Proof of Berge’s Strong Path Partition Conjecture for k = 2

Eli Berger and Irith Ben-Arroyo Hartman

Abstract. Berge’s strong path partition conjecture from 1982 generalizes and extends Dilworth’s Theorem and the Greene-Kleitman Theorem which are well known for partially ordered sets. The conjecture is known to be true for all digraphs only for k = 1 (by the Gallai - Milgram Theorem) and for k ≥ λ (where λ is the cardinality of the longest path in the graph). The attempts made, so far, to prove the conjecture for other values of k have yielded proofs for acyclic digraphs, but not for general digraphs. In this paper, we prove the conjecture for k = 2 for all digraphs. The proof is constructive and it extends the proof for k = 1.

1. Introduction and Terminology

Let G = (V, E) be a directed graph containing no loops or multiple edges, defined by a set V of vertices and a set E ⊆ V × V of directed edges. A path P in G is a sequence of distinct vertices (v_1, v_2, . . . , v_l) such that (v_i, v_{i+1}) ∈ E, for i = 1, 2, . . . , l − 1. We write v_i <_P v_j if 1 ≤ i < j ≤ l. The set of vertices {v_1, v_2, . . . , v_l} of a path P = (v_1, v_2, . . . , v_l) is denoted by V (P ), and the set of edges by E(P ). The cardinality of P , denoted by |P |, is |V (P )|. A path of cardinality one is called a trivial path. For any path in G, (directed or undirected) we denote the first vertex by in(P ) and the last vertex by ter(P ).

For a set of vertex disjoint paths P, we write V [P] = ⋃ {V (P ); P ∈ P}, E[P] = ⋃ {E(P ); P ∈ P}, in[P] = {in(P ); P ∈ P}, and ter[P] = {ter(P ); P ∈ P}. We write u >_P v if u >_P v for some P ∈ P.

A family P of paths is called a path partition of G if its members are vertex disjoint and ∪{V (P ); P ∈ P} = V . A directed graph, or for brevity, digraph, may have many path partitions. The trivial path partition, where every path is a trivial path, is an example of a path partition. For each nonnegative integer k, the k-norm |P|_k of a path partition P = {P_1, . . . , P_m} is defined by

|P|_k = m∑ i=1 min{|P_i|, k}. (1)

A partition which minimizes |P|_k is called k-optimal. Note that a 1-optimal path partition is a partition that contains a minimum number of paths and |P|_1 = |P|. Denote by P^{≥k} the set of paths in P of cardinality at least k, (which we also call long paths), and by P^{<k} the set of paths in P of cardinality less than k, (called short paths). Then equation (1) can be alternatively written as

|P|_k = m∑ i=1 min{|P_i|, k} = k|P^{≥k} | + |V [P^{<k}]|

Given a path partition P, denote by x^+_P , or for short, x^+ the vertex (if exists) which succeeds x on P. Similarly, x^−_P (or briefly, x^− ) is the vertex (if exists) which precedes x on P. For a subset X ⊆ V , denote by X^+ = {x^+; x ∈ X} and X^− = {x^− ; x ∈ X}.

For convenience, we draw all paths in a path partition vertically downwards, i.e. x^− is drawn above x (see Figure 1).

A k-colouring is a family C^k = {C_1, C_2, . . . , C_k} of k disjoint independent sets called colour classes. (Some of the colour classes may be empty). The cardinality of a k-colouring is the sum of the sizes of the colour classes, i.e., |C^k| =

∑_k i=1 |C_i| and C^k is said to be optimal if |C^k| is as large as possible.

A path partition P and a k-colouring C^k are orthogonal if every path P_i in P meets min{|P_i|, k} different colour classes of C^k. Note that this is the maximum number of different colour classes that a path can intersect a k-colouring.

Conjecture 1.1 (Berge’s strong path partition conjecture [3]). Let G be a digraph and let k be a positive integer. Then for every k-optimal path partition P there exists a k-colouring orthogonal to it. The conjecture holds for k = 1 for all digraphs by the Gallai-Milgram Theorem [7]. Berge’s strong path partition conjecture has also been proved for acyclic digraphs (see [5], [12], [2], and [1]). It is not difficult to see, as was shown in [3], that the conjecture is true when k ≥ λ, where λ is the cardinality of the longest path in G, and when the k-optimal path partition contains only short paths, (i.e., paths of cardinality less than k). In [1] it was proved that the conjecture holds also in the case that the given k-optimal path partition contains only long paths, i.e., P = P^{≥k} . For a survey of Berge’s conjecture and related problems see [9]. See also [6], [13], and [14] for related results.

Denote by α_k(G) the cardinality of an optimal k-colouring in G, and by π_k(G) the k-norm of a k-optimal path partition in G. Conjecture 1.1 implies the following:

Conjecture 1.2 (Weak path partition conjecture -Linial [10]). For any digraph G and positive integer k, α_k(G) ≥ π_k(G).

If G is transitive and acyclic (i.e., the graph of a partially ordered set), then Green-Kleitman’s theorem [8] states that α_k(G) = π_k(G), implying Conjecture 1.2.

In this paper we will prove Conjecture 1.1 for k = 2 for all graphs. In Section 1 we give a proof of the conjecture for k = 1 which will set the foundations for the proof for k = 2. From here on, for a path partition P, we denote the set of non-trivial paths as P^{>1} and the set of trivial paths as P^1.

