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Breiman 1965

Coin tossing — random walk S;, S,,
Put Y, Yo, ... the interarrival times between the zeros of
81 5 SZa

X, X1, Xo, ... idP{X =0} =} =P{X =1}.
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:
Motivation
:

Breiman 1965

Coin tossing — random walk Sy, Ss, . . ..

Put Y, Yo, ... the interarrival times between the zeros of
S,S8,. ...

X, Xy, Xp, ... iid P{X =0} = 1 = P{X = 1}.

T = 27:1)(1%
===
iy i

is the proportion of the time that the random walk spends in
[0, o0).

[m] = = =
: :
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Arc-sine law
In this case:
. 2 .
lim P{T, < x} = = arcsin/x
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In general

Ya )/13 Y2>

. non-negative iid rv’s with df G
X, Xy, Xo, ... iid with df F, independent from Y, Yi, Yo,
E|X| < o0
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Ya )/13 Y2>

. non-negative iid rv’s with df G
X, Xy, Xo, ... iid with df F, independent from Y, Yi, Yo,
E|X| < o0

T — 2721)(1K
n— on v
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7 XY
SLXY;
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IfEY < oo, then

Ly XiYi
SLaXY =
S Vi

X Yi
n
E|X| < oo implies (Tp) is tight.

a.s.

EX.
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Earlier results

Theorem (Breiman, 1965)

If T, converges in distribution for every F, and the limit is
non-degenerate for at least one F, then Y € D(}3), for some

B el0,1).
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Earlier results

Theorem (Breiman, 1965)

If T, converges in distribution for every F, and the limit is
non-degenerate for at least one F, then Y € D(}3), for some
#€l0,1).

Conjecture (Breiman)

If T, has a non-degenerate limit for some F, then Y € D(3) for
some 5 € [0,1).

Breiman, L.
On some limit theorems similar to the arc-sin law
Teor. Verojatnost. i Primenen. 10 351-360, 1965.
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Earlier results
:

Domain of attraction of an g-stable law:

_ )
YED(,B)@‘I —G(X)—Wa

where ¢ is slowly varying (¢(A\x)/¢(x) — 1 forany A > 0 as
X — 00).
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D(0)

Y € D(0) if 1 — G(x) is slowly varying
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Earlier results
:

Y € D(0) if 1 — G(x) is slowly varying

in which case (Darling, 1952)

and so

On the Breiman conjecture
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Earlier results

Limits

Theorem (Breiman)

Assume that Y € D(B), 5 € (0,1), and E| X|’*+¢ < oo, for some
e>0. Then T, 3 T, where

[lu— x|Psgn(x — U)F(du)t o]

1 1
< = —4+—
P{T <x} 2+7Tﬁarctan Tlu— xIPF(au) an -
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Earlier results

Limits

Theorem (Breiman)

Assume that Y € D(B), 5 € (0,1), and E| X|’*+¢ < oo, for some
e>0. Then T, 3 T, where
1 1 [ |u— x|Psgn(x — u)F(du) 3
< = —+— — .
P{T <x} 2+7Tﬁarctan Tlu— xIPF(au) tan 5

P{T > x} ~ P{X > x}

On the Breiman conjecture
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Earlier results
: :

Theorem (Mason & Zinn, 2005)

Assume that E|X|?*° < oo. Then T, — R, where R is
non-degenerate, iff Y € D(B), 5 € [0,1).

(=] = = = A
:

On the Breiman conjecture TUM
00




Introduction Partial solution Subsequential limits
00000 000000 0000000
00000080 00000 000

: :
Earlier results

:

Studentization

Other type of self-normalization (Logan & Mallows & Rice &
Shepp, 1973):

>t Xi

N

X, X1, Xo, . .. iid.
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Earlier results

Studentization

Other type of self-normalization (Logan & Mallows & Rice &
Shepp, 1973):
2ite Xi

N

X, X1, X, ... lid. Student’s T-statistic:

S0 X
i (Xi—X)?
VB

The two ratios are asymptotically the same.

[m] = =
;
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Earlier results

Conjecture (Logan & Mallows & Rice & Shepp, 1973)

XX oo

Vi XF
where P{|W| =1} < 1,iff X € D(a), « € (0,2]; ifa > 1,
EX =0;ifa =1, X € D(Cauchy).

Giné & Gotze & Mason (1997): W is standard normal iff
X e D(2)andEX =0
Chistyakov & Gotze (2004): in general
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Results
:
Recall
Y, Yi, Yo,... non-negative iid rv’s with df G
X, Xq, Xo, ...
E|X]| < 0.

iid with df F, independent from Y, Yi, Yo,

ox(t) =

—E eitX

(=] = = = A
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Results
:
Theorem (K — Mason)

Assume that for some EX = 0, 1 < a < 2, positive slowly
varying function L at zero and ¢ > 0,

—log (Rex(1))

—c, ast— 0.
8% L([t])
Whenever

Z/n:n1XiYiﬂ)W
2zt Vi

(W nondegenerate)
then Y € D(B) for some 8 € [0,1).
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| Results |
What does this condition mean?
As —logRox(t) ~ 1 — Rox(t), t — 0,
—log (Réx(1)) 1 - Rox(t)
T T — — C < YT — C.
L)) |11 L(1t])
o = = E E DA
| On the Breiman conjecture TUM |
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| Results |
What does this condition mean?

