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Abstract

We investigate the repeated and sequential portfolio St. Peters-
burg games. For the repeated St. Petersburg game, we show an upper
bound on the tail distribution, which implies a strong law for a trunca-
tion. Moreover, we consider the problem of limit distribution. For the
sequential portfolio St. Petersburg game, we obtain tight asymptotic
results for the growth rate of the game.

1 Introduction

Consider the simple St. Petersburg game, where the player invests 1$ and a
fair coin is tossed until a tail first appears, ending the game. If the first tail
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appears in step k then the payoff X is 2¥ and the probability of this event
is 27
P{X =2F} =27F, (1)

The distribution function of the gain is

ifx <2,
if x> 2,

(2)

0,
F(l’) :P{X§$}: { 1 1 —1_ o{logg =}

" gllogg ] T z

where |z] is the usual integer part of x, {z} stands for the fractional part
and log, denotes the logarithm with base 2

Since E{X} = oo, this game has delicate properties (cf. Bernoulli [2]).
In the literature, usually the repeated St. Petersburg game (called iterated
St. Petersburg game, too) means multi-period game such that it is a sequence
of simple St. Petersburg games, where in each round the player invests 18$.
Let X, denote the payoff for the n-th simple game. Assume that the se-
quence {X,}2°, is i.i.d. After n rounds the player’s gain in the repeated
game is y ;" ; X;, then Feller [12] proved that

lim 72?:1 Xi =

1
n—oo nlogyn

in probability.

In Section 2 we revisit the a.s. properties of the repeated St. Petersburg
game, in Section 3 we investigate the limit distributions of the truncated
sums under different truncation levels. This analysis allow us to understand
‘where the important things happen’. In Section 4 we show the consequences
for sequential portfolio games with fair St. Petersburg components, while
Section 5 contains some further refinements concerning the asymptotics.

2 Almost sure properties
Chow and Robbins [4] and Adler [1] proved that

Z?:l X;

lim inf =1 as.

n—oo nloggn

and "oy
lim sup Q =00 a.s.

n—oo N 10g2 n



For the sum with the largest payoff withheld, one has that

n
lim Yoy Xi —maxi<i<n X

=1
n—00 nlogyn

a.s. (cf. Csorgé and Simons [11]).

Theorem 1 For ¢ > 2 let denote X(©) the St. Petersburg random variable
cut at ¢, that is
X(c) _ X, if X <g,
¢, ifX>ec

Introduce the notation Sq(f) =30, X,gc) for the sums. For any € > 0, we

have that
P {

Proof. For any A > 0, we apply the Chernoff bounding technique:

> { T (X BT } _p {Z(xf”) E(X"}) > enlog, n}

s —E{s{}

nlogsn

> 8} < 2n4—alnlnnlog26.

nlogyn —
o i)
= eAenlogyn
E {eMX{”LE{X{”)}) }”
= eAenlogyn
For any k > 2, we have that
|logy m | 0o
E {(XYL))/@} _ Z okig=i | oklogyn Z 9—i
=1 i=|logy n]+1
[logy 7]

_ Z 2(k—1)i+2k10g2n2—Uog2nJ
=1
< 3nk_1,

while for k¥ = 1 we have

E{x{"} <logyn+1.



If I denotes the indicator function then using the inequality

el 5)] = om0
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Thus, the choice A = lnl% implies that

P { T B E} o @tgenr

n log2 n eXenlogyn
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—  eAenlogyn
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In the same way we get that

P { E;n:l(E{Xl(”)} - XZ(”)) > 8} < n47€lnlnnlog2 e,

nlogyn -



therefore

P { S, (X~ B}

nlogyn

> 8} < 2n4751nlnn10g2e'

This theorem and the Borel — Cantelli lemma imply that

n x(®)
lim 722:1 C

=1 as.
n—oo  mlogyn

We can achieve some asymptotic results for S, — 57(1”), where S, = X1 +
-+ + X, stands for the whole sum. Writing

n n

Sp— ST =Y "(X; —min{X;,n}) => (X; —n)*",

i=1 =1

where #7 = max{z,0} stands for the positive part of x, Feller’s weak law
and Theorem 1 imply that

> i1 (Xi —n)*
nlogyn

— 0 in probability,

while the almost sure liminf and lim sup results have the consequences

Z?:I(Xi —n)*

lim inf =0 a.s., and
n—00 nlog2 n
nox. o)t
lim sup 2iz(Xi =) =00 a.s.
n—oo nlogyn

3 Limit distribution properties

As in the previous section, let X7, Xs,... be independent St. Petersburg
random variables and let denote S,, = X7 + - - - + X, its partial sums. Since
the bounded oscillating function 211°82%} in the numerator of (2) is not slowly
varying at infinity, by the classical Doeblin — Gnedenko criterion (cf. [13]) the
underlying St. Petersburg distribution is not in the domain of attraction of
any stable law. That is there is no asymptotic distribution for (S, —¢p)/an,
in the usual sense, whatever the centering and norming constants are. This
is where the main difficulty lies for the St. Petersburg games.

