja az 6tletet, hogy valasszuk az Yy kezdeti értéket ilyen
eloszlastinak. Ezzel a kezdeti eloszlassal

0.2
Y, ~N —
t (07 2,u> )

és (Y;) egy Gauss-folyamat. Meghatarozzuk a kovarianciafiiggvényét, ahon-
nan latjuk, hogy (Y;) egy stacionarius Gauss-folyamat.
Vegyiik észre, hogy az

t
Y,=e ™ <Y0 + / o et qu)
0

elgallitas alapjan
t
Y, — e M9y, = e‘“t/ oeldW,, t > s, (33) {eq:ou-fgt}

ami fiiggetlen a (W, : u < s) o-algebratol. Ezért

Cov(Y,,Y,) =EY)Y, =E (Yt _ e—u(t—s)ys + e—u(t—s)ys) Y,

2
— e Ht-) Y2 = O —nlt=s)

24

Y

ami csak a t— s kiilonbségtdl fiigg, azaz az (Y;) folyamat valoban stacionarius.
A (33) formulabol levezetjiik, hogy az (Y;) folyamat Markov-folyamat,

majd meghatarozzuk az atmenetstriségeket is. Valoban, ha A € B(R),
akkor

P{Y, € AlY, :u<s,Y; =z}

=P{Y, - e MY e A — 6_“(t_s)x|Yu cu<s Y, =ux}

=P{Y, —e "9y, € A— et
Az Y, — e M1=9)Y, valtozd 0 varhato értékd normalis eloszlast, melynek szo-
rasnégyzete (33) alapjan

2

E (yt _ e*“(t*S)YS)Q — 2t /t 2ot dy — ‘27_ (1 - €f2u(tfs)) .
s H
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Ebbdl kévetkezik s helyére 0-t helyettesitve, hogy

2

. ~ N —put 0_1_ —2ut
) ~ N (e, (1)),

vagyis az atmenetsiirtiségek

Az (Y;) folytonos trajektoriaju stacionarius Markov-folyamatot Ornstein—
Uhlenbeck-folyamatnak (OU) nevezziikk. Megmutathato, hogy az OU-folya-
mat az egyetlen ilyen tulajdonsigu folyamat.

Veégiil felirjuk a Kolmogorov-egyenleteket az atmenetstirtiségekre. A Kol-
mogorov-hatra egyenlet

0 0 o2 9?2
apt(y\w) = —/wc%pt(y!fﬂ) + 7@/%@!%),

alakt. Ezt az egyenletet Fokker—Planck-egyenletnek nevezik. Az el6re egyen-

let pedig
2 92

0 0 o
apt(ylx) =3 (—pype(ylz)) + ga—yzpt(ykc)

10.2.2 Vasicek model

For rg,a,b, o given positive numbers let r; is given by the stochastic differ-
ential equation

dry = a(b —ry)dt + odW;, (34)

where W; is a standard Brownian motion. Thus r; is a translated Ornstein—
Uhlenbeck process. Indeed, X; = r; — b satisfies

dXt = th = —aXtdt + O'dm,

t
X, =e (XO +/ e“sadWs> ,
0
t
r,=b+4+e <r0 —b+ / e“sadWs> )
0
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Thus r; is normally distributed for any fixed ¢ with mean
Er, =b+e “(rg —b)

and variance )

Var(r;) = g—a(l — 720,

This implies that r; can take arbitrarily large negative values, which is not
very realistic.
Now we determine the distribution of P(¢,7"). By (31)

P(t,T) = E {exp {— /t ' Tudu} ‘ft}
_ Hrog {exp {— / ' Xudu} H ,

where X; = r; — b as above. Since X; is a Markov process, we have that

T—t

P(t,T) = e " YEexp {— )?udu} , (35) {eq:vasicek-pt}

0
where X is the solution to the Langevin equation
d)?s = —a)?s + odW, )A(:Q =x9=1; — b. (36) {eq:vasicek-initia

Therefore, we need to determine the distribution of

t ~
/ X, du.
0

We have seen that (X,) is a continuous Gaussian process, therefore its inte-
gral is Gaussian too. Since EX, = e %z, we have

t t 2
E/ X, du = xo/ e "du = —(1 —e ™).
0 0

a
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Furthermore, for t > s

t s
Cov (X, X;) = Eeat/ ae‘deue“s/ oe®™dW,
0 0

S 2
— 0,267a(t+s)E (/ eauqu>
0

s
_ O_2€a(t+s)/ 62audu
0

0.2

— Z —a(t+s) (L2as _
2a6 (e 1) .