2. Proof for k = 1, the Gallai-Milgram Theorem

An undirected trail Q in G is a sequence Q = (v_0, e_1, v_1, e_2, v_2, . . . , e_l, v_l) such that, for each 1 ≤ i ≤ l, either e_i = (v_{i−1} , v_i) ∈ E(G) or e_i = (v_i, v_{i−1} ) ∈ E(G), and all the edges are distinct. We assign a direction to Q from v_0 to v_l, so that if e_i = (v_{i−1} , v_i) then e_i is considered a forward edge, and if e_i = (v_i, v_{i−1} ) then e_i is considered a backward edge. For trails Q_1 = (v_0, . . . , v_s) and Q_2 = (v_s, . . . , v_l) we denote by Q_1 ∗ Q_2 = (v_0, . . . , v_s, . . . , v_l) the concatenation of Q_1 and Q_2.

Definition 2.1 ( alternating trail, proper alternating trail). Given a path partition P, an undirected trail Q = (v_0, e_1, v_1, e_2, v_2, . . . , e_l, v_l) is alternating relative to P if the following two conditions hold:

• All forward edges of Q, denoted by F_Q, are in E(G) − E[P], all backward edges, denoted by B_Q are in E[P], and every forward edge (u, v), where v ∈ V [P^{>1}], is followed by a backward edge, unless v ∈ in[P^{>1}] and v = v_l. 2

• For every vertex v ∈ V (Q) there exists at most one forward edge (u, v) ∈ E(Q), entering v, and at most one forward edge (v, w) ∈ E(Q), leaving v.

An alternating trail is proper if v_0 ∈ ter[P]. An alternating cycle is an alternating trail Q = (v_0, e_1, v_1, e_2, v_2, . . . , e_l, v_l) where v_0 = v_l and if v_l ∈ in[P^{>1}] then necessarily e_l is a backward edge.

We denote by PΔQ the spanning subgraph of G containing edges in the symmetric difference E[P]ΔE(Q) = E[P] ∪ E(Q) \ (E[P] ∩ E(Q)). The following claim is self evident from the definition above:

Claim 2.2. Let Q be either a proper alternating trail or an alternating cycle relative to P. Then

1. P^′ = PΔQ is a collection of disjoint paths and cycles in G.

2. If P^′ contains no cycles then |P^′| − |P| = (n − |E(P^′)|) − (n − |E(P)|) = |E(P)| − |E(P^′)| = |B_Q| − |F_Q|.

Definition 2.3 (1-Transversal). Let P = {P_1, . . . , P_m} be a path partition in G. A set of vertices Y ⊆ V is a 1-transversal, (or a transversal), of P if for each 1 ≤ i ≤ m, |Y ∩ V (P_i)| ≥ 1. Denote by first_P (Y ) the set of vertices in Y which appear first on each path in P.

To prove the Gallai-Milgram theorem we shall show that every optimal path partition P contains a 1-transversal Y such that X = first_P (Y ) is an independent set. The proof is constructive: Given any path partition P, then either we find a transversal Y where X = first_P (Y ) is an independent set, or we find an alternating trail Q such that P^′ = PΔQ is a path partition with |P^′| < |P|.

For ease of notation, if Y ⊆ S, and x ∈ S, then we use the short notation Y + x (or Y − x) to denote Y ∪ {x} (or Y \ {x} ).

Definition 2.4 (1-snapshot). Let P be path partition in G. A 1-snapshot in P is the quadruple (Y, A, p, t) where Y is a transversal of P, p : Y → Y , is a function, called the predecessor function of a 1-transversal Y , A ⊆ E is a subset called admissible edges, and t : Y ∪ A → N is a function called time function. A 1-snapshot is initialized and updated as defined below:

2.1. Initialize snapshot

1. Transversal: Y ← ter[P] 2. Admissible edges: A ← ∅ 3. Predecessor: p(y) ← y, for all y ∈ Y 4. Time function: t(y) = 0 for all y ∈ Y

2.2. Update snapshot

Let X = first_P (Y ). For e = (u, v) ∈ E, u, v ∈ X and v /∈ in[P] let: 1. Transversal: Y ← Y + v^− 2. Admissible edges: A ← A + e 3. Predecessor: p(v^− ) ← u 4. Time function: t(v^− ) = t(e) ← t_{max} + 1 (where t_{max} denotes the maximum value of the function t.)

Lemma 2.5 (Properties of a Snapshot). A 1-snapshot (Y, A, p, t) has the following properties:

1. Y is a transversal of P.

2. If e = (u, v) ∈ A then u, v ∈ Y and t(e) > t(u), t(e) > t(v). 3. If u, v ∈ Y and v >_P u then t(u) > t(v). 3

4. If e = (u, v), f = (w, x) ∈ A, u, v, w, x ∈ Y and w ≥_P v then t(e) > t(f). 5. If e = (u, v) ∈ A then p(v^− ) = u 6. Every u ∈ Y satisfies one of the following:

• p(u) = u ∈ ter[P] • p(u) ∈ Y , e = (p(u), u^+) ∈ A and t(u) = t(e) 7. The graph induced by A ∪ E[P] is acyclic; furthermore, for u, v ∈ first_P (Y ), the graph induced by A ∪ E[P] ∪ {(u, v)} is acyclic.

