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Riemann Integral: Antiderivatives: Reminder

JOdx=c

[ e dx = e

[Ldx=Inx+c (x€eRiy)

J cosx dx =sinx

[sec?x dx =tanx +c
fsecxtanx dx =secx + ¢
f\/idx—arcsmx—kc
fl+x2 dx = arctanx + ¢

Ik \x|\/x27 dx = arcsecx + ¢

J coshx dx = sinhx + ¢

[ sech? x dx = tanhx + ¢
fsech xtanhx dx = —sechx + ¢

f = x—artanhx+c (Ix] <1)

—arsechx + ¢
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[ x> dx:%+c (a # -1)
[a<dx=:a (a>0, a#1)
[Ldx=In(—x)+c(xeR__)

[sinx dx = —cosx + ¢

[ esc? x dx = cot x + c.

fcscxcotx——cscx+c
dx = —arccosx + ¢

fﬁ +

f1+x2 dx = —arccotx + ¢

|x|\/>T —arccscx + ¢
J sinhx dx = coshx + ¢
fcschzx dx = —cothx + ¢
[ eschx cothx dx = —cschx + ¢
f\/idx—arcoshx+c (x>1)
L dx=arcothx+c (x>1
1— x

i IXI\/1+7 dx = arcschx + c.
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Further Integration Techniques: Trigonometric
Substitutions

[ V1 —x2 dx.

e On the interval [-75, 5] we have /1 — sin? x = cos x. The derivative of
sin is cos, its trigonometric “pair’. Therefore it is worth trying the
substitution x = sin 6.

x=sin 6 2
V1—x2dx [ dx=cos 0d6 } = [ cosf -cosfdf = | cos“0db

vV1—x2=cos 0
1 20 1 1
(cos? 0= 1+cos29):/+‘:2°s df =20+, sin20 +c
(sin20=2sin0 9)—101'0 6+ — Lo ~|—1 1—x2+
sin 20=2sin 6 cos = 5 2Slr'l COSs C = zarcsmx 2X X C.
1 1 1 Log
/ V1—x2dx= [2 arcsin x + 2X\/1—X2:| =7 ~ 0.785.
0 0
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Further Integration Techniques: Trigonometric
Substitutions

fﬁlﬂ dx.

If differentiation is already familiar, then this is a basic integral. OR we
notice that x = tan @ is a suitable substitution.

1 ot L 2, 1
/]_—'—)(2 dX [1+X2c0_5291 = /COS ecoszede = /d9 = 0+ C

= arctanx + c.

Vi
/0 m dx = [arctan X](\)/g = g ~ 1.047.
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Further Integration Techniques: Trigonometric
Substitutions

J (1+x2)2 dx.

This is no longer a basic integral. HOWEVER, it is an important one.
Partial fraction decomposition does not simplify the problem. On the other
hand, the substitution x = tan# is again useful.

1 dXX— tanGde A )
m dx 1+Xco_s291 = [ cos” 0 s29d9_ cos“ 0 db

cos? 6

l+cos20 1 1
(cos? o= Liess20) :/“;Sde: S0+ 5sin20+c

1 1 1 sinfcosf
0+ —sinfcosf +c= -0+ ——s7———

2 2 2sin% 0 + cos2

1 tané 1 1 x

UL = arct
T otang 1 T ANt et
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Further Integration Techniques: Trigonometric

Substitutions: The G pi

Atfogo =1 Szemkozti befogo =1 Melletti befogo =1
A «® ®
sin@ 1 tan6
2] 6 6
cos6 cote 1
x=sin 6§ x=cot § x=tan 6

V1—x2=cos v 14-x2=csc V1+x2=secf
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Improper Integrals: A First Step

e Assume that f : [a, b[— R and that f is integrable on every

closed subinterval of dom f. That is, fab_h is defined for
sufficiently small positive h.

