ON THE DISTRIBUTION OF PAIRS OF RANDOM POINTS
FROM A SPHERICAL SHELL

ALEXANDRA BAKO-SZABO“ AND FERENC FODOR!

ABSTRACT. We study the distribution of the distance of a pair of independent
random points from a concentric spherical shell in R? selected according to
certain beta-type distributions. This model includes, as a special case, the
uniform distribution.

1. INTRODUCTION

We investigate geometric models based on certain beta-type distributions in R%.
Let 1(-) denote the indicator function of a set and ||z|| the Euclidean norm of
a vector z € R%. We consider the d-dimensional beta-type distributions pq s in
the unit ball B? with the following density function with respect to the Lebesgue
measure

fap(@) = capl —||2[I*)"1(0 < [lz|| < 1)
for g > —1 with
r($+5+1)
DB +1)
Important features of 4 3 are that, on the one hand, 14,0 is the uniform distribution
in B?, and, on the other hand, as § — —17, ta,g converges weakly to the uniform
distribution on the unit sphere S¢~1.

There have been several papers published recently on random polytope models
based on 43, see, for example, Grote, Kabluchko and Théle [6], Gusakova and
Kabluchko [7], Kabluchko, Temesvari and [10], Théle Kabluchko, Théle and Za-
porozhets [13], Kabluchko and Panzo [9], and Kabluchko and Steinerberger [11].
We refer to a history, recent results, and further references to [6,/7,9-11}/13] and to
the upcoming book by Kabluchko, Steinerberger and Thile [12].

Let cl(-) denote the closure of a set in R%. For 0 < R < 1, let Bg = cl(B?\ RB?)
denote the closed region between the two concentric balls B4 and RB?. We call
Bp the spherical shell of inner radius R and outer radius 1.

For 0 < R < 1, consider the restriction pq g r of itq,3 to the spherical shell Br
normalized such that it is a probability distribution. Then g4 g r is concentrated
in Bgr with the following density function with respect to the Lebesgue measure:

fap.r(@) = capr(l = [z]*) LR < |lz| < 1) (1.1)
for § > —1 with a suitable normalizing constant cq g r. We note that p4,5,0 is the
beta-type distribution y4s in BY, and piq0 g is the uniform distribution in B for
any 0 < R < 1.

Cd,p =
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Let ;1 and z be independent, identically distributed (i.i.d.) random points
from Bpg chosen according to pq,g,r. We study the density g 5 r(r) of the random
variable r = ||z1 — x2]|. Our argument uses characteristic functions, and it is based
on Lord [16]. We compute the functions gj; 5(r) and gj 5 p(r) explicitly, and we also
show that the analogous computation can be carried out for 94.5.R for any integer
[ and sufficiently large d, depending on S.

The motivation for examining the distribution of pairs of random points comes,
in part, from the phenomenon that in the theory of random polytopes the significant
part of many asymptotic formulas is generated by points in a thin shell close to the
boundary; this explains the choice of the truncation of 14 3. For more information
on random polytopes see, for example, Hug [14], Reitzner |25] and Schneider [29).

Investigations of the distribution of the distance of two i.i.d. uniform random
points in a convex body K (compact convex set with non-empty interior) go back
to the first half of the twentieth century. The density functions for various bodies
have been determined by different methods. In the particular case where K is a ball
of dimension d, the density function was found by Borel [2] for d = 2, by Deltheil
[4] for d = 3,5,7,9 by Crofton’s Theorem and by Boursin [3] for d = 11,13. The
general case was solved by Hammersley [8], and alternative methods were given by
Lord [16], among others. One of the methods described in [16] uses characteristic
functions and can be (in theory) applied to radially symmetric distributions that
have a density with respect to the Lebesgue measure. We will use this method in
this paper. The density function was also determined for some other specific bodies
such as cubes, cylinders, etc. For the early history of the topic, see, for example,
Kendall and Moran [15], for more recent references Mathai [19, Section 2.6.3].

For general K, Piefke [24] established a connection between the distribution
of random chord lengths and distances of pairs in d-dimensions, extending earlier
results for d = 2 and 3.

Fairthorne [5] considered the random model in which two uniform random points
are selected from two concentric circular discs, such that one point is from the
smaller disc and the other one is from the larger one. He determined the density
function of the distance of the two random points. This result was extended to
d-dimensions by Ruben [26].