Proof:

1. By definition of a snapshot.

2. Follows from the fact that the time counter is increased every time a new edge is added to A. 3. Follows from Section 2.2 (update snapshot), and the fact that in each update v^− is added to Y only when v ∈ first_P (Y ).

4. Assume, by contradiction, that t(f) > t(e). By update snapshot, once e is added to A, v^− enters Y , and clearly w^− >_P v. Hence w /∈ first_P (Y ), and it is impossible that at a later stage the edge f = (w, x) is chosen to be added to A.

5. Follows directly from line 3 in Section 2.2 (update snapshot). 6. Follows directly from lines 2-4 in 2.2 and line 1 in 2.1 7. Follows easily from 2.2 8. Since u is the first vertex in some path P ∈ P that belongs to Y , no edge of A can enter P in u or in a vertex that precedes u in P . Therefore, no cycle in A ∪ E[P] ∪ {(u, v)} can contain u. Assume, by contradiction, that A ∪ E[P] contains a cycle C. Then C is of the form C = (e_1P_2e_2P_3 . . . e_lP_1), where t ≥ 2, P_i is a subpath of P_i ∈ P (P_i may be either a single vertex, or a non-trivial subpath of P_i or equal to P_i), and e_i ∈ A for all 1 ≤ i ≤ t. (See Figure 1). By (4), it follows that t(e_1) > t(e_2) > . . . > t(e_l) > t(e_1), a contradiction.

Figure 1. a cycle

Since every vertex u ∈ Y has a unique predecessor p(u), it is possible to retrieve a trail from u back to p(u), back to p(p(u)), etc. until we end up with a vertex in ter[P]. The next definition formalizes this process: 4

Definition 2.6 (Path Segment in a snapshot). Let (Y, A, p, t) be a snapshot. For a vertex u ∈ Y , an alternating path segment Q_1(u) of u is defined as follows:

1. If p(u) = u then Q_1(u) is the trivial alternating path (u).

2. If u ≠ p(u) then Q_1(u) is the alternating trail (in fact, a path) (p(u), u^+, u) with one forward edge (the edge (p(u), u^+) ∈ A) and one backward edge (the edge (u, u^+) ∈ E(P)).

We write Q_k(u) = Q_1(p^{k−1} (u) ∗ Q_1(p^{k−2} (u)) . . . ∗ Q_1(p(u)) ∗ Q_1(u). Note that |B_{Q1(u)}| = |F_{Q1(u)}| and hence |B_{Qk(u)}| = |F_{Qk(u)}|. It is easy to check the following:

Claim 2.7. Q_k(u) is a subgraph of A ∪ E[P] and is an alternating trail relative to P, as defined in Definition 2.1.

Lemma 2.8. Let P be a path partition and (Y, A, p, t) a 1-snapshot in P. If there exists an edge e = (u, v) with u, v ∈ first_P (Y ) and v ∈ in[P] then P is not optimal.

Proof: Let k be such that p^k(u) = p^{k+1}(u) and consider the proper alternating trail Q = Q_k(u) ∗ e.

Let P^′ = PΔQ. Since P^′ is a subgraph of A ∪ E[P] ∪ {e} which is acyclic (as was proved in Lemma 2.5-(7)), it follows that P^′ is a path partition. By Claim 2.2, |P^′| − |P| = |B_Q| − |F_Q| = |B_{Qk(u)}| − |F_{Qk(u)}| − 1 = −1.

Theorem 2.9 (Gallai-Milgram [7]). Let P be a path partition in a graph G. Then either there exists an independent transversal of P, or there exists a path partition P^′ satisfying |P^′| < |P|.

Proof: We give an algorithmic proof based on the lemmas above.

2.3. Algorithm

0. Input: G, P 1. Initialize snapshot: as in Section 2.1. Let X = first_P (Y ). 2. while (∃e = (u, v), u, v ∈ X, v /∈ in[P]) do 3. Update snapshot as in Section 2.2 4. if (∃e = (u, v), u, v, ∈ X, v ∈ in[P]) 5. find Q ← Q_k(u) ∗ e 6. P^′ ← PΔQ 7. stop 8. else X is an independent transversal

In line 6 |P^′| < |P| by Lemma 2.8, and in line 8, X is independent since any edge e = (u, v), u, v ∈ X, v /∈ in[P] is used to update and increase the snapshot. Once the snapshot is maximal with respect to inclusion, and no edge e = (u, v), u, v, ∈ X, v ∈ in[P] exists, X is an independent transversal.

3. Proof for k = 2

3.1. Outline of the proof:

We begin by defining a 2-transversal and a 2-snapshot. Unlike the definition of a 1-snapshot, we do not define a 2-snapshot constructively, but by its properties. We continue with an example of 5 an initial 2-snapshot (Example 3.3). If this 2-snapshot contains a 2-colouring orthogonal to P, then we are done. Otherwise, as for k = 1, we either show how to update the 2-snapshot, or find a ’breakthrough’, an alternating trail Q in A ∪ E[P] that produces a path partition with |P^′|_2 < |P|_2. In Lemma 3.7 we show how a 2-snapshot can be updated. It is similar to the update in Section 2.2, and it is a ’direct’ update. We then make two observations ( 3.5, and 3.6) and establish in Lemma 3.7 that A ∪ E[P] is acyclic in order to prove that P^′ = PΔQ is a path partition. We continue by setting up the machinery for defining an alternating trail Q (Definitions 3.8 and 3.10) and for finding one (Lemma 3.11). A final step is to define an ’update with regret’ of a 2-snapshot - Definition 3.12, which is applied in results 3.13 and 3.14. Theorems 3.15 and 3.16 complete the proof.