Definition

Assume that f : [a, b[— R and that f is integrable on every closed

subinterval of dom f. If
b—h
lim / f(x) dx
h—0+ /,

exists and is finite (i.e. belongs to R), then the improper integral
fab f(x)dx is defin%d, and its value is the value of the limit:

/ f(x)dx = lim_ / f(x) dx.

a a

e Particularly important cases: (1) b = oo, in which case f:o_h
means that integration is performed outside a ball of radius h
around oo, (2) b is a point of discontinuity of a function.
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Improper Integrals: A Second Step

e Assume that f :]a, b] — R and that f is integrable on every

closed subinterval of dom f. That is, f;h is defined for sufficiently
small positive h.

Definition

Assume that f :]a, b] — R and that f is integrable on every closed
subinterval of dom f. If

b
lim / f(x) dx
h—=0+ J a4 p

exists and is finite (i.e. belongs to R), then the improper integral
fab f(x)dx is defineg, and its value is thbe value of the limit:

/a ) o = fim. / LS

e Particularly important cases: (1) a = —o0, (2) a is a point of
discontinuity of a function f : R — R.
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Improper Integrals: The Definition

e Assume that f :]a, b|— R and that f is integrable on every

closed subinterval of dom 7. That is, f;:hh/ is defined for
sufficiently small positive h, A'.

Definition

Assume that f :]a, b[— R and that f is integrable on every closed
subinterval of dom f. If for some m €]a, b[ both

/am f(x)dx  AND /b F(x) dx

m

exist, then the improper integral fab f(x) dx is defined, and its

e / () dx = / " () dx + /m () d.

e The point m appearing in the definition has no essential role. If

one choice of m works, then any m €la. bl mav be chosen. Why?
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Improper Integrals: Examples

1
li 1—-— ) =1

Therefore the improper integral exists, and its value is 1.
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Improper Integrals: Examples

1
/ —dx =7
1 X

1
/dx:lnx+c.
X

N1
/ Sdx=[Inx]¥ =InN—In1=InN.
1 X

[im InN = oo.
N—oo

Therefore the improper integral diverges.

Péter Hajnal Riemann Integral Applications, University of Szeged, 2026



Improper Integrals: Examples

Pl = 1 — €e=2— €
/gﬁdx—[2\/§]e—2\f 2\/e=2—-2/e

lim (2 —2e) =2.

e—0+

Therefore the improper integral exists, and its value is 2.
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Improper Integrals: Examples

Therefore the improper integral exists, and its value is %
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Improper Integrals: Examples

N N
/0 xe Xdx = [—xe*X — e*X]O
= (=Ne N —e Ny — (—0e° — &%
= 1—Ne N_eN

lim (1 —Ne N _ e_N> =1

N—oo

Therefore the improper integral exists, and its value is 1.
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Improper Integrals: Examples

> 1
/ 1 5 dx =7
oo Lt X

/
dx arctan x C.
1 + X2

N
1
/ ———5 dx = [arctan x](’)v = arctan IV,
0 ]. + X

0
1
/N 152 dx = [arctan x]° ,, = — arctan(—N).

lim arctan N =

)
N—oo

oy A

lim —arctan(—N)

N—oo
Therefore the improper integral exists, and its value is
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Improper Integrals: Examples

0
2

/ dx =7

2 1—X2

2 B (1-x)+(1+x) 1 1
/1—x2dx N / (1 —x)(1+x) dx_/l—x+1+xdx

1
— Cn(x—1)+In(x+ 1) +c=In "

_l—l-c
/de |x+1N|N+1I2+1|N+1|3
——dx=|In =In —In =In——=—In3.
5 1—x2 x—1], N-—1 2—1 N-—-1
. N+1
I I — | =—1In3.
Ni“oo<”N—1 ”3> n3
Therefore the improper integral exists, and its value is

—In3.
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Improper Integrals: Examples

/ \/> dU—* : X:| = /eu 2du = —2e Y+c = —267\/;_’_(:'

N o—Vvx N
/ € dx= [—2efﬁ] — 26 VN 1 0gV0 — 9 VN 4 o
0

lim (—2&” + 2) —2

N—oo
Therefore the improper integral exists, and its value is

2.
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Applications of the Integral: Geometry

e The original motivation for introducing the integral was the
computation of areas.

e The most fundamental geometric applications of integral calculus
(in the one-variable setting) are:

(1) Area computation.
(2) Computation of arc lengths of curves.
(3) Solids of revolution:

(a) computation of volume,
(b) computation of surface area.

e In the following, we look at examples of these applications.
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Applications of the Integral: Geometry: Area

Let f : [a, b] — R4 be an integrable function. Then the area
enclosed by the graph of f and the x-axis above the interval [a, b]

IS / () dx.