Although we concentrate only on random distances in this paper, we note that
more general models have also been investigated extensively. One such model is
when one takes 1 < r < d i.i.d. random points from B¢ according to a beta-type
probability distribution. Such random points almost surely span an r-dimensional
simplex. This more general model naturally includes both the uniformly distributed
case and also the case of random distances of pairs of points (when r = 1). For
results on mean values and integer moments of the volume of such random r-
dimensional simplices see, for example, Miles [20] and Ruben and Miles [27]. The
exact density function of the r-volume was given by Mathai [18]), and it is expressed
in several forms, using hypergeometric functions, G-functions, H-functions, series
expansions, etc. See also, for example, Pederzoli [21H23]. We refer for more detailed
information, history and references to Mathai [19, Section 4.3 and pp. 427-428] and
the upcoming book by Kabluchko, Steinerberger and Thile [12].

We will use the symbol (-, -) for the usual Euclidean scalar product in R? whose
induced norm is || - ||. The volume of B is kg = W%/F(g +1), where I'(+) is Euler’s
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gamma function (see Artin [1]), and the surface volume of S ! is wy = dky, see,
for example, Schneider [28].

We will use Gauss’s hypergeometric function 2 Fi(a, b, ¢, z), which is defined by
the following series for complex numbers with |z| < 1,

_ = (@)r(b)r 2F
2Fl(a7 ba c, Z) - I;) (C)k ki' )

where a,b,c € R except when ¢ is a nonpositive integer. The symbol (z); is the
rising factorial. Furthermore, let

z a
B(z;G/’b) = / ’u,a_l(l — ’U,)b_l du = % 2F1(a, 1—b,a+ 1,2)
0

be the incomplete beta function. If z = 1, then we get the (complete) beta function,
which we denote by B(a,b).
The function g3  ,(r) was determined by Hammersley [8], see also Lord [16,/17],

x dr (§+1) 4, r?d+1 1
gd,O,O(r)_F<%)F(%+%)r B(1 4, ) a2)a OSTSZ (1'2)

In this paper we study the model in which two i.i.d. random points z; and
x9 are chosen according to the beta-type distribution pg g r from a spherical shell
Br. We study the density g 5 p(r) of the random variable r = |lz; — 22| using
characteristic functions. We calculate explicitly, g;  p as follows.

21(d
Theorem 1.1. Let Cy = %. For R €[0,1) and r € [0,2], let
Cy rit /7T sin ¢
dr,R)=—2_— — Yy,
gl( ) 2% (1 - Rd)2 arccos<2’;2) (1 — COS (p)% 4
Rdrd_l
d = 20—
g2(d,r, R) Cd(l — R
s s d
></ o i 4 _dp-1(1-R<r<1+R),
arccos(lJrRZR*" ) (1 + R?2 — 2R cos (p)§
Rd'f'd71 /F Sind@
d,r,R) = —2C dp-1(0<r<1—R),
Cy Rrd—1 /7T sin ¢
d,rR) = ———— ————dp-1(0 < r <2R).
g4( ) 2% (1 - Rd)2 arccos<2}:‘;21;2#> (1 — COS (p)% v ( )

Then
g;,O,R(T) =91 (d’ Ty R) +oo g4(d7 T, R) (13)

We note that Theorem|l.1{may also be obtained via Ruben’s method [26], besides
other techniques; however, our argument is short and very direct. Moreover, it can
also be carried out in a straightforward, although laborious, way for integer 8 and
sufficiently large d depending on 3, see Section [7}

We note that in all dimensions, gj  (r) = g (), and if R — 17, then g , p(7)
tends to the density of the distance of two i.i.d. uniform random points from S¢~1.
We also note that the functions g;(d,r, R), ¢ = 1,...,4 can be expressed in terms
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of incomplete beta integrals and incomplete Gaussian hypergeometric functions by
standard substitutions; for details, see Section

The paper is organized as follows. In Section [2] we describe the general method,
and in Section [3| we collect some tools from the theory of Bessel functions. We
illustrate the method by determining the density function g 5 in B¢ in Section
We prove Theorem in Section 5| and we provide explicit formulas for g3 , p for
d = 2,3 cases as examples in Section[f] In Section [7} we show how this calculation
can be carried out for positive integer 8 and sufficiently large dimension d. Finally,
in Section [§] we show how one can express the functions in Theorem in terms
of incomplete beta integrals and incomplete Gaussian hypergeometric functions.