Definition 3.1 (2-Transversal). Let P = {P_1, . . . , P_m} be a path partition in G. The sets Y_1, Y_2 ⊆ V , Y_1 ∩ Y_2 = ∅ form a 2-transversal of P if for each 1 ≤ i ≤ 2, and for each P ∈ P^{>1}, |Y_i ∩ V (P )| ≥ 1, and V [P^1] ⊆ Y_1 ∪ Y_2.

Denote by X_i = first_P (Y_i), i = 1, 2 the sets of vertices in Y_i which appear first on each path in P.

For a vertex u write c(u) = i if u ∈ Y_i and c(u) = 0 if u ∉ Y_1 ∪ Y_2.

Note that since every path in P^1 is trivial, then, naturally, V [P^1] ⊆ X_1 ∪ X_2. Therefore X_1, X_2 is also a 2-transversal.

We shall give a constructive proof for the case k = 2 in Conjecture 1.1 similar to the case k = 1, though the algorithm is more complicated: Given a path partition P, either we find a 2-transversal Y_1 ∪ Y_2 such that X_1 ∪ X_2 is a 2-colouring orthogonal to P, or we find an alternating trail Q such that P^′ = PΔQ is a path partition with |P^′|_2 < |P|_2. Unlike the case k = 1, we prefer to define a 2-snapshot by its properties. Its properties naturally extend the properties proven in Lemma 2.5.

Definition 3.2 (2-snapshot). Let P = {P_1, . . . , P_m} be a path partition in G. Let Y_1, Y_2 be subsets of V (G), let A be a subset of E(G), let p : Y_1 ∪ Y_2 → Y_1 ∪ Y_2 and t : Y_1 ∪ Y_2 ∪ A → N be functions. We say that S = (Y_1, Y_2, A, p, t) is a 2-snapshot in P if the following properties hold:

1. Y_1, Y_2 is a 2-transversal of P.

2. If e = (u, v) ∈ A then u ∈ Y_1 ∪ Y_2 and t(e) > t(u). 3. If c(u) = c(v) ≠ 0 and v >_P u then t(u) > t(v).

4. If e = (u, v), f = (w, x) ∈ A, c(u) = c(w) and w ≥_P v then t(e) > t(f). 5. If (u, v) ∈ A then one of the following holds:

• u ∈ Y_i, v ∈ V [P^{>1}] \ in[P], v^− ∈ Y_i for some i = 1, 2 and p(v^− ) = u • u ∈ Y_2, v ∈ Y_1 ∩ V [P^1] and p(v) = u 6. Every u ∈ Y_2 satisfies one of the following:

• p(u) ∈ Y_2, e = (p(u), u^+) ∈ A and t(u) = t(e) • p(u) = u ∈ V [P^1] • p(u) = u^+ ∈ Y_1 and t(u) = t(u^+) 7. Every u ∈ Y_1 satisfies one of the following:

• p(u) ∈ Y_1 and e = (p(u), u^+) ∈ A and t(u) = t(e) • p(u) = u ∈ ter[P^{>1}] • u ∈ V [P^1] and (p(u), u) ∈ A 8. If P ∈ P^{>1} and x ∈ first_P (Y_1) ∩ V (P ), then x^− ∈ Y_2 and p(x^− ) = x. 9. For each P ∈ P^{>1}, all the vertices of Y_2 come before all the vertices of Y_1 on P .

Example 3.3. Let Y_1 = ter[P^{>1}], Y_2 = Y^−_1 ∪P^1, A = ∅, t ≡ 0 and define p(u) = u for u ∈ Y_1 ∪V [P^1] and p(u) = u^+ for u ∈ Y_2 ∩ V [P^{>1}]. Then (Y_1, Y_2, A, p, t) is a 2-snapshot in P.

The example above describes an initial 2-snapshot S. If X_i = first_P (Y_i) for i = 1, 2 is an independent set, then it is a 2-colouring orthogonal to P, and we are done. Otherwise, we shall update S. In the next lemma we show how S can be updated in an ’easy’ way. 6

Lemma 3.4 (Direct update). Let S = (Y_1, Y_2, A, p, t) be a 2-snapshot. Let X_i = first_P (Y_i) for i = 1, 2. In the following cases S can be updated, remaining a 2-snapshot, where either Y_1 is increased, or Y_1 remains the same and Y_2 is increased.

1. If there exists an edge e = (u, v), u, v ∈ X_2, v ∈ V [P^{>1}], v /∈ in[P^{>1}] then the following update defines another snapshot where Y_1 is unchanged and Y_2 is increased:

• Y_2 ← Y_2 + v^− • p(v^− ) ← u • A ← A + e • t(v^− ) = t(e) ← t_{max} + 1 2. If there exists an edge e = (u, v), u, v ∈ X_1, v, v^− ∈ V [P^{>1}] \ in[P^{>1}], v^− ∈ Y_2 and no edges of A leave v^− then in the following update Y_1 is increased.