- fx)

>
a b x
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Applications of the Integral: Geometry: Area

Let f : [a, b] — R_ be an integrable function. Then the area
enclosed by the graph of f and the x-axis above the interval [a, b]

IS /ab—f(x)dx:—/abf(x)dx:/ab]f(x)]dx.

e If the sign of f changes on [a, b] = dom(f), then decompose
[a, b] into a union of intervals ([a;, bj])¢_; with pairwise disjoint
interiors, such that the sign of f|(, ,,] does not change for
i=1,2,..., ¢

The areas above the individual intervals can then be computed
independently and added together.
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Applications of the Integral: Geometry: Area

e Let f,g : [a, b] — R be two integrable functions such that
f(x) > g(x) for every x € [a, b].

Then the area enclosed by the graphs of f and g above the
interval [a, b] is

b
/a (f(x) — g(x)) dx.

e If the order of the functions changes on [a, b] = dom(f), then
decompose [a, b] into a union of intervals ([a;, b;])¢_; with pairwise
disjoint interiors, such that on each interval one of the functions is
everywhere greater than or equal to the other for i =1,2,... /.
The areas above the individual intervals can then be computed
independently and added together.
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Applications of the Integral: Geometry: Area: The picture
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Applications of Integration: Geometry: Curves

e The three most common ways to describe curves are the
following:

o The graph of a differentiable function defined on an interval
[a, b] describes the curve.

o The points (x(t), y(t)) describe the curve, where x and y are
differentiable functions and t € [a, b] is a parameter
interpreted as “time”.

o The points (r(y) cos ¢, r(p)sin¢) describe the curve, where r
is a differentiable function and ¢ € [«, 5] is an “angle”
parameter. [Polar-coordinate representation]

e Each type of description has its own arc length formula.
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Applications of Integration: Geometry: Arc Length

Theorem
If f(x) : [a, b] — R is continuously differentiable, then the arc length of the
graph segment between (a, f(a)))and (b, (b)) is

s= 1+ (f'(x))? dx

o
1

Theorem

The arc length of a curve glven in parametric form (x(t), y(t)), where

t €[a,b], is s—/ \/ ()2 dt

Theorem

| A

The arc length of a curve given in polar coordinates by r(y), where
¢ B
peladls s [T e+ (e
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Applications of Integration: Geometry: Arc Length:
Examples

Determine the length of the graph of y = cosh x on the interval
[0, a].

a a a
5:/ 14+ (f)2?dx = / \/1+sinh2xdx:/ V/ cosh? x dx
0 0 0

= / cosh x dx = [sinh x]§ = sinh a.
0

Péter Hajnal Riemann Integral Applications, University of Szeged, 2026



Applications of Integration: Geometry: Solids of Revolution

e Consider a curve represented as the graph of a function

f :[a, b] = R. We regard the graph in the xy-plane as lying in
three-dimensional space, and rotate it around the x-axis. In this
way we obtain a surface enclosing a solid of revolution.
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Applications of Integration: Geometry: Solids of

Theorem

Suppose that the lateral curve of a solid of revolution symmetric
about the x-axis is described by the graph of a continuous function
f(x) : [a, b] — R. Then the surface area of the solid obtained by
rotating the graph aroun:l the segment [a, b] of the x-axis is

27r/ f(x)4/1+ (f(x))? dx.