As —logRox(t) ~ 1 — Rox(t), t — 0,

—log (Rox(t)) 1 —Rox(t)

— a7~ —+C < —a77v —C.

1t* L(It]) ¢ L([t])
For a < 2 this holds iff (Pitman)
—a 2 . /T«
P{IX| > x} ~ L(1/x)x" ¢l (a)= sin (7)
=] = - = = A
| On the Breiman conjecture TUM |
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Results

What does this condition mean?
As —logRox(t) ~ 1 — Rox(t), t — 0,

—log (Rex(t)) 1 —Rox(t)
Ly ¢ L)

For a < 2 this holds iff (Pitman)

— C.

P{X| > x} ~ L(1 /X)x_“cr(a)g sin (%)

If EX = 0 and X € D(«) then this condition is satisfied.
Also if EX = 0, EX? < oo then the condition of the theorem is
satisfied (o = 2, ¢ = 02/2).

On the Breiman conjecture TUM
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Proposition

Assume that the assumptions of the theorem hold.
some 0 < v <1

Then for
£ Sl Y
(X Vi)

(*)

(=] = = = A
:
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:
Proposition

If (x) holds with some v € (0,1] then Y € D(3), for some
B €10,1), where — € (—1,0] is the unique solution of
MNa—1r-2) 1
Beta(a — 1,1 — 3) = =
( = )
In particular, Y € D(0) for~ = 1.

(=)

= & - = = 9aex
:
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:

Results
:
Proposition

If (x) holds with some v € (0,1] then Y € D(3), for some
B €10,1), where — € (—1,0] is the unique solution of
Beta(a — 1,1 — 3)

_Ta-1)r(-5) _

1

Ma—-5)  Ala=1)

In particular, Y € D(0) for~v = 1. Conversely, if Y € D(B),
0 < B < 1, then (x) holds with

Ma—p)

;
TTT@r(1—8) ~ (a—1)Beta(a —1,1—f)’
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:
Results
:
Proposition

If (x) holds with some v € (0,1] then Y € D(3), for some
B €10,1), where — € (—1,0] is the unique solution of

Beta(a — 1,1 g) = @ DI =5) _

Ma-8)  Aa—1)

In particular, Y € D(0) for~v = 1. Conversely, if Y € D(B),
0 < B < 1, then (x) holds with

1

_ Te-p) 1
TTT@r(1—8) ~ (a—1)Beta(a —1,1—f)’

Extension of a result by Fuchs, Joffe and Teugels (2001), where
oa=2.

= &
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:

Sketch of the proof
:
n (o
E Zi:'l \/I SN
i=1 "1
Proposition

If (x) holds with some v € (0,1] then Y € D(}3), for some
B €10,1), where — € (—1,0] is the unique solution of
Beta(a — 1,1 — 3)

_Ma-1)r(-5)

y
Ma-8)  Aa-1)
In particular, Y € D(0) for~y = 1. Conversely, ...
For a = 2 this gives 1 — v = §.
o = = = = waQe
| On the Breiman conjecture TUM |
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Sketch of the proof

:

n
2zt Y7 Y
E-==_'_. =nE
S )
i=1 1

(2 v)*

n o0 n
=—E/ Yie 2 Yige1qt
Ma) Jo '

— L > a—1 —tY7 ya —tY7\n—1
—r(a)/ot E<e Y1>(Ee )1dt

n

. > a—1 n—1
= e /0 2 g £)0(1)"dt.

Note that for o« = 2 we have ¢, = ¢
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Sketch of the proof

:

n
2zt Y7 Y
E = =nE
S )
i=1 "1

(>, v)©
n o n
- " E yog—t2ily Yiga—1
() /o e e

— L > a—1 —tY1 « —tY1 n—1
—r(a)/ot E<e Y1>(Ee )1dt

n

. > a—1 n—1
= e /0 2 g £)0(1)"dt.

Note that for o« = 2 we have ¢, = ¢
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ba(t) = Ee VY2,

¢o(t) = Ee™"
By Karamata’s Tauberian theorem

fo vy galy)dy
M T do(0)

=l (a).

o = = E DA
:
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Sketch of the proof
:
—tY —tY
da(t) =Ee " YY, ¢o(t) =Ee
By Karamata’s Tauberian theorem

Joy " saly)dy
i S ey B G
After some further calculation

ja-1Jo G
loG

u)u"‘ TeUldy

—~lM(a), ast 0
(u)e~Utdu @) >

(=] = = = A
:
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Sketch of the proof
:

pa(t) = Ee Y y©

Subsequential limits

0000000
000

. ¢o(t) =Ee™"
By Karamata’s Tauberian theorem

ta—1
lim Jo Y oaly)d

=~
01— ¢o(0) ()
After some further calculation

o 1f0

Jo" G(u)e~Utdu

— M (a), ast 0
u1 —ae—ut _

u)uf" TeUldy

a—2 —(y+t)u
Ma—1) /0 Y d

which holds for u > 0 and « € (1, 2]. Weyl-transform, or
Weyl-fractional integral of the function e~
On the Breiman conjecture
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Sketch of the proof
:
We obtain

