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Reminder: Basic Derivatives

(c) =0 (ceR)
(ex [ eX
(Inx) =1
(sin x)" = cos x
(tan x)’ = sec® x
(secx)’ = secxtan x
(arcsin x)’ = 1£X2
1

(arctanx)' = 17
(arcsecx)’ = \x\\/fﬁ
(sinh x)’ = cosh x
(tanh x)" = sech? x
(sech x)’ = —sech x tanh x
(arsinh x)’ = 1ix2
(artanh x)’ = 1jx21 (Ix] <1)

[ —
(arsech x) —7—

(x*) = ax®! (a €R)

(a¥) =a*Ina (a>0, a#1)

(Ioga X)/ - xlﬁa

(cosx) = —sinx

(cot x)/ = — csc? x

(cscx)’ = — csc x cot x
1

(arccosx)' = ——=—

(arccot x)" = ——Hlxi
[

(arcesc x)' = VAT

(cosh x)" = sinh x

(coth x)’ = — csch? x

(csch x)’ = — csch x coth x

(arcosh x)' = \/ﬁ (x>1)

(arcothx)' = 1})(2 ) (Ix| > 1)
r_

(arcsch x)’ = VAT
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Function Analysis: Theorems

Let f be a differentiable function defined on an interval.

(i) If f’(x) >0 (x € dom f), then f is monotone increasing.
(ii) If f'(x) > 0 (x € dom f), then f is strictly increasing.

Let f be a differentiable function defined on an interval.

(i) If f'(x) <0 (x € dom f), then f is monotone decreasing.
(i) If f’(x) < 0 (x € dom f), then f is strictly decreasing.
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Function Analysis: Theorems (continued)

Let f be a differentiable function defined on an interval.
(i) If f(x) > 0 (x € dom f), then f is convex.
(i) If f”(x) > 0 (x € dom f), then f is strictly convex.

Let f be a differentiable function defined on an interval.

(i) If f’(x) <0 (x € dom f), then f is concave.
(i) If f”(x) < 0 (x € dom f), then f is strictly concave.
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Function Analysis: Theorems (continued)

Let f be a differentiable function defined on an open interval. If f
has a local extremum at xp, then '(xp) = 0.

f(x) =x3

Theorem

Let f be a differentiable function defined on an open interval,
containing xp. If f’(xp) = 0 and f”(xp) > 0 then has a local
minimum point at xp.

| A

Theorem

Let f be a differentiable function defined on an open interval,
containing xop. If f/(x0) =0 and f”(xp) < 0 then has a local
maximum point at xg.
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Function Analysis: Theorems (continued)

Theorem

Let f be a differentiable function defined on an open interval,
containing xp. If f’(xp) = 0 and for a suitable § > 0 f'(x) < 0 if
x €]xg — 0, xo[, furthermore f/(x) > 0 if x €]xp, xo + [ then f has
a local minimum point at xg.

Theorem

| A

Let f be a differentiable function defined on an open interval,
containing xp. If f’(xp) = 0 and for a suitable § > 0 f’(x) > 0 if
x €]xo — 0, xo[, furthermore f/(x) < 0 if x €]xo, xo + [ then f has
a local minimum point at xg.
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Function Analysis: Example 1

e This is a rational function.

e x appears only as x2. Therefore f is an even function.

x2— x—1)(x+1
° f(X) = X273|: = Exf2ggx+2g'

e In its definition, only the division is problematic. Thus it is

undefined exactly at x = —2 and x = 2 (since we would divide by
0).

e Domain: | —o0,—2[ U |—2,2[ U ]2,00 [.
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Function Analysis: Example 1: Signs

e Its value is O exactly when it is defined and the numerator is 0:
its roots are {—1,1}. That is, the graph intersects the x-axis at
these points.

e The numerator is positive if x €] —oo,—1[ U ] 1,00 [. The
numerator is negative if x €] — 1,1 [. The denominator is positive
if x €] —00,—2[ U ] 2,00 [. The denominator is negative if

x €] —2,2].

e The function is positiveon | — 0o, -2 [ U | —1,1[ U ]2,00 [.
The function is negativeon | —2,—-1[ U ] 1,2 [.
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Function Analysis: Example 1: Limits

The boundary points of the domain

| —o00,—2[ U ]—=2,2[ U J2,00[inRare: {—00,—2,2,00}. At
these points we determine the one-sided limits: limy_, o (x),
|imXH,2, f(X), Iimxﬁ,2+ f(X), |imXH2, f(X), |imxﬁ2+ f(X),
limx— 00 F(X).

ol ool £ =1
IMx——00 24 = Mx——c T — L.

o limy, o 53 =00 (if x = —2—, then x> = 44).