Therefore

Var(/ot)N(udu): ov(/ /Xdu)

—E [ (X, - EX,) / (X, — EX,)dv

0 0

/0 /0 E(X )()?v — E)?v)dudv

:/ Cov( XU,X Ydudv
0o Jo

2/ Cov()N(u,)N(U)dudv
0 Jo

2/ / U —a(u+v) 2au _ 1) dUdU
0 0

2

T 243 (

Thus we have the expectation and variance of the Gaussian random variable
[y X,du. Since Ee'@Z+0) = /24 for 7 ~ N(0,1), we have

~ 2
Eexp {/ Xudu} = exp {—@(1 —e ) + _3 (mg — 34 4de W — e2at)} '
0 a 4a

Substituting back into (35) and using the initial condition (36), we obtain
Tt — b
a

at — 3+ 4e™ 2’”)

(1 . e—a(T—t))

P(t,T) = exp{ T —t) -

g —a(T— —2a(T—
+@(a(T—t)—3+4e (T=t) _ g=2a( t))}.
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The fair price of a European call option with strike price K at T; for a
zero coupon bond with expiry T5 > T} is

C(K;Thi,Ty) = Ee™ Jo' re (P(Th,T2) — K) (37)

L
Since P(T1,T3) is determined by 71, to evaluate the latter integral we need

the joint distribution of fOTl rdt and rp,. They are jointly Gaussian, and
their covariance is

t t
Cov </ rudu,rt) —/ Cov(ry,r)du
0 0

_ t0-2 —a(t+u) [ 2au

—/0 55 (e** — 1)du
0.2

— ﬁ(l - 267at 4 e*Qat)

Therefore, the fair price in (37) is
C(K7 ) T17 TQ)

=Ee Y <exp{ — (T, —T1) — V- b(l — e~aT=Th))
a

0.2
-+

F (a<T2 _ Tl) — 34+ 4e—a(T2—T1) _ €—2a(T2—T1)) } _ K) ’
a

+

where (U,V) is a two dimensional normal random vector with covariance
matrix

2a2
2

;?(1 _ 2efaT1 + 672aT1) 0_(1 _ eanTl)‘

(% (aT1 — 3+ 4e 9 — e‘QaTl) C’—2(1 — 2e7h e_Q“Tl))
2
2a

The main point here is that there exists an explicit formula, which can
be computed numerically easily.

10.2.3 Hull-White model

This is a simple generalization of the Vasicek model, where we allow the pa-
rameters to be time dependent. Assume that for some deterministic functions
a,b, and o

dry = (a(t) — b(t)r,)dt + o(t)dW;, ro =19 > 0. (38)
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Then the solution is

1) = ¢ B0 ( ' B(u) d ' B(u) qu) )
r(t)=e r0+/0 e’ a(u) u+/0 e’ Wa(u)
where 3(t) = fot b(u)du.

10.2.4 Cox—Ingersoll-Ross model

In the Vasicek and the Hull-White model the distribution of r; is normal
for any t, therefore it can take any large negative number, which is not so
realistic. In the following model r; is nonnegative.

First consider n independent Ornstein—Uhlenbeck processes, that is

1
dX(1) = —aXi(t)dt + %dWi(t), i=1,2,...,n,
where W1, ..., W, are independent standard Brownian motions. Then
Xi(t) =e 2! (XZ-(O) + 5/ e2SdWi(s)) :
0

Put
re=X7(t) + ...+ X2(t).

Using the multivariate version of It6’s formula
dr, = ; 2X,()dX;(t) + ; St

L 2
— —ardi + 0> X, (H)dWi(t) + n%dt

=1

_ (”T"Q - m«t) at + ami X;) AW ().

The process

Wt:;/o )%>dm(u>
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is a continuous martingale, such that

t n t 2
Wf:2/ Wuqu+Z/ Xilw)y,
0 iz /o Tu
t
=2 / W, dW, +t,
0

which means that W2 — t is a martingale too. Therefore, by Lévy’s charac-
terization of the Wiener process we obtain that W; is a SBM. Substituting
back we have

710'2
d'f’t = (T — Oé?"t) dt + O'\/Ftth

with W; SBM. This is the definition of the Cox—Ingersoll-Ross (CIR) process.
The CIR process with parameters a > 0, b > 0, ¢ > 0 is the solution of
the stochastic differential equation

dry = (@ — bry)dt + o/r dW,. (39)

Note that existence and uniqueness result for SDE’s does not apply here,
because the function 1/ is not Lipschitz at 0. However, it can be shown that
a unique strictly positive solution exist for a > ¢%/2. We have seen this for
a=no?/4.

We have seen that at determining the fair price of a European call we
need the joint distribution of (r, fot rodu). The joint Laplace transform of
the vector can be determined explicitly. We state the following result without
proof.

