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1 Introduction

Consider a semistable distribution function G, of exponent « € (0,2) on the
real line R, with characteristic function ¢,(t) = [*° e"*dG,(z) = ev=(®). By
the well-known characterization of semistable variables, we have the Lévy

form ([9], p.70) of y,(t):

Yo (t) = it + / Bi(z)dLy(z) + /Oooﬁt(x) dR.(x),

where o

- x

51‘,(37) — elt:l‘ —1— m7

0 € R, and there exist functions M, (-) on (—o0,0) and Mg(-) on (0,0), one
of which has strictly positive infimum and the other one either has strictly
positive infimum or is identically zero, such that L, (z) = My (z)/|z|*, = < 0,
is left-continuous and non-decreasing on (—o00,0) and R, (z) = —Mg(z)/z®,
x > 0, is right-continuous and non-decreasing on (0, 00) and M (c'/*z) =
M (x) for all z < 0 and Mg(c*/*z) = Mg(z) for all x > 0, with the same
period ¢ > 1. As in the general Lévy representation formula the constant 6
and the functions L, and R, are uniquely determined. We need a variant of



this formula by Csorgd, Haeusler and Mason [5], for y, in connection with a
probabilistic representation of the underlying random variable. We note that
this representation is more general, it is applicable to distributions, which can
be the limit of trimmed sums, but the representation itself is not needed here.
If y, is as above, then we have

yalt) = it + / B0 (w) du + / B~ (w) du, 1)
with M
Yo(s) = — S{/((f), §s>0, j=1,2, (2)

where M; and M, are non-negative, right-continuous functions on (0, c0),
either identically zero or bounded away from both zero and infinity, such
that at least one of them is not identically zero, the functions % (-) are non-
decreasing and the multiplicative periodicity property M;(cs) = M;(s) holds
for all s > 0, for some constant ¢ > 1, j = 1,2. (The superscript a in ¢$ is
a label, not a power exponent.) Clearly, the two descriptions are equivalent,
moreover the following inverse relations hold: ¢{(s) = inf{x < 0 : L,(x) >
s} and ¥§(s) = inf{x < 0: —R,(—z) > s}, s > 0, and, conversely, L,(z) =
inf{s > 0 : ¢¥¢(s) > x}, z < 0, and R,(x) = —inf{s > 0 : ¥$(s) > —x},
x> 0.

Let W (¢, ¢%,0) denote the random variable, that has characteristic
function (1) with # = 0. To keep complete accord with [8] as far as con-
stants go, we also introduce V (¢, ¢5,0) = W(¥¢,¢¥§,0) + 0(¢f) — 0(¥3),

where ) . ,
0(1) = &d‘g_/ ) g
o 1+19%(s) 1 1+
and for its distribution function we put

Guogo(r) = P{V(¥{,¢5,0) <z}, zeR (3)

Let X1, X5,... be independent and identically distributed random vari-
ables with the common distribution function F(-) and let V (¢f, 5, 0) and
Gyoyeo be as in (3). Then F is in the domain of partial attraction of
G = Gyoyeo, written F' € Dy(G), if for some centering and norming con-
stants ¢, € R and ay, > 0 the convergence in distribution

kn

1 D « o
T(ZXj_C]ﬁl) —>V(¢1,¢2:0)> (4)
kn \ 51
holds along a subsequence {k,}5°; C N={1,23,...}, where, and through-
out the paper, all asymptotic relations are meant as n — oo unless otherwise
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specified. The following theorem of Kruglov [11] highlights the importance
of semistability; see [12] and [8] for further references. If (4) holds for some
F(-) along some {k,} for which lim, . k,11/k, = ¢ for some ¢ € (1,00),
then the limiting random variable is necessarily semistable, and when the
exponent a < 2, that is the limit distribution is non-normal, then the com-
mon multiplicative period of M;(-) and Ms(+) in (2) is the ¢ from the latter
growth condition on {k,}. Conversely, for an arbitrary semistable distribu-
tion Gye yao there exists a distribution function F'(-) for which (4) holds
along some {k,} C N satisfying

ky,
lim ]:1 = ¢ for some ¢ € [1,00). (5)

We say that a distribution F'(-) is in the domain of geometric partial at-
traction of G with rank ¢ > 1, written F € D) (G), if (4) holds along a sub-
sequence {k,}°°, C N satisfying (5). Clearly, if Dy, (G) := |, DY) (G)#0
then G is semistable. Define ¢ = c(Gyeyg0) = inf{c > 1: Mj(cs) =
M;(s), s > 0, j = 1,2}, the minimal common period of the functions M, M,
in ¢, Y% in (2), and ¢(Gop) = 1 for any o > 0. Megyesi [12] showed that
the entire domain Dy, (G) = ,», DY) (G) of geometric partial attraction can

be produced as Dy, (G) = Dg))(G). Moreover, if ¢(G) = 1 then the distribu-
tion (G is necessarily stable.

