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I. Introduction and the main results

This paper is primarily concerned with Mal’cev conditions and the consequence rela-
tion Fcon between lattice Horn sentences in congruence (quasi)varieties.

Given a variety V of algebras, the class of congruence lattices of members of V will be
denoted by

Con(V) = {Con(A) : A € V}.

By a (universal lattice) Horn sentence we mean a first order sentence

(Vzo, ...,z 1) (pr=q1 & ... & pr = q1) => p=q) (1)
where p1,...,Pk,q1,-..,qr,p and ¢ are lattice terms of the variables xg,...,z;_1. Notice
that using ”<” instead of "=" in (1) would give the same notion modulo lattice theory.

Lattice identities are special Horn sentences with k& = 0 (or with p; = z¢ and ¢; = x¢ for
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all 7). For convenience, lattice operations will be denoted by + (join) and - (meet); / and
& will denote conjunctions. The join semidistributivity law

SD, : r+y=cr+z=x4+y=x+yz
and the meet semidistributivity law
SD, : xy=xz=zy=2x(y+2)

are the most known Horn sentences that are not equivalent to lattice identities.

For a lattice H resp. class H of lattices and a Horn sentence A let H = A\ denote the
fact that A holds in H resp. in all members of H. The same symbol is used for the standard
consequence relation between Horn sentences A and pu: A = p means that for every lattice
Lif L = X then L = p. If Con(V) = A implies Con(V') = p for every variety V then the

notation
A ):con %

is used. The statement A o, p is said to be nontrivial if A = p. This fact, i.e. the
conjunction of A Econ 1t and A = p, will be denoted by A =2 u. Starting with Nation
[22], there are many results of the form A\ 2 pu, cf., e.g., Day [6], [7], Day and Freese [§],
Freese, Herrmann and [11], Jénsson [17], [18], Mederly [21], and [2], with various lattice
identities. (As a related deep result, Freese [10] is also worth mentionig here.) These
results are ”below congruence modularity” in the sense that modularity =con g The only

known A\ = i type result not below congruence modularity is
SD\/ ):(r:lgn SD/\ (2)

from Hobby and McKenzie [14, p. 112]. One of our goals is to strengthen (2) and, by

generalizing (2), to present infinitely many \ =2 u results not below modularity.

Given a lattice identity A, the class of varieties {V : Con(V) = A} is a weak Mal’cev
class by Wille [26] and Pixley [24]. In other words, (the satisfaction of) A (in congruence
varieties) can be characterized by a weak Mal’cev condition. In many cases, all being
covered by Chapter XIII in Freese and McKenzie [12], {V : Con(V) = A} is known to be
a Mal’cev class. E.g., the distributivity resp. modularity are characterized by the famous
Mal’cev conditions given by Jénsson [16] resp. Day [5].

Now let A\ be a Horn sentence. Then {V : Con(V) | A} is known to be a weak
Mal’cev class only in certain cases described in [3]; these cases include SD, and SDy.
Using commutator theory, Lipparini [20] and Kearnes and Szendrei [19] have recently
proved that {V : Con(V) = SDA} is a Mal’cev class. For a direct approach (and also
for an important application of the corresponding Mal’cev condition) cf. Willard [25], and
cf. also Hobby and McKenzie [14] for the locally finite case. Using ideas from [1], [3]
and [25] we present Mal’cev conditions for infinitely many Horn sentences. These Mal’cev

conditions provide the key to our A =2 u type achievements.

Forn>2putn={0,1,...,n—1} and let P>(n) denote {S: S C n and |S| > 2}. For
0 # H C Py(n) we define the generalized meet semidistributivity law SD(n, H) as follows:

afp=ab=...=ab1=a ][ D B <A

I€H el
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Equivalently, SD(n, H) is

06502051:---:045n71:>0450:041_[Zﬁi-

IeH iel

When H = P,(n), SD(n, H) will be denoted by SD(n,2). Notice that

SD(n,2) : afp=af =...=ab,.1 = « H (Bi + Bj) < Bo

0<i<j<n

has been studied by Geyer [13], and SD(2,2) is exactly SD.

Now with SD(n, H) we associate its conjugate Horn sentence C(n, H) as follows. Let
a and B;; (i € I € H) be the variables of C(n, H). Denoting {I € H : j € I} by H;,
C(n,H) is

/\ ((a < Zﬁz‘,l) & /\(ﬁz‘,l Sa+ Z Bj,])) —

I€H i€l i€l jeIN{i}
a < Z Bo,1 + o Z Bi.r + af Z B +al...+a Z Brn11)--2)
IEHO IEHl I€H2 Ieanl

The conjugate of SD(n,2) = SD(n, P»(n)) is denoted by C(n,2); it is the following Horn
sentence:

0,n—1 0,n—1

( /\ (< Bij + Bji) & /\ (Bij SOé—l-ﬁji)) =
i<y itj
0,n—1 0,n—1 0,n—1 0,n—1
a < Z BOj —|-O./( Z ﬁlj +()é( Z BQj-{-O((...O( Z ﬁn_Lj)...).
Jj#0 J#1 J#2 j#En—1

For example, C'(2,2), the conjugate of SD,, is (clearly equivalent to):

C(2,2): r+y=cs+z=y+z=c+y=2x+y=. (3)

Our main results are as follows; the proofs will be given in the next chapter.