Theorem 21. For any u >0, v >0

t
EeXp {_u‘?ﬂt - 'U/ rsds} = 6_a¢uwv(t)_r0wu,v(t)’
0

where

) 2yet(b+7)/2
Pun(t) = ——log | — ¢ ¢
o o?u(et —1)+~v—b+et(y+0b)
bualt) = u(y +b) + e (y —b) +20(e" — 1)
G oy(ent — 1) +y —b+ert(y+b)

where v = v/b? + 202%v.
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Therefore, using the result above and the Markov property the value of
the zero coupon bound

P(t,T)=E [e* ST rydu

7
S ICROR
= exp{—ago (" —t) — rebo (T — )}

The price of a European call option with strike price K at T for a zero
coupon bound with expiry Ty > T}

C(KaThTQ)
=E [e_fo v (exp {—ado 1 (To — T1) — rrytbor (Te — Th)} — K),|.

This is not an explicit formula, but we now the joint Laplace transform of
the vector ( f0T1 rodu, rr, ), therefore it is numerically computable.

10.3 The Heath—Jarrow—Morton model
10.3.1 Forward rate

Assume that at time ¢ we buy one zero coupon bond with expiry 7" and short
sell P(¢,T)/P(t,T + ) unit zero coupon bond with expiry 7"+ . The value
of this portfolio at ¢

P(t,T)
P(t, T +¢)
so it costs nothing. What happens is that at time 7" we borrow 1 dollar, and

we have to pay P(t,T)/P(t,T +¢) at time T'+ €. Therefore the interest rate
we pay at time T'is R(t,T,T + ¢)

P(t7T) _ eeR(t,T,T+5)

P(t,T) - P(t.T +¢) =0,

P(t, T +¢) ’
that is 1
R(t, T, T+¢)= - (log P(t,T +¢) —log P(t,T)) .
Thus the instantaneous forward interest rate at time 71" calculated at time ¢,
called forward rate is

: 0
ft,7T)= 1511(1)1 R(t,T.T +¢) = ~5T log P(t,T). (40)
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Intuitively, it is clear that at time ¢ we predict the interest at time ¢ to
equal the short rate 7y, that is r, = f(¢,t). In what follows we prove this

statement.
{lemma:forward-sho

Lemma 11. For any t € [0, T]

f(t,t) = Tt.
Proof. As log P(t,t) =0
T o T
log P(t,T) = 8_TlOg P(t,u)du = —/ f(t,u)du,
t t
we obtain .,
P(t,T) = e~ Ji Jltwdu, (41) {eq:P-f}
Differentiating
0
—P(t,T)=—f(t,T)P(t,T
S=P(LT) = — (1 T)P(LT),
which at t =T 5
—P(t,T = —f(¢,1
GEP D) =it

On the other hand, differentiating

P(t, T) =E |:ei ftT rudu E:|
we obtain
0 ffTr du
a—TP(t,T) =E [—TTe v .7-}}
which at T'=t¢ 9
——PtT‘ —
oT (t.T) T—t Tt
and the statement follows. O]

10.3.2 The Heath—Jarrow—Morton model

The Heath—Jarrow-Morton (HJM) model describes the dynamic of the for-
ward rate f(t,7) with the SDE

df(t,T) = a(t, T)dt + o(t, T)dW,, (42)  {eq:HIM}
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which holds for every 0 <t < T < T, where a and ¢ are adapted processes.
Note that the model has two time scales. In the followings we determine
the necessary conditions on o and 0. We have

d (— /tTf(t,u)du) _ f(t,t)dt—/tT(df(t,u))du

T

= rudt — / (a(t,u)dt + o(t,u)dW;)du
t

= Ttdt —a (t, T)dt — O'*(t, T)th,

where . .
a*(t,T) = / a(t,u)du, o*(t,T) = / o(t,u)du.
t t

Here we use a stochastic version of Fubini’s theorem, which we did not even
formulate. Put

X, =log P(t,t) = — /Tf(t,u)du.
Then the above calculation gives t
dX; = (re — ™ (¢, 7))dt — o™ (¢, T)dW,.
Thus
dP(t,T) = e* (rt —a*(t,T) + %a* (t, T)Q) dt — e*to*(t, T)dW,

— PT) Kn — o T) + %a*(t, T)?) dt — o* (1, T)dW, | .

Under the equivalent martingale measure the discounted value process of
a zero coupon bond

¢~ Joredup(y, T)

is a martingale. Since

d (e— Jg rude py, T)) — e~ ordud P, T) — piem e p(r, Tt

¢ 1
— o hrdup(g ) K—a*(t,T) n 50*(t,T)2) dt — o™ (t, T)dW, | ,
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which is martingale if and only if for any 0 <t < T < T
* ]' * 2
« (t, T) = 50' (t, T) .

Substituting back the definition of a* and o*, after differentiation we obtain
that

T
a(t,T) = o(t, T) / o (¢, u)du. (43)
0
We proved the following.

Theorem 22. If the HIM model is determined by the SDE (42) then neces-
sarily (43) holds.
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