Megyesi [12] characterized the domain of geometric partial attraction of
the semistable laws for any subsequence satisfying (5). However, for the sake
of simplicity, we will assume throughout the paper that our subsequence
{kn} is as simple, as it can, that is k, = [c"] for ¢ = c(Gyeygo) > 1,
where G = Gyo yo o is an arbitrary non-normal semistable distribution and
ly| = max{k € Z : k <y} is the usual integer part. In this special case (4)
holds, if and only if

Q+(s) = —s*U(s)[Mi(s) + hi(s)] and
Q(l—s) = s~ Vl(s) [Ma(s) + ha(s)] for all s € (0,1), (6)

where Q(s) = inf{z : F(z) > s}, s € (0,1), is the quantile function of
F(-), and Q4 (-) its right-continuous version, I(-) is a positive right-continuous
function, slowly varying at zero, the functions M; are from (2) and the error
terms hy(-), ho(-) are right-continuous functions such that limgo h;(s) = 0 if
M; is continuous, while if M; has discontinuities then h;(s) may not go to
zero but lim,,_, h;(t/k,) =0 for t € C(M;), j = 1,2, where C(f) stands for
the set of continuity points of the function f. Conversely, if the Q(-) of F(+)



satisfies (6), then F' € Dy, (Gye yo o) and

- 1-1/kn
. Z§:1 Xj—ky fl/kn/ Q(u)du

Si, -
o k(1K)

2LV (4,45, 0),

where X1, X5, ... are independent with the common distribution function F.

For what follows we need to define the scaling transform of our semistable
variable. Let G = Gya yo o be semistable with exponent a € (0,2). For A > 0,
let x(s) = ¥(s/\) and put w;‘“\(s) = A_l/awj“(s) = —M;(s/\)s7V* s >0,
where the functions M; are from (2), j = 1,2. Introduce

Vaa(My, My) = V(48,951,0) and  E(eVerMid2)y — gvan® ¢ ¢ R (7)

and notice the identity V, x(My, My) = A"V V (¢, wg,0). Put Gaa(z) =
P{VOW\(M:[, Mz) S ZL’}

We restate a basic result from [8] in terms of what we call circular con-
vergence. For a given ¢ > 1 we say that the sequence {u,}>°, C R converges
circularly to u € (¢, 1], written u,— u, if either v € (¢™*,1) and u,, — u,
or u = 1 and the sequence {u,} has limit points ¢! or 1, or both. (For ¢ =1
the notion u, — 1 simply means that u,, — 1.) Let the distribution function
F € Dgp(G) be such that (4) holds along a subsequence {|c"|}7,, where
¢ = ¢(G). Part of the surprising result in Theorem 1 in [8] is that there
are as many different limiting distributions as the continuum along different
subsequences. Introduce the position parameter v, = n/cl'°"l ¢ (¢! 1],
which describes the position of n between two consecutive powers of ¢. Then
Theorem 1 in [8] says that if along a subsequence {n,}22, C N,

Ny
23:1 Xj—cn, p

— W as r— o

an

r

for a non-degenerate random variable W, then %Tc—ir> k€ (¢t 1] asr — oo,

and the distribution of IV is necessarily that of an affine linear transformation

of Vo (My, My). Conversely, if v, —k € (¢c',1] as 7 — oo, then the
-1

distributional convergence above holds with ¢,, = n, nl_._f% Q(s)ds, a,, =

n/*1(1/n,) and W = V. .(My, My). This theorem leads to the following

merging theorem, Theorem 2 in [8]:

sup |P{Sn <z} —Gap, (x)’ —0.

zeR

The prototypes of distribution in the domain of geometric partial attrac-
tion of a semistable law with characteristic exponent a € (0,2), are the
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generalized St. Petersburg(a, p) games, a € (0,2), p € (0,1). In this games
for the gambler’s winning X we have P{X = r*/*} = ¢*~1p, where ¢ =1 —p
and 7 = 1/q. In this special case fast merge rates, depending upon the tail
parameter «, were obtained by Csorgé [2]. Moreover, these rates were found
to be optimal, guaranteed by the 3-term expansion in [3]. Motivated by these
results Pap [14] obtained a sort of complete asymptotic expansion, the length
of it is regulated by a: the closer « is to 0 or 2, the longer the expansion
may be taken.

