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Abstract

The paradoxical results of Csorgé and Simons for mutually beneficial sharing among any fixed
number of St. Petersburg gamblers are extended to games played by a possibly biased coin, with p as
the probability of ‘heads.” The extension is not straightforward because, unlike in the classical case
with p = 1/2, admissibly pooled winnings generally fail to stochastically dominate individual ones
for more than two gamblers. Best admissible pooling strategies are determined when p is rational,
and the algebraic depth of the problem for an irrational p is illustrated by an example.
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1. Results and discussion

Peter offers to let Paul toss a possibly biased coin until it lands heads and pays him r*

ducats if this happens on the k*® toss, k € N = {1,2,...}, where r = 1/q for ¢ = 1 — p and
p € (0,1) is the probability of ‘heads’ at each throw. This is the generalized St. Petersburg(p)
game, in which P{X = r¥} = ¢*~1p, k € N, for Paul’s gain X. Following Csoérgé and Simons
(2002, 2006), we assume that Peter plays exactly one such game with each of n > 2 players,
Pauly, Pauls, ..., Paul,, whose independent individual winnings are Xi, Xo,..., X,,.

The n players may agree to use a pooling strategy p, = (p1,n,P2,n; - - -+ Pn,n), before they
play, where pi n,p2.n,...,Pnn > 0 and Z;L:1 pjn = 1. Under this strategy Paul; receives
D1,nX1+D2nXo+" - +DnnXy, Pauly receives py, n, X1 +p1 n Xo+- - -+py—1.,X,, Pauls receives
Prn—1.nX1 + PnnXo + P1nXs + - + Pp—2nX,, ..., and Paul,, receives ps , X1 + p3 nXo +
<+ PpnXn—1 + p1,nXy ducats. This strategy is fair to every Paul in the sense that their
winnings are equally distributed and each receives the same added value equal to

Ap(pn) - E[pl,nXl + - +pn7ana Xl]

00 1
= / [P{plinXl + - Xy >zt — P{X; > 93}] dz, e
0

whenever the integral is defined, so that comparison is possible. We refer to Csorgé and
Simons (2002, 2006) for a detailed exposition and discussion of the comparison operator
E[-,-]. We call a strategy p, = (P1,n,---,Pn.n) admissible if each of its components is either
zero or a nonnegative integer power of ¢ = 1 — p. Individualistic strategies (1,0,...,0) are
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thus admissible for each p, otherwise the powers in nonzero components are positive integers.
The entropy of a pooling strategy is H,(p,) = Z;L:1 Pjnlog, 1/p; ., where log, denotes the
base r logarithm and Olog, 1/0 = 0. We say that the random variable U is stochastically
larger than the random variable V, written U >p V, if P{U >z} > P{V > z} for all z € R.

Theorem 1. For any p € (0,1) and n € N, the added value A,(p,) exists as an improper
Riemann integral if and only if p,, is admissible, in which case Ap(py) = gHr(pn).

Csorgé and Simons (2006) proved this theorem for the classical St. Petersburg(1/2)
game, played with an unbiased coin. However, in that case they proved the following stronger
result: the independent St. Petersburg(1/2) variables Xi,..., X, can be defined on a rich
enough probability space that carries, for each admissible strategy p, = (Pi.n,---,Pn.n), &
St. Petersburg(1/2) random variable X, and a nonnegative random variable Y, such that
Tp, = p1nXi++DpnXy = Xp, +Yp, almost surely. This implies the stochastic inequality
Tp, >p X1. Hence the integrand in A, /5(py) is nonnegative and thus A, /5(py,) is trivially
finite as a Lebesgue integral. As the next result shows, stochastic dominance is preserved for
two players for an arbitrary St. Petersburg parameter p € (0, 1).

Theorem 2. For any p € (0,1), if p2 = (¢%,q°) is an admissible pooling strategy for some
a,b € N, then Ty, = ¢*X1 + q° Xz is stochastically larger than X;.

Surprisingly, however, for n > 3 gamblers stochastic dominance generally fails to hold for
admissible strategies. Our example to demonstrate this is when p = (n—1)/n, g = 1—p = 1/n,
so that » = 1/q = n is also the number of Pauls. Then P{X = n*} = (n—1)/n*, k € N, and
the averaging pooling strategy p, = pS = (1/n,1/n,...,1/n) is admissible. For this strategy
the weighted sum is Tpo = (X1 +---+ X,,)/n, so that for n = 2 Theorem 2 says in particular
that Sy = 2Tp<2> = X1 + X5 is stochastically larger than 2X;. This is not true for n > 3.