2 .
o lim_ o4 i[i =00 (if x = —2+, then x> — 4-).
. 2_ .
o limy_o_ i2—zlt =—00 (if x = 2—, then x> — 4-).
. 2_ .
o lim, oy §2_1 =00 (if x = 2+, then x> — 4+).
2 1 _%
o limy oo o = limy oo 7= = 1.
x2
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Function Analysis: Example 1: Differentiation

First derivative (quotient rule):

2x(x% — 4) — (x2 — 1)2x

fl(x) = 2 —4)?
2x[(x* — 4) — (x* - 1)]
(2~ 4y
2x(—3) —6x

(C—ap = (e —ap

First derivative ((g7%) = —g71-¢’):

o = (ﬁ:iy—(”x23—4>/—3'(‘”<x2~4>2'

1

2X.

The denominator is positive for all x in the domain, thus the sign

of f/(x) is the same as the sign of —6x.
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Function Analysis: Example 1: Monotonicity

e On the interval | — 0o, =2 [, f’(x) > 0: f is strictly increasing.
e On the interval | —2,0 [, f/(x) > 0: f is strictly increasing.
e On the interval ] 0,2 [, f/(x) < 0: f is strictly decreasing.

e On the interval | 2,00 [, f/(x) < 0: f is strictly decreasing.
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Function Analysis: Example 1: Derivative, Extremum

The derivative is zero exactly when x = 0.

e In a neighborhood of x =0, f is increasing from the left and
decreasing from the right.

e There is a local maximum at x = 0.

e The maximal value on the interval | — 2,2[ is

-1 1
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Function Analysis: Example 1: Range

e On the interval (—oo0, —2), f is increasing and continuous,
limy——oo f =17, lim,_,_o- f = +00. The set of values taken here
is |1, ool

e On the interval (—2,0), f is continuous and increasing,
limy_,_o+ f = —00, f(0) = 1/4. The set of values taken here is
(_007 1/4]

e On the interval (0,2), f is continuous and decreasing,
f(0) =1/4, lim,_,o,— f = —oo. The set of values taken here is
(—o0,1/4].

e On the interval (2,00), f is continuous and decreasing,

limy_o+ f = 400, limy_yoo f = 17. The set of values taken here is
(1, 00).

e Summarizing:
ims =] — 0o, 1U]1, oo
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Function Analysis: Example 1: Second Derivative

Second derivative:

We apply the quotient rule again:

—6)(x2—4)2—(—6x)-2(x>—4)-2x
f”(X) _ (=6)(x*—4) (X2(_2)4) 2(x*—4)-2
N —6(x%2—4)24-24x2%(x%>—4)
- (x2—4)*
(x2—4) [ —6(x2—4)+24x?]
- (x2—4)*
_ —6x2424424x2 __ 18x2+424 __ 6(3x°+4)
B (x2-4)3 (-4 T (243

e Since 3x% 44 > 0 for all x, the sign of f”(x) is determined by
(x?> — 4)3, which has the same sign as x> — 4 (raising to the third
power preserves the sign).
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Function Analysis: Example 1: Convexity

e On the interval | — 0o, —2[, x> —4 > 0, hence f”(x) > 0. Thus
on | — oo, —2], f is strictly convex.

e On the interval | — 2,2[, x2 — 4 < 0, hence f”(x) < 0. Thus on
| —2,2[, f is strictly concave.

e On the interval ] 2,00 [, x> — 4 > 0, hence f”’(x) > 0. Thus on
|2, 00|, f is strictly convex.
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Function Analysis: Example 2: Domain, Signs, Roots

1
g(x) = 1
1+ et

e x appears only as x2. Thus g is an even function.

e In its definition, only the division is problematic. The
denominator of the "big” fraction is a shifted power of e. Thus we
divide by a positive number, never by zero.

e In the exponent we divide by 1 — x?. Hence the function is
undefined exactly at x = —1 and x = 1 (since we would divide by
0).

e Domain: | —o0, -1 [ U |—-1,1[ U ]1,00 [.

e The function value is the reciprocal of a positive number. Thus
it is always positive. Hence it is never 0, it has no roots.
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Function Analysis: Example 2: Limits

The boundary points of the domain] —oo,—-1[ U ]—=1,1[ U ]1,00 [ in R
are: {—o00,—1,1,00}. At these points we determine the one-sided limits:
liMmy—s— 00 g(X), limy——1- g(x), limy_14 g(x), lime1- g(x),

limy—1+ g(x), limy_o0 g(X).