These asymptotic expansions depend on the existence of the mixed deriva-
tives G(akf)(x) = G () /0x* 0wl =1, K, j € Ny, of the generalized con-
volution powers G\ () of a semistable distribution function, which will be
introduced in the next section.

Asymptotic expansions in the usual sense, when the attracting G, is
nonnormal stable law, are also based on the existence and regularity of these
mixed derivatives of G,. We refer to Mitalauskas and Statulevicius [13], and
to the monograph of Christoph and Wolf [1].

However, in the semistable case the regularity properties of the mixed
derivatives was derived by Csorgé [4], only very recently. Actually, the prob-
lem treated in this paper was addressed already there: ’'what expansions
in the domain of attraction of a nonnormal stable law, as summarized in
Chapts. 4 and 5 of [1], have merging analogues for distributions in the do-
main of geometric partial attraction of a nonnormal semistable law?’

Theorem 1 in the next section states that there is a certain length of
asymptotic expansion, where, as usual, the length depends on the smoothness
of the characteristic function near 0. If Cramer’s continuity condition does
not hold, which exactly the case in the St. Petersburg games, then the length
of the expansion depends also on «: as in [14], the closer « is to 0 or 2, the
longer expansion may be taken. Actually, Theorem 1 is the exact analogue of
Theorem 4.11 in [1]. In Theorem 2 we give sufficient condition for an infinite
expansion, in terms of the quantile function. All the proofs are placed in
Section 3.

2 Results

As we promised, we begin with the existence and some basic properties of the
mixed derivatives. Let G, be a semistable distribution function, with expo-
nent a € (0,2). Consider for each u > 0 the infinitely divisible distribution
function G, (7 ;u), z € R, that has characteristic function g, (¢;u) = e®®),



that is,
g, (t;u) =ew® = / " dGy(7;u), teR.

It was shown in Lemma 2 in [4] that the partial derivatives

I Gozyu) 1 [

G&k’j)(x ) = orkoui 27 oo

e—itx(_it)k—l[ya (t)]j ewa(t) g4

are well defined at all x € R and u > 0 for every j € Ny = {0,1,...} and
k € N, so that

; O G o5 u)
(k,) o o ) .
G ](I)——xk " , ve€R, for jeNy, keN, (8)

u=1

«

are all meaningful. Furthermore, by Lemma 3 in [4] we have the moment
property

/ ‘x|B|G((Xk+1,j)<x)}dx<oo 0<pB<a forall j,keNg,

and the limit properties

GFHLI) (+00) = lim GPH)(z) =0 forall j,k € Ny. (9)

r—+o0

Moreover, it was proved in [7] that the above remains true for every pair
(k+1,5) # (0,0), that is G (+00) = 0, if k,j € Ng, k+j > 0. In
particular, for every j, k € Ny the function G&¥ )() is Lebesgue integrable
on R, and hence

fo*j)(x):/ G () dv, z e R, (10)

is a function of bounded variation on the whole R, with Fourier—Stieltjes
transform

ggk,j)(t) _ / eita: ngk,j)($) _ / eitm G((lk—i-l,j)(x) dz

= (=) [pa(O)] ga(t) = (=) [ga()] O, teR.

After these general results we turn back to the semistable random vari-
ables V' (¢, 1¢,0). Fix the functions ¢, 1§ in (2), and consider V (¢¢, 9§, 0),



defined above (3), with distribution function G, = Gye yg o and character-
istic function e¥=® . For our purposes it is more convenient to write the
exponent y,(t) as in [4]. If « < 1

yalt) = / Bu(x) dLa / Bu(w) dRa(x) + il0(2) — 0(13)
:/w(em_ 1) dLa(z) + /0 (¢ — 1) dRa(2)
it 0008) — 6(05) - | i ALao) = [ R

O 1+ 22
= Za(t) + ”577(15?, w2a)

where (U, v5) = 0(v7) ~0(05) - [, smdLa(@) = Ji” rimdRa(x). Using
the definition of #(¢)), and the integraltransformation f_oo r/(1+z*)dL,(z) =
Joow2(s)/(1 + ¥(s)*)ds, and a similar for R,, we obtain the nice form
e, vg) = [ (W8 (s) — 1 (s))ds. For a > 1 similar calculation shows that

Ya(t) —/ (e — 1 —itx) dLa(x)+/Ooo( 1 —itr) dR,(2)

—00

+¢Awﬁ®—wﬂm%
= 2o (t) + itn(f, 5)

where now n(¢¥f,v3) = fol(gb‘f‘(s) — ¥%(s))ds. Using the inverse relation of
L., R, and ¥{,v¢$ we obtain that for a # 1

2a(t) = /000 [eiw?(s) —1—I(a > 1) ity (s)] ds
—i—/oo [e’iwg(s) — 1+ I(a > 1)ityp3(s)] ds, (11)
0

where I(aw > 1) = 1 if & > 1, 0 elsewhere.