However, asymptotic distributions do exist along subsequences of the
natural numbers. Martin-Lof [16] ‘clarified the St. Petersburg paradox’,



showing that Sy /2% — k converge in distribution, as k — oo. It turned out
in [8] that there are continuum different types of asymptotic distributions of
Sn/n —logy n along different subsequences of N. As Csorg6 wrote [6] there
are continuum many different clarification of the St. Petersburg paradox.
In order to state the necessary and sufficient condition for the existence of
the limit, we introduce the positional parameter ~, = n/21°82"1 ¢ (1/2, 1],
which shows the position of n between two consecutive powers of 2. We
say that a sequence {\,}2%, circularly converge to X € (1/2,1], Ap—= ), if
An — A € (1/2,1] in the usual sense, or A\, — 1/2, or {\,}"2; has exactly
two limit points: 1 and 1/2. In the latter two cases the circular limit is
defined to be 1. In this terminology, the theorem of Csérg6 and Dodunekova
[8] states that Sy, /ni —logy ng converges in distribution to a nondegenerate
limit as £ — oo, if and only if v,, = nk/2ﬂ°g2 ne] Z5,~ In this case the limit
random variable W, v € (1/2, 1] has characteristic function

g,(t)=E (eitWV) = / e dG. (z) = et eR,

and distribution function G, (z) = P{W, <z}, 2 € R, where

. 12 21t2 ¥ 1t2 v
Y~ (T its~ + <exp{}—1—>+§ exp{}—l)
(1) 2l E : ~ v )2 & ~ 2!

=0 =1
/. itx
= exp it [sy + u-] + e 1 — >dR x},
p{ [ vy 7] /0 < 1+ 22 'y( )
with finite constants s, = —log, v and
o0 2 o0
_ g 1

and right-hand-side Lévy function

fy r}/ 2{10g2 ('Yx)}

Ry(z) = — =

Sos0a] — olned] — 5 =20

From this form, it is clear that W, is a semistable random variable with
characteristic exponent 1.

Moreover, it turned out that a so-called merging theorem holds: Csorg6
[5] showed that

sup — 0. (3)

zeR

IP’{S;L” —logyn < ZL‘} -Gy, (2)

6



We note that this behavior holds in a more general setup when the under-
lying random variables are from the domain of geometric partial attraction
of a semistable law, see Csorgd, Megyesi [10]. For more precise asymptotics
for the St. Petersburg sums we refer to Csorg6 [5], [7] and Csorgé, Kevei [9].

Now we turn to the asymptotic behavior of the sums of the truncated
variables, under different truncation levels. The following two theorems say
that in some sense the exact truncation is at level n, since in this case both
the truncated variables, both the truncations shows the same limit behavior
as the whole sums.

First we consider the truncations. Also notice the analogue of this the-
orem and the lim inf and lim sup results at the end of the previous section.

Theorem 2 The normalized sum

Do (X — n)*

n

converges in distribution along a subsequence {n;}7°; C N to a nondegen-

erate limit, if and only if yp, C—irvy as k — oo, for some vy € (1/2,1] and in
this case the limit variable Y, has characteristic function

B —ep{ [T (e 1o ) ado)}

o {log[y(a+1)]}

r+1

where

Q(2) =

Proof. According to (2) the distribution function of one summand is

(Xi —n)*

1

Fn(l’):P{ <x}:P{XZ<n(:U+1)}:1_2UOg2(TL(:U+I))J’
for z > 0, and 0 elsewhere. By Theorem 25.1 in [13], "7 | (X; —n)T /n— A,
converges in distribution along the subsequence {ny}, for some appropriate

centering sequence A,, if and only if

9{logy (nk(z+1))}

— ler12{1°g2(nk(w+1>)} — —R(z) (4)

g L= Foy (2)] =



in every continuity point of R, and

lim lim sup nk/ 22 dF,, () =0.
e—0 koo |z|<e
Here the right-sided Lévy function R is a non-decreasing right-continuous
function, for which lim,; .o R(z) = 0 and [ 2*dR(z) < oo for every & > 0.
In this case the centering constant can be chosen as A, =n f| xdF,(x),
7> 0.

The latter condition is trivially hold along the whole sequence of the
natural numbers, since

z|<T

n/ 22 dF,(z) < z-:zn/ dF,(z) < *n[l — F,(0)] < 2€2.
|x|<e O<z<e
Similar calculation shows that we may choose A,, = 0.

It is easy to check that (4) holds if and only if ~,, ——7 for some 7y €
(1/2,1], and in this case Q}Y has the desired form. I

Exactly the same way we can prove a limit theorem for the sum 57(1”) of
the truncated variables. We omit the proof.