• Y_1 ← Y_1 + v^− • Y_2 ← Y_2 − v^− + v^{−−} • p(v^− ) ← u ; p(v^{−−} ) ← v^− • A ← A + e • t(v^− ) = t(v^{−−} ) = t(e) ← t_{max} + 1 3. If there exists an edge e = (u, v), u, v ∈ X_2, v ∈ V [P^1] and no edges of A leave v then in the following update Y_1 is increased.

• Y_1 ← Y_1 + v • Y_2 ← Y_2 − v • p(v) ← u • A ← A + e • t(v) = t(e) ← t_{max} + 1

Proof: It is routine to check that properties 1-9 in Definition 3.2 are maintained after the update.

Observation 3.5. Let (Y_1, Y_2, A, p, t) be a 2-snapshot on P, then there is no path beginning in a vertex of Y_1 and ending in a vertex of Y_2 with all edges in A ∪ E[P].

Proof: Assume, by contradiction, that P = (v_1, . . . , v_l) is some path with all edges in A ∪ E[P], where v_1 ∈ Y_1 and v_l ∈ Y_2. By taking the shortest such path, we may assume v_2, . . . , v_{l−1} ∉ Y_1 ∪ Y_2. By part 9 of Definition 3.2 E(P ) ⊈ E[P], so P must contain at least one edge from A. By part 2 of Definition 3.2, the only edge in P that can be from A is (v_1, v_2), and the rest are in E[P]. By part 5 of Definition 3.2 we have v_2 ∈ V [P^{>1}] \ in[P] and v^−_2 ∈ Y_1. But v^−_2 comes before v_l in P. This is a contradiction to part 9 of Definition 3.2.

Observation 3.6. Let (Y_1, Y_2, A, p, t) be a 2-snapshot on P and let x_1, x_2 ∈ first_P (Y_j ) for some j = 1 or 2. Then the graph induced by E[P] ∪ {e = (u, v) ∈ A; u ∈ Y_j } ∪ {(x_1, x_2)} is acyclic.

Proof: The proof is similar to the proof of Lemma 2.5- (7). Since x_1 is the first vertex in its path of P that is in Y_j , no cycle in this graph can contain the vertex x_1. Therefore, no cycle contains the edge (x_1, x_2). Assume, by contradiction, that the graph induced by E[P] ∪ {e = (u, v) ∈ A; u ∈ Y_j } contains a cycle and let e_1, . . . , e_s be the edges from A in it (ordered the way they appear in the cycle). Write e_i = (u_i, v_i) and we have {u_1 . . . , u_s} ⊆ Y_j . But then by part 4 of Definition 3.2 we have t(e_1) > t(e_2) > . . . > t(e_s) > t(e_1), a contradiction.

Lemma 3.7. Let (Y_1, Y_2, A, p, t) be a 2-snapshot on P. Then the graph induced by A∪E[P] is acyclic. Furthermore, if u, v ∈ first_P (Y_j ) for some j = 1, 2, then the graph H induced by A ∪ E[P] ∪ {(u, v)} is acyclic.

Proof: Assume, by contradiction, that H contains a cycle and let e_1, . . . , e_s be the edges from A in it (ordered the way they appear in the cycle). Write e_i = (u_i, v_i). By part 2 of Definition 3.2 we have u_1, . . . , u_s ∈ Y_1 ∪ Y_2. By the previous observation {u_1, . . . , u_s} intersects both Y_1 and Y_2. Let P be the shortest segment of this cycle starting at Y_1 and ending at Y_2. By the minimality of P , it cannot contain the edge (u, v). This is impossible by Observation 3.5.

Definition 3.8 (Path segment in a 2-snapshot). Let (Y_1, Y_2, A, p, t) be a 2-snapshot. For a vertex u ∈ Y_1 ∪ Y_2 we define the alternating path segment Q_1(u) of u as follows:

1. If p(u) = u then Q_1(u) is the trivial alternating path (u).

2. If c(u) = 1 and c(p(u)) = 2 then Q_1(u) is the alternating path (p(u), u) with one forward edge (which is in A).

3. If c(u) = 2 and c(p(u)) = 1 then we have p(u) = u^+ and we define Q_1(u) to be the alternating path (u^+, u) with one backward edge.

4. If c(u) = c(p(u)) but u ≠ p(u) then Q_1(u) is the alternating path (p(u), u^+, u) with one forward edge (the edge (p(u), u^+) ∈ A) and one backward edge (the edge (u, u^+) ∈ E[P^{>1}]).

We write Q_k(u) = Q_1(p^{k−1} (u)) ∗ Q_1(p^{k−2} (u)) . . . ∗ Q_1(p(u)) ∗ Q_1(u).

Remark 3.9. By the definition above, in all cases, a path segment satisfies |B_{Q1(u)}| − |F_{Q1(u)}| = c(u) − c(p(u)) and thus |B_{Qk(u)}| − |F_{Qk(u)}| = c(u) − c(p^k(u)).

Definition 3.10 (p^∞(v), p^{−∞} (v)). Let p^∞(v) = {p(v), p(p(v)), p^3(v), . . .} =

⋃_∞ i=1{p^i(v)}.