For o = 1 we do not have such a nice form, but actually we cannot hope,
because the exponent in the characteristic function even in the stable case
behaves strangely. For unifying the notations we also introduce 2 (t) = ()
and n(1, 1) = 0. Csorgd proved in [4] Lemma 1 that

Ca‘t’a> lfa# 1’
a1 < { Gl + gl s 1. -

It is important to note that for a # 1 our z, is exactly the same as in [4],
however for a = 1 the two definitions differ, and the difference is a constant
factor of it, which can be built in C}.



Now we compute z, (), where of course z, ) belongs to y, \, as z, belongs
to yo. Notice that ¥, 1 = ¥, and this hold also for z and 1. The computations
above implies

ya)\(t) = Za)x@) + itn( ?’)\7 ﬁ’;’)\)'

On the other hand by Lemma 1 in [6] (actually the exponent of A in ¢, was
miswritten there)

ya)\(t) = Aya,l(t/Al/a) - itCA,

where
1/A
ex =X [ g (s) o (o))ds. (13
1

Applying this scaling law we get for o # 1

Yar(t) = )\ya,l(t/x\l/a) — itcy
= A (Zaa (E/AY*) + XYy, 5)) — itey
= Azg1 (E/AY) + it [NV ) — o] -

Now, separating the cases @« > 1 and a < 1, a somewhat long but straight-
forward calculation shows that n(®*, 3%) = Ae=D/ap (e ey — ¢\ which
implies the important equality

Zan(t) = Aza (EA79), (14)

For o = 1 we only have Lemma 1 in [6], that is

1/A
() = Naa(t/N) =it [ (03 = 0l(s)) ds.

We note that the multiplicative periodicity @Dj"’\(t) = 1/1;?"0)‘(75) implies that
Yar(t) = Yaer(t) and so 24 2(t) = zaen(t). Recalling that v, = n/clog.nl ¢
(¢, 1] we may write z4,,(t) = za, (t). For what follows, we introduce the
unifying notation

na,n(t) _ nza,l(t/nl/a) _ { Za,yn <t>7 if o 7é 1, (15)

214, () +itey, if =1,

where the equation for o # 1 holds because of (14) and the remark above,
and ¢, is from (13).

After these preliminaries we start to do expansions. We follow Christoph
and Wolf [1]. First we carry out a formal expansion. Let F' € D,,(G,) be

a distribution function, and f(t) = [°_e¥*dF(x) its characteristic function.
Let X7, X, ... iid random variables, with common characteristic function F’,
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and put V,, = > | X;. Assume that we have the formal infinite expansion
of the logarithm of the characteristic function

o0 oo 5 ) ' )
log £(£) = za(t) + 3 D 115(10)"=4(0). (16)
with the coefficients

Without loss of generality, we may assume that 4,9 = 0, since if it is not
0, then we can consider the random variables X; — 01 9. Then for f,(t) =

E(eitVn/nl/“) = f(t/n**)" by (16) we obtain

£, ) = e ®exp { Z Z ¥ Nam t)jn(«’i*jl)} :

k=0 j5=0

Define the polynomials P, ,(w,v) as the coefficients in the formal expansion

exp{zzk' ‘wujxyj 1}—1+Z Z P, ,(w,v)x"y", (17)

k=0 j=0 u=0 v=—{u/2|

where Fy o = 0. Clearly, the coefficients of the polynomials P, , depend only
on the coefficients J;; in (16). Introduce the notations dj; = oy ;/(k!j!),
Ly = max{—|u/2],—m,m — u} and put

Wm,up = E dk1,31 et dkm,sm
kit +km=u
s1++sm=v+m
it v > L,,,, and 0 otherwise. Then we have

u+v w
m,u,v
P, ,(w,v) = E —,w"vwm :
m!

m=max{1l,—v}

Since for o # 1 by (15) Nan(t) = 2a, (t), therefore substituting 7, , and it
into P, ,, we obtain the formal infinite expansion of the distribution function

P{V,/n'/* < x} = H, ., ()

u+v

S5 m e

u=0 vy=—|u/2| m=max{1l,—v}

where H, () is the inverse Fourier—Stieltjes transform of z,,(t). Notice
that H,\(z) = Gax(z — ¢), for some constant ¢ depending on A. Similar
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equality hold for o = 1, which is more complicated due to the occurring
constant ¢, in (15).