Theorem 3 The centered and weighted sum

Nk

— logy g
ng

has a mondegenerate limit, if and only if ’ynkc—irvy as k — oo, for some
v € (1/2,1], and in this case the characteristic function of the limit variable

Z 18
ity _ A ita itx 2
E(e V)QXP{/O\ (6 _I_H—x2> dQ,y(x>} s

_glloga(v2)} .
Qi(w)z{ e U

0, otherwise.

where

Notice that if we define Q! (x) = 0 on (—1,0], then Q,ly(l' -1)+ Q%(m) =
Ry(z), x > 0.

Next we investigate the asymptotic normality of the truncated variables
under general truncation. Theorem 3 says that truncation at n is not enough
for the existence of a usual limit. According to the following theorem a
slightly stronger truncation implies asymptotic normality. In a very informal
way these three theorems together show that the interesting things happen
around n.



Theorem 4 The asymptotic normality

s —Esi)

\/ Var S,(f")

holds, if and only if ¢,/n — 0.

2, N(0,1)

Proof. @ We use the Lindeberg—Lévy central limit theorem, which says
that the distributional convergence

s —Esi)

\/ Var S,(f”)

holds, if and only if L,,(¢) — 0 for each € > 0, where

2, N(0,1)

n
Ly,(e —/
) sn {Ix(en) —EX(en)|>es,, }

(X () —EX ()2 P,
and s2 = Var Sq(f”).

To exclude trivial cases, we assume that ¢, — oo.

First we show the sufficiency part, that is we assume that ¢, /n — 0. For
the second moment of a truncated variable we have

[logs c|
2 1 1
(¢) _ 2k 2 |logs c] {log, c}
E{[X } } = g —2k2 +2Uog2cJC _2(2 2 —1)+C2 2

(21—{10g2 ¢t 4 ollog, C}) c—9. (5)
So for the variance we obtain

s2 = Var S\ = nVar X(©) = ne, (21_{1°g2 cnt 4 oflogzent 4 o(l)) ,

where o(1) — 0 as n — oo. Therefore, using that 2% + 217% € [21/2, 3] for
x € [0,1], and the assumption ¢, /n — 0, we obtain that ¢,/s, — 0. Since
we cut at ¢y, in this case the domain of integration in the definition of L, (¢)
will be empty for n large enough, so clearly L, () — 0, for every € > 0.

For the converse we indirectly assume that ¢,/n /4 0. This means that
we can choose an g9 > 0 and a subsequence {ny}3; C N, for which ¢, /n; >
€o. The same asymptotic as in the previous part of the proof shows that
Cny,/Sny, > €0/2 = €, for k large enough.



The asymptotic order of the expectation log ¢, is negligible to the vari-
ance ¢y, therefore easy computation shows that instead of the integral

/ (X (en) — X (en))2 gp
{‘X(Cn)—]EX(Cn) ‘>55n}
we may investigate

(X2 qp.
{X(C")>€sn}

Writing ny instead of n, the latter can be computed as
[logy cny, |

= > 2+ 2 P{X > ¢y}
j=logy (s )| +1

= ¢, <217{10g2 cny } + 2{10g2 an}) —92_ (gsnk21f{10g2(ssnk)} . 2)

Cny (21—{1og2 C"k} + 2{1og2 C"k}) N €Snk21_{10g2(65”k)} ]

Multiplying by ny/ s%k, it is clear that the first term converges to 1, while
the second cannot converge to 1 for all € > 0. So L, (¢) does not converge to
0, that is Lindeberg’s condition fails, and the theorem is completely proved
now. "

Finally, as a counterpart of the previous theorem we note that if the
truncation level ¢, is asymptotically greater than n, that is ¢, /n — oo, then
for the sum of the truncations we have

Z?:l(Xi - Cn)+
—
n

in probability.

4 Growth rate of sequential St. Petersburg port-
folio games

According to the previous results Y ;" | X; ~ nlog, n. Gyorfi and Kevei [14]
introduced sequential St. Petersburg game and sequential St. Petersburg
portfolio game, having exponential growth. The sequential St. Petersburg
game means that the player starts with initial capital Cy = 18, and there
is a sequence of simple St. Petersburg games, and for each simple game the
player reinvests his capital. If C,,_; is the capital after the (n — 1)-th simple

10



game then the invested capital is C,—1/4, while 3C),_1 /4 is the proportional
cost of the simple game with commission factor ¢ = 3/4. It means that after
the n-th round the capital is

n

Cn = Cpo1Xn/4 = [[(Xi/4).

i=1
Because of its multiplicative definition, S,, has exponential trend:
Cn — 2an ~ 2nW’

with average growth rate W, := %logQ C, and with asymptotic average
growth rate W := limn_)ooilogQ Cyh. The strong law of large numbers
implies that

1 n
= 1im — log, X;/4 = E{log, X1/4} = 0,
w ngngongogz /4 =E{logy X1/4} = 0

i.e., the growth rate of this sequential game is 0. In the sequel, the sequential
game with payoff X;/4 is called fair.

