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Varying environment

Varying environment
Xp =1, and

Xn—1
Xn = Z fn,ja
j=1

where {¢n}njen are independent random variables, such that
for each n, {&n, &} jen are identically distributed.
» 1970’s: Church, Fearn, Jagers, Agresti
» 2017 Kersting, 2020 Kersting & Vatutin monograph
(BPV/RE)
» 2020s: Bhattacharya & Perlman, Dolgopyat et al.,
Cardona-Tobén & Palau, Gonzalez & Minuesa & del
Puerto, ...

: :
Branching processes in nearly degenerate varying environment University of Szeged




Introduction Conditioning — Yaglom-type results Immigration
ooe 0000000 000000
0000 000 0000

: :
Varying environment

: :

Varying environment — immigration

Inhomogeneous Galton—Watson process with immigration:
Yo =0,
Yn—1

Yn= Z §n,j+5n

J=1

where {¢,,en : n,j € N} are independent nonnegative integer
valued random variables, {{,; : j € N} are iid.
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Nearly critical processes |
Nearly critical process
?n = fr/7(1) = Efn-
(C1) <1, limpsos fn=1,3001(1 = fn) =00,
(more generally limp_,o fn =1, Yoo i(1—=fn)y =00,
Y oneq(fn— 1)1 < 00),
| University of Szeged |
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Nearly critical processes |
Nearly critical process
?n = fr/1(1) = Efn-
(C1) <1, limpsos fn=1,3001(1 = fn) =00,
(more generally limp_,o fn =1, Yoo i(1—=fn)y =00,
Y oneq(fn— 1)1 < 00),
(C2) limn-soe 13 = v € [0,00),
| University of Szeged |
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Nearly critical processes
:

Nearly critical process

fn= fr/1(1) = Efn-

(C1) <1, limpsos fn=1,3001(1 = fn) =00,
(more generally limp_,o fn =1, Yoo i(1—=fn)y =00,
Y oneq(fn— 1)1 < 00),

(C2) limn-soe 13 = v € [0,00),

(C3) limp oo W = 0,if » > 0.

subcritical in Kersting’s (2017) characterization of BPVE
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Nearly critical processes
fn < 1, Iimn_)oofn= 1, 23021(1 - fn) = 0
Xn—1
Xn = Z fn,jv
j=1
n
EX, = E&E& .. EG =[] fi =0,
i=1
so (Xp) dies out a.s.
I
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Nearly critical processes

C1

?n< 1, Iimn_)oo?n= 1, Z(r)?o:'l(‘l —Tn) = O

Xn—1
Xn = Z fn,ja
j=1

n
EX, =E4ES .. Eg =[] fi—0,

i=1
so (Xj) dies out a.s.
» conditioning on X, > 0, Yaglom-type limit results
» adding immigration
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INAR(1)

If the offspring distribution is Bernoulli(p,): integer-valued
autoregressive (INAR(1)) time series:

Xn = pno Xn_1+en,

where p o X is a Bernoulli thinning of X, o is the Steutel and van
Harn operator.

» introduced by Laci Gyd6rfi, Marton Ispany, Gyula Pap and
Katalin Varga (2007)

» K (2011), weakening the Bernoulli offspring assumption
» Gyorfi, Ispany, K, Pap (2014): multitype setup
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Results

Yaglom’s theorem in the classical setup

Theorem (Yaglom)
If m < 1 then L(Xx| X, > 0) converges in distribution.

Theorem (Yaglom)

If m =1 then L(X,/n|X, > 0) converges to the exponential
distribution.
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Results

Yaglom-type results

Theorem (K & Kubatovics (2024))
(C1) Fro1,Fa<1,3,(1 = Fn) = 0
(C2) limp_oo "(1) =v € [0,00),

1—
(C3) Iim,Hoo:_( ) =0,ifv>0.

Then
ﬁ(Xn|Xn > 0) — Geom [ —— asn— oo
2 14 ’

Consequence: P(X, > 0) ~ 52 fq 5.
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Results

Proof — Notation
f.(s) = Es» g.f. in generation n.
For the composite g.f. fps(s) = s, and for j < n
fin(8) = fizq10...0fy(8),
and for the corresponding means 7‘,,,,, =1,
fin="i1...fa, j<n

Then Es*» = f, o(s) and EX, = fo .
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| Results |
Proof — Shape function
For a g.f. f, with mean f, define the shape function (Kersting
2017)
1 1 (1)
S) = — = 5 0 S S < 1, 1 = .
#8) = T (1 —s) #(1) = 3r1y2
| Branching processes in nearly degenerate varying environment University of Szeged |
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Results

Proof — Shape function
For a g.f. f, with mean f, define the shape function (Kersting

2017)
1"
o(s) = ] —1f(s) - 7(11_3), 0<s<1, ¢(1)= %
1 1
1 _ f07n(S) = ?1(1 ~ f17n(S)) + g01(f1’,,(3)),

therefore

1 1

1= fon() = 707’7(1 _s) + #0,n(S),

where

von Z #k(fn(s))

i fok—1
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Results

Proof — Example

Linear fractional g.f.:

1-s
1—-gs’

fs)=1-a flk] = a(1 — q)g*~ ', k > 0.