Theorem 1. For everyn > 2 and ) # H C Py(n), {V : V is a variety and Con(V) =
SD(n,H)} is a Mal'cev class.

A concrete Mal’cev condition will be given in Theorem 9.

Theorem 2. Foreveryn > 2 and ) # H C Py(n), C(n, H) Fcon SD(n, H).
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Theorem 3. For everyn > 2 and ) # H C Py(n), (SD(n, H) and modularity) Econ
distributivity.

To justify the notation used in Theorem 3 let us mention that the conjunction of
two Horn sentences is equivalent to a single Horn sentence modulo lattice theory. While
(SD, and modularity) = distributivity, the five element nonmodular lattice M3 witnesses
that (SD(n,2) and modularity) & distributivity for n > 2. Hence f=con in Theorem 3
is nontrivial in many cases. The same is true for Theorem 2, as it is pointed out by the
following
Corollary 4. For every n > 2, C(n,2) EX SD(n,2).

con

Notice that C(2,2) is a weaker Horn sentence than SD,. Indeed, SD, = C(2,2) is
trivial, and C(2,2) & SDy is witnessed by Figure 1.

Figure 1

Hence Corollary 4 for n = 2 is a stronger result than (2), and it is worth separate formu-
lating.

Corollary 5. ((2,2) EX SD,.

con

Now we formulate a statement on the relations among the Horn sentences C(n, H)

and SD(n, H).

Proposition 6. Letk>2 m>2,n>2,0# H C Py(n) and ) # K C P,(m). Then
(a) SD(k,?2) is strictly weakening in k, i.e., SD(k —1,2) = SD(k,2) but SD(k,2) {~

SD(k —1,2);
(b) C(k,2) is strictly weakening in k, ie., C(k — 1,2) = C(k,2) but C(k,2) ¥
C(k—1,2);

(¢) SD(2,2) = SD(n, H);
(d) SD(m,K) = C(n,H);
(e) C(m,2) £~ SD(n, H) and, moreover, SD\, = SD(n, H).

Since Proposition 6 does not answer all questions, the remarks concluding the paper
will add some further information. Part (d) of Proposition 6 can be strengthened to

Theorem 7. For any mn > 2, ) # K C Py(m) and ) # H C P»(n) we have
SD(m, K) Fcon C(n, H).
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The Mal’cev conditions we are going to present in the following chapter are far from
being simple. However, they are useful to prove Theorems 2 and 3. Interestingly enough,
for all known X\ =20 u statement {) : Con(V) = p} is known to be a Mal’cev class (even if
A Econ 1 was proved or can be proved without Mal’cev conditions). The proof of Theorem
7 is also based on our Mal’cev condition, and resorting to Theorem 7 is, at present, the
only way to prove (d) of Proposition 6. On the other hand, we could not solve the naturally

arising problem if SD(n,2) Fcon SD(n — 1,2) is true or not.
I1. Proofs and technical statements

Like in some previous papers, e.g. in [1] and [3], our Mal’cev conditions will be given
by certain graphs. This is not just an economic way to establish the appropriate Mal’cev
conditions, it is also a possible way to work with them. For any lattice term p(aq, ..., a,_1)
and integer k£ > 2 we define a graph G (p) associated with p. The edges of Gk (p) will be
coloured by the variables ay,...,a,—1, and two distinguished vertices, the so-called left
and right endpoints, will have special roles. In figures, the endpoints will always be placed
on the left-hand side and on the right-hand side, respectively. By E(G(p)) we denote the
edge set of Gi(p). An a-coloured edge connecting the vertices x and y will often be denoted
by (z,a,y). Before defining Gx(p) we introduce two kinds of operations for graphs. We
obtain the parallel connection of graphs G; and G5 by taking disjoint copies of G; and Go
and identifying their left (right, resp.) endpoints, cf. Figure 2.

Figure 2

By taking disjoint graphs Hy, ..., H; (k > 2) such that H; = G, for i odd and H; = G»
for ¢ even, and identifying the right endpoint of H; and the left endpoint of H;,; for
i =1,2...,k — 1 we obtain the serial connection of length k of G; and G5. (The left
endpoint of H; and the right one of Hj are the endpoints of the serial connection, cf.
Figure 3.)