2. THE METHOD OF CHARACTERISTIC FUNCTIONS

In this section, we recall the main points of the method we use to determine the
density g; 5 r(r). For more details, we refer to Lord [16,17] and Mathai [19].

Let = be a random point in R? with a spherically symmetric distribution. Assume
that this distribution has a continuous density f(z) with respect to the Lebesgue
measure. Then the characteristic function of f(z) is

oly) = / @D dg,
]Rd

where y is an arbitrary point of R?. It is well-known that if z1,...,z, are in-
dependent random points with characteristic functions ¢(y1),- -, ¢(yyn), then the
characteristic function of z1 4+ ... 4+ x, is ¢(y1)...d(yn). Since f is assumed to
be spherically symmetric, it only depends on s = ||z||. We will use the notation
f(x) = h(s) for the d-dimensional density of = as a function of s. The correspond-
ing one-dimensional density is denoted by h*(s). The connection between h(s) and
h*(s), by the virtue of the spherical symmetry of the distribution of z, is

h*(s) = wqs? 1h(s).

Let o = ||y||, and let ¥ (o) be the characteristic function of f in terms of p. Then
(for details see, for example, Lord [16] or Mathai |19, pp. 289-292])

d

o(y) = ¥(o) = (2m)F o=+ / " sth(s)a_y(s0) ds,

s—

where J,(z) denotes a Bessel function of the first kind defined by the following
series

oo
(_l)m 2\ 2m+a
PRI, e s " 2
(2) mz::Om!I‘(m+a+1) 2 (2.1)
Using the inverse Fourier transform, one obtains that
21_g & d
W) =2 [ 0ty (sovlede (22)
I'(5) Jo :

Since x has a spherically symmetric distribution, —z has the same density function
as x. Thus, if z; and x5 are independent, then the densities of x1 + o and 1 — 2
are the same.

Therefore, the characteristic function of z = x1 — 9 is ¢(2) = é(y1)od(y2) =
VY1(0)2(0). If r = ||z||, then using (2:2)), we obtain that the one-dimensional
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density ¢g*(r) is

vl

* 217% >
r)=—r— r
50 =y |, €9
We are going to show that both 14,5 r(0) and g} 5 (7) can be evaluated for certain
combinations of 8 and d using known properties of Bessel functions.

In particular, if 1 and x5 are i.i.d. random points from Bp distributed according
to a4, R, then

(o)
ba.5,r(Y) = Ya,s,r(0) = (QW)%Q_%H/ S%hd,ﬁ,R(S)J%ﬂ(SQ) ds.
0

Ja_y(re)pi(e)i2(e)de.

where
hdﬁ,R(S) = Cd”g’R(l - Sz)ﬁ]].(R S S S 1)
Then the one-dimensional density g 45 p(r) is
21—% 00
Gisn) = 2r [ (0
PETTE) o

3. TOOLS FROM THE THEORY OF BESSEL FUNCTION

(SEY

Js_1(ro)¥d s.r(0)de.

In this section, we collect some tools from the theory of Bessel functions that
we use in our arguments. For more detailed information and references, the reader
may consult Watson’s book [30]. Our main tool is

/°° Ju(ag);fu(bg) do,

0 [

the so-called discontinuous integral of Weber and Schafheitlin. It is assumed that
0 < a,b so that the improper integral converges at co.

Lemma 3.1. Assume that u+v+1> XA > —1 and 0 < b < a. Then the integral
on the left-hand side converges and the following holds

/°° JH(aQ)J,,(bg)dQ _ VI (Ap+iv—3ix+1)
0 o* 22qV= AT (v + 1)T (%)\—&— %,u— %y—l— %)

IS TV S | b2
><2F1(”+V tlv Pt ,y+1,a2>. (3.1)

2 ’ 2
Formula (3.1]) (see [30, (2) on p. 401]) was obtained by Sonine (1887) and
Schatheitlin (1888) (for a historical discussion, we refer to [30, p. 398]).
The following formula, involving the product of three Bessel functions in the

integral, can be obtained from the Weber—Schafheitlin integral by substitution, see
[30, 2nd equation in Section 13.4].

