ami éppen a Black—Scholes-formulaban kapott ar. Ezzel belattuk, amit akar-
tunk.

Itt persze a hataratmenet jogossiagéarol hallgattunk. Val6jaban van egy
eloszlasbeli konvergenciank, mert (28)-bol kovetkezik a részvényar eloszléas-
beli konvergencidja. Innen a momentumkonvergencia tétel alapjan akkor
kovetkezik a varhato értékek konvergencidja, ha megmutatjuk az egyenletes
integralhatésagot. Mint mar sokszor, ezt nem bizonyitjuk.

Azt is fontos megemliteni, hogy nemcsak a részvényar lejaratkori eloszlasa
konvergal a Black—Scholes-modellben szerepld lejaratkori eloszléashoz, hanem
az egész folyamat is (tehat mint a [0, 7 intervallumon értelmezett folytonos
fliggvény) eloszlasban konvergal az exponencialis Brown-mozgéshoz. Ennek
igazolasa azonban mar kifinomultabb technikéit igényel.

10 Interest rate models

1
10.1 The general setup 5 =€ deherivicitib
In what follows we are interested in options on bonds instead of stocks.

Therefore, we assume that the stock price B; is also random. The bond price -
is given by pec.s g ET

t
B; = exp {/ rudu} , (29) {eq:bond}
0

where 1, the interest rate is an adapted stochastic process. The time interval

is [0, 7]. The stock price is given by 0!6% = M5 d ) ”NZ/

t t
S, =5y +/ ,u(u)Sudu—i—/ 0uSudW,,, (30) {eq:stock}
0 M“ 0 <
with some adapted process u and o. Note that the bond price B, is a stochas- 5 Y du
tic process too, but it is much smoother than the stock price S;, as it is the 9/
exponential of the Lebesgue integral of a stochastic process. In particular, d# /,émw
the path of B; are of bounded variation, while the path of S; are not. (Re-
call that an It6 process is of bounded variation if and only if the stochastic W’Z//VM
integral part vanishes.)
We want to find an equivalent martingale measure. For the discounted
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stock price S; = S,/ B,

a2t —q (e Jo )

B, -
t AW + -
=e o “{\dSt + Si(—ry)e” Jorudugy = 6} gé ' (/4{ 0« +6:0”—{ e %
= ?t ((:U‘t — Tt)dt + thWt)
= gtUtd/ViZt’

where N 0(5‘2 g\;g o{([{Z

t
W= [ odsw, o
0 5-5 = f %, o/W
with 05 = £+, Applying Girsanov’s theorem W, is SBM under the measure L\J

g, where M«\L(?
dQy 1 2
P exp{ / 0,dW, 5 /0 0 ds}

Therefore, under Qg the discounted stock price S; is a martingale, i.e. Qg is
an equivalent martingale measure.
We are not interested in the specific form of the underlying risky asset
(Sy) in (30), but we assume that there exists a unique equivalent martingale
measure (that is (S;/B;) is martingale). This will be the only measure on
the probability space, therefore it is denoted by P (instead of Qy).
Formally, let (€2, A, (F;), P) be a filtered probability space, (r,) an adapted
stochastic process, and (B;) is given by (29). We assume that the risky as-
set (S;) is an adapted stochastic process, such that (S;/B;); is a martingale - [ 19, ﬂ
under P, and P is the unique such measure. ? )
A zero coupon bonm kotvény) maturing at time 7" is a claim that ¢y < T< T
pays 1 at time 7. Its value at time ¢ € [0, 7] is denoted by P@ 7),0<t<

T< T wﬂ
From the pricing theorem we see that the fair price of the Zero coupon
bond at time 0 is § Svddelsy |~6a,.
Br E[ — ] Aymesugr 47
thus at time 0 <t <T Br a 0. ¢
eum o
1 T
P(t,T) = B.E [B } =E [exp {—/ rudu} t] : (31) {eq:P(tT)}
T t
AN
o
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\ A term structure model (hozamgirbe modell) is a mathematical model for
the prices P(t,T).

We are interested in pricing bond options. The fair price at time 0 of a
European call option with strike price K at expiry date T} for a zero coupon
bound with expir date Ty, where Ty > T, is given b

p y 2 2 1,188 XK d,,(u‘brm {.ov_a

/

B

i ad |
Ee Jo v (P(Tl,Tg)—K)+.