Suppose that a continuous curve given in parametric form by
(x(t), y(t)), where t € [a, b], is rotated around the x-axis. Then
the surface area of the resulting solid of revolution is

b
2r [y @)+ ()2 o
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Applications of Integration: Geometry: Solids of
Revolution: Surface Area: Examples

Determine the surface area of the solid obtained by rotating the
graph of y = 1 around the x-axis over the interval [1, col.

0 2 0o 2
A:27r/ 1 1+<dy> dx = 27r/ 1 1+<(1)’> dx
1 X dx 1 X X

o0 2
= 277/ 1\/1—|—<12> dx.
1 X X

We already know that floo % dx diverges. The integrand above is
bounded below by % Therefore the surface area in this example is
infinite.
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Applications of Integration: Geometry: Solids of

Theorem

Suppose that the graph of a continuous function f : [a, b] — R
describes the lateral curve of a solid of revolution around the
x-axis. Then the volume of the part of the solid lying above the
interval [a, b] of the x-axis is

b
V= 71'/ 2(x) dx.

Theorem

Suppose that a continuous curve given in parametric form by
(x(t),y(t)), where t € [a, b], describes the lateral surface of a solid
of revolution around the x-axis. Then the volume of the
corresponding solid above the interval [a, b] of the x-axis is

V= ﬂ/byz(t)x’(t) dt.

Péter Hajnal Riemann Integral Applications, University of Szeged, 2026



Applications of Integration: Geometry: Solids of
Revolution: Volume: Examples

Determine the volume of the solid obtained by rotating the graph
of y = L around the x-axis over the interval [1,o0].

The volume is finite. We also computed the surface area of this
solid, and obtained that it is infinite. This apparently paradoxical
phenomenon is known as the painter’s paradox.
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Applications of Integration: Convergence of Series: The
Idea

e Let (a,)%2; be a sequence, and consider the infinite series

[e.e]
E a;.
i=1

Assume that a, = f(n), where f : [1,00[— Ry is a decreasing,
non-negative function.

e Then the series ) >°; a; and the improper integral

/100 f(x)dx

are closely related.
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Applications of Integration: Convergence of Series: The
Idea: The Picture

This relationship can be visualized in the following figures.
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Applications of Integration: Convergence of Series: The
Theorem

Theorem [Integral Test]

Assume that a, = f(n), where f : [1,00[— Ry is a decreasing,
non-negative function.

(i) If >°72; ai € R, then
/ f(x)dx < oo.
1

(i) If >°7°; ai = oo, that is, the series diverges, then

/loo f(x) dx = co.

e In fact, both implications are equivalences. Thus, for series
satisfying the assumptions of the theorem, convergence can be
decided by evaluating an improper integral.
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Applications of Integration: Convergence of Series:
Examples

o
: . 1. .
The harmonic series g — is divergent.
n

n=1

e The sequence a, = % can be viewed as the values of the function
1
f(x) =—:0,00[— R
X

at positive integers. The function f is positive and monotonically
decreasing, so the integral test applies.

1
° /dx:lnx+c.
X
*1
° / —dx= Ilim InN = co.
1 X N—oo
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Applications of Integration: Convergence of Series:
Examples

oo
. 1.
The series E — s convergent.
n
n=1

e The sequence a, = % can be viewed as the values of the function
1
f(x) = 2 10, oo[— R

at positive integers. The function f is positive and monotonically
decreasing, so the integral test applies.

L]
/dx-—+c.
1 1
—dx=li 1-— | =1
/1 X2dX Ninoo( N)
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Applications of Integration: Convergence of Series:
Examples

e Therefore, by the integral test,

>3
n2

n=1

is convergent.

Theorem [Euler]
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Applications of Integration: Convergence of Series:
Examples

Let @ > 0 be a parameter. The series

o0

1

e
n=1

converges if and only if & > 1.