In the following we make the computations above precise. The random
variable X, or its distribution function F' belongs to the class v"(z,) for r > «
if for some € > 0

log f(t) = za(t) + Z %(uﬁ)kzgé(t) + u(t) (18)
hfrer kj!
for |t| < e, where u(|t|) = o(|t|"), do0 = o1 = 0 and 0y ; € R. We say that
F € v°(z,) if F € v"(z,) for each r > 0. We also note that the assumption
010 = 0 in the theorem below is not a restricting condition. We may consider
the random variable X —d; o, or what is the same, we expand the distribution
function of the centered random variable Vn/nl/o‘ — nlfl/aém.
A characteristic function f fulfils Cramér’s continuity condition if

limsup | f(t)] < 1. (19)

This quite usual general condition holds, if the absolutely continuous part in
the Lebesgue decomposition of the distribution function F, is not constant
0. This easily follows by an application of the Riemann—Lebesgue lemma.
For lattice distributed random variables the condition fails. Moreover, which
is more important in this context, the condition also fails for the generalized
St. Petersburg(c, p) games, for each a € (0,2) and p € (0,1). This was
pointed out by Pap [14]. Therefore in Theorem 1 below we also investigate
the case when (19) does not hold.
Let denote

LQ(T—Q)J erzfaj

2—a

Grrat) = @114 ™ 3" P (it man(t)n |,

where the polynomials P, , are defined in (17), and put G, .(x) the inverse
Fourier—Stieltjes transform of g,,,. (). The existence, bounded variation on
R, and the limit relations G, o(00) = 1, Gy .a(—00) = 0 follow from the
existence of mixed derivatives of G, y, in particular from (8) and (9). It is
important to note that the number of terms in g,, . ,, and so in Gy, ., depend
on the parameter a. We will see concrete examples after Theorem 2.

Now we can formulate our main theorem, which is the analogue of The-
orem 4.11 in [1]. Here o(1) — 0, as n — oo.

Theorem 1 Assume that F' € v,(2,) and 610 =0 in (18). Then

sup |P{Vn/nl/CY <z} — Grpalz)| < n~ " o(1) + Cn~Ye,
z€eR
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Moreover, if (19) holds, then

T—x

sup ‘P{Vn/nl/“ <z}-— Gm,a(:v)‘ <n" = ofl).
z€R

It is important to note that if Cramér’s continuity condition fails, then the
approximating function G, ,.(z) may contain superfluous terms, which are
of a smaller order than the remainder term O(n~/%). To exclude these un-
necessary terms we define the function g, ,. (), which is the same as g,, .. , (),
the only different is that in the summation we only consider those terms for
which v + av < 1. Put G, , () the inverse Fourier-Stieltjes transform of
Gn.ro(t). With this notation the expansions may be simplified as follows.

Corollary. Assume that F' € v,(z,) and d19 =0 in (18). Then

sup |P{V,,/n"* < 2} — Gpra(z)| <0~ 0(1) + Cn~ Y2,
zeR

Theorem 1 provides asymptotic expansions if the characteristic function
is smooth enough. But what does this condition mean in terms of the distri-
bution, or in terms of the quantile function. In the followings we investigate
this problem, and we give sufficient condition for F' € v*°(z,).

Clearly, even for the merging without any rate, it is necessary that I’ €
Dy, (V (¢, 15,0)), which is in terms of quantile functions nothing but (6).
Additionally we assume that [(s) =1 and k, = [¢"]|. We need some further
assumptions in

Theorem 2 If F' € D, (V(¢$,v¢,0)), in the quantile function in (6) the
slowly varying function l(s) = 1, and for j = 1,2

(a) M; # 0 and for some hy > 0 we have hj(s) =0 for s < hg, or
(b) M;(s) =0 and hj(s) = O(s'/%),
then F' € v™°(z,).

During the proof of the theorem, we will see that these conditions are
natural, and at least technically, seems to be necessary.