AR =G0

M
X ORRR N R UC
with

= / G(ux)u®* e Ydu.
0

o = = E DA
:

On the Breiman conjecture TUM
00




Introduction Partial solution Subsequential limits
00000 000000 0000000
| 00000000 0000e 000
Sketch of the proof
We obtain
Golx/1) k¥ gul0)
*
/ (u—1ye2yeZelit) g KxGoelX) o gy
90 (X) 9o0(X)
with
m_
=/ G(ux)u*'e Ydu.
0
M e’}
kY () = / h(x/u)k(u)/udu
0
Mellin-convolution of h and k.
=} = = E DA
: :
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Sketch of the proof
:
We obtain
/ (u—

ppoeya G (/0) g KEgb)
() U= Tguxy Dl
with

= / G(ux)u* e Ydu.
0

k % h(x / h(x/u)k(u)/udu
0
Mellin-convolution of h and k

Drasin-Shea theorem implies that g..(x) is regularly varying at
infinity with index 0 > p > —1
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Results
:
Y. Y1, Yz,

. non-negative iid rv’s with df G
X, X1, Xo, ... iid with df F, independent from Y, Yi, Yo,
E|X| < o0

T — 2721 )(l)/’
= =1

il Y
E|X| < oo implies (Tp) is tight.
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:

00@0000
000

id(a, b, v) infinitely divisible distribution on RY with characteristic
exponent

1
ol __/
iu'b 2uau—l—

/ <ei“’x—1 —iu'xI(|x| < 1)) (dx)

where b € RY, a € R9%9 is a positive semidefinite matrix and v
is the Lévy measure.
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Results
Theorem (K & Mason, 2012)
If along a subsequence {n'}

1 /
ap Z

n

Yy, 2, Ws, asn’ — oo,
i=1

where W, ~ id(0, b, \), then

o = = E DA
:
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Results
Theorem (K & Mason, 2012)
If along a subsequence {n'}

1
an/

D
S Y= We, asn’ — oo,
pa

where W, ~ id(0, b, \), then

n n
i1 XiYi doiq Vi
an/ ’

) 2 Wy, We), - oo,
an/
where (Wy, Wa) ~ id(0, b, )
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:

Theorem (K & Mason, 2012)
i.e. its characteristic function

W(01,02) = EeWit022) — exp {i(01 by + 02b5)
+/ / (ei(01x+92}’) —-1- (i01X + iegy) 1{X2+y2<1}>
0 —o0 -

F (dx/y) A (dy) }

o &
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Results
Theorem (K & Mason, 2012)
i.e. its characteristic function

\U(01 , 92) _ Eei(01 Wi+0: W) _ exp {i(01 by + ,92b2)

+/ / (ei(O1X+92.V)_1—(i01X+i92}/)1{X2+y2<1})
0 Jow _

F (dx/y) A (dy) }
H(x)=P {m

Wa

IN

X 1 1
2

—00
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Results
:
Feller class
¢,&,...idwithdf F, S, =1, &. Fis in the centered Feller

class, if there exists By, such that every subsequence n’ has a
further subsequence n”, such that

S D
n W,
Bn//
where W is non-degenerate.

(=] = = = A
:
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Results
:
Feller class
¢,&,...idwithdf F, S, =1, &. Fisin the centered Feller

class, if there exists By, such that every subsequence n’ has a
further subsequence n”, such that

Sy p
n W,
Bn//
where W is non-degenerate.

Theorem (Feller (1966), Maller (1979))
Y is in the centered Feller class, iff

limsup
X—00
:

x?P{|Y| > x} + x|EYI(]Y| < x)|
E[Y2I(]Y] < x)]
On the Breiman conjecture
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:
Surprising result

Theorem (K & Mason, 2012)

The subsequential limit distributions of

Tn — ZIO=1 )(/ Y’

i1 Vi
are continuous for all X with finite expectation if and only if
Y € Fe.
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Further remarks
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Further remarks

Towards Lévy processes

(Wi, W) 2 (ay + U, ap + V),
where (aj, @) = ((b ~ x/\(dx)) EX,b— [ x/\(dx)>

Ec'(?1U+02Y) — exp {/ / (ei(e‘”ezy) - 1) F(dx/y) /\(dY)}
0 —0o0

Under the conditions of the theorem

Z1§i§n’t XY Z1§i§n’t Yi
an/ ’ an/

) 2, (a1t + Up, act + Vi)i>o0,
£>0

where (U;, Vi), t > 0, is the corresponding Lévy process.
[m] = =

On the Breiman conjecture
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Further remarks
: :
U »p
v—)?, t—0 or t— oo
t

Kevei, P, Mason, D.M.

Randomly Weighted Self-normalized Lévy Processes

Stochastic Processes and their Applications, 123 (2) 2013,
490-522.
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