Using the model of constantly rebalanced portfolio (CRP) one can achieve
positive growth rate out of financial instruments of zero growth rate such
that the sequential portfolio game is operating on several simple games and
cash, and in each round of the games the player rebalance his wealth ac-
cording to a portfolio. The aim is to achieve the best possible growth rate
of the wealth. In the model of log-optimal portfolio theory, one can access d
fair St. Petersburg component and cash and a portfolio vector is denoted by
b= (bM,...,b¢*D). The j-th component bY) of b denotes the proportion
of the investor’s capital invested in financial instrument j (5 < d), while
b4+ denotes the weight of the cash. We assume that the portfolio vector
b has nonnegative components sum up to 1. The set of portfolio vectors is
denoted by

Agir =4 b= 060, p@D) 50 >0, 3" p0) =1

The behavior of the market is given by the sequence of return vectors
{xn} as follows:

11



such that the j-th component a:%J ) of the return vector X, denotes the amount

obtained after investing a unit capital in the j-th financial instrument on
the n-th round (1 < j < d).

In case of CRP we fix a portfolio vector b € Agy;. At the beginning
of the first round the initial capital Cy = 1 such that b() is invested into
financial instrument j, and it results in return b(j)xgj ), therefore at the end
of the first round the investor’s wealth becomes

d+1

Zbﬁ (b, x1),

where (-, -) denotes inner product. For the second round, C is the new
initial capital
CQ :Cl . <b, X2> = <b, X1> . <b, X2>.

By induction, for the round n the initial capital is C),_1, therefore
n
Cp=0Ch1(b,x,) = Hsz-
=1
The average growth rate of this portfolio selection is
1 R
EIOgQ C, = - Z;logQ (b, x;).
1=

If the market process {X;} is memoryless, i.e., it is a sequence of inde-
pendent and identically distributed (i.i.d.) random return vectors then the
best constantly rebalanced portfolio (BCRP) is the log-optimal portfolio:

b* := argmax E{log, (b, X;)}.
beAd+1

This optimality means that if C;; = C,,(b*) denotes the capital after round
n achieved by a log-optimum portfolio strategy b*, then for any portfolio
strategy b with finite E{log, (b, X;)} and with capital C,, = C,,(b) and for

any memoryless market process {X,}5°;,

1 1
lim — logy C), < hm —logg C;  almost surely

n—oo N

and maximal asymptotic average growth rate is

1
lim —log, C;, = W* := E{log, (b*, X1)} a.s.
n—oo N

12



(cf. Breiman [3] and Kelly [15]).

Consider the portfolio game, where a fraction of the capital is invested
in simple fair St. Petersburg games and the rest is kept in cash, i.e., it is a
CRP problem with the return vector

X = (XD x@ x@+H)y = (X,/4,. .., X4/4,1)

(d > 1) such that the first d i.i.d. components of the return vector X are
fair St. Petersburg payoffs, while the last component is the cash. The main
aim is to calculate the largest growth rate W.

Gyorfi and Kevei [14] proved that, for d = 1, b* = (0.385,0.615) and,
for d = 2, b* = (0.364,0.364,0.272). For d > 3, the best portfolio is the
uniform portfolio such that the cash has zero weight:

b* = (1/d,...,1/d,0)

and the asymptotic average growth rate is

d
. 1
Wi =E {1og2 (4d ZX) } .
=1

Here are the first few values:

d 1 2 3 4 5 6 7 8
W75 10.149 | 0.289 | 0.421 | 0.526 | 0.606 | 0.669 | 0.721 | 0.765

Table 1: Numerical results

Gyorfi and Kevei [14] proved that

logg ——— — 0
082 nlogyn -

in Ly, which implies that

d
. 1
W = E{log2 <4dZXZ->}
=1

Sa
= E {log2 dlog, d} + logy logy d — 2 ~ logy logy d — 2

such that

08 1 logy logy d + 4
_2e < W —logylogyd +2 < 82208247 2
m2logyd = ¢ 0B2B 0t A s T
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Next we slightly extend this asymptotics which implies that

log, log, d
W7 ~loggloged — 2 + —=—2—.
d 10827062 + In2logy d
Theorem 5 We have
0.16 + o(1) < {log, Sn _ logylogy n < 2.52 + 0(1).
loga n nlogyn In2logs n logy n

From this theorem we get that

S logy 1
0.16 < logy <IE {10g2 nIO;n} - 11g221§gg§:> < 2.52.

