GENERATING SUBSPACE LATTICES, THEIR DIRECT
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Dedicated to Honorary Professor Jozsef Németh on his eightieth birthday

ABSTRACT. In 2008, Lészlé Zadori proved that the lattice Sub(V)
of all subspaces of a vector space V' of finite dimension at least 3
over a finite field F' has a 5-element generating set; in other words,
Sub(V) is 5-generated. We prove that the same holds over every 1-
or 2-generated field; in particular, over every field that is a finite
degree extension of its prime field. Furthermore, let F', t, V., d > 3,
|d/2], and m denote an arbitrary field, the minimum cardinality of
a generating set of F', a finite dimensional vector space over F', the
dimension (assumed to be at least 3) of V, the integer part of d/2, and
the least cardinal such that m|d?/4] is at least t, respectively. We
prove that Sub(V') is (4+m)-generated but none of its generating sets
is of size less than m. Moreover, the k-th direct power of Sub(V) is
(5+m)-generated for many positive integers k; for all positive integers
k if F is infinite. Finally, let n be a positive integer. For i =1,...,n,
let p; be a prime number or 0, and let V; be the 3-dimensional vector
space over the prime field of characteristic p;. We prove that the

direct product of the lattices Sub(V1), ..., Sub(V4,) is 4-generated if
and only if each of the numbers p1, ..., p, occurs at most four times
in the sequence pi, ..., pn. Neither this direct product nor any of

the subspace lattices Sub(V') above is 3-generated.

1. NOTE ON THE DEDICATION

At the beginning of my university studies, Dr. Jézsef Németh taught me
in the first semester. He was excellent. All the students in the classroom
regretted that he was assigned different sections and courses for the next
semester. As I reminisce about his unsurpassable tutorials, I wish him a
happy birthday.

2. INTRODUCTION

For a lattice or a field A, we define the following cardinal number:

fM8(A) := min{|X| : X is a generating set of A}. (2.1)
For later reference, note that for a field F,
F is a prime field if and only if f™"8(F) = 0. (2.2)
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2 G. CZEDLI

By a field we mean a commutative field. Let L be the subspace lattice of a
vector space V' of finite dimension d > 3 over a field F; in notation,

L := Sub(zV), where V = pF? is 3 < d-dimensional. (2.3)

We often write Sub(V') instead of Sub(rV'). Zédori [22] proved that when-
ever F'is a finite field, then L in is b-generated. Earlier, Gelfand and
Ponomarev [7] proved that L is 4-generated but not 3-generated if F is a
prime field; see Zadori [22] for historical details.

Our aim is to generalize these two results and prove some related results.
In Zédori’s result, F' is a finite field with f™"8(F") = 1; we remove finiteness
from his assumptions on F' and, instead of f™"¢(F) = 1, we assume only
that fm&(F) € {1,2}. Related to Gelfand and Ponomarev’ result, we
prove that if d = 3 and F is a prime field, then f™*¢(L¥) = 4 holds for L
from even for k € {2,3,4} (in addition to k = 1); the number 4 is
optimal here at both of its occurrences. Furthermore, we extend this result
to direct products; so the just-mentioned result (for k-th direct powers,
k € {1,2,3,4}) becomes a particular case. If no peculiarity of the (finite or
infinite) cardinal number f™&(F) is assumed and L is still from (2.3), then
denote by m the smallest cardinal number such that m|d?/4| > fm&(F).
We prove that m < f™&(L) < 4 +m and f™8(L*) < 5 + m for many
integers k € Nt :={1,2,3,...}; for all k € NT if F is infinite.

By a nontrivial lattice we mean an at least 2-element lattice. In Section
to shed more light on f™28(L*), we prove the following observation, in
which L need not be a subspace lattice.

Observation 2.1. Let L be a nontrivial lattice and let n € Nt := {1, 2,
3,...}. If k € NT is large enough to exclude the existence of a k-element
antichain in L™, then L* is not n-generated. In particular, L* is not n-
generated if k > |L|™.

Finally, note that in addition to earlier results on the generation of
subspace lattices, a possible connection with cryptology also motivates the
study of small generating sets of lattices; see Czédli [3].