Actually, in the proof of Theorem 2 we will show that f(t) — 1 = z,(¢) +
> o2, Bi(it)? /!, where 3; defined later in (23). Therefore we obtain the
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infinite expansion

where the coefficients d; ; are polynomials of 3;. Clearly dpo = do1 = 0.
Some of the first values are 6,9 = 3,

890 = =B + P2, 611 =—P1, do2=—1,
O30 = 207 — 30182 + B, 021 =207 — B2, 012 =201, bo3=2,
S10 = =601 + 123 82 — 365 — 46105 + Bu,
031 = —60] + 60102 — B3, Oa2 = —607 + 203, 013=—6831, o4 = —6.
In the St. Petersburg case, simple computation shows that the constants
B = ,u?’p = p/(¢?/® — q) are the virtual moments in [14].
We can also compute the approximating functions G, ., for fixed a €

(0,2) and r > «. Here are some examples. Recall that H, \(z) is the inverse
Fourier—Stieltjes transform of z, (t). For o = 1/5

(0,2)
Ha:’yn (‘/L‘)
Gn,%,%('r) - Ha77n<x) - m )
Hé0,2) 8H§¢0’3) 3H§¢0’4)
Gnél(fﬂ) _ Howy (iL‘)— 7’Yn(a:) + 7’Yn(x)+ 7’Yn(x)7
55 o 2n 24n?
Hé0,2) 8Hc(\¢0’3) 3H§¢0’4)
G 41 (l’) Ha N (x) _ yYn (x) + yYn (x) + yYn ('I.)
™35 o 2n 24n?
12HE) (2) + 8HEY) (x) + Hy) ()
4A8n3 )
These functions were given by Pap [14]. For a = 3/2
By — B¢
Gn,Q,%(J:) = H,,, (%) + Hg:/(l) (x)wmla
2 (1,1) 2 2 77(4,0)
_ 2,0 62_51 8/81Ha"yn (l’) +(ﬁ1 _52) Ha7 n (.T)
Gn,%,%<x> - HOQ’YTL (I) + H(gz,ﬁ/n) (ZL’) 2TL1/3 + 8n2/3 .
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3 Proofs

The proof of Theorem 1 is based on Esseen’s classical result (Theorem 5.2 in
[15]), which we record here in a special case closest to our application.

Lemma 1 Let F' be a distribution function and G be a function of bounded

variation on R with Fourier—Stieltjes transforms f(t) = [*°_e"™dF(z) and
g(t) = [T e™dG(z), t € R, such that G(—o0) = lim,—._ o G(z) = 0 =

F(—00) and the derivative G’ of G exists and is bounded on the whole R.
Then

SuPser |G'(2)|
T

dt+Cb

sup |F(z) — G(z)| < /

z€R T 27 _T

f(t) - g(t)’
t

for every choice of T > 0 and b > 1, where ¢, > 0 is a constant depending
only on b, which can be given as ¢, = 4bd: /7, where dy > 0 is the unique root

d of the equation 2 fod Si‘;#du =1+ %

™

The next result is Lemma 3.3.1 in [10].

Lemma 2 If f is a characteristic function of a non-lattice distribution, then
for every b > 0 there exists a sequence p, — oo such that

/p(")
b

The key to the proof of the theorem is the following lemma, which is an
analogue of Lemma 4.30 in [1] (p. 107).

fT@‘ dt = o(e™"?), asn — oo, (20)

Lemma 3 Assume that F' € v"(z,), and in (18) 919 = 0. Then there exists
e > 0 such that for |t| < en!/®

(1) = Gnra(O)] < d(n)n U V(t]0r 4 [t]e2)e 112,

where d(n) = o(1), Ko >0, f,(t) = f(t/n**)", a1, ay > 0.

Proof. The proof is exactly the same as in [1], therefore we only emphasize
the differences.

Kruglov [11] proved that if e¥=(®) is the characteristic function of a semi-
stable law with exponent a € (0,2) then Rey, (t) < —K,|t|*, where K, > 0.
Thus by Lemma 1 in [6] we get

Reyar(t) = Redya 1 (t/AVY) < —AK tNT = =K, |t|*,
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that is the constant in the estimation does not depend on A. Therefore
|elen(®)] < e Kaltl”,

By (18) we have for [t| < en!/®

log f,,(t) = log f(t/n"/*)"
O A A
= Nan(t) + k’f—;(it)kna,n(t)fn—<ﬁ+ﬂ—l>+nu(t/n1/a).

k+aj<r

Thus
£.(t) = oMo (?) {eW LW (enu(t/nl/a) B 1) } ,

where

Okyj . L (Eyi
W= 3 e (e 5.