Define p^{−1} (v) = {u; p(u) = v}. Note that p is a function (not necessarily a bijection) and p^{−1} is the inverse relation.

Let p^{−∞} (v) =

⋃_∞ i=1 p^{−i} (v).

The following lemma extends Lemma 2.8 to k = 2.

Lemma 3.11. Let P be a path partition, and let S = (Y_1, Y_2, A, p, t) be a 2-snapshot. Let e = (u, v) be an edge in G. Then P is not 2-optimal in the following cases: (see Figure 2)

1. u, v ∈ X_2 and v ∈ in[P^{>1}]. 2. u, v ∈ X_1 and v ∈ V [P^1]. 3. u, v ∈ X_1 and v^− ∈ in[P^{>1}].

4. u, v ∈ X_1, v^− ∈ Y_2 and p^{−∞} (v^− ) ∩ Y_1 ≠ ∅. 5. u, v ∈ X_2, v ∈ V [P^1] and p^{−∞} (v) ∩ Y_1 ≠ ∅.

Proof:

In each of the mentioned cases, by Lemma 3.7, the graph H induced by A ∪ E[P] ∪ {e} is acyclic. Thus, for any alternating trail Q in H, P^′ = PΔQ is acyclic. We shall show in each case that Q can be found such that |P^′|_2 < |P|_2

1. Let k be the smallest integer such that p^k(u) = p^{k+1}(u) and consider the alternating trail Q = Q_k(u) ∗ e. Then, by Remark 3.9,

|B_Q| − |F_Q| = |B_{Qk(u)}| − |F_{Qk(u)}| − 1 = c(u) − c(p^k(u)) − 1 = 1 − c(p^k(u)). 8

Figure 2. cases of a breakthrough

Let P^′ = PΔQ. Then

|P^′|_2 − |P|_2 = |(P^′)^{>1}| − |P^{>1}| + |P^′| − |P| = |(P^′)^{>1}| − |P^{>1}| + |B_Q| − |F_Q| =

= |(P^′)^{>1}| − |P^{>1}| + 1 − c(p^k(u)) Hence we need to show that |(P^′)^{>1}| − |P^{>1}| + 1 − c(p^k(u)) < 0. But this is indeed true. If c(p^k(u)) = 1 then Q is an alternating trail from ter(P^{>1}) to in(P^{>1}) and thus |(P^′)^{>1}| < |P^{>1}|. If c(p^k(u)) = 2 then Q is an alternating trail from V (P^1) to in(P^{>1}), so we have |(P^′)^{>1}| = |P^{>1}|.

Note that the argument in this part is valid even if p^j (u) = v for some j ≤ k. In the following parts, however we have to be more careful.

2. Let k be minimal such that either p^k(u) = p^{k+1}(u) or p^k(u) = v. Consider the alternating trail Q = Q_k(u) ∗ e and let P^′ = PΔQ. Similar to the previous part,

|P^′|_2 − |P|_2 = |(P^′)^{>1}| − |P^{>1}| + |B_Q| − |F_Q| = |(P^′)^{>1}| − |P^{>1}| − c(p^k(u))

If c(p^k(u)) = 1 and Q is not a cycle, then Q is an alternating trail from ter(P^{>1}) to V [P^1] and thus |(P^′)^{>1}| = |P^{>1}|. If c(p^k(u)) = 2 , then Q is an alternating trail from V [P^1] to V [P^1], so we have |(P^′)^{>1}| = |P^{>1}| + 1. Finally, if p^k(u) = v, then Q is an alternating cycle with c(p^k(u)) = 1 and |(P^′)^{>1}| = |P^{>1}|. In all cases |P^′|_2 − |P|_2 < 0.

3. Note that in this case we must have c(v^− ) = 2. Let k be minimal such that either p^k(u) = p^{k+1}(u) or p^k(u) = v^− . Consider the alternating trail Q = Q_k(u)∗(u, v, v^− ) and let P^′ = PΔQ. With arguments similar to those of the previous parts we show that |P^′|_2 − |P|_2 = |(P^′)^{>1}| − |P^{>1}| + |B_Q| − |F_Q| = |(P^′)^{>1}| − |P^{>1}| + 1 − c(p^k(u)).

If p^k(u) = v^− or p^k(u) ∈ V [P^1] we have |(P^′)^{>1}| = |P^{>1}| and c(p^k(u)) = 2. If p^k(u) ∈ ter[P^{>1}] we have |(P^′)^{>1}| = |P^{>1}| − 1 and c(p^k(u)) = 1. So in all cases, the inequality |(P^′)^{>1}| − |P^{>1}| + 1 − c(p^k(u)) < 0 holds as required.

4. As in the previous case, let k be minimal such that either p^k(u) = p^{k+1}(u) or p^k(u) = v^− .

Assume first that p^k(u) = v^− . Consider the alternating cycle Q = Q_k(u) ∗ (u, v, v^− ) and let P^′ = PΔQ. With arguments similar to those of the previous parts we show that |P^′|_2 − |P|_2 = |(P^′)^{>1}| − |P^{>1}| + |B_Q| − |F_Q| = |(P^′)^{>1}| − |P^{>1}| + c(u) − c(v^− ) = −1. Thus P is not optimal.