Figure 3
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Now, if p is a variable then, for any k > 2, let G (p) be the graph depicted in Figure

Figure 4

which consists of a single edge coloured by p. Let G (p1 + p2) resp. Gi(p1p2) be the serial
connection of length k resp. the parallel connection of graphs G (p1) and Gi(p2). Now we
have defined G (p) for lattice terms p with binary operations. However, p is often given
by means of > and [] as well. Then we always assume a fixed binary representation of p.
Although each fixed binary form makes the rest of the paper work and the corresponding
G'2(p) does not depend too much on this form, we note that G (p) (k > 3) heavily depends
on the binary representation chosen. E.g., Gg((ﬁo + 61) + ﬁg) has eight vertices while
Gs(51 4 (B2 + Bo)) has only six.

For an algebra A, a lattice term p = p(aq,...,an—1), congruences Qq,...,0p—1 €
Con(A), ag,a; € A and k > 2 we say that ag and a; can be connected by Gi(p) in
the algebra A if there is a map ¢ (referred to as the connecting map) from the vertex
set of Gi(p) into A such that ag and a; are the images of the left and right endpoints,
respectively, and for every edge (z,a;,y) € E(Gr(p)) we have (p(z),¢(y)) € G;. If it is
necessary, we can emphasize that the colour «; is represented by the congruence &;. The
following statement from [3] was proved by an easy induction.

Lemma 8. With the above notations, (ag,a1) € p(Gg,-..,0,_1) iff ag and a; can be
connected by Gi(p) in A for some k > 2 iff there is a kg > 2 such that ag and a; can be
connected by Gy (p) in A for all k > k.

Now with any pair of (finite coloured) graphs G’ and G we associate a strong Mal’cev
condition U(G' < G”) in the following way, cf. [3]. Let ag,...,a,_1 be the colours
occurring on edges of G’ and G”, and let X = {zg,2z1,...,2¢—1} and F = {fo, f1,-..}
be the vertex sets of G’ and G”, respectively, with zg, 21, fo, f1 being the endpoints. For
0<j<t—land0<i<n-—1leta;(j) be the smallest s such that there is an a;-coloured
path in G’ connecting z; and z,. (By convention, the empty path connecting x; with itself
is a;-coloured.) Now U (G’ < G”) is defined to be the following (strong Mal’cev) condition:

"There exist t-ary terms f(xg,...,x¢—1) (f € F) which satisfy (1) the end-

point identities fo(xo,...,o1_1) = xo and fi(zg,...,x4_1) = x1, and (2) for every
edge (f,aj,9) € E(G") the corresponding identity f(za,(0)sTas(1),-- > Zast—1)) =
(T, (0)s Tay(1)s -+ s Tay(t—1))-”

The identity associated with the edge (f, oy, g) above will often be denoted by I(f, a;,g).

Now let n > 2 be fixed, and define lattice terms Bi(k) = ﬁi(k)(a, Boy -y Pn-1), 0<i <
n, 0 < k, via induction as follows. Let ﬁi(o) = (;, and let @(J“) =06 +« Ei)l. Here the
subscript i + 1 is understood modulo n, and the same convention applies for subscripts of
[ in the sequel. Theorem 1 is an easy consequence of the following theorem.
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Theorem 9. Letn > 2 and ) # H C Py(n). Then, for an arbitrary variety V, the
following three conditions are equivalent.

(i) Con(V) = SD(n, H).

(ii) The Mal’cev condition “there is a k > 2 such that

Ui = U(Gala [T D2 8:) < Gr(567)) 7

IeH el

holds in V. X X

(iii) (xo,x1) € Bék)(d,ﬁo, evvy Bn—1) for some k where X is the vertex set of Go =
Go(a]l;cn Dicr Bi)s xo and x1 are the endpoints, & resp. (3; denote the con-
gruence generated by {(x,y) € X? : (v,a,y) € E(G2)} resp. {(z,y) € X? :
(x,Biyy) € E(G2)} in the free algebra F\,(X).

Proof. (i) = (iii): Let A = Fy(X). With the notation Bfk) = ﬂi(k)(d,ﬁo, e Bn),
an evident induction gives BZ-(O) C BZ-(D C [3’1.(2) C ...for 0 < i < n. Hence BZ(“’) =
Ureo Bfk) € Con(A). Suppose (a,b) € &N Bi(w). Then (a,b) € &N Bl(k) for some k, which
gives (a,b) € &N Bz(ﬁq) Can Bl(f)l for all i, i.e.,

ang¥oanp o...oanp, oansl.
Hence all the & N ng) are equal, and (i) gives &[];cpy D ics ﬁgw) < ﬁé‘”). Using Lemma 8

we conclude R R R
(x0,21) € & H Zﬁi Ca H Zﬁi(“’) - 5&@_

I€H i€l I€H i€l
Hence (zg, 1) € B(()k) = ék)(d, Bo, . . .,Bn_l) for some k, i.e., (iii) holds.

