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Joint work with Danijel Grahovac (Osijek).
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Motivation

Classical Ornstein-Uhlenbeck
Langevin equation:

dX; = —uXtdt + dW;

t
X; = e Mxy +/ e M=) q W,
0

stationary version:
t
X = / e =9

stationary Gaussian process
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Motivation

Lévy driven OU

dX; = —pXedt + dL,
t
X = / e M=S)dL

flexible tail behavior, self-decomposable distribution
generalized OU process: Maller, Lindner, Behme

Lévy driven supOU processes
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Motivation

Lévy driven OU

dXt = —/JXtdt + st

t
X, = / RGO

flexible tail behavior, self-decomposable distribution
generalized OU process: Maller, Lindner, Behme
Covariance function:

p(t) = e He.
flexible covariance structure?
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Motivation

superposition of OU processes

Barndorff-Nielsen (2000) (turbulence, financial data):

X(t) = / / e (=) \(dx, ds),
(0,00) x (—00,f]

where A is a Lévy basis.
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Motivation

superposition of OU processes

Barndorff-Nielsen (2000) (turbulence, financial data):

X(t) = / / e (=) \(dx, ds),
(0,00) % (—00,t]

where A is a Lévy basis.

Barndorff-Nielsen, Espen Benth, Veraart (ambit);
Barndorff-Nielsen, Stelzer (multivariate), Fasen, Klippelberg
(extremes), Grahovac, Leonenko, Tagqu (limit theorems), . ..

Lévy driven supOU processes University of Szeged




SupOU processes Path properties of supOU Integrated supOU Almost sure growth rate
0000000 0000 000
000 0006060 0000000 000060

Motivation

Lévy basis

Lévy basis (infinitely divisible independently scattered random
measure)

A(dx,ds) = /

z(p — v)(dx,ds,dz) + / zp(dx,ds,dz),
(0,1]

1 700)

w is a Poisson random measure with intensity
v(dx,ds,dz) = w(dx)dsA(dz),

\is a Lévy measure, m is a measure such that [ x~'7(dx) < oo.
Integration theory: Rajput & Rosinski (1989)
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Motivation

supOU

MO://QWFWQSQMMAQ

> existence: [ x~'m(dx) < oo, [iy ) log ZA(dz) < oo;
» strictly stationary
» covariance function:

p(t) = / x e r(dx)

» tail - \, dependence - 7
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Motivation

supOU - short-range vs long-range dependence

o(t) = / X~ e r(dx)
If 7(dx) = x*dx, then p(t) ~ t~.

short-range dependence:

/0 h p(t)dt < oo = / x"27(dx) < oo.
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Properties

Marginals - Lévy driven OU

X(t) = / / e X(=9)A(dx, ds)
(0700) X (_Ooat)

Ee?X() — exp {iGA -I-/ (ewy —1—i0yl(y < 1)) n(dy)} )
(0,00)

where

n(B) = m_q(m)Leb x X ({(u,z) : e Yz € B})
Note: doesn’t depend on =
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Properties

: :

7(r) = n((r, o)) = / / I(e Yz > r)duA(dz)

- / log £ A(dz) = / MN2)y,
(r,00) r r z

EX(1)7 < ooiff [(4 .0y 27Md2) < 0.
Lemma (Fasen, Klippelberg (2007))
A€ RV_, iffy € RV_,, and

7(r) ~ %X(r), r— oo.
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Cadlag and non-cadlag path

Proposition (Grahovac & K 2025)
Assume that f(071] z\(dz) < co. If my() = 7((0, 00)) = oo, then

sup X(t) >sup{z: \(z2) > 0}.
te[0,1]

In particular, if the jump sizes are unbounded, then

sup X(f) =00 a.s.
te[0,1]

Maejima (1983): linear fractional stable motion
Chong, Dalang, Humeau (2019): SHE with Lévy noise
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Cadlag and non-cadlag path

Proof
X(t) = / / eI (ax,ds) = Y e s,
ko <t
thus
sup X(t) > sup{¢x : 7« € [0,1]}.
te[0,1]
Since

7 x Leb ({(x,8): 0 < s < 1}) = 7((0, 00)) = o0,

there are infinitely many k’s such that 74 < 1. The
corresponding (x’s are independent, thus the result follows.

Lévy driven supOU processes University of Szeged




SupOU processes Path properties of supOU Integrated supOU Almost sure growth rate
0000000 000@ 000
000 00000 0000000 00000

Cadlag and non-cadlag path

Cadlag paths

Work in progress: conditions for cadlag path for process of the
form

X(t) = /f(x,t— S)A(dx, ds).