Theorem 3. Ifp=(n—1)/n, ¢ =1/n and n > 3, then neither S, = X1 + --- + X,, nor
nX1 is stochastically larger than the other.

In view of Theorem 2, the integrand in (1) is nonnegative whenever ps is admissible, so
that the integral A,(p2) described in Theorem 1 strengthens to that of a Lebesgue integral
when n = 2. While the same conclusion holds for n > 3, Theorem 3 rules out so simple a
line of reasoning.

Theorem 4. For every p € (0,1) and every admissible strategy pn, = (D1n,---,Pn,n) the
integral A,(prn) in (1) is finite as a Lebesgue integral.

Theorem 1 characterizes the pooling strategies that yield added values. However, admis-
sible strategies do not exist for all, in fact, for most parameters p € (0,1). Call a parameter p
admissible, if for p there exists an admissible strategy which is not individualistic. Theorem
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1 then says that p is admissible if and only if for ¢ = 1 — p there exist positive integers
ay > ag > -+ > ayg, for some k € N, such that ¢** 4+ ¢*2 +-- -+ ¢* = 1. In this case, r = 1/q
is an algebraic integer. If a; > a9, then ¢ is also an algebraic integer, thus ¢ is an algebraic
unit. The set of algebraic numbers is countable, so there are at most a countable number of
admissible parameters p. When ¢ = 1 —p is rational for an admissible p € (0, 1), the equation
implies ¢ = 1/m for some integer m > 2. Thus the set of rational admissible parameters
is {(m —1)/m : m > 2}. In particular, it is interesting that the classical p = 1/2 is the
smallest such St. Petersburg parameter. It follows that the set of all admissible parameters
p is countable. Nevertheless, it can be shown that this set is dense in the interval (0, 1).

When a given number of our Pauls happen to have admissible strategies, a natural
question is: which is the best? In the latter rational case when p = (m — 1)/m for some
integer m > 2, and so r = 1/q¢ = m > 2 is an integer, the answer is given by the next result,
in which |z| = max{k € Z : k < z} is the integer part, [x] = min{k € Z : k > z} is the
integer ceiling and (x) = ¢ — |x] = x 4+ [—x| is the fractional part of a number z € R.

Theorem 5. Ifp = (r — 1)/r and n = rl°&-" 4 (r — 1)1, for some integers r > 2 and
0<r, <rlos.nl _1 then

Ay(pn) = §Hr<pn> < g log, n — 8,(n) =: A%, (2)

for every admissible strategy p,,, where d,(u) = 1+ (r—1)(log, u) —ri°& % v > 0. Moreover,

the bound Ay, ,, is attainable by means of the admissible strategy

1

Pr= (Pl sPpn) = (MPps s TDR Dy - - Dy) - With  py, = g T’

where the number of p} s and rp}, s are, respectively,

rn — rﬂOgr n-| 7"|—10g"' n-‘ —n

mip(n) = ————  and mo,(n) =

r—1 r—1

Apart from reorderings of the components of p;,, the point of maximum is unique.

It is easy to see that if n is not in the form &™) 4 (r — 1), then 0 must be included
among the components of the strategy, which does not increase the entropy. So it is enough
to investigate the number of players in the form above. The continuous function J,(-) is
nonnegative, its maximum is given in formula (3.4) of Csorgé and Simons (1996).

Theorem 5 is not applicable for an irrational p. On the other hand, in every admissible
situation A,(p,) = (r — 1)H,(p,) by Theorem 1, and the trivial upper bound H,(p,) <
log, n = H,(p¢) is valid for the entropy of every p,,, where p¢ = (1/n,1/n,...,1/n). However
equality cannot hold in general because p{ is not admissible for every admissible parameter
p. Apart from those cases which can be reduced to the rational case, that is when ¢ = 1—p =
1/{/m for some integers m, k > 2, the problem of the best admissible strategy is unsolved.
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For the irrational case the simplest example is the equation ¢? + ¢ = 1, the solution of
which is ¢ = 7 := (v/5 — 1)/2 ~ 0.618, the ratio of golden section. Thus, pertaining to the
irrational parameter p* = (3 — v/5)/2 ~ 0.382, the vector (72,7) is an admissible strategy

for two players. From this strategy we can generate admissible strategies for an arbitrary

number of players. Indeed, substituting 72 + 72 = 7 for 7, and 7* + 73 = 72 for 72, we

obtain (73,72,72) and (74,73, 7), both admissible strategies for three Pauls. Continuing this

algorithm, each time substituting 712 4+ 71 for 7 if the exponent m is present, after
steps we obtain admissible strategies for 2 4+ [ gamblers, [ € N. However, even if we allow all
possible branches generated by this algorithm, the result is incomplete in the sense that there

are admissible strategies, such as (7%, 7°,7°,7°, 73,73, 73) for seven Pauls, that are avoided.