1

e The sequence a, = ;= can be viewed as the values of the

function )
f(x) = o 10, oo[— R

at positive integers. The function f is positive and monotonically
decreasing, so the integral test applies.
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Applications of Integration: Convergence of Series:
Examples

e The case o =1 has already been discussed. We assume
a €]0, 1[U]1, ool

* 1
1 x ¢
Xioé dX = 1 — + c.
e The value of
> 1
/ — dx
1 Xx¢
depends on the limit limy_,o, N2,
o If  €]1, 00], then
lim N7 = | =0
Ninoo Ninoo Nafl

e If a €]0, 1], then

lim N9 = .
N—oo

e By the integral test, the statement is proved.
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Applications of Integration: Convergence of Series:
Examples

The series
o0
>
“~n Inn
is divergent.
e The sequence a, = ﬁ can be viewed as the values of the
function

F(x) = ﬁ 13, 00[—= R

at positive integers. The function f is positive and monotonically
decreasing, so the integral test applies.
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Applications of Integration: Convergence of Series:
Examples

1 - 1
* / dx[dZ:I{'zx]:/du:Inu+c:InInx+c.
x u

xInx

N—oo

° 1
/ dx = lim (InlnN —Inin3) = cc.
3 XxlInx

e Therefore, by the integral test, the series

1
annn

is divergent.

Theorem [Euler]

(o)

1
>l
=1 Pn
where (pp)o, =(2,3,5,7,11,13,17,...) is the sequence of prime

numbers.
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Applications of Integration: Physics: Work

Definition

If during a straight-line motion we cover a distance L and apply a
constant force F in the direction of motion, then the work
performed is

W=L-F.

e In a uniform gravitational field, the same constant force ? acts
at every point. If we move against F, then work must be done.
To move a distance L opposite to the direction of ? we must
perform work LF (to "overcome” the field).

e What happens in reality if we want to overcome the Earth’s
gravitational field?

e The main issue is that the Earth's gravitational field is not
constant. The force F depends on the position x, i.e. F = F(x).
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Applications of Integration: Physics: Work

e We approximate the motion by small steps. During a small step
of length dx starting at position x (with dx sufficiently small), the
force does not change much, so it is well approximated by F(x).
Hence the work on this segment is F(x) dx.

e The total work is approximated by the sum > F(x) dx.

e In physics, the work done in a force field is defined as

/P ¢ F(x) dx.

With what speed must we launch an object from the Earth's
surface to overcome Earth's gravitational attraction?
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Applications of Integration: Physics: Gravitation

e To answer the question, we must understand the Earth's
gravitational field.

Physical fact

In the gravitational field of a body with mass Mgan, a body of
mass m located at distance r experiences the force

mMEgarth
2’

where 7y is the gravitational constant, whose value is known.
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Applications of Integration: Physics: Gravitation

e We are looking for the escape velocity Vescape such that an object
launched with this speed can overcome the Earth’s gravitational
field.

e In other words, we seek an initial velocity such that the object
can perform the work

/oo ’YmMEarth dx.

2
REarth X
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Applications of Integration: Physics: Energy Conservation

e A body moving with speed Vescape has kinetic energy

L >

Emvescape'
e By the law of conservation of energy, this energy can be used by
the object (e.g. a spacecraft) to perform the required work.

e We now have all the ingredients to formulate the mathematical
model.

Find the escape velocity Vescape such that

1 > M
7mv2 :/ ,7m Earth ke

o MVescape
Rearth

The mass m cancels out. The remaining physical constants are
known:
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Applications of Integration: Physics: Escape Velocity

1 *  mM
7mV2 _ / ~y Earth dx.

escape 2
2 Rearth X

Solution:

e Evaluation of the integral:

oo M 1
/ ’YLléarth dx = 7mMEarth / ) dx
X

REarth REarth
1 [e9)
= YmMMEann [—
X1R
Earth
1
= 'YmMEarth'Ri-
Earth
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Applications of Integration: Physics: Escape Velocity

e Solving the equation:

1 2 . > mMEarth d
§mvescape - Y 2 X,
REarth
1 1
2
5 MVescape — ’YmMEarth s
2 P REarth
2 P MEarth
escape )
P REarth
Meartn
Vescape = 2 2~ 11.2km/s.
Earth
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This is the end!

Thank you for your attention! |
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