Introduce the notation

S, log, logy n
A, = 1 E{l - -
n 0ga 1 ( { 082 nloan} In2logyn
log, logo 1
= logyn (]E {logy Sn} — logyn — log, logy n — hr12210g2n>
2

We conjecture that the limit

c:= lim A,
n—oo
exists. In order to prove or disprove it, we performed some simulations.
Table 2 contains some values of E{log, Sy}, Var (logy Sy,) (which goes to 0,
according to Remark 2), A, and W} such that, for each n, there were 20000

n 8 16 32 64
logs 21 4 5 6 7
E{logy Sn } 576 | 6.97 | 8.17 | 9.35
Var (logsy Sy,) 1.56 1.40 1.20 1.10
A, 124 | 1.02 | 092 | 085
W = E{log, Sn} —logyn—2 | 0.76 | 0.97 | 1.17 | 1.35
E{log, S\ 535 | 6.69 | 792 | 9.13
Var (log, S™) 031 | 036 | 035 | 0.32

Table 2: Simulation results

14



runs. Since S, > 2n, we include log, 2n, too. Notice that the exact value of
W¢ in Table 1 and the simulated value in Table 2 are close to each other.
In addition, we included in Table 2 values of E{log, Sy, } Var (logy Sy’ (en ))
with ¢, = nlogyn, too.

In order to prove Theorem 5, apply the decomposition

S, sy
loggy ———— =logy —— + logg ———
82 nlog, n 082 51(1%) +og nlogon’

(cn)

where S;,™’ is defined in Theorem 1 with ¢,, = nlogyn. Next we formulate
bounds for the two terms on the right hand side.
Concerning the first term one has that

Sh 2n
<E/LI <
0< { 0go ST(Lcn)} - cnan

(cf. Gyorfi and Kevei [14]).

Proposition 1 For ¢, = nlogy,n we have

71—'_0(1) S]E{logQ Sn }< 2+0(1).

logy 1 slen) [ = logyn
Proof. If Xj <e¢,,...,X, » then S, = S(c") therefore
s, n
E {log2 o) } < ) {log2 o Hxisen X e (X <en. Xn<cn}}
Sn k=1
For k=1

Sp
nE{lOg2 S( )I{X1>cn}I{X2<cn7 ,Xn<cn}}

X1+ X;
=nE {10g2 %I{X1>cn}I{X2<Cn, ,Xn<6n}}
1=2

o0 X1+Z X

= ”/0 P {10%2 ﬁf{xlm}f{xwm Xn<en) = Jf} dx

X1+Z 2X
_ P =2" 1 > 9T X X, < e X < d
n/ov {Cn_'_zl 2)( 1>Cn7 2 Cn, ) ncn}x

00 n

= n/ IP’{Xl > 2%, + (2" = 1) Xi, Xo < cpy..., Xy < Cn}dx. (6)
0 i=2

15



Concerning the lower bound of the proposition, (2) implies that

S
E {logg o) }
Sp"

S,
> nE {IOgQ 57(;;)I{Xl>cn}I{X2<cn,.--,Xn<cn}}
o0 n

— n/ E{P{Xl z2xcn+(2x—1)ZXi Xo<en,..., Xn §cn}}da:

0 i=2

xP{Xs < ey, Xn < cn}

o 1
> n/ E (C)ngcn,...,Xngcn dx

0 2%en + (27 — 1) X, X

X (1—2/ep)"

therefore Jensen’s inequality implies that

Sn,
E {10g2 (C)}
Sn "

1

> n/ dx
0 2%c, + (20— 1)L E {X§Cn> | Xo < ey Xp < cn}
X (14 o(1))
& 1
> dx(1 1
- n/o 2%¢c, 4+ (27 — 1)nlogy ¢ z(1+0(1))
n o0
> — ———dzx(1 1
~ e Jo 2-2“—1x( +oll))
1+ o(1)
logon

where the last equality follows from

©
—— dr=1.
/0 2.20 1"

Concerning the upper bound, (2) and (6) imply that

Sn
nlk {log2 S(Cn)I{X1>cn}I{X2§cn,...,Xn§cn}}

< n/ E 2 ) dz.
0 2%+ (27 — 1) Yo, X

16




Using Fubini’s theorem we have

/ E 2 ) dx
0 2%, + (27 — 1) 30, X"

= E / 2 (C)dx .
0 2%e, + (20 —1)3 0, X,

For computing the inner integral notice that [(e¥ —1)"!dy = In(e¥ — 1) — v,
and so straightforward calculation implies that

/°° dx —}lo c
y 2°—d d®e_q

Therefore we obtain

(e’e} S Cn)
/ E 2 ) de = E % logy [ 1+ —2=L
0 2%c, + (22 — 1) Y0, X, Sy Cn

By Feller’s weak law

(cn)
n—1 1

P{S

Cn

>£}—>O.

Let Ay(e) = {|S“") /e, — 1] < e}. Using that [In(1 + z)]/z < 1, z > 0, and
integrating on A, (¢) and on A4, (¢)¢ we obtain

1ln(28)+0(1)§E{1ln<1+57(f_"{>}§11n(2+8)+0(1)'

Cn 1+4¢ S,(f_"% Cn Cn 1—¢

Since this holds for every € > 0 we have that

o0 2 2+ o(1
n/ E 3 dr = L().
o |2, + (2 - )Y, X logy 1
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Thus,

E {logQ

n

k=1
2+ 0(1)
logy

IN

2+ 0(1)
log, 1

IA

2+0(1)
logy n

Sn_
sy
n S,
= Z <k;>E {10g2 MI{Xl>Cn,-..,Xk>Cn}I{Xk+1Scn7.,,7xngcn}}
n k} n
+ ( )IE log 7 Iix,>en.. Xi>e,
kZZQ k { 2 ke + i pg1 Xi {X1>c w>cn}
" k
n >ic1 Xi
+ kZ_2 (k)E {lng k-C];,LI{X1>C"7'”7Xk>Cn}}
" k
" >im1 Xi
i ZQ <k> g {log2 ke,

X1>Cn,...,Xk>Cn}
k=

X]P){X1>Cn,...,Xk>Cn}.