Consider all the strategies that can be generated by the branching algorithm from (72, 7),
and for every m > 2 call the best among these conditionally optimal, denoted by py. Let f,
be the n'® Fibonacci number, so that with fo =1, fi =1 and f,41 = frn_1 + fn, n € N. We
can show that the conditionally optimal strategy for f,, + k players, k € {0,1,..., fr_1 — 1},

each playing a St. Petersburg(p*) game, is

n+1 n+1 n n n—1 n—1
T yeeasy T , Ty, T , T yeeay T ),
N g g .

~ ~~ ~~

k times frn_o+k times f,_1—k times

P4k = (

with the corresponding added value A,(p; ;) = 7"[k(2—7)+nfn—2 7+(n—1) fn—1]. Because
of the inherent number-theoretic difficulties, we do not know whether these conditionally
optimal strategies are optimal in general.

Finally, we show that an extended form of our branching algorithm has an interesting
property concerning stochastic domination. For any admissible parameter p € (0,1), let
(g1, q%,...,q%) and (¢, q",...,q") be admissible strategies for n and m Pauls for any
n,m > 2. Substituting g0 4 gartb2 ... 4 g FOm = gar for ¢ where k € {1,...,n}
is arbitrary, we obtain a strategy (¢%,q%,...,q%+m-1) for n + m — 1 gamblers, where
the sequence d; > dy > .-+ > d,+m—1 18 & nonincreasing rearrangement of the sequence
A1y ey Qh—1, Qftbys - - -y Qltby,» Gkt1s - - - An. We say that a strategy pn, = (Pin,---,Pnon) 1S
stochastically dominant if p1 , X1 + -+ + pp.nXn >p Xi. The last theorem states that the
branching algorithm preserves stochastic dominance. Choosing first n = m = 2, it may be
used in conjunction with Theorem 2 as a starting point.

Theorem 6. If the admissible strategies (q**,q%,...,q*) and (¢*,q",...,q") are both
stochastically dominant, then so is the generated strategy (q%,q%, ..., qdn+m-1).

All our results here are for fixed numbers of players. Csorgé and Simons (2005) proved for
an arbitrary sequence of strategies p, = (p1,n;---,Pnn) that (p1., X1+ -+ nXn)/Hr(Pn)
converges in probability to p/q, as n — oo, whenever H,.(p,) — oc.

2. Proofs

The first two lemmas are needed for the proof of Theorem 1, while the third lemma is
used in the proof of Theorem 5. These lemmas are the generalizations of Lemmas 3, 4 and 5
in Csorgé and Simons [hereafter abbreviated as Cs—S| (2006).
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Lemma 1. If Xy, Xo are independent St. Petersburg(p) random wvariables and c¢1 and cs
positive constants, then E(min(c1 X1, c2X3)) < oo.

Proof. We know from Cs-S (1996, 2005) that 1 — F,(z) = P{X > 2} = qllo&-=l =
rilog:- ) /o for all 2 > r, and 1 otherwise. Hence, if x > rmax(c;,c), then the inequality
P{min(c1 X1,c2X2) > 2} = P{c1 X1 > 2} P{ca X2y > x} < c1cor?/2? holds and, therefore,
E(min(c; X1, c2X2)) = [, P{min(c1 X1, 2 X3) > 2} dz < oc. ]

Lemma 2. If X is a St. Petersburg(p) random variable and b > 1, then
b
/ P{X > z}dz = (r —1)|log, b| + 1 =1 4 (r — 1)log, b — 6,(b),
0

where the function 6,(-) is defined in Theorem 5.

Proof. Notice that 1 = 1 — F,(z) = P{X > 2} = ¢!'8-®] even for = € [1,r). So what we
need to prove is that flb qtogr =l dz = (r —1)|log, b| + rilog+b) —1 for b > 1. If ¢ = log, b > 0,
then

¢ c

r c c 1
/ qUOgT vl dp = / quJ rYlogrdy = (log r)/ r<y>dy = (logr) [LcJ / rYdy + / r<y>dy]
1 0 0 0 Le]

(c)
= Lcj(r—l)%—(logr)/0 rYdy = (r —1)|c| + i —1,

where log = log, is the natural logarithm, which is the desired equation. [ ]

Lemma 3. Ifr € {2,3,...}, then the number of the smallest strictly positive components of
an admissible strategy pn = (P1,n;- - > Pn,n) 5 divisible by r.