: 1 1 1 1
o limy . I T 1 T2 (IfX — —00, then iz 0)
14el=x
olime, 1 —t— =15 =1 (ifx > —1—, then 115 — —c0).
1+el—x2
o limes1s —1—=-2 =0 (ifx = —1+, then 15 — +o0).
1+el—x2
o limye- —L1— = ﬁ =0 (if x » 1—, then ﬁ — +00).
1+el—x2
o limy 1y —— = 1*_}_0 =1 (if x > 1+, then 1EX2 — —00).
14el—x?
: 1 1 1 1
) |Imx—>oo ﬁ = 1%ed — 2 (IfX — 00, then 12 — 0)
e —X
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Function Analysis: Example 2: Differentiation

First derivative (quotient / chain rule): Let k(x) = 17—1)(2 Then
g(x)=(1+ ek(x))_l. First derivative:

gl) = e ) K ) = e ()
(1 + k) (1+e=2)
1 L 1
T Taresy o amapt
2X.eﬁ

(1+em7)%(1 - x2)?

e Thus sgn(g’(x)) = —sgn(x).
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Function Analysis: Example 2: Differentiation,
Monotonicity

e On the interval Joo, —1[, f/(x) > 0: f is strictly increasing.
e On the interval | — 1,0[, '(x) > 0: f is strictly increasing.
e On the interval |0, 1[, f'(x) < 0: f is strictly decreasing.

e On the interval |1, 00[, f'(x) < 0: f is strictly decreasing.
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Function Analysis: Example 2: Differentiation, Extremum

The derivative is zero exactly when x = 0.

e In a neighborhood of x =0, f is increasing from the left and
decreasing from the right.

e Thus, there is a local maximum at x = 0.

e The maximal value on the interval | — 1, 1] is

Péter Hajnal Function Analysis - L'Hospital's Rule, SZTE, 2026



Function Analysis: Example 2: Differentiation, Range

e On the interval (—oo, —1), f is increasing and continuous,

' %+, lim,_,_1- f = 1. The set of values taken here is
]57 1['

e On the interval (— 1,0) f is continuous and increasing,
lim,_, 1+ f =0, f(0) = 73=. The set of values taken here is
]07 ]_J,-e]

e On the interval (0,1), f is continuous and decreasing,
f(0) = 1J1re, lim,_,;- f = 0. The set of values taken here is

10, el

e On the interval (1,00), f is continuous and decreasing,
lime_ 1+ fF =1, limy,o0 f = %+. The set of values taken here is
(%’ 1)'
e Summarizing:

F =10, melUl3, 1L
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Function Analysis: Example 2: Second Derivative

The second derivative:
ek(1 + €¥)
(1— x2)4(1+ ek)*

)

g'(x) =~

where k = 11—2 and
—X

G(x) =2+ 8x% — 6x* + (2 — 6x*)ek.

The denominator is positive, thus sgn(f”) = —sgn(G).
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Function Analysis: Example 2: Convexity

Analyzing the sign of G(x) yields the following result (inflection
points determined numerically):

e On]—o00,—x[ G<0= f">0= gis convex.
eOn]—x,—1[ G>0= "< 0= fis concave.
eOn(—1,—x1): G>0= "< 0= fis concave.
e On (—x1,x1): G>0= f"< 0= fis concave.

e On

(

e On (x1,1): G>0= f" >0 = fis convex.
(1,x1): G<0= f"<0= fis concave.
(

e On (x3,00): G>0= f">0= fis convex.

e The inflection points are of the form 4x; and £xp, where
0<x3<1andxy>1.
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Rolle’s Theorem

Theorem [Rolle’'s Theorem]

Let f be continuous on the closed interval [a, b], differentiable on
the open interval ]a, b[, and suppose that f(a) = f(b). Then there
exists at least one £ €]a, b[ such that

F(£) = 0.
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Mean Value Theorem (Lagrange)

Theorem [Lagrange's Theorem]

Let f be continuous on [a, b] and differentiable on ]a, b[. Then
there exists £ €]a, b such that

f(b) — f(a)
b—a

(Equivalently: f(b) — f(a) = f'(£)(b — a).)