Outline. Section[3|formulates exactly the results mentioned so far in three
theorems, and presents some related statements. Section [4] recalls some
well-known basic facts from coordinatization theory. Each of Sections [5] [6]
and [7] proves one of the three theorems together with some auxiliary state-
ments. Section [§| points out how one can extract Gelfand and Ponomarev’s
result, quoted right after , from Zadori’s proof given in [22].

3. THE MAIN RESULTS AND SOME OF THEIR COROLLARIES

Recall that for 0 < r < m € Nt and a prime power ¢, the Gaussian
binomial coefficient is defined as

my o (1—C]m)(l_qm—l)...(l_qm—r+1).
(’“>q'_ (1-qg)(1—=¢%)---(1—g" ; 3.1)
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see, e.g., O’Hara [16]|H For convenience, let us agree that for a cardinal A,

ifl<r<m-—1&N" and X > Ny, then we let <T:> = A\ (3.2)
A

This convention is motivated by the fact that is known to be the
number of the r-dimensional subspaces of theﬂ m-~dimensional vector space
over the g-element field; now the same holds for every A-element field in
virtue of (3.2). The upper integer part and the lower integer part of a
real number x will be denoted by [z] and |z], respectively; for example,
[V80] = [9] = 9 and [v/80] = |8] = 8. More generally, let us agree that
for a cardinal number ¢ and a positive integer n,

[t/n] := min{m : mn > t}; it is a cardinal number. (3.3)

Theorem 3.1. As in (2.3), assume that L = Sub(pV'), where F is an
arbitrary field, 3 < d € N*, and V is the d-dimensional vector space over
F. Lett := f™8(F), the minimum of the cardinalities of the generating

sets of F'; see (2.1). Then

t

4 < fMUe(L) <4 — .
=S <4+ gy
For t =0 or t € {1,2}, (3.4) implies that f™"8(L) =4 or f™"&(L) <5,

respectively. Thus, the results quoted from Zddori [22] and Gelfand and

Ponomarev [7] after (2.3)) are particular cases of Theorem Note that

t t
d*/4] = |d/2] - [d/2] and so = (3.5
hold for 3 < d € N*. If ¢ is large compared to d, then (3.6) below gives a
better lower bound for f™"¢(L) than the first inequality in (3.4).

(3.4)

Theorem 3.2. Let F be a field, let 3 < d € NT, and denote by V and
L the d-dimensional vector space over F and its subspace lattice Sub(pV),
respectively. Let k € Nt and, with reference to (3.1) and (3.2), let

= (de/l2J>F|' (36)

Then, using the notations of (2.1)), (2.2)), , and (3.4) and letting t :=
fmre(F)), the following inequalities and equalities hold for f™8(L) and
(L)

t

@]

if k<, then fo8(LF) <5+ {ﬁw, (3.8)

fone(LkY = 4 provided that t =0, d =3, and k € {1,2,3,4}, and (3.9)
fone(LkY = 5 provided that t =0, d =3, k € N*, and 5 < k < p. (3.10)

| < fmoe(L) < fene(Lh), 3.7)

Thttps://en.wikipedia.org/wiki/Gaussian_binomial _coefficient, would also do.
2As the definite article indicates, the m-dimensional vector space over a given field
in the paper is understood up to isomorphism but its subspaces are not.
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As p can be an infinite cardinal number, (3.10]) repeats that k € N*. We
have given two lower bounds on f™"8(L), since it depends on t = f™"8(F)
and d which of the two is better.

Theorem 3.3. Let A be a nonzero ordinal number, and assume that for
each © < A, V, is the 3-dimensional vector space over a prime field F,. Let
L be the direct product of the corresponding subspace lattices, that is,

L= [[Sub(V). (3.11)
L<A
Then f™8(L) = 4 if and only if A is finite, X # 0, and, up to isomorphism,
each prime field occurs at most four times in the sequence (F, : v < \).

It does not seem to be easy to generalize (3.9) and (3.10) to 3 < d €
N*. Tables obtained by computer algebra’, show that the Gaussian

binomial coefficient p occurring in (3.6) is large in general.

q=| 2 | 3| 4| 5
@~ | 1.540 - 10" | 4.423 - 1079 | 2.871- 1077 | 2.958 - 10"11®
TABLE 1. For d = 80, the approximate values of some

Gaussian binomial coefficients occurring in

q=| 7] 8 | 9| 11
p | 171510152 [ 1.023 - 101445 [ 7.002 - 101°%6 | 1.878 - 101056
TABLE 2. Continuing Table

q=| 13 | 16 | 17 | 19
ji~ | 2.223 - 107757 | 4.186 - 10720 | 5.574- 101°° | 1.073 - 10700
TABLE 3. Continuing Table

The following remark is trivial since L" and [I;cg Li in it are homomor-
phic images of L* and [Ticy Li (where [k] = {1,...,k}), respectively.