Lemma 3.2. Assume that v > —%, p+v+1>A>—-1. Then
/°° Ju(ag)Jy (bo)Jy(co) do
0

Q>\+1/
(50c)” > [T Ju(ag) (o)
=277 T TR sin® pdede, (3.2
F(v+§)F(;)/o /0 @ ot pdede, (32)

where w = \/62 + ¢ — 2bccos @, and the integral on the right-hand side is abso-
lutely convergent.
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We will use the following formulas for evaluating indefinite integrals involving
Bessel functions. The recursion formula (3.3) is originally from Lommel, see [30, (4)
on p. 133],

/ T (2)de =

) [ R )+ (- A, 63

In the case when p = v, (3.3)) reduces to

/z”“JV(z) dz = 2", 11(2),

see also [30, (1) on p. 132]. This yields, with a simple substitution of rg, that
/T%J%_l(rg)dr:r%gflJ%(rg). (3.4)

4. THE DENSITY g;; 5(7)

First, we demonstrate the method by calculating the density in the case when
the independent random points 21 and x5 are distributed in B¢ according to 1d,B-
Since f4 g(x) is rotationally symmetric, the density of « can be written as a function
of s = ||z||, that is,

has(s) = cap(l —s?)’L(0 < s < 1).
Using the (2.1)) expansion of Bessel functions, we obtain that

oo
d _d d
Yas(o) = (2m)2 0 2+1/0 52 ha,s(s)Ja_(s0) ds

d
:(zﬁ)%g—%ﬂir (3“3“)
A0+ 1)
by = s\ 2m+s-1
X 2(1—s%)P° =
:21—‘(%+ﬁ+1) (7]‘ 2m/1 B2m+d lds
F(ﬁ-l-l) m'F(m+ 0

M8iM

—F<d+5+g
0

d 45 _d_
:r<2+ﬁ+1)23+% 204, 5(0)-

(—1)m
m!T(m+ 4+ p5+1) (§>

3
Il

Then
* 21_§ >~ 4 2
gd,ﬁ(r) = (9 (W)"‘ng(w)%,ﬁ(é’)dQ
(5) Jo
2 (e
- d
r(s)
First, we use (3.2) Withu:gfl,yzg+6,)\:ﬂ,a:r,b:c:1. Note that as
d>2and 8 > —1, it holds that v = %Jrﬂ > f% and p+v+2=d+p+1>p0+1=

a > _d_
o [t 0 0 e


https://orcid.org/0009-0009-7652-7179
https://orcid.org/0000-0001-9747-1981

PAIRS OF RANDOM POINTS FROM A SPHERICAL SHELL 7

A+ 1> 0, so the conditions of Lemma [3.2] are satisfied. Next, we apply (3.1) with
= %—FB,V:g—l,)\:B,a:w,b:r. Asp+v+1=d+8>p=X>—1, the
conditions of Lemma [3.1] are also satisfied. Assuming that 0 < r < w, we get that

| et 0, (0 de
0 2

rs—1 /” sin?*26 (1 r? >ﬁd
= - — ) do,
2HBT(IT(B+ TS +B8+1) Ja, = w?

where w = 1/2(1 — cosp) and A; = arccos(%;2 ). Here, in the last step, we also
use Euler’s transformation

oF1(a,b,c;2) = (1 —2) % Fi(c—a,c—b,c2).

lllus
1 7 7 1 T

™ o\dt+28 [ 0 r2 B
X /A1 oS (5) (Sm2 (5) - 4) dep
_ 0% (5 +5+1) a1y 28
CTEr@rGeerE ey o

2
-4 dt28—1 1 4 B

We obtained the last form by first substituting t = cos(¢/2), then u = t2. Note
that in the case when 5 = 0, (4.1)) reduces to Hammersley’s formula (1.2)). We note
that the integral in (4.1]) is the incomplete Gaussian hypergeometric function.