(iii) == (ii): Suppose (iii). By Lemma 8, xy and z; can be connected by G( (()k)) in
Fy(X) for some t > 2. Since ﬁék) < ﬂékJrl) in all lattices, it is not hard to see that both k
and t can be enlarged, and therefore t = k can be assumed’. Now the routine technique of
deriving strong Mal’cev conditions, cf. e.g. Wille [26], Pixley [24] and [3], yields that Uy
holds in V.

(iil) = (i): Suppose k > 2, Uy holds in V, A € V, &, Boy-y PBn1 € Con(A) and
aBy = ... = afp_1. Let (ag,a1) belong to &J],;cpy Zie]ﬁi; we have to show that
(ap,a1) € 50. By Lemma 8, there is an s > 2 such that ag and a; can be connected
by Gs(a[l;cpy 2 icr Bi) in A. Hence there are finitely many elements c; g = ao, cr.1, .- -,
c1.m; = a1 for each I € H such that (cs,crj41) € Uier Bz for 0 < j < my.

Now Ga(a]l;cm D icr Bi) is depicted in Figure 5

T Essentially by the same reason, Uy, = U1, i.e., ”(3k)(U)” is a Mal’cev condition,
indeed.
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Figure 5

where I,J... € Hi I = {iy < iy < iz < ...} and J = {j1 < j2 < js < ...}. The
inner (i.e., not endpoint) vertices of this graph are denoted by y; 1, yr.2,... (I € H); the
corresponding variables in the Mal’cev condition Uy are called inner Uam'ables.

Now we define some subgraphs, referred to as permitted subgraphs, of Gy (ﬁék)). The
only permitted subgraph of height k is G( (k)) itself. By definition, Gy (5ék)) is a serial
connection of length k of Gy, (aﬁ%k_l)) and the single edge graph G (5p); the copies of
Gk(aﬁgkfl)) in the serial connection are the permitted subgraphs of height £k — 1. Each
copy of Gk(ﬁgkfl)), i.e. each permitted subgraph of height £ — 1 without its a-edge
connecting its endpoints, is a serial connection of length k of Gy (81) and Gy (aﬁ(k 2))
the copies of Gy (aﬁék_m) are the permitted subgraphs of height £ — 2. And so on, for

0 < j < k, the permitted subgraphs of height j are isomorphic to Gk(aﬁ(] ) ), and each
of them is a subgraph of a permitted subgraph of height j + 1. (Of course, according to
our general agreement, the subscript & — j is understood modulo n.) In particular, the

permitted subgraphs of height 0 are isomorphic to G (« ,(CO)) = Go(af). For k = 4 the
situation is outlined in Figure 6.
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G(B):

3
G( ) 1
height = 3 - height =2

R i i

(2)y.
where G4([32 ): .

YA

i
i

G5 IR
4°P3 ; H
height = 1 height =

Figure 6

The expression ”permitted subgraph” will mean a permitted subgraph of Gy ( ék)) of height
j for some 0 < j < k.

The term symbols in the strong Mal’cev condition Uy are vertices in Gy ( (()k) ), SO
they are endpoints of permitted subgraphs; this fact will be utilized in the sequel. Let
m =2+ .y (|I| = 1), the number of vertices in Go(a],cp D ic; Bi)-

Claim 10. Let f and g be the endpoints of a permitted subgraph and let
U= (CL(), ai,do,. .., dmfl) € {ao} X {al} x A™ 2

be arbitrary. Then f(u) & g(@).

Since (f,a,g) is an edge of the permitted subgraph in question, using the identity
I(f,a, g) associated with this edge we obtain

f(@) & f(ap,ao,ds2, ..., dm—1) = g(ao, ao,dz, ..., dm—1) & g(Q),

proving Claim 10.
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Claim 11. Let f and g be the endpoints of a permitted subgraph. If there exists a
@ € {ao} x {a1} x {ag,a1}™ 2 with f(@) &fo...0Bn-1 g(@) then f(¥) afo...Rn-1 g(v)
holds for all ¥ € {ao} % {a1} x {ag,a1}™ 2.