Theorem (Grahovac & K & Sauri 2025+)

Let X(t) be a supOU process and = a probability measure such
that [i; .y X*m(dx) < oo for some ¢ > 0. Then X has a cadlag
modification.

For symmetric a-stable jump measure A with a € (1,2), the
existence of a cadlag modification was obtained by
Basse-O’Connor 2020.
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Almost sure growth rate

Growth rate

Theorem
Assume that [, 1 ZA(dz) < oo and mo(m) < oo.

o - X
/1 NI = 0 = lmsup 72 > K as

/00 (A(LF(t)) +m(LE(1))) dt < 0o => limsup @ <2L as.
1 t—oo (1)
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Almost sure growth rate

Heavy tails

Corollary
Assume that [, 1 ZA(dz) < oo, mo(r) < oo, A € RV. Then

. X(1)
msue )

=0 or oo, as / Af(t))dt < 00 or = oo.
1

In particular, if A € RV_,, then almost surely

lim sup;_, o % =0fora>1/yand limsup;_, % = oo for

a<1/y.
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Almost sure growth rate

Exponential tails

Corollary

Assume that f(o 1 zA\(dz) < oo, my(m) < oo, and that for some
0<c<d<x

/ e \(dz) < oo, e“2\(dz) = oc.
(1,00) (1,00)
Then

1 . X(t) 2

— < limsup < - as

c t—oo logl — C

Lévy driven supOU processes University of Szeged
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| Almost sure growth rate |
Bounded support

Theorem (Grahovac & K 2025)

Assume [ 1 ZM(dz) < oo, inf{y : A(y) = 0} < o0, and

mo () < oo. Then

. log log t
0 < limsup ———X(t) < oc.
t—o0 |Og t
| Lévy driven supOU processes University of Szeged |
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Limit results

Integrated supOU

Consider the integrated process
t
X*(t) = / X(u)du
0
= // x (1 — e ) e*A\(dx, ds)
(0,00) x (—0,0]
+ // x1(1 — e X=9))(t > s)A(dx, ds)
(0,00)2

=: Xi(t)+Xj‘;(t)=/ fi(x, s)A(dx, ds)
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Limit results

Lemma (Barndorff-Nielsen, 2001)
X*(t) is infinitely divisible

E? (1) — exp {iAe +/ (% —1 —igyl(y < 1))77?((1}’)} ;
(0,00)

where
ni(B) =v({(x,s,2): fi(x,8)z € B}).

Furthermore,

Z — Xr

ﬁt(")=/(0 )X_17T(dx)/oi A(2) 1 dz.

1—e—xt

: :
Lévy driven supOU processes University of Szeged




SupOU processes Path properties of supOU Integrated supOU Almost sure growth rate
Q000000 Q000 Q00
000 00000 9000000 00000

Distributional limits

Outline

Integrated supOU

Distributional limits
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Distributional limits

m(dx) = x“dx.
A the jump measure

Limit theorems for X*: Grahovac, Leonenko, Taqqu (2019,
2020)
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Distributional limits

Variance

e —1 4 xt
3

Var(X*(t)) = m2(>\)/

(0,00)

m(dx),

thus if m_o(m) = [;° x2m(dx) < oo, then as t — oo

Var(X*(t)) ~ tma(A)m_o(m).
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Distributional limits

Finite variance - [ z2\(dz) < oo, GLT19

m(dx) = x*dx, \((2,1)) ~z78
> If o> 1
T-1/2x*(T.) % sBMm,

» If o € (0,1) and A has Gaussian part

T-0-/2) x*(T.) % fractional BMH = 1 — a/2,
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Distributional limits

Finite variance - [ z2\(dz) < oo, GLT19
n(dx) = x¥dx, \((z,1)) ~ 278
» If a € (0,1), no Gaussian part, Sgg < 1+ «

T/ x+(T) 9 1 () (1 + «)-stable Lévy

» If « €(0,1), no Gaussian part, 1 + a <
(A((x,00)) ~ x7, x = 0)

T-0-2/8)x*(T.)% 7(.) B-stable, not independent increments

limit process Z appears in Puplinskaite, Surgailis (2010) -
aggregation of AR(1), Barczy, Nedényi, Pap (2017-21):
aggregation of Galton—Watson processes
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Distributional limits

Infinite variance, GLT20

n(dx) = x*dx, A\((2,1)) ~ z7%, X(2) ~ z77, no Gaussian
component.