94,6(r) =

5. PROOF OF THEOREM [L.1]

Let R € [0,1), and let the independent random points 1 and x2 be chosen from
the spherical shell Br according to the uniform probability distribution pq.0, r-
Thus, z; and x5 have identical (d-dimensional) densities

1
ha,0,r(s) = wal = RY)

The common characteristic function of 7 and x9 is

I(R<s<1).

1

7ﬁd,O,R(Q) = Hd(ll—Rd)(27r)ggg+1/R s%J%_l(sg) ds.

Thus, by ,
4_q d
vaon(e) = 2 o (14(0) - REI4(Ro)) 6.1
Let r = |lzo — z1]|, as before. Then, by (2.2)), we obtain the (one-dimensional)

density g; o g(r) as follows

21-%

dio.nlr) =tz | oty oo (o de
2
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25_1d2 (7) a [e%s} . 4 2
:(1_75@)22“/0 02 (Jg(a)—Rng(R@)) Ja_y(ro)de. (5.2)

By expanding the square in (5.2), we get that g ; p(r) is the sum of the following
three terms:

. 2271421 (2) 4
gd,o,R(T) = (1_7}2(1)227"2 (

< 4

| ety o (53)
0
—2rt [0ty (004(R0Vy (o) do (54)
0
R / ot (R0 Ty (r0) o). (5.5)
We evaluat , with the help of Lemmas|3.]] and- Since the integrals
in and 1-) are Very similar, we work out only (5.5 in detail.

We use Lemma | w1th the choice p = 4 1, v= ‘21, a=r,b=c=R and

A=0. Since v = ¢ 5 > — 2, and u+u+2—d+1 > A+ 1=1>0, the conditions
of Lemma are satlsﬁed Therefore, we obtain that

63) = B / o~ $ 73 (Ro)J 4 (ro) do
O 2

_ 2 de/
r(HTE+z) Jo
where wy = \/2R?(1 — cos ).
Next, we apply formulawrchu— ,VZ%—I,CLZW4,()=T,)\=0. As
d>2, 1tholdsthatu—f—1>—%andu+y+1:d>x\:0>—l,thusthe

conditions of Lemma [3.1] are satisfied. The condition 0 < 7 < wy4 holds precisely
when 0 < r < 2R, and then the calculation yields

™ sin?

/ Ja_y(re)Ja(wae)dede, (5.6)
0

2-4% ™ sin? o re=ip (g) d d r?
(5.6) = —RQd/ 2 F (,o,,) de
SO E D" u of s 202
2t R%%—l/Tr (Siw)dd (5.7)
TTHTE+D) a\@ ) |

with A4 = arccos (21351% ) It is also clear that if r — 2R, then ) tends to 0.

If we apply (3.1) Wlthu:§—17V:%70,:7‘,bZW47>\:0,theHO<W4<T
is satisfied when r > 2R, and the calculation yields that (5.6) = 0.

By a similar calculation, we obtain from (5.3]) that
4 272 d T [sing d
0 2Ji(0)Ja_q(ro)do = —rf—l/ ( ) do, (5.8)
/o o rE)rs+3) A\ @
with A; = arccos (2_2’"2) and wy = 1/2(1 — cosy). This formula is valid for all
r€[0,2] and R € [0, 1).

Now, we turn to the evaluation of the integral (5.4]). We use (3.2) with the choice
p:%fl,V:g,a:r,b:R,c:L)\:O. Since p,v and A are the same

da

MW\
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as when we used (3.2) in the evaluation of (5.5)), the conditions of Lemma [3.2] are
satisfied. We obtain that

B --2rt [ o

; Ja(0)Ja(Re)Js_y(ro)do

9—4+1 Ja_y (ro)Ja(wa0)
=— Rd/ / 2 sin? o dpdp
T\ 2L 1\ 4
I(3)T(5+3) w2
PRERS Tsin®p [
= R T oy dedy (59)
FR)T(E+s) Jo of Jo 7270700
where @y = /1 + R? — 2Rcos<p
Finally, we use (3.1) with p = , v = % —1,a =1y, b=r and A\ = 0. Again,

as u,v and A are the same as in the evaluation of by , the conditions
of Lemma [3.I] are satisfied. The condition 0 < 7 < @y holds precisely when
0<r<1+R.