From the union bound and from (2) we get that

k
X.
E{logQZ:l’Xl S e X > cn}

i=1
kep,

[eS) k
Y X
= / P{logQZ:’k:llZw’X1>cn,...,Xk>cn}dx
0 Cn

< / ]P’{Uf:l{Xi > 2%, )
0
k/ P{X; > 2%, | X1 > ¢} dx
0
k:/ e Ln)dx = k‘iv
0

IN

IN

therefore

X >cn,...,Xk>cn}d9:

1/cp, In2

IN

n k n k
n D i1 Xi n 2 2
kZQ <k>E {1og2 e I{X1>cn,...,xk>cn}} > <k)kln2 (Cn

and the upper bound in the proposition is proved.

k=2

<3 2 _
B k=2 <10g2 n) In2 O( / 082 n))
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The following remark is a kind of probabilistic essence of the St.Peters-
burg distribution, and also gives another proof for the upper bound in the
previous proposition.

Remark 1 For each ¢ > 0 we have that

S
E{long‘Xl >c, ..., X >c} < E {log, Sk} -
c

Proof. The idea behind the simple proof is that a St. Petersburg random
variable X can be represented as 2, where Y is the memoryless discrete
random variable, that is a geometric random variable with parameter 1/2,
P{Y =k} =2"% k=1,2,.... We have

S
E{log2k’X1 >c ..., Xk >c}
c

k ji
_ Z log Zi:l 2 1 2kL10g2 c|
2 Hk 2Ji
Jiz[logy c|+1 i=1

k
; 1
- o gii~logz ¢
Z g2 <Zz; ) Hf:l 9ji—|logs c|

Ji>|logg c]+1

k
;. 1
< Y (3o0) o
i=1 i=1

Jiz1

which proves our statement. B

Proposition 2 We have

—0.84 4 o(1) <Edog, Glen) _ logylogy n < 0.52 + 0(1).
logyn nlogyn In2logyn logy n

Proof. Concerning the upper bound, we apply the inequality

(-1 (-1

Inz<(z—-1)— 5 3

, 2 >0,

19



which implies that

Bliog, S L _ Ll S
gznlogzn ~ In2 nlogyn

(cn) (cn) 2
1 lg Sn’ 1) -1k S _ 1
In2 nlogsn 2 nlogsn

<
3
1 [ st
-E -1 .
+3 <n10g2 n ) 0
Easy computation shows that
© [log; c] c
E{X©)} = ; L+ eP{X > c} = [logy e + o

= logyc+ 212 — {log, c},

therefore for the first order term in the inequality (7) we get the bound

E Sien) 4l g Xfc")_l SlogQ%—Fl'
nlogsn logy n log, n

For the second order term in the inequality (7), (5) implies the bound

2

nlogyn n2logan

( Sr(f") )2 Var Sff") + (E&(f”) —nlog, n)

Var S,(LC”) ~ nVar X{C")

Z 2 7 2
n?logsn n?logs n
E { [X(Cn)]Q} — {E [x()])?
B nlogsn
S G (21’{1052 en} 4 oflog; c"}) —2 — (logy cp +1)?
- nlogsn
< cn2v2 — 2 — (logy ¢, + 1)2
N nlogsn .
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Concerning the third order term in the inequality (7), we get that

E { [X(C) _E {X(C)H 3} < E { [X(C)]g}

|log, c|

_ L sk I 4
= kzl %27 T gyl
1
— 4%4_022{10%20}
3
_ (41“%0}+2{10g2c}> P
3 3
7c?
< -
= 73

and

S ~ESE) + ES() — nlogy n 3}

- E [s}fﬂ = Esﬁfﬁ *3E [sﬁfﬂ - ES};H} ’ (Esﬁfn) — nlog, n)
+ (ESE) — nlog, n)3

— nE [X(C”) - EXW} e (log2 %" + 2oflesaen} _ flog, cn})3
+3n2E [X(C”) - IEX(C")] ’ <log2 %” yollogzen} _ f1og cn}) :

which imply that

3
S’,(lcn) 1 < 763}, (10g2 % + 1)3 i gcn (10g2 % + 1)
nlogyn 3n2logi n logs n nlogsn

where at the estimation of the last term we used (5). Summarizing these
inequalities we get the upper bound