Proof. Let the smallest strictly positive component be 1/r* for some k € N. Since
Z;L:1 pjmrk = r*, the sum must be divisible by 7, so the number of terms equal to 1 in
the sum, which is the number of the components 1/r* in p,,, is also divisible by r. [ |

Proof of Theorem 1. With the extended Lemmas 1 and 2, the proof is an easy generaliza-
tion of that in the classical case p = 1/2 in Cs—S (2006), so we only sketch the differences.

For a given strategy p, = (P1n,---:Pnn), the integral A,(p,) in (1) is defined in the
improper Riemann sense if and only if A,(py,,b) — A,(pn) as b — oo, where

b
Ap(pna b) = / [P{pl,n—Xl + +pn,an > JJ} — P{Xl > ZC}] dz.
0

It can be shown that A, (py,b) = (r—1)H,(pn)+ Ry (Pn,b)+0(1) as b — oo, where R, (p,,b) =
dp(b) — 2;21 Pjn0p(b/pjn). Notice that &, (ur®) = &,(u), u > 0, for every k € Z. Thus if p,,
is admissible, then

n b n
Ry (0 8) = 0y(8) = 30 = ) = 8ul8) = D i 8,(6) =0,
j=1 Pjn j=1
and hence A,(py,b) = (r —1)H,(pn) + o(1) as b — oo, which is the “if part” of the theorem.
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Conversely, suppose that A,(p,) in (1) exists, so that A,(p,,b) — A,(pn) as b — oc.
Using the above periodicity property of 6,(+), we get R,.(pn,r%b) = R,.(pn,b) for every k € Z.
Fixing b > 0 and letting k — oo, so that r*b — oo, we get R, (pn,b) = A,(pn)—(r—1)H,(p,).
Let D =D, — D_, where D and D_ are the right-side and left-side differential operators,
respectively. Then one can prove that

’";cl, for s =r* when k € Z,
Dép(s) =
0, for all other s > 0,

from which, for all j € {1,...,n} for which p;, > 0, we find that

Dp;.,6 (L) a { 5, for b=1rFp;, when k € Z,
Jn =P 0, for all other b > 0.

j’n
Consequently, we have

DR, (pn,b)|,_ =7 —1— (=1 pjn,
JEA

where A is the set of indices j € {1,...,n} for which p; , is an integer power of r. Since, on
the other hand, DR, (py,b) = 0, this implies > ;4 pj» = 1, and thus completes the proof. ®

Proof of Theorem 2. Let ¢°+¢” = 1 for some a,b € N. Then P{X; < ¥} = F,(r*) = 1—¢"
for every k € N. We estimate the probability P{T» < r*}, where Tp = ¢*X; + ¢*X,. If
Ty, < r¥, then

(1) XlaX2 < Tka or
(2) Xy =kt pRreml and Xy < R or

(3) Xo =kt Rl and X <L
We obtain
P{Ty <t} < (1-¢")"+ (1=¢" )" (1= ¢ + (1 =" )" (1 = ¢")

2

Since the distribution function of X; jumps only in the points z = r¥, it is enough to show
that P{Tg < rk} < P{X; <r*} = P{X; <rF1} =1 — ¢!, This is true, because

P{T, <r*} = P{T, <r"} — P{T5, = r*}
2
<1—gF! +q2k($ — 1) —P{X1 =rk X, :Tk}
-1 _qk‘fl

completing the proof. [ ]



Proof of Theorem 3. We prove that stronger statement that the graphs of the distribution
functions of S,, and nX; cross each other infinitely often. More exactly we show that both
P{nX; <n*} > P{S, <n*} and P{nX; < n*} < P{S, < n*} hold whenever k > 3.

Notice that the inequality S, < n* holds if and only if X; < nF~! X, < nF-1 .. .|
X,, < nF~1. This implies for arbitrary k > 2 that

j=1

Clearly, P{nX1 < nk} = P{X1 < nk_l} =1- l/nk_l, SO P{nX1 < nk} > P{Sn < nk}
Now consider the probabilities P{nX; < n*} and P{S,, < n¥}. When k = 2, both of
them are zero. So, assume k > 3. Noticing that P{S, < n*} = P{S, <n*} - P{S, =n*},

k k— k—1 k—1 n—1 "
P{Sn:n}:P{Xlzn VX =nF"1 . X, =n }:<F>’
and P{nX; < n*} = P{nX; < n* 1} = P{X; < n*2}, we have