k+aj<r

The assumption u(t) = o(|t|"), implies nu(t/n'/®) = [t|"n="~=/%(1). Using
the inequality |e* — 1| < |ule!*l we obtain for [t| < n'/®e

%) 1] < o) eHeli” /3

For arbitrary « € (0,2) by (12) we have

Cultle, ifa£1,

— 1/
Man ()] = Inzaa(t/n )] < {01|t|(5 Floglefnl), ifa=1. Y

Put D = max{|0y ;| : k+aj <r}, | =min{2—a,a},andm = |[(r—a)/l].
Then k-+a(j—1) > [ for every k, j such that k+j > 2. For a # 1, |t| < en'/®

WIS 3 lreici e

141
k+aj§rk']'
i k+a(j—1)—1
AR i (1t
<t (k) 0 5w (s
k+aj<r
l
t K,
S |t|a L DelJrCa S_Mav
nl/o 8

where the last inequality holds if € small enough. Using the inequality |e* —
Yo ub /K < ellu™ 1/ (m 4 1)1, we obtain

eW - . Wk
k!

k=0

’W|m+1
~ (m+1)!

e|W| < |t|(l+a)(m+1)n— = eKa\tP‘/Sdl (n)’

14



where

DelJrC"‘ mH r—a—Il(m+1)
dy(n) = —( T 1))' n

Note that —yy = [r—a—Il(m+1)]/a<[r—a—Il(r—a)/l]/a=0
For a = 1 the computations are similar. We have

W<y D0 (5 + g t/ml) n 057

k+j5<r

i)y 5~ G (1) -
<0y (5-+ |logt/n]

k+j<r

|t|2 14+C4 7] Ky
< —De " (5 + |log [t/n])" < —[¢.
n 8
Thus

ka
=D G| <

k=0

\W\ < ’t‘Z(m+1)*m+227Tn*r+1eK1|t|/8d2(n),

m—l—l)

(D! =
dy(n) = ~————nr=m=2/2 gyp (—> 5+ | log |t/n| )L™
) = 5 sw (1) o ol

Again, —y, = (r—-m—2)/2 < (r—1—(r—1))/2 = 0. For every k > 0
|t|(log |t|)* is bounded near 0, thus the supremum in the definition is finite.
Finally

|_2(7‘ O‘)J L’l‘ o— uJ

T SR > > Puslitman()n= 5 4 By (0),
k=1 —

v=

E
2

since if u + av < r — a, then the coefficient of n~=(“**¥)/® in the finite sum
in the left-hand side above and in the infinite sum is the same. Moreover,
simple algebra shows that u + av < r — « implies u < |2(r — a)/(2 — a)],
v < [(r —u— «a)/a]. From this it follows that the terms in R, (t) are of
order n*%fw, where u + av > r — a. This is clear for a # 1, and also
for a = 1, since it is easy to see that ¢, = O(logn), in (13). Put v3 =
min{u + av — (r — ) }/(2«a) > 0, where the min is taken over all pairs (u,v)
with u > 0, v > —|u/2], for which v + av > r — a, and for which the order
n~(wtav)/e gecurs in the finite sum above. The latter property guarantees the
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finiteness of such pairs. After the estimation (21), the exponent of |t| in each
term in R, (t) is larger than r and smaller than mr. For ov = 1 there can also
enter factors (5+|log |t/n||)*, where k = 1,2,...,m|r|. As at the estimation
of W these terms can be made bounded by multiplying with [t/n|7/2. We
may choose 73 so small, to make a; = r — v3/2 > 0. Finally, we obtain

R, (t) = dy(n)n™ =/ ([t + Jt2),

where d3(n) = O(n™/%) and ay = rm .
Summing up these bounds we get

1/« T Wk
£u(t) = G pat)] = |e”a’n<t>|{|Rn<t>| o [e (e 1)) [ -3 T }
k=0

Ko

< eKalt“{an(yt\al 4 [E]92)o(1) + e |t

T—«

= o(1)

_ Kalt|® r—a

<e "2 n e (|t"+[t]*?)o(1),

which proves our statement. [ ]

Proof of Theorem 1.  Since by (10) each term in G, . is bounded

n,r,o

uniformly in z, and there are finite number of terms, therefore for some
C > 0 we have sup,cp |G}, ()] < C. So Esseen’s lemma implies that

b C
P Vn L/ < - Gnra < _[ T
ilelﬂgl {Vo/n' ' <} ral@)| < ooIr +
where .
t) — t
IT :/ fn( ) gn,r,a( )’dt
7 t

Let T = en'/®. From the lemma above the first statement of the theorem
follows.