E{log2 glen) }< 1 <10g2c71;+1_cn2ﬂ—2—(10g20n+1)2

nlogon [ — In2 logy n 2nlog3 n
7c2 (log, < + 1)3 N 4 (logy < + 1)
9n2logi n 3logsn nlogsn '
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Choose ¢, = nlogyn, then we have that

(en) log, 1 1-4/2
E{log2 Sn } < 1 logylogym f+7/9+0(1/10g2n).

nlogyn In2 logyn In2logs n

Concerning the lower bound, for fixed 0 < € < 1, let b. be the solution
of the equation
In(1 —¢) = —¢ — b.e?,

ie.,
_ —In(l-¢)—c¢

= /=
g? ’

then
lim b, = 1/2.
e—0

The definition of b. implies that, for all 1 — e < 2z, we have
Inz>(z—1)—b(z —1)%
Moreover, for z > 2/logy n,
Inz > —ay,
where a,, = Inlogy n. These inequalities imply that, for z > 2/logsy n,
Inz>(z—1)—b(z—1)% - anlizci—cy- (8)

From inequality (8) we get the lower bound

glen) 1 (E{s)) glen) 2
E{logy —— b > —| "2 - 1-bE[ " —1
nlogyn In2\ nlogyn nlogyn

For the first term in the inequality (9) we obtain

E{S\}  _EX©) —logyn _ logy %+
nlogyn N logy n —  logyn

where
¢* = min (21082} — {log, ¢}) = 0.914.
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Using (5), for the second term in the inequality (9) we have

2
S(Cn) 2 Var Sq(f") + (ES,(LC”) —nlog, n)
E n
nlogy n n2logsn

3ncy, 4+ n? (logy ¢y — logyn + 1)*

- n2logan
B 3cn (logy < + 1)2
on log2 n loga n

For the third term in the inequality (9) and for ¢, > n, Theorem 1 implies
that

(Cn) (n)
Pl 5 ol <o p]
nlogyn nlogyn

(n) (n) (n)
_ P{W<1 . _ELS) }}

nlogyn nlogyn

() _ s gn) (m)
_ P{sn E(S&"y _ |, nE{X] }}

nlogyn nlogyn

n) (n)
. P{W § _5}

nlogyn

< n4—£1n Inn log, e

Summarizing these inequalities we get that

1 [ E{se) glen) 2 glen)
> —" 1 _1-uE n 1] —a,P : <l-¢
In2 | nlogyn nlogsn nlogsn

* " 2
i (lOgZCW — b ( 3cn + (10g2 % + 1) > _ ann4—alnlnnlog2 e) )

Y
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Choose ¢, = nlogyn, then

sy
£ {Iog2 nlogy,n }

> i 10g2 10g2 n+c* - 3be I be (108;2 10g2 n+ 1)2 —a n4751n1nn10g2e
~ In2 logy n logy n logg n "

log, logy n c* — 3be
= 1/1
In2 logy n T logy n +o(1/logy m),

which implies the lower bound, since for small €, b, ~ 1/2. [

5 Further refinements

Next we show that

n

— 0
nlogyn

log,
in Lg:

Theorem 6 We have that

E { <log2 nlosé;n)2} = 0(1/1nn).

Proof. Apply the notations of the previous section, then

2
Su \? Sn Sy
Eq|(1 =E<{ |logy —— +1
{ ( 082 nlog, n) } (og2 glen) +logy nlog, n)

Y s\
< n n
<2E <log2 Sﬁf")> +2E <10g2 nlog, n)
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with ¢, = nlogy n. For the first term, (2) implies that

2
E <log2 in)> = / 2zP {log2 % > x} dx
STL n 0 Sn n

/0 b m@{ nIX; > 2xX§C")}} dz

/ 22nP {X1 > 2$X{C")} dz
0

IN

IN

oo
= / 2enP{X; > 2%, } dx
0

IN

/ 2z 2n dx = O(1/1nn).
0 2

o
Concerning the second term, for x > 1 we have that
Inz<z-1,
while for 2/logsn < 2z <1 and € = 1/2, (8) means that
Iz > (x—1) = byp(z = 1) = anliper

therefore

(| < |z =1+ (= 1)* + anliperyoy < 20z — 1+ anliperyay-
Thus,

(Ina)? < (22 — 1] + an[{m<1/2})2 <8(z—1)"+ QCL%I{:):<1/2}-
These two bounds imply that, for = > 2/log, n, one has
(Inz)? < 8(x—1)% + 2ail{m<1/2}.

Let’s apply the inequalities in the proof of Proposition 2, then

25



Remark 2 Theorem 6 implies the surprising limit:

S, S\
Var (log, Sp,) = Var <log2 nlogs n) <E { <10g2 nlog2n> } — 0.

Figures 1, 2, 3 and 4 show histograms for log, S,, and for log, 57(10") with
¢n, = nlogyn. The main advantage of the log-scale is that from these figures
we can observe that these histograms are approximately the mixtures of two
distributions. One component is nearly normal, and the other one has small
weight with fluctuation of period 1. This second component of the mixture
is not convergent.