Remark 3.4. For a lattice L and h, k,n € Nt such that h < k, if L* is n-
generated, then f™"8(L") < n. More generally, if Hie[k] L; is n-generated
and S C [k], then J[,.g L; has an at most n-element generating set.

The following easy lemma could be of separate interest. For a subset X

of a vector space V over a field K, let Span g (X) denote the subspace of V
generated by X; we can also write Span(X) if K is clear from the context.

Lemma 3.5. Let F be a field with a subfield P (that is, let F|P be a field
extension) and let 3 < d € NT. Furthermore, let V' = pP?% and V = pF¢
be the d-dimensional vector spaces (consisting of d-tuples) over P and F,
respectively. Then

©: Sub(pV’) — Sub(rV), defined by X +— Spanp(X), (3.12)

3Maple V, see Footnote for more details, but many others would also do.
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s a lattice embedding. Furthermore, ¢ preserves the length, the covering
relation, the smallest element 0, and the largest element 1. We also have
that for any subset H of V', p(Spanp(H)) = Spany(H).

In the forthcoming Example to be proved in Section [7} the number
80 makes one and a half dozen appearances. Although most instances could
be replaced by any positive integer greater than 1, we have opted for 80 in
keeping with the paper’s dedication.

Example 3.6. Let F be a field and let 3 < d € N*. Let L stand for the
subspace lattice Sub(V') = Sub(rF?) of the d-dimensional vector space V
over F. Then the following six assertions hold.

(a) If g, ..., ago are (not necessarily distinct) algebraic irrational num-
bers over the field Q of rational numbers and F = Q(aq,...,asg0) is the
field that these numbers generate, then L has a 5-element generating set.
Furthermore, for every 2 < k € N*, L* has a 6-element generating set. In
particular, if

F:Q(V20235\/§7i/§>wa%a%7“wss/%)7

then L8 has a 6-element generating set.

(b) Let 81, .. ., Bso be algebraically independent transcendental numbers
over Q and let F := Q(B4,...,0s0). If d = 3, then L has a 44-element
generating set and each of its generating sets consists of at least 40 elements.
If d =8, then L has a 9 element generating set but not a 4-element one.

(¢) If 41, ..., 7g0 are algebraically independent transcendental numbers
over Q, F = Q(v1,---,780), d = 808, and k = 80%°¢, then L has a 5-
element generating set and L* has a 6-element one.

(d) If|F| =19 0or F = Q, d = 80, and k = 10296 then L* can be
generated by five elements.

(e) If F = A, the field of algebraic numbers, then L is not finitely
generated.

(f) If F = Q(n%°, ¥/80), where 7 ~ 3.141 592653 589 793 is the well-
known transcendental constant, then L has a 5-element generating set while
L3 has a 6-element one.

Remark 3.7. For F = Q(#%°, %/80) in Example [3.6(f), f™&(F) = 2.

4. SOME BASIC FACTS FROM THE COORDINATIZATION THEORY OF
LATTICES

The proof of Theorem grew out from the coordinatization theory of
Arguesian lattices. This theory was introduced by J. von Neumann; see,
for example, Artmann [I], Day and Pickering [5], Freese [6], Herrmann [9]
and [I0], and von Neumann [I4, [I5]. As these papers but Herrmann [9] and
[14] are referenced in Czédli and Skublics [4], where the treatment and the
notations are unified, it will be convenient to reference also [4]E| even though
no result that was first proved in [4] is needed here. Actually, we need
only the easy first step from coordinatization theory, and the statements

4At the time of writing, a preprint of this paper is freely available from
http://tinyurl.com/czedli-skublics| or, equivalently, it can be found in the author’s web-
site, https://www.math.u-szeged.hu/ czedli/| = http://tinyurl.com/g-czedli .
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of this section are straightforward to verify with elementary computations
in Linear Algebra. In the paper, we often use the notation