It suffices to show that if 2 < i < m and the i-th component of @ = (ag, a1, uo, ...,

Um—1) 18 u; = ag then f(¥) &by ... Gn—1 g(¥) holds for U= (ao, ay, ugy .., Ui—1, A1, Uit1,
.+, Um—1). Fix an I € H and consider the m-tuples W) = (ao, a1, ug, ..., Wi—1, Crj,
Uigls - Um—1), 7 =0,1,...,mz. Then w®) = @ and w("™") = 7, so it suffices to show via

induction that for all 7 < m;
F(@9) afy ... Bur g(@D). (4)

When j = 0, (4) states what we have assumed. Now suppose (4) for some j < mj.
Since (cr,j,c¢r,j41) € UéeIBg, there is an ¢ € I with (crj,cr41) € Bs, and we have
F(@D) By f(@UHD) and g(wD)) B, g(wU+D). Using (4) for j and transitivity we infer
F(@UTDY B, g(wU+D). By Claim 10, f(@0+D)) & g(@@+Y). Since 4fy = ... = @fBpm_1, we
conclude (4) for j +1. We have shown that ay can be changed to a; at the ith component;
the transition from a; to ag follows similarly. This proves Claim 11.

Claim 12. TLet f and g be the endpoints of a permitted subgraph S. Then for all
@ € {ap} x {a1} x {ag,a1}™ 2 we have f(@0) B ... Bn_1 g(@)-

We prove this claim via induction on the height of S. Suppose S is of height 0, i.e.,
S = Gr(aB). We define @ = (ug, ..., Uy 1) € {ao} x {a1} x {ag,a1}™ 2 as follows. Let
ug = ag, and for all edge (zo, Bk, y1,1) € E(Ga(all;ey >oicr Bi)), cf. Figure 5, let the
component of @ corresponding to yr 1 be ag. Let the rest of the components be defined
as ai. Since 2 < |I| for all I € H, for each fj-coloured edge of Ga(a],;cpy > ic; Bi) the
components of # corresponding to the endpoints of this edge are equal. Hence the identity
I(f, Bk, g) applies and we obtain f(@) = ¢(@). This gives f(@) &8y ... Bn_1 g(@) for one @,
whence it holds for all @ in virtue of Claim 11.

Now let S be of height £k — j, 0 < j < k. Then S is a serial connection of length £ of
graphs Gi(3;) and S’ = Gk(aﬁj(-i?fl)). Let hg = f, h1, ..., hy = g be the endpoints of
copies of G (;) and S’ in this serial connection, cf. Figure 7.

Figure 7

As previously, we can choose a @ € {ag} X {a1} x {ag,a1}™ 2 such that, applying the

identity associated with (h¢, B, hit1) € E(S), we obtain hy(d) = hpq (@) for ¢ even,
0 <t < k. Since each copy of S” in Figure (7) is a permitted subgraph of height k —j — 1,
the induction hypothesis yields h; (i) dBO .. .Bm_l hit1(@) for 0 < t < k, t odd. By
transitivity, (f(@),g(@)) = (ho(@), (1)) € &By...0n_1. This holds for one carefully
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chosen i, whence for all @ € {ap} x {a1} x {ag,a1}™ 2 in virtue of Claim 11. Claim 12
has been shown.

Now let us apply Claim 12 for the whole graph Gp( A(()k)) with endpoints fy and fy;

we obtain (ag,a1) = (fo(@), f1(@)) € 6By ..Bm1 C By for arbitrary @ € {ao} x {a1} X
{ag,a;}™ 2. This proves (ii) = (i) and Theorem 9. o

Proof of Theorem 2. Let V be a variety with Con(V) = C(n, H), and let us consider
the graph Go(a]];cpy D ;e Bi), cf. Figure 5. The vertex set of this graph is denoted by
X. For i € I € H, the path zo, yr1, Y12, --.., 1 contains a unique 3;-coloured edge; let

Bz} ; be the smallest congruence of the free algebra Fy,(X) that collapses the endpoints of

this edge. The congruence generated by (zg,x1) is denoted by &. Clearly, & and the Bl I
(i € I, I € H) satisty the premise of C(n, H). Since C(n, H) holds in Con(Fy (X)),

A A

(z0,z1) €& < Bo+ a(By +&(Ba+ ...+ &Bp_1)...) (5)

where f3; = > icH, Big (0<i<mn, H ={I € H:ieI}). Notice that the right-hand

side of (5) is just 5én_1)(ol, Bo, .., Bn_l), and &, o, ..., Ba_1 are exactly the congruences
occurring in (iii) of Theorem 9. Hence Con(V) = SD(n, H) by Theorem 9. The proof is
complete. o

Proof of Theorem 3. Suppose, to obtain a contradiction, that V is a congruence
modular but not congruence distributive variety such that Con(V) = SD(n,H). Let
k:=1+> .1 —1]=|X|—1 where X is the vertex set of Gy := Ga(a ;e D icr Bi)s
cf. Figure 5. Since |I| > 2 for I € H, k > 2. If k = 2 then SD(n,H) is equivalent
to SDx modulo lattice theory, and the theorem follows from (SD, and modularity) =
distributivity. Thus we can assume that £ > 3.