Then f = 25
1 B 1 n
1-1(s) f-(1-9)

o Q

That is ¢(s) = 2.
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Lemma (Kersting)

Assume 0 < f < oo, (1) < oo and let ¢(s) be the shape
function of f. Then, for0 < s < 1,

24(0) < o(s) < 26(1).
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Functional limit theorem

Setup

Work in progress.

Simplify:

(C1) fp=1-1,n>2f =1,
(C2) limp_yoo Nf(1) = v € [0, 00),
(C3) limpoo Nf'(1) =0, if v > 0.
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Functional limit theorem

: :

Setup

Work in progress.

Simplify:

(C1) fp=1-1,n>2f =1,
(C2) limp_yoo Nf(1) = v € [0, 00),
(C3) limpoo Nf'(1) =0, if v > 0.

- 12 n—1
f07n:HJ:§§ n ==

Consider Xy, t > 0, given X, > 0.

SN
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Functional limit theorem

Theorem (K - Kubatovics, 2024 +)
LetO <e <1,

L((Xnt)tze| X > 0) = L((Z(log t))=:]Z(0) > 0),

where (Z(S))s>10g = IS @ simple birth and death process with
Z(loge) ~ Geom(,2), birth rate A = 4 and death rate
p="1+

NI 2
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Functional limit theorem

Theorem (K - Kubatovics, 2024 +)
LetO <e <1,

L((Xnt)tze| X > 0) = L((Z(log t))=:]Z(0) > 0),

where (Z(S))s>10g = IS @ simple birth and death process with
Z(loge) ~ Geom(,2), birth rate A = 4 and death rate
p=1+3.

Geom(zi—y) is the extremal quasi-stationary distribution of the
birth and death process, see Collet, Martinez, San Martin,
Quasi-stationary distributions (2013).
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Results

Varying environment- immigration

Yo =0,
Yn—1

Yn= Z &njtEén

=1
{&nj,en : n,j € N} independent nonnegative, {¢,; : j € N} iid.
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Results

Bernoulli immigration

Theorem (Gyorfi, Ispany, Pap, Varga (2007))

Let (Yn)nen be an inhomogeneous INAR(1) process, with
en ~ Bernoulli(my, ). Assume that

(i) fn—=1,fr<1,3,(1—fn) = o0,
(i) limp_oo 1’”_—; =\
Then

Y, 25 Poisson(\).
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Theorem (K 2011)

Let (Yn) be a Galton—-Watson process with immigration, with

general offspring and immigration distribution, such that the
followings hold:

(ii) :/_(;)—n/e(o oo)

£(s)
(iiiy 20— 0, forall s > 3,
(iv) =L — X and %2 — 0.

Then

Yo 25 NB(2) /v, v/(2 + v)).
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Results

Assumptions

(C1) fn <1, limpso =1, 300, (1 — fn) = 00,
(C2) limpsoe ™1 =1 € [0, 00),

1 — fn
A 11 (1 .
(C3) limpoe 1) =0, if v > 0.
—In
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Theorem (K - Kubatovics (2024))
Assume (C1 )—(CS) and
(C4) limpoo — 25— k|(1 f) =X, k=1,2,....Kand g =0, or

(C4’) limp_soo k.("f”“, ;=M k=1,2,..., such that

limsup,_, )\1/n <1.

Then
Yn L.y asn— 00,

where Y is compound-Poisson with g.f.

exp{—,{i%(l (1+ 1—s)+Z( 1= (1—3))}
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Functional limit theorems

Setup

Work in progress.

Simplify:

(C1) fa=1-1n>2f =1,
(C2) limp—yoo Nf]/(1) = v € [0, 00),
(C3) limp—oo nfl’(1) = 0, if v > 0.
Consider Yy, t > 0.
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Functional limit theorems

Theorem
Assume (C1)—(C3) and (C4) or (C4’). Forany0 < e <1,

L((Ynt)tze) = (W(log 1)),

where (W(S))s>10g IS @ Stationary continuous time branching
process with immigration.
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Functional limit theorems

Limit

(W(t))t>10g = continuous time branching process with
immigration, with o, 8, f(s) = Y2, P(¢ = k)sk, and

h(s) = 3524 P(e = k)s.

Then G(s, t) = E(s"()) satisfies the Kolmogorov forward
equation (Li, Chen, Pakes, JOTP 2012),

o 0
5;C(s: 1) = a(s)5-G(s. 1) + b(s)G(s, 1)

where a(s) = a (f(s) — s), b(s) = 5 (h(s) — 1).
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