If1 - R<r<1+R, then we get that

r(HrE+l
where Ay = arccos (1+R —T ) If r - 14+ R, then (5.10) — 0.
If r <1-— R, then

+1 T /G d
BI) = _2—d %—1Rd/ (blw> dep. (5.11)
F(§)F(§+§) 0\ @2
Ifr—1—R", then tends to evaluated at r = 1 — R.

Ifweusewith,u:%—1,1/:g,a:r,b:wzandA:O,thenthe
condition 0 < wy < r holds when r > 1 4+ R. In this case we get that (5.9) =0

Now, if we deﬁne the functions gi(d,,R),i=1,...,4 as in Theor then
(5308 ., and (5.11]) show that the density functlon 9i.0.r(r) is the sum of
the g;(d,r, R), 2—1 4

This finishes the proof of Theorem [I.1}

6. EXAMPLES

We provide, as examples, the explicit formulas for the planar (d = 2) and the
3-dimensional cases.

6.1. The d = 2 case. Direct calculations of the functions ¢;(2,r, R), i = 1,...,4
yield the following.

2r 2—1r2 2 —r2\?
gl(Q,r,R):m w—arccos( 5 )— 1—( > ) ,

S (B0« (R=1Pn | xsin(a(nB)
m(1-R%)? \ 2R? 2 AR? 2R 2R

g2(2,7, R) = —
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R? -1 R+1 a(r, R) (R—1)? a(r, R)
_Warctan(lRtan( 5 ))—4R2a(r,R)— s )

R2+1—1?
h R) = —_—
where a(r, R) = arccos ( SR ),

4R?r
(1— R2)%’

2R?r 9R2 — p2 2R2 — y2\ 2
ga(d,r, R) = m T — arccos (2R2> — \/1 — <2RQ> )

The graph of g3, p is shown in Figure (1] for a few values of R. The R =1

case represents the density function of two ii.d. random points from S' chosen
according to the normalized arc-length.

93(d7 T, R) = -

Probabllity densities

DRI
RN

. . . . . . . . I . . . . I . . . .\'“'-.&

0 05 1.0 15 2.0

distance (r)

F1GURE 1. The graph of 9;,0,12(7") for various values of R drawn by Mathematica.

6.2. The d = 3 case. If d = 3 then we obtain the following formulas.

9 2 4 1
91(3’7“’ R) = . ( + *TS - ’I") ’

4(1-R3)2\3 12
3 72 3R*+3 —r* — 6R* 4+ 6R*r” + 6r?
3,1 R)=—-—— [ 24+2R° -
(3 B) = 5 o (24 ) ).
R3T2
3,rR) = —6———
93( ?T7 ) (1_R3)27

9 R332 4 1 73 r
913 R) = 4 ey (3 T R) :
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The graph of the function g3 , ; is drawn in Figure [2| for a few specific values of
R. We note that the solid line represents the density of the distance of two i.i.d.
random points chosen from the surface S? according to the normalized spherical
Lebesgue measure; this is marked with R = 1 in the figure. In this case, the density
function is linear in r.

08

=
@
T

Probability densities

=
.
T

021

0 . L 1 1 : \'\"
0 05 1.0 15 2

distance (r)

FIGURE 2. The function g3 (r) for different values of R drawn
by Mathematica.

Not surprisingly, the 3-dimensional density functions are better behaved than in
two dimensions; they have a single maximum in the interval [0, 2].

7. BETA TYPE DISTRIBUTIONS IN SPHERICAL SHELLS

We return to the case of general truncated beta type distributions g r in
spherical shells Br for 0 < R < 1, and we show how the density g; 5 p can be
determined explicitly for integer values of 5 and sufficiently large d, depending on
B. Let s = ||z|| be as before. Then the normalizing constant ¢4 g is

1

Cd7 R = & N4
SR fapr(z)de

where

1
b= [ el dr = [ =) s
cl(B4\RBY) R

Wd .4 _ 2.4

1 Wd 5 d
— — —B | R*; = 1].
ik d Gy
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Now, as fq,r is rotationally symmetric, the d-dimensional density in terms of
s is
hap.r(s) = capr(l—s*) LR < s < 1),
and we have that
oo
4 _d d
Yap.r(0) = (2m)20 2+1/ s%ha,p,r(s)Ja_1(s0)ds
0

1

= enfepn o 1 [ sH1- 2P0y (0 ds
R

If 8 is a non-negative integer, then the Binomial Theorem yields that

d d P B8 by
bapr(0) = (2m)2capr-0 2" kz:;(—l)k (k) /R sf“’“J%,l(sg) ds.  (7.1)

. . 1+2k . .
Applying (3.3 recursively to each terdm [ sz J%_l(sg) ds in (7.1]), we arrive
in k steps to the indefinite integral [ s2 J%_l(sg) ds, which can be evaluated by

B4).