Now, recalling Huhn’s lattice identity

k k 0,k
disty, : nyiZZ(ﬂUZyi)a
i=0 J=0  i#j

it is known that disty FEeon distributivity, cf. Nation [22]. Therefore Con(V) £ disty,
so we can take an algebra A € V with Con(A) £ disty. We conclude from Huhn [15,
Thm. 1.1(C)] that there is a prime field K such that L(PGy(K)), the subspace lattice of
the k-dimensional projective geometry over K, is a sublattice of Con(A). Let M be the
vector space over K freely generated by X. Then L(PGy(K)) is isomorphic to L(M), the
subspace lattice of M, so we conclude that SD(n, H) holds in L(M).

Now the desired contradiction proving Theorem 3 is supplied by the following state-
ment.

Claim 13. SD(n, H) fails in the subspace lattice L(M) defined above.
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Indeed, for 0 < i < n, let §; € L(M) be the subspace spanned by {u — v : (u, 5;,v) €
E(G2)}, and let & := K(x1 — x9), the (cyclic) subspace spanned by {u — v : (u,,v) €
E(G2)} = {zo — x1}. Since for each edge (u, §;,v) either u or v is an endpoint of no other
ﬁl coloured edge and {u,v} # {xg,x1}, it is easy to conclude that Ty — T ¢ ;. Hence

aﬂo = aﬁn 1 = 0. By the construction, 1 —z0 € & [[;cpy D icr ﬂz but z; —zo ¢ BO
So SD(n H) fails in L(M). This proves Claim 13 and Theorem 3. o

Proof of Proposition 6. (a) SD(k —1,2) = SD(k,2) is evident. It is easy to see
that SD(k,2) holds for any k + 1 elements in a lattice that do not form an antichain. Let
M, denote the k + 2 element lattice with a k element antichain, then SD(k,2) holds but
SD(k —1,2) fails in M. Hence SD(k,2) = SD(k — 1,2).

(b) C(k—1,2) E C(k,2) is easy, so we do not detail it. For t > 1 let L; be the lattice
depicted in Figure 8.

Figure 8

The substitution o = by, B;j = biy1 (1 # 5,0 <i<k—-1,0<j < k— 1) shows that
C(k —1,2) fails in L. Now we show that C(k,2) holds in Lj. Suppose the contrary and
fix o, Bi; € Ly (1 < k, j < k, i # j) satisfying the premise of C(k,2) such that, with the
notation 52 = 2‘77&1 ﬁijv

Od$ﬁ0+a(51+Oé(52+...—|—05ﬁk_1)...). (6)

Then o £ 5, for otherwise a < (3; would contradict (6). Hence §;; # 0, for otherwise
a < Bi; + Bji = Bji, which we have already excluded.

Case 1: a« = 1. Then B;; =a would leadtol =a=a+08;; = B =12>a, a
contradiction. Hence {8;; : i # j} C {b1,...,bk,c1,...,cx}. For a given i, the §;; must
belong to the same {b,;),cp(i)}, for otherwise g; = 1 > a. Since Bi; + Bj; > a = 1,
p:{0,...,k—1} — {1,..., k} is injective, and therefore surjective. Hence the right-hand
side of (6) is >, ,; Bij = b1 + ...+ by = 1, a contradiction.

Case 2: « is a coatom, say o = ¢;. If we had 5;; € {a,b1} for some pair (4,j),
i # j, then a £ B;; < a+ Bi; = a and a < f;; + B;; would yield {8, Bji} = {a, b1},
say (Bij,Bji) = (a,b1), and B; > a and §; > by would easily contradict (6). Hence
{Bij : i # j} C {ba,...,bg,c2,...,cx}, whence the previous ¢ cannot be injective, a
contradiction.
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Case 3: o = a. Then {f;; : i # j} C {b1,...,bx}, ¢ is a bijection, and a + f§;; =
a + by = Cp(i) Z by(j) = Bji 1s a contradiction.

Case 4: « is another atom, say a = by. Then {8;; : i # j} C {a, ba, ..., b, 2, ...,
ck}. If Bi; # a for all i # j then ¢ cannot be a bijection. Hence §;; = a for some i # j,
and by = a < B;; + Bj; = a + Bj; implies a@ < §j;, a contradiction. We have seen that
Ly = C(k,2). Hence C(k,2) = C(k —1,2), proving (b).