Assume now p^k(u) ≠ v^− . Let j be minimal such that p^j (w) = v^− for some w ∈ Y_1. By the minimality of j and part 7 of Definition 3.2 we have w ∈ V [P^1]. Let Q = Q_k(u)∗(u, v, v^− )∗Q_j (w) and let P^′ = PΔQ. Here we have, 9

|B_Q| − |F_Q| = |B_{Qk(u)}| − |F_{Qk(u)}| + |B_{Qj (w)}| − |F_{Qj (w)}| = = c(u) − c(p^k(u)) + c(w) − c(v^− ) = = 1 − c(p^k(u)) + 1 − 2 = −c(p^k(u)) Thus, |P^′|_2 − |P|_2 = |(P^′)^{>1}| − |P^{>1}| + |B_Q| − |F_Q| = |(P^′)^{>1}| − |P^{>1}| − c(p^k(u))

If p^k(u) ∈ V [P^1] we have |(P^′)^{>1}| = |P^{>1}| + 1 and c(p^k(u)) = 2. If p^k(u) ∈ ter[P^{>1}] we have |(P^′)^{>1}| = |P^{>1}| and c(p^k(u)) = 1. In both case we get |P^′|_2 < |P|_2.

5. Let k be minimal such that either p^k(u) = p^{k+1}(u) or p^k(u) = v. If p^k(u) = v, consider the alternating cycle Q = Q_k(u)∗e. Otherwise, like in Case 4, let j be minimal such that p^j (w) = v for some w ∈ Y_1, and let Q = Q_k(u) ∗ (u, v) ∗ Q_j (w). Let P^′ = PΔQ. As in previous parts, it is routine to check that in both cases |P^′|_2 − |P|_2 = −1. Thus P is not 2-optimal.

Recall that in cases 2 and 3 of Lemma 3.4 we needed the condition that no edges of A leave a certain vertex x (where x = v^− in case 2 and x = v in case 3). If this condition is violated, i.e., there are edges in A leaving x, then after updating S as in the lemma we will violate part 2 of Definition 3.2 and possibly other parts of the definition. The most serious problem that may arise is the existence of paths in A ∪ E[P] from x to Y_2, which may lead, if we continue the algorithm, to a cycle in A ∪ E[P].

We will, therefore, suggest a more elaborate update where all edges leaving x (and others) are erased, unless p^{−∞} (x) ∩ Y_1 ≠ ∅, as was in cases 4 and 5 of Lemma 3.11. Details will follow these definitions:

Definition 3.12 (Regret function). Let S = (Y_1, Y_2, A, p, t) be a 2-snapshot, v ∈ Y_2. Assume that p^{−∞} (v) ⊆ Y_2. The function regret(v) updates the sets A and Y_2 in the snapshot as follows: (see Figure 3)

• A ← A \ {(u, w) : u ∈ {p^{−∞} (v) ∪ {v}}} • Y_2 ← Y_2 \ p^{−∞} (v)

Note that if p^{−∞} (v) = ∅ then regret(v) does nothing to S. In this case no regret is necessary (E. Piaf [11]).

Lemma 3.13. Let (Y_1, Y_2, A, p, t) be a 2-snapshot to P, and let v ∈ Y_2. If p^{−∞} (v) ⊆ Y_2 then by applying regret(v) we obtain a 2-snapshot.

Proof: We shall show that parts 1-9 of Definition 3.2 are maintained after the regret function is applied. Let P ∈ P^{>1}. The set Y_1 intersects P since the regret function does not change Y_1. By part 8, for x ∈ first_P (Y_1) ∩ V (P ), x^− ∈ Y_2 and p(x^− ) = x. Hence x^− will not be removed from Y_2 with the function regret(v), and P will meet both Y_2 and Y_1, in that order, after regret(v) is applied. This proves properties 1 and 9 of Definition 3.2.

Properties 2-5 are preserved because for each vertex u removed from Y_2, we also remove all edges (u, w) from A.

Part 6 is preserved because if a vertex u is kept after the regret then so is p(u). Parts 7 and 8 follow from the condition p^{−∞} (v) ⊆ Y_2, implying that no vertex of Y_1 is deleted.

Lemma 3.13 together with cases 2 and 3 of Lemma 3.4 imply 10

Figure 3. Regret(v)

Corollary 3.14 (Update 2-snapshot with regret). Let S = (Y_1, Y_2, A, p, t) be a 2-snapshot to P, and X_i = first_P (Y_i), i = 1, 2. In the following cases S can be updated remaining a 2-snapshot, where Y_1 is increased.

1. If there exists an edge (u, v), u, v ∈ X_1, v, v^− ∈ V [P^{>1}] \ in[P^{>1}], v^− ∈ Y_2 and p^{−∞} (v^− ) ⊆ Y_2, then • regret(v^− ) • Y_1 ← Y_1 + v^− • Y_2 ← Y_2 − v^− + v^{−−} • p(v^− ) ← u ; p(v^{−−} ) ← v^− • A ← A + e • t(v^− ) = t(v^{−−} ) = t(e) ← t_{max} + 1 2. If there exists an edge (u, v), u, v ∈ X_2, v ∈ V [P^1] and p^{−∞} (v) ⊆ Y_2, then

• regret(v) • Y_1 ← Y_1 + v • Y_2 ← Y_2 − v • p(v) ← u • A ← A + e • t(v) = t(e) ← t_{max} + 1

Theorem 3.15. Let P be a path partition. Let (Y_1, Y_2, A, p, t) be a 2-snapshot in P in which Y_1 is maximal with respect to inclusion among all possible snapshots. Then either X_1 = first_P (Y_1) is an independent set, or there exists a path partition P^′ with |P^′|_2 < |P|_2.