> lfy<1+a
T1X(T) S L), +-stable Lévy
> lfy>1+a,<1+a
T-1/(+e)x (T 9 () (1 + a)-stable Lévy
> liy>1+a,1+a<B(M(x,0)~x? x—0)

T-(=a/D) x*(T") dd Z(:) p-stable, not independent increments
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:
Distributional limits

Infinite variance, GLT20

7(dx) = x*dx, A\((2,1)) ~ 278, X(2) ~ z77, Gaussian
component.

> lfa>1,orae(0,1)andy <2/(2 — a),
TV X (T) S L (), +-stable Lévy
» Ifae(0,1)andy > 2/(2 — )

T (=02 x(T) W Bm, H=1— /2
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Finite variation
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Finite variation
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Finite variation

Gaussian case

Theorem (Grahovac & K 2025)
p=0,If [ x~27(dx) < oo, then

limsu X0 =
p =
t—o0 \/me_g(ﬂ')t log log t

If = has a density p, p(x) ~ al(x~")x®, a € (0,1), then

limsu X (D) =1
p — =1 as.
t—oo Gl(t)2t'"2/2loglog t
~2 r1+o)
where 6< = b—(2—a)(1—a)'

Consequence of LIL for Gaussian processes (Orey, 1972)
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Finite variation

Finite variation

Theorem (Grahovac & K 2025)
Assume f|z|§1 |z|\(dz) < oo. If for some v € (0, 2)

/ / X—H(IZI > X)m(dx)A(dz) < oo, (+)
(0,00)xR

then
. XH(t) = I(y > 1)EX*(1)
lim
t—o0 1/
If (%) holds for~v = 2, then

=0 a.s.

, | X*(t) — EX*(1)]
I = +/VarX*(1 .S.
I?lsol:,p 2tloglog t arx:(1) as
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Finite variation
Marcinkiewicz—Zygmund SLLN
X, X1, Xo, ... iid, E|X|" < 00, v € (0,2) then
1
W(S" —nE(X)I(y>1)) =0
| Lévy driven supOU processes University of Szeged |
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Finite variation

Main idea

(&k, Tk, Ck) the points of the Poisson random measure .

=3 % (1 _ e—ﬁk(t—fk)>

k:mx€[0,t)

= > de Y e - k()

kereel0,) K kereelo,t)

=3 2—2(1 e

k:1 <0
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Finite variation

Main term - subordinator

Lemma
Assume

// <E)7]I(z > X)m(dx)A\(dz) < oo.
(0,00)2 X
Then for Iy (t) = 32, c (0.4 Gi/éi

lim t=1/7 (h(t) = I(y > 1)tmy(\)m_4(7)) =0 a.s.

t—o0

Ifv = 2 then the LIL holds, i.e.

im sup (1) __gz)f;l'sf(”)’ — Nar(h(1)).
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Infinite variation

Outline

Almost sure growth rate

Infinite variation

Lévy driven supOU processes University of Szeged




e
SupOU processes Path properties of supOU Integrated supOU Almost sure growth rate
Q000000 Q000 Q00 Q0 o]

000 00000 0000000 0O@000

Infinite variation

Bo =inf{ B> /||<1 |z|PA\(dz) < oo ¢,

Moo = SUP |z]"A(dz) < o0 ¢,
|z|>1

ag=supqa>0: x~Tr(dx) < oo
(0,1]
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Infinite variation
: :

Theorem (Grahovac & K 2025)
Assume that [, _;1z|\(dz) = co. If f <1+ a, assume

7€ (0,2]
(|z] > x)m(dx)A(dz
J] . 2tel > @) <
Then X*(t) = I(y > 1)EX*(t
Iimsup| ()~ Iy = 1) ()|§1 a.s.
t—o0 t1/7|0gt
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Infinite variation
: :

Theorem (continued)
If 8 > 1+ «, assume that

v
/ / 200020 > x, 121 > 1)r(dx)r(dz) < oo
(0,00)xR X7

holds with~ < 1/(1 — «/pB). Then

o X0~ 10 = DEX()

Jlim e =0 a.s.
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Infinite variation
: :

Extension

Mixed moving average process:
X(t) = / f(x, t — s)A(dx, ds)
VxR

Work in progress: Grahovac, K, Mihal&i¢ (2025+)
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