(¢) To show SD(2,2) = SD(n, H), firstly we assume that |H| = 1, say H = {{0, 1,
..., t—1}}. Then the statement follows via induction; indeed, after deriving a(3 + ...+
Bi—1) = af = afy from the induction hypothesis, we can apply SDx for the elements a,
Bo and By + ...+ Pr—1. From the |H| =1 case the general case is evident.

(d) is a consequence of Theorem 7.

In order to show (e), let L be the set of convex polytopes in the (n — 1)-dimensional
Euclidean space E,,_1. By a polytope we mean the convex hull of finitely many points.
Since polytopes can also be defined as bounded intersections of finitely many half spaces,
cf., e.g., Ziegler [27], L is a lattice with intersection as meet and convex hull of union as
join. First we show that L = SD,,. Let P,Q1,Q2 € L such that P+ Q1 = P + Q2. Let
R=P+Q1+Q2 = P+Q1 = P+Q2, and denote by V the vertex set of R. Then conv(V),
the convex hull of V, is R but conv(R \ {v}) # R for all v € V. We claim that

VCPU(QLNQ2). (7)

Suppose a € V\ (PU(Q1NQ2)) = (V\ (PUQ))U(V\(PUQy)), then P+ Q; C
conv(R\{a}) C R = P+Q; fori =1ori =2, a contradiction. This shows (7). Armed with
(7) we conclude P+Q; = R = conv(V) C conv(PU(Q1NQ2)) = conv(P)+conv(Q1NQ2) =
P+ @Q1Q2. Hence L = SD,; therefore L = C(2,2) and, by (b), L = C(m,2).

Now let bg, b1, ...,b,—1 € E,,_1 be points in general position, i.e., they do not belong
to a hyperplane. Then S = conv({bg, ..., by—1}) is a symplex. For i = 0,...,n — 1 let
Bi == conv({bg,...,bi—1,bi+1,...,bn—1}), a facet of the symplex. Choose an inner point a

of the symplex, i.e., a € S\ {foUB U...UB,_1}. Set a = {a}. Since af; = {a}NG; =0,
the polytopes «, B, ..., Bn—1 easily witness that SD(n, H) fails in L. This yields (e).
Proposition 6 is proved. o

Proof of Theorem 7. Let V be the variety of (meet) semilattices. By Papert [23]
Con(V) E SD(2,2), so Con(V) = SD(m, K) by Proposition 6(c). We intend to show that
Con(V) = C(n, H); suppose the contrary. The graph Ga(a[],cp > ;7 8i) will be denoted
by G5. With the notations of the proof of Theorem 2 we have

(20, 21) € B (@&, Boy - - -+ Bn1)- (8)

For semilattice terms gy and g; over the vertex set X = {xg,z1,...} of G2 and for a

permitted subgraph S (cf. the proof of Theorem 9) of Gy ( énfl)) with vertex set Fg and
endpoints fos and fi1g we define the following condition:
"there exist semilattice terms h(zg,z1,...), h € Fg, which satisfy the identi-
ties fos(xo,x1,...) = go(zo,21,...), fis(xo,z1,...) = g1(z0,z1,...) and for each
(h1,7, ho) € E(S) the identity I(hq,7, hg).”
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This condition will be denoted by U*(G2 < S; fos = go, fis = g1). For example, U* (G4 <
S; fos = xo, fis = x1) is the same as "U (G2 < §) holds in V”.

From (8) we obtain (x1,x) € Bénil)(d,ﬁo, e anl), whence, similarly to the proof
of (iii) = (ii) in Theorem 9, we conclude that there is a k > 2 such that

U*(Gy < G(B"V); fos = a1, frs = o) holds. 9)

(Interchanging xo and z1 serves technical purposes.) We will use the fact that each semi-
lattice term is, modulo semilattice theory, the meet of all variables occurring in it.
Multiplying (i.e., meeting) all terms by z1, we infer from (9) that

UU’< (G2 S Gk( én—l)); fo =T, f1 = .1}0.%1) holds. (10)
We intend to show that for all permitted subgraphs S of G( én_l))
U*(G2 < S; fos = x1, fis = xor1) holds. (11)

This will be done via a downward induction on the height of S. If S is of height n — 1 then
(11) coincides with (10).

Now suppose that S is of height n — 1 —¢ > 0, i.e., S = Gg( §”*H)), and U*(Gy <
S; fos = x1, fis = zox1) holds. We want to show the same for T = Gk(ﬁt(_tfz_t)). Let
go = fos, 91, 92, -- - gk = f1s be the endpoints needed to form S from Gi(B;) and T via

serial connection, cf. Figure 9,

M

flS

8™*1 & & & 8 & 8 &=%o%1

Figure 9

and suppose that all terms are chosen in V such that they witness U*(G2 < S; fos =
x1, fis = xg). Let Ay :={u € X : (u,f,z1) € E(G2)}. Our argument uses the general
convention that the colours on the arcs of G (cf. Figure 5) occur from left to right order.
This means that if (zo, Bi,,yr,1), (Y11, Bisy1,2), (Y1,2,BissY1,3)s -5 (Yr,e-1,Bi,, 1) are
adjacent consecutive edges from the left to the right then iy < iy < i3... < iy. Let Bz
denote the smallest equivalence on X that includes {(u,v) € X? : (u, 3;,v) € E(G2)}. Tt
follows from the above-mentioned convention that

for ue A, and j>t, |[uf;] =1, (12)

i.e., the Bj—class of u is a singleton.