In particular, for £ =1,..., 3, the substitution z = sp and repeated application
of (3.3]) yield, for some constants ¢y, ...ci and eq, ..., e, depending on d and i, that

/S%Jr%J%_l(sg) ds
= Q_%_2k_1 (CkZ%Jrzk + Ck_1Z%+2(k_1) S+ COZ%) J% (Z)

o B (ekz%”’“‘l tepqz8 2D e1z%+1> Ja_y(2)
2
g5 +2k sE+2(k-1) 5%
=|ck 0 JFCk—lT JF"'JFCOW J%(SQ)

g5 +2k—1 s5+2(k—1)—1 S5+l
+ ek?+€k_1T+...+61W J%_l(SQ)

s 5+2i g3+2i—1

k
:Zcigz(kﬂw Ja(s0) +Zej 02— T Je- 1(s0)
i=0 j=1

Thus, after evaluating the definite integrals in (7.1]), we get an explicit formula
for 14 ,r(0) in which each term contains a power of ¢ and a Bessel function J,(g)
or J,(Rp) for v € {4,4 — 1}. Therefore

g B
d d
Yapr(0)=(2m)2cqpr-0 2T (CO 2t 1 +Z< >

k=1
k
R= 449
(Z 2(k B) Ja (o ZCZ 02(=0) 74 (Re)

k R2+2] 1

+Ze] 02(h— J+1) Z 2(k— g+1) ~1(Ro)
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(g) /Ooo(TQ)gJ(21_1(7”Q)1/’§,[3,R(9)d@, (7.2)

then expanding the square wi 3, r(0), one obtains a sum of integrals, each containing
the product of a power of g, J 4 (rp) and two Bessel functions from among J 4 (0),
Jg_l(RQ)7 J%(g), J% (Rp). First, we want to apply Lemma to each integral.
In each integral, at least two of the Bessel functions have the same order and the
exponent of o is between 0 and —% — 4. So, p,v € {4 —1,%}, and 0 < A < 48+1
in Lemma Then v > —% and A > —1 are satisfied. The condition p+v+1 > A
puts a lower bound d > 4541 on the dimension. If this is satisfied, then Lemma 3.2
can be used. The applicability of Lemma also follows as the conditions on u,
v and A are weaker than in Lemma [3.2] This process is a straightforward, albeit
tedious computation that yields an explicit formula for gj ;5 p(r) in the form of a
sum of functions each one of which comes from an integral in .

8. CONCLUDING REMARKS

As mentioned after Theorem the functions g;(d,r, R) can be transformed by
standard substitutions in the following way. Substituting first ¢ = cos(p/2), then
u = t2, we obtain

. d
/ (181—11;;@) dp = 2% /udz;l(l — )" dy,
d
/ sin @ d
V1+ R2 —2Rcosy v

24 d—1 d—1 4R -
-~ [0 -0 (- )
Thus, for R € [0,1) and r € [0, 2],
2 rit 2 d+1 1
—9tcy,—— _p(1-L. %122
gl(d, T, R) Cd (1 — Rd)2 < 4 3 9 5 2> 3
RdT’d71
(1 — R4)2(1 + R)4

e,

g2(d,m, R) = —24%10y

-I(1-R<r<1+R)

(R+1)2—r2 d
2

X/OTU%(lf’UJ)% (1(RZ:—R1)QU> du,
g3(d’r’R):_2d+10d(1_1§;;2i11+R)d (d—;l,dé—l)
ga(d,r, R) = 230(1%3 <1 - %;%, ;) “1(0 < r < 2R),

where, for g3(d, r, R), we also used Euler’s integral formula

1
B(b,c —b)oFi(a,b,c,z) = / 2271 —2)°7 A = z2) " da,
0
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which holds for ¢ > b > 0 and z < 1.
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