Now suppose that Cramér’s condition also holds. In this case F' is non-
lattice so for any real b > 0 there exists a function p(n) — oo, such that (20)
hold.

Depending on r put 7' = en'/® for r < 1+a, T = p(n)n'/® forr = 1 + o,
and T = n'/® for r > 14+ «. Cutting up the integral we have Iy < I+ I+ Is,

where
I — / .fn(t) - gn,r,a(t)
1=
[t|<enl/«

e
t

16



t
12:/ f”—()‘dt, and 13:/
T>|t|>enl/e t [t|>enl/e

As before I; = o(n~=("=%)/®)_ Tt follows from (20) that in the case r = 1 + «
we have I, = o(n"=®/®). While, for » > 1 + « (19) implies |f(t)| < e ¥
for some K > 0, and [t| > e. Thus I, = O(e™™%/2). Finally, for the third
integral we easily obtain that I3 = O(e™“"), for some appropriate ¢ > 0. =

dt.

gnm,a(t) ‘

Proof of Theorem 2. Clearly, we may assume that hy = ¢=*, [ € N. Then
we have

—1 -1 !

1 c 1—c
f(t) :/eitQ(s)ds:/ eitQ(s)ds%—/ eitQ(s)ds—l—/ et@U1=5)qg. (22)
0 0 c 0

—1

Since log f(t) = log(1+ (f(t) — 1)), we have to expand f(¢) — 1. For the
middle term we may write

/_1(:—1 (679 _ 1) ds — /_10‘ i (itQ-(S))jd

Since Q(s) is bounded on (¢7!, 1 — ¢!) we could use Fubini’s theorem. The
first and third term in (22) can be handled similarly, so we investigate the
first. First let a # 1. Put I(a > 1) =1 if @ > 1, 0 elsewhere. Then

-1

[ e —ayas = [T e -1 - g > i) s
0 0
_/ [T — 1 — I(a > 1)ityd(s)] ds

—l
—1

c ct
—I—/ Q) — o WTO] ds + [(a > 1) it/ Y (s)ds.
0 0
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We recall that ¢§(s) = —M,(s)/s'/*, and so
/ 65 1 [(a > 1)itdg(s)] ds

[y oy,

|
j=14+I(a>1) J:
—it) [ (M ]
_ Z ( }) 1(s) ds
j! 1\ sl/e
j:1+1(a>1) ¢

—l+k+1

Z/—l+k S]/a dS

(—‘it)j (A /a—1) k(i /a-1) ch'(t)j a
4! £ tile

Mg

j=14+I(a>1)

—0 1

o0 it dU-a)/a ¢ M ()
_ Z (=it) ¢ 1()dt,

gl 1 —cU-a)/a [ ti/a

j=1+I(a>1)

where in the fourth equality we used the multiplicative periodicity of M;.

Now we have to expand focil Q) — T ()]ds. In case (a) this term is
0. In case (b) let j = 1, that is M; = 0. Then

o ( —ithi(s)/s'/> _ dS _ lf: _1th1
0 sﬂ/ajl
7j=1

e

Jj=1

18



Summing up we have

fit)—1= /000 [ew?(s) —1—I(a > 1) ity (s)] ds

g —it)d l(j—a)/a < M. (t)
Z (—it) c 1(>dt

gl 1 —c U)o [ ti/a

J=1+1(a>1) '
+§; (—ji!t)j /OCl (le(/‘z))J ds + I(a > 1)it /OCZ Pi(s)ds
fj /‘CmW®
ﬁA[ﬂ%U L+ I(0 > 1)ityg(s)] ds
S A ey

S 1—cG-aa ), e

j:1+1(a>1)
. A
h J
+Z / (%)d—la>1tt/ S
Jj=1
— (it)’
= za(t) + ( l) ﬁj,
=1 7

where for j > 2

PR R (TG O
T 1= U/ il
¢! o j j 1—ct )
-I—/ ( hl(s)). + hafs) ds+/ Q(s)’ ds, (23)
0 Sj/a el
and for j =1
A1/a-1) M ( 1—c7!
ﬁlz(l—l(a>1)1_c 10[)/0[/ 1 )dt—i—/_l Q(s)ds

+1(a > 1)it /OC [V (s) — ¥5(s)]ds +/0 w ds.

It is clear that for some constant C' large enough |5;| < €Y, that is the
infinite series converges absolutely. This immediately implies that F' € v"(z,)
for each r > «, that is F' € v™°(z,). u
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