Weak congruence semidistributivity 15

Suppose first that one of the g; (0 < ¢ < k) contains some u € A;. Let d be the
smallest integer such that g4 contains u, and let m be the largest integer such that gg,
Jd+1, - - - gm all contain u. Since any two vertices of 1" are connected by a path containing
the colours Bi11, Biy2, --., Bn—1 only, we conclude from (12) that if one of the endpoints
of (a copy of) T contains u then all vertices (inner and endpoint vertices) of T' contain wu.
Therefore d is odd and m is even, for otherwise g4 1 and g4 or g,, and g,,+1 would be the
endpoints of a copy of T'.

Now we can change u to x7 in all terms (vertices) between g4 and g, (including gq4,
Jm, and the inner vertices of the corresponding copies of T'). We claim that the new terms
obtained this way still witness that U*(G2 < S; fos = z1, fis = xox1) holds. Since (12)
and |[u]&| = 1, u "was not used” within 7', whence for every copy of T' between g4 and
gm the identities associated with the edges of T' hold. Since (u,z;) € Bt, the identities
I(gi, B¢, gir1) remain valid for d < i < m, i even, and also for i = d — 1 and i = m. Hence
the new terms do the job.

We have seen how to reduce the occurrences of elements of A;. After doing this
reduction in a finite number of steps we can get rid of all elements of A;. Hence we can
assume that

no u € A; occurs in our terms. (13)

From now on let m be the smallest number such that xy occurs in g,,. We claim that
gi =z for 0<j<m. (14)

This is true for go = fos. If gj—1 = 21, j < m and j—1is even then (13) and I(g;_1, 5, g;5)
yield g; = z1. If gj_1 = x1, j < mand j—1 is odd then the identity I(g;_1, o, g;) associated
with (g;_1,, g;) € E(T) and the lack of z( in g, give g; = x1. This induction shows (14).
If m — 1 is even then I(gy—1, 3¢, gm) cannot hold, for g,,—1 = z1, (xg,21) ¢ B; but
xg occurs in g,,. Consequently, m — 1 is odd and (g —1, @, gm) € E(S). Since gm—1 = 21
and xg occurs in g,,, the identity I(g,, 1, @, gm) can hold only if g, = xg or g,, = zox;.

Hence either
U*(G2 <T5 for = x1, fir = T0) (15)

or

U™(Ga2 <T5 for = 21, fir = wox1) (16)

holds. Notice that (15) implies (16), for all terms A occurring in (15) can be replaced by
hxzq. This completes the induction proving (11).

Applying (11) to the subgraphs of height 0, it follows that U*(Gs < Gr(afBn-1); fo =
x1, f1 = zox1) holds, which contradicts (zg,z1) ¢ B,,_1. This proves Theorem 7. o

We conclude the paper with some remarks on Proposition 6. The five element nonmod-
ular lattice N5 witnesses that SD,, = C(3,{{0,1,2}}) and so C'(2,2) = C(3,{{0,1,2}}).
This explains why Proposition 6 does not include a ”conjugate” counterpart of (c).

We do not know if (e) holds with C'(m, K) instead of C(2, 2) but the present proof of (e)
is not appropriate to decide this. Indeed, if K is the center and By, ..., B4 are consecutive
vertices of a (planar) regular pentagon then oo = conv({ By, B1, K}), B9 = conv({B1, B2}),
1 = conv({By, B3, B4}) and (32 = conv({Bs, B3, By}) witness that C(3, {{0, 1,2}}) fails
in L.
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Added on June 19, 1998. As an affirmative answer to the problem raised at the end
of the first section, an anonymous referee has proved that SD(n, H) Fcon SDa for every
n > 2 and ) # H C Py(n). The proof is based on Kearnes and Szendrei [19], Lipparini
[20], and Theorem 3. Now Theorem 1 becomes a consequence of Proposition 6(c) and
Willard [25], and the referee’s method together with [3] gives a shorter proof of Theorem
2. However, the present approach to Theorems 1 and 2 can still be justified. Not only by
its role in finding the results but also in the proofs of Theorem 7 and (the purely lattice
theoretic) Proposition 6(d).
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