Tolgoily el Gl n Tl
10.2 Short rate diffusion models

(32) {eq:bond-calleu}

In short rate diffusion models the interest rate r; is given as a solution of a
stochastic differential equation.

- Y - MY
10.2.1. Ornstein—Uhlenbeck-folyamat ;_°> i $¢|
Tekintsiik az Gn. Langevin-egyenletet (d@ SEM Yﬁ 0 Ye
.
dY, = —pY, dt + o dW,, Y, fliggetlen az o(W; : s > 0) o-algebratol, dedemactin gro
1
ahol p1 > 0, 0 > 0. A homogén egyenlet megoldasa e™**, és {gy differencial- [ Y/ = -p \4
egyenletek elméletébdl ismert modszer szerint e#'Y, differencialjat tekintjiik.
Ez _M\/A\#ar e %= e Ht

d 'S' “tY = e“t dY;, + u e“th dt = e o dW, b ,
Yy v, - ¢ PLAPEV) -Me >7.{+eﬂ(¥
amit integralva kapJuk a Langevm—egyenlet megoldésat y L
1%y
Y, =e " (Y, -
t < 0 ){_ ye /j{

Mivel determinisztikus fiiggvény Wiener-folyamat szerinti sztochasztikus in-
tegralja normalis eloszlasu, igy 4
=4 (
Y — e, §g/s)ow - f() )

normaélis eloszlast, varhato értéke és szorasnégyzete Wene I"‘Wj@t. héméhm-?w
/]
=
EYt:e’“tEYo,g O + =20 A
¢ o2 o W) 5. e
E}/tZ _ 672/% E)/OQ 4 62;1,15/ 2 2/19 ds = 72;Lt E}/OQ 4 (1 _ 672/%). e /s,
0

g st i i )

AV
ST, - ) e
SR ORTY)
arE S 4)19)- S04y
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T (Z:q Y&)z § CZ?.(DZ(Vc) é?g(‘?:; —g.- U/O)é*f(q) /

{>1

Sl o Yo {"“W}‘&“ A 7 2
z v lim g‘(/)_gdwv),@

w20b
|3
9
E \\/Q 7 Qem]% bt iy
Jg»b Innen latjuk, hogy Y; eloszlasban konvergal egy N(0,02/(2u)) eloszlashoz,

amint ¢ — oco. Ez adja az otletet, hogy valasszuk az Yy kezdeti értéket ilyen
eloszlastnak. Ezzel a kezdeti eloszlassal

2
Y, ~N (0, —
' <2u>

és (Y;) egy Gauss-folyamat. Meghatarozzuk a kovarianciafiiggvényét, ahon
nan latjuk, hogy (Y;) egy stacionarius Gauss-folyamat.

Vegylik észre, hogy az {) ¢ y_ e‘,u{ tps y .

Y, = et <y0 /ae“ dW) s e (\g I‘ee’"oﬂé *\{—fce”:/dﬂ/

elsallitas alapjan \/ gt <\/ + ‘C: et M/) .y M fg Qlwo{lly

t
Y, — e *9)y, = e_“t/ oetdW,, t > s, (33) {eq:ou-fgt}
. e L, L ~ /- ..el&v’,l\
ami fiiggetlen a o(W,, : u < s) o-algebratol. Ezgrt y 1! N/’:ﬂ 0 Y
- . ‘fiL L
Cov(Y;,Y,) = HY,Y)= E {Yt ey, 4 ey, Y]
2 @%
B U S)EY;Q — —e —p(t— S)’
24 I\F
ami csak a t— s kiilonbsegtél fligg, azaz az (Y;) folyamat valéban stacionérius. t

A (33) formulabdl levezetjiik, hogy az (Y;) folyamat Markov-folyamat,
majd meghatarozzuk az atmenetstrtiségeket is. Valoéban, ha A € B(R),

akkor A—b {a‘_k | aéﬂ]
P{Y, e AlY, :u <s,Y; =z} .
=P{Y,—e MY, c A—e M2V, cu < s5,Y, = 1} <

—P{Y, — e MY, ¢ A— om0, a—ﬁw
a 4
Az Y, — e Mt=9)Y, valtozo 0 varhato értékd normalis eloszlast, melynek szo-
rasnégyzete (33) alapjan