1 \" —1\" 1
Pisu<n)= (1= ) - (5e7) > 1 s = Plax <o)

nk

where the inequality holds for n > 3 and k > 3 by elementary calculations. [ ]

Proof of Theorem 4. Let n > 2 be the number of Pauls. By Theorem 1, for every admissible
strategy ¢ = 1—p satisfies the equation ¢** +¢*2 +- - -+¢%" = 1, where a1, as, ..., a,, € Nand
m € {2,3,...,n}. Without loss of generality we assume that the zeros, if any, are the last com-
ponents of the strategy, so that p,, = (¢**, ¢*2,...,¢*",0,...,0). Then T}, := Z?Zl PjnX; =
¢ Xy +- -+ ¢ X,,. We estimate the probability P{T,, < r*}. If the event {T},, < r*} oc-
curs, then we must have all the inequalities X; < rFta1—1 X, < phte—1 X < phtam—1
Hence,

P{Tm < rk;} < (1 _ qk+a1—1) (1 _ qk+a2—1) o (1 _ qk—l—am—l)
—1_ qk(qal—l Fg g +qam—l) F Py 4+ O,
1= ROy 44 RO,
where the constants Cs, Cs, ..., C,, do not depend on k.

Since p, is admissible, the integral [~ [P{T}, > z} — P{X; > z}]dxz exists as an
improper Riemann integral. Hence it suffices to show that the integral of the negative part
g (x) of the function g, (z) := P{T,, > x} — P{X; > z} is finite. Notice that

gm(x) = P{X1 <z} — P{T,, <z} > P{X; <z} — P{T,,, <z} =: hyp(x)

for all z > 0. Clearly, the function h,,(x) takes a minimum value on the interval (r*=1 r*]
at © = ¥, for which the estimate above yields

hn (%) = P{X; <r*} = P{T,, <r*} > 1" = (1= ¢F 1+ ?Co+ -+ g™ C)
_ _(q2k02 4. _I_qucm)



Therefore, setting C; = fo () dz, we obtain

/ g;,,(wdxs/ bz dx<01+2/ (@G| + - - + ¢™*|Con])
0 0 rk—1
—Cﬁz ( ) (M Cal + -+ ¢™*|Cn)

=Ci+ (1—q) Y (¢"ICa| + -+ + ¢ V¥ Ch]) < o,
k=1
which proves the theorem. [ |

Proof of Theorem 5. This is based on the proof of Theorem 2 in Cs—S (2006), so we skip
the details. Without loss of generality we assume that p,, is ordered: p1,,, > p2pn > -+ > Ppon-
The proof is by induction on r,. For r, = 0 the statement is true. Now suppose that all the
statements of the theorem hold for r,, —1 > 0, and consider the case n = rllog.n] 4 (r—1)r,.
If pn,n = 0, then we have at least r — 1 zeros. Deleting them, we get a strategy p,,_(.—1), and
we are done in view of the fact that the bound Ay . in (2) is nondecreasing in n. In the other
case, when p, , =1/ r* for some k € N, we have at least r of these smallest components by
Lemma 3. Changing 7 of these to a single component 1/7*~!, we obtain a strategy Pn—(r—1)
for which H,(p,)— H, (f’n—(r—n) = 1/rk=1. Using the induction hypothesis and the formula
Ay, = (r—1)[log,.n| + (r — 1)r,, /rloe- "l the proof can be completed as in Cs—S (2006).
The uniqueness assertion of the theorem follows by the same induction argument. [ ]

Lemma 4. IfU,V, W are independent random variables and U >p V, then U4+W >p V+W.

Proof. Let F,G and H be the distribution functions of U,V and W, respectively. By
assumption, F'(z) < G(z) for all z € R. The random variables U + W and V + W have the

distribution functions FxH (-) and GxH(-), where * denotes Lebesgue—Stieltjes convolution.
Thus

Pei(a) = [ " Fla— y)dH(y) < / " Gl — y)dH(y) = GeH (),

— 0o — 00

which proves the statement. [ |

Proof of Theorem 6. Let Y7,...,Y,,, X1,...,X,, be independent St. Petersburg(p) vari-
ables. From the assumption we get ¢®*T01Y; + ¢ +b2Y, ... 4 ¢ +bmY, > ¢*X,. By
Lemma 6 this implies

qa1X1 + .o+ qak—le_l T qak+b1)/1 et qak—f—mem + qak+1Xk;+1 Ly qaan
>n qa1X1 4+ 4+ qak—le_l + qaka + qak+1Xk+1 S qaan‘

Now the assumption and obvious transitivity together imply the theorem. [ ]
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