Proof: Assume that e = (u, v) ∈ E(G) and u, v ∈ X_1.

Case 1: v ∈ V [P^1]. By case 2 of Lemma 3.11 there exists a path partition P^′ with |P^′|_2 < |P|_2.

Case 2: v ∈ V [P^{>1}] and v^− ∈ in[P^{>1}]. By case 3 of Lemma 3.11 there exists a path partition P^′ with |P^′|_2 < |P|_2.

Case 3: v, v^− ∈ V [P^{>1}], v^− ∈ Y_2, p^{−∞} (v^− ) ∩ Y_1 ≠ ∅. By case 4 of Lemma 3.11 there exists a path partition P^′ with |P^′|_2 < |P|_2. 11

Case 4: v, v^− ∈ V [P^{>1}], v^− ∈ Y_2 and p^{−∞} (v^− ) ⊆ Y_2. By Corollary 3.14 case 1, Y_1 can be increased, contradicting the assumption of the theorem.

Theorem 3.16. Let P be a path partition. Let (Y_1, Y_2, A, p, t) be a 2-snapshot in P in which Y_2 is maximal to inclusion among all possible snapshots in which Y_1 is maximal to inclusion. Then either X_2 = first_P (Y_2) is an independent set or there exists a path partition P^′ with |P^′|_2 < |P|_2.

Proof: Assume that u, v ∈ X_2 and e = (u, v) ∈ E(G).

Case 1: v ∈ in[P^{>1}]. By case 1 of Lemma 3.11 there exists a path partition P^′ with |P^′|_2 < |P|_2.

Case 2: v ∈ V [P^{>1}] \ in[P^{>1}]. By case 1 of Lemma 3.4, Y_2 can be increased, contradicting the assumption of the theorem.

Case 3: v ∈ V [P^1] and p^{−∞} (v) ⊆ Y_2. By case 2 of Corollary 3.14, Y_1 can be increased, contradicting the assumption of the theorem.

Case 4: v ∈ V [P^1] and p^{−∞} (v) ∩ Y_1 ≠ ∅. By case 5 of Lemma 3.11 there exists a path partition P^′ with |P^′|_2 < |P|_2.

Theorems 3.15 and 3.16 easily imply:

Corollary 3.17. Let P be a 2-optimal path partition and let S = (Y_1, Y_2, A, p, t) be a 2-snapshot in P in which Y_2 is maximal to inclusion among all possible snapshots in which Y_1 is maximal to inclusion. Then the sets X_i = first_P (Y_i) for i = 1, 2 form a 2-colouring orthogonal to P, proving Conjecture 1.1 for k = 2.

References

[1] R. Aharoni, and I. Ben-Arroyo Hartman, On Greene-Kleitman’s theorem for general digraphs Discrete Math. 120 (1993), 13-24.

[2] R. Aharoni, I. Ben-Arroyo Hartman and A. J. Hoffman, Path partitions and packs of acyclic digraphs, Pacific Journal of Mathematics (2)118 (1985), 249-259.

[3] C. Berge, k-optimal partitions of a directed graph, Europ. J. Combinatorics (1982) 3, 97-101. [4] J. A. Bondy and U. S. R. Murty, Graph Theory with Applications, MacMillan, London, 1972. [5] K. Cameron, On k-optimum dipath partitions and partial k-colourings of acyclic digraphs, Europ. J.

Combinatorics 7 (1986), 115-118.

[6] A. Frank, On chain and antichain families of a partially ordered set, J. Comb. Theory, Ser B, 29 (1980), 176-184.

[7] T. Gallai and A.N. Milgram, Verallgemeinerung eines graphentheoretischen satzes von Redei, Acta Sc.

Math. 21 (1960), 181-186.

[8] C. Greene, D.J. Kleitman, The structure of Sperner k-families, J. Combinatorial Theory, Ser. A 20 (1976), 41-68.

[9] I.B.-A. Hartman, Berge’s conjecture on directed path partitions - a survey, to appear in special issue of Discrete Math. in memory of Claude Berge.

[10] N. Linial, Extending the Greene-Kleitman theorem to directed graphs, J. Combinatorial Theory, Ser.A 30 (1981), 331-334.

[11] É. Piaf, Non, Je ne regrette rien (1960). 12

[12] M. Saks, A short proof of the k-saturated partitions, Adv. In Math. 33 (1979), 207-211. [13] A. Sebő, Minmax Relations for Cyclically Ordered Digraphs, preprint.

[14] S. Sridharan, On the strong path partition conjecture of Berge, Discrete Math. 117 (1993), 265-270.

Eli Berger Department of Mathematics University of Haifa, Haifa 31905, Israel

e-mail: berger@cri.haifa.ac.il

Irith Ben-Arroyo Hartman The Caesarea Edmond Benjamin de Rothschild Foundation Institute for Interdisciplinary Applications of Computer Science University of Haifa, Haifa 31905, Israel

e-mail: irith@cs.haifa.ac.il