It is interesting to note that asymptotic normality still does not hold for
log, Sy, We have

P log, S,, — Elog, Sy, <L _p {Sn < 97/Var log, Sp+Elog, Sn}
\/Var log, S, N

= ]P’{Sn —logyn < logyn (2h"(x) — 1)} ,
n
where
hn(z) = xy/Var logy Sy, + Elogy Sy, — logy n — logy logy 1,
and since Var logy S, = O(1/1nn), hy(x) — 0 for each fix x. Therefore
2hn(®) _ 1~ In2 hy ()

and we may continue writing

=P {S" —loggyn < logyn In2h,(z) + 0(1)}
n
= Gy,(logyn In2h,(x)) + o(1),
where at the last equality we used (3). Since

hn(x) = 24/ Var logy S, + O(1/logyn) +

logy logy n
In2 logyn’

for every = > 0 we have that h,(x)logy n — oo, which means that the right
side goes to 1. That is for every = > 0

P logy Sy, — Elog, Sy, <2\
Var log, Sy,
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Figure 1: The histogram for log, Sg and for log, Sé24)

27



B000

5000

4000

3000

2000

1000

B000

S000

4000

3000

2000

1000

|— = | - L. L,
B 3 10 12 14 16 18 20 22
|_ 1 | | 1 1 |
B g 10 12 14 16 18 20 22
. ‘ . (64)
Figure 2: The histogram for logy S16 and for logy S

28



B000

5000

4000

3000

2000

1000

B000

S000

4000

3000

2000

1000

= | - L. L,
B 8 10 12 14 16 18 20 22
j —|—4 1 1 1 1 1
B 8 10 12 14 16 18 20 22

Figure 3: The histogram for log, S32 and for log, Sééﬁo)

29



B000

5000

4000

3000

2000

1000

B000

S000

4000

3000

2000

1000

g 10 12 14 16 18 20 22 24

Figure 4: The histogram for log, Sg4 and for log, Séim)

30



so asymptotic normality does not hold.

Finally, we note that the same method shows that there is no limit distri-

bution for (log, Sy, — ¢y)/a, whatever the centering and norming constants

are.

References

1]

Adler, A. Generalized one-sided laws of iterated logarithm for random
variables barely with or without finite mean. J. Theoret. Probab., 3,
587-597, 1990.

Bernoulli, D. Originally published in 1738; translated by L. Sommer.
Exposition of a new theory on the measurement of risk. Econometrica,
22:22-36, 1954.

Breiman, L. Optimal gambling systems for favorable games. Proc.
Fourth Berkeley Symp. Math. Statist. Prob., 1:65—78, Univ. California
Press, Berkeley, 1961.

Chow, Y. S. and Robbins, H. On sums of independent random variables
with infinite moments and ”fair” games. Proc. Nat. Acad. Sci. USA,
47:330-335, 1961.

Csorgd, S. Rates of merge in generalized St. Petersburg games. Acta
Sci. Math. (Szeged), 68:815-847, 2002.

Csorg6, S. A szentpétervari paradoxon. (In Hungarian.) Polygon, 5/1,
19-79, 1995.

Csorgo, S. Merging asymptotic expansions in generalized St. Petersburg
games. Acta Sci. Math. (Szeged), 73:297-331, 2007.

Csorgd, S., and Dodunekova, R. Limit theorems for the Petersburg
game. In: Sums, Trimmed Sums and Eztremes (M. G. Hahn, D. M.
Mason and D. C. Weiner, eds.), Progress in Probability 23, Birkhduser
(Boston), pp. 285-315, 1991.

Csorgo, S. and Kevei P. Merging asymptotic expansions for cooperative
gamblers in generalized St. Petersburg games. Acta Math. Hungar.,
121:119-156, 2008.

Csorgo, S. and Megyesi, Z. Merging to semistable laws. Theory Probab.
Appl., 47:17-33, 2002.

31



[11]

[12]

[13]

[14]

[15]

[16]

Csorgd, S. and Simons, G. A strong law of large numbers for trimmed
sums, with applications to generalized St. Petersburg games. Statistics
and Probability Letters, 26:65-73, 1996.

Feller, W. Note on the law of large numbers and ”fair” games. Ann.
Math. Statist., 16:301-304, 1945.

Gnedenko, B. V. and Kolmogorov, A. N. Limit Distributions for Sums
of Independent Random Variables. Addison-Wesley, Reading, Mas-
sachusetts, 1954.

Gyorfi, L. and Kevei, P. St. Petersburg portfolio games. In: Proceedings
of Algorithmic Learning Theory 2009, R. Gavalda et al. (Eds.), Lecture
Notes in Artificial Intelligence 5809, pp. 83-96, 2009.

Kelly, J. L. A new interpretation of information rate. Bell System
Technical Journal, 35:917-926, 1956.

Martin-Lof, A. A limit theorem which clarifies the ‘Petersburg paradox’.
J. Appl. Probab. 22, 634-643, 1985.

32