2

t
E (Y;/ —e —p(t— S)Y'S)2 eQ,u,t/ P e?;ntdu ;7 (1 . 672#678)) '

EKH(W x = [ as M



Ebbdl kovetkezik s helyére 0-t helyettesitve, hogy

2
pe(lx) ~ N <e“t:b 7 (1 — 62/Lt)>
) 2M )

vagyis az atmenetstirtiségek

_ e Gy et
plylr) = wo?(1 — e=21) exp{ o2(1—e2mt) |~

Az (Y;) folytonos trajektoriaju stacionarius Markov-folyamatot Ornstein—
Uhlenbeck-folyamatnak (OU) nevezziik. Megmutathato, hogy az OU-folya-
mat az egyetlen ilyen tulajdonsagi folyamat.

Végiil felirjuk a Kolmogorov-egyenleteket az atmenetstriségekre. A Kol-
mogorov-hatra egyenlet

0 0 o2 0?
aﬂt(y\ﬂf) = —/M%Pt(y’@ + 5@m(y!w),

alaki. Ezt az egyenletet Fokker—Planck-egyenletnek nevezik. Az el6re egyen-
let pedig

s, 9, o? 0?
FPlr) = ~ay (—rype(ylz)) + Qaygpl(y!w)-
£% o, ol
10.2.2 Vasicek model %-(: = e °

For 1y, a,b, o given positive numbers let r; is given by the stochastic differ-
ential equation
dry = a(b — ry)dt + odWy, (34) {eq:vasicek}

where W, is a standard Brownian motion. Thus r; is a translated Ornstein—

Uhlenbeck process. Indeed, X; = r; — b satisfies WW
dXt = th = —aXtdt + Uth, 6
thus . %_
X, =e (XO +/ e“sade) ,
0

from which .
rp=b4+e <r0 —b+ / e‘”adWs> .
0
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Thus r; is normally distributed for any fixed ¢ with mean
Ery=b+e “(rg—b)

and variance )

Var(r;) = %(1 _ e72aty,

This implies that r; can take arbitrarily large negative values, which is not
very realistic.
Now we determine the distribution of P(¢,T). By (31)

’ V\a/h":sa\p - 1w
Pt,T)=E [exp{—/t rudu} ’.Ft] \/ %WW‘LW ey
T
= ¢ TR [exp {—é Xudu} ft} )

where X; = r; — b as above. Since X; is a Markov process, we have that

T—t
P(t,T)= e PTOE exp {— Xudu} , (35) {eq:vasicek-pt}
0

where X is the solution to the Langevin equation V‘(}ﬂ&,\

d)~(s = fa)zs + odWj, )ZO =9 :rrjt - b'i (36) {eq:vasicek-initia
Therefore, we need to determine the distribution of ><>"fc; ~b

/0 )N(udu. qu/mdu _ L Srvill/f/

fe) A ) Ro200 (=

We have seen that (X,,) is a continuous Gaussian process, there§ore its inte-
gral is Gaussian too. Since EX, = e *x(, we have
5y, B t 0
E/ X, du = xo/ e du = (1 — e ™).
\ 0 N 0 a
V b

S
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Furthermore, for ¢ > s 0

t
Cov(X;, Xy) —Ee”t/ oe™dW,e” “S/ oe™dW,
0 0

s 2
_ 0.267a(t+5)E (/ eauqu>
0

_ UZe—a(t—i-s) / e?audu
0
0.2
_ 76—a(t+s) (eQas _ 1) )

Therefore

t t t
Var </ Xudu> = Cov / X, du, Xudu>
0 0 0

J, B
t t . "
= / / Cov(X,, X,)dudv
o Jo
t v ~ -
= 2/ / Cov(X,, X,)dudv
— / / —a(u+v) 2au _ 1) dudv

23(at—3—|—4e ezat)

Thus we have the expectation and variance of the Gaussian random variable
[y Xudu. Since Eel07+0) = a*?/2+% for 7~ N(0,1), we have

b o2
EeXp {/ Xudu} - eXp {—%(1 — _at) + PR (at — 3 + 4€_at e Qat)} )
0 a 4a3 y
g - {
Substituting back into (35) and using the initial condition (36), we obtain

ool B oo \M-“\(Pwl
P(t,T) = exp { (T —1) —@(1 — e_“(T_t))

0.2

+ 15 (a(T —t) — 3 + de T — ¢72a(I0) }
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