F1(&) =
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Cauchy’s Mean Value Theorem

Theorem [Cauchy's Theorem]

Let f and g be continuous on [a, b], differentiable on ]a, b[, and
assume that g’(x) # 0 for all x €]a, b[. Then there exists & €]a, b[

such that
F(b) — f(a) _ F(O)
g(b)—g(a) &'(&)

Remark: From the assumptions it follows that g(b) # g(a).
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Darboux's Theorem: Intermediate Value Property of
Derivatives

Theorem [Darboux’'s Theorem]

Let f be differentiable on an interval. Then f’ (not necessarily
continuous) has the intermediate value property: if

f'(a) < k < f'(b), then there exists a point ¢ between a and b
such that f'(¢) = k.
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Relationships

e Rolle’s theorem is a special case of Lagrange's theorem

(f(a) = £(b))-

e Lagrange's theorem is a special case of Cauchy’s theorem

(g(x) = x).

e The proof of Cauchy's theorem is based on Rolle's theorem.
(Apply Rolle's theorem to the auxiliary function

h(x) = f(x) - f(a) — LHpI—mB(g(x) — &(a)).)
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L'Hospital's Rule: Theorem

Theorem [L'Hospital's Rule]

Let f and g be differentiable functions in a neighborhood of a
(possibly excluding a itself), and assume:
L. lim f(x) = lim g(x) = 0 or lim [f(x)| = lim |g(x)| = oo
!
2. tim £ )
x—a g'(x)
3. g'(x) # 0 in a ball centered at a (possibly excluding a).
Then

exists R.

im T _ i £

o g(x) ~ x0e gl(x)

Proof: Application of Cauchy’s mean value theorem.

Remark: The rule also holds for one-sided limits and for a = +o0
(with appropriate reparametrization).
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L'Hospital’s Rule: Example

Example (3 form)

. sinx
lim —— =7
x—0 X

sinx L'

I

(sinx)" . cosx

= =cos0=1.
x—0 X x—0 (X)' x—0 1
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L'Hospital’s Rule: Example

Example (3 form)

x—0 X

x—0 X x—0 1
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L'Hospital’s Rule: Example

Example (3 form)
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L'Hospital’s Rule: Example

Example (2 form)
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L'Hospital’s Rule: Example

Example (0 - (—o00) form — rewrite as & or 3)

lim xlnx =7

x—0t
Rewrite: xInx = '1”—’(
X
. In x —00\ L'H. .. 1/x .
lim —— — ) = lim %: lim (—x)=0.
x—07t 1/X o0 x—07t —]./X x—0t
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L'Hospital's Rule: Example

Example (0 - (—o0) form — rewrite — 2 or 9)

1 1 X — sin x
sinx x  xsinx
Now % form:
. X —SINX L'H. . 1 — cosx
im —— = lm —M.
x—0 XSInXx x—0 SIn X 4+ X COS X
Still %, apply L'Hospital again:
. sin x . sin x 0
= lim =lm—=—-=0.

x—0 COSX + COSX — XSinx  x—02Ccosx — XSin x 2
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L'Hospital’s Rule: Example

Example (0° form — logarithm — 3 form)

lim x* =7
x—0t

Let y = x*, Iny = xInx. From a previous example
limy_0+ xInx = 0. Since Iny — 0, we get y = e"¥ — €0 =1.
Thus

lim x*=1.
x—0+
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L'Hospital's Rule: Example

Example (oo form)

lim (tanx)<* =7
x—=35"

Let y = (tanx)®*, Iny = cosx - In(tan x). Since cosx — 07,

In(tan x) — +o00, we have the form 0 - co.
Rewrite:

Iny =

In(tanx)  In(tanx)

~ 1/cosx sec x
This is 22. Apply L'Hospital:

1 2

i " SecT X i 5K 1/ cos x _
x—Z~ Secxtanx tan? x sin? x/ cos? x

Thuslhy - 0=y —1.
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L'Hospital’s Rule: Counterexample

Counterexample

. X-+sinx
im —— =7
X—$00 X

e Numerator: f(x) = x + sin x, denominator: g(x) = x.
e As x — oo: lim f(x) = oo, lim g(x) = co. So we have 52 form.
e Both f and g are differentiable for x > 0.

g'(x)=1#0.
e Ratio of derivatives: ;/,83 = 1+°1°SX =1+ cosx.
e limy_,o0(1 + cos x) DOES NOT EXIST, since cos x oscillates
between —1 and 1.
e L'Hospital’s rule requires that lim £ e . exists (finite or infinite).
This condition is not satisfied here.

Fiy 2K (1+s'"—x>:1+0:1.
X

X—00 X X—00
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This is the end!

Thank you for your attention!
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