[i] :={1,2,...,i} for i € Ny; in particular, [0] := 0.
As a general assumption for the whole section, we assume that F' is a
field, 3 < d € Nt, and V = pF? is the d-dimensional vector space over
F. We let v; := (0,...,0,1,0,...,0) € V, with 1 at the i-th position, for
i € [d]. We turn V = pF? into the (d — 1)-dimensional projective space
P;_1 = P;_1(F) over F in the usual way except that we use —1 instead of
1 for “finite” pointsﬂ; see, €.g., Figure

the projectjy,

a3=[0,0,1,0]

:[Oa Oa U3,—1]
[0’ U2, 07_1] =

810,1,0,-1] 1

/’ R4, 1) (

01,4:[1 00 _1] 17(1):[“170,0,_1]
0,00, 1]

FiGURE 1. The 3-dimensional projective space

The points and the lines of P;_; are the 1-dimensional subspaces and the
2-dimensional subspaces of V', respectively. A 1-dimensional subspace of V'
is either of the form F(z1,...,2q-1,—1) and then [z1,...,24-1, —1] denotes
(in other words, coordinatizes) the corresponding (projective) point of Py_1,
or this subspace is of the form F(xy,...,24-1,0) and then [z1,...,24_1,0]
stands for the corresponding projective point. We call the points of the
form [x1,...,24-1,0] points at infinity (even if F' is finite and thus so is
P;_1); the rest of the points are said to by finite points. The finite points
form the (d — 1)-dimensional affine space over F. As usual, this affine
space visualizes P;_1 so that the finite points are the points of the affine
space, while an infinite projective point [z1,...,24-1,0] is the direction

5The —1 is explained by the minus sign in von Neumann’s choice of ¢; ; = F(v; —v;),
see later, and by our intention that the unit c1 4 of R(4,1), to be defined soon, in Figure
should be to the right of the zero a4 of the ring.
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(x1,...,24-1) in the affine space. (Of course, (Azy,...,Ax4—1) is the same
direction and [Ax1, ..., Axq_1, 0] is the same projective point at infinity for
any A € F'\ {0}.) Some sort of visualization of P;_; for d = 4 is given in
Figure [I} most parts of this figure will be used only later.

We often consider the projective space Py and a line h of Py 1 as
the set of all points of P;_; and the set of points lying on h. For points
x #yin Py_1, let £, , denote the unique line through « and y. Following,
say, Gréatzer [8, page 376], a subset X of P;_; is said to be a subspace of
P;_, if whenever z and y are distinct points in X, then X contains all
points of the line £, ,. The subspaces of P;_; form a lattice, which we
denote by Sub(P;_1) = (Sub(P;_1); C). For convenience (and following
the traditions), if z and y are distinct points of P;_1, then we often write
x V y instead of ¢ ,, and we usually write 2 € Sub(P;_) instead of the
more precise {x} € Sub(P;—1). When we think of their coordinates, we
denote the points of P;_y by Z, i, etc.. There is a well-known isomorphism
n from L = Sub(rV') to the subspace lattice Sub(P;_1). Namely, n: L —
Sub(P4_1) is defined by the rule

N(X) := {P € Py_; : the point P corresponds to a
1-dimensional subspace of X} € Sub(Py_1) (4.1)

for X € Sub(rV). We do not make a sharp distinction between X and
n(X). We use n(X) and the projective space to explain and visualize the
proofs. The respective (and straightforward) computations can be done
with X in Sub(FV) or with 9(X) in P;_1 = P;—1(F’) based on the following
fact, which is well known and it can easily be derived from . As in
Neumann [I5] and in Example 2.1 right after (2.3) in [4], the components
of the (canonical (extended normalized von Neumann)) d-frame

F=1(@8=((ar,...,a4), (cij: 4,5 €d], i # 7)) (4.2)
are the 1-dimensional subspaces a; = Fv; € V € Sub(#V) for ¢ € [d] and
¢i; = F(vi—v;) fori # j € [d] in Sub(#V'). Thus, by (4.1), the components
of f are the following points

a;=10,...,0,1,0...,0] fori € [d—1], ag=10,...,0,—1], (4.3)
and ¢; ; =1[0,...,0,1,0...,0,—1,0,...,0] for i # j € [d], (4.4)
where the unit 1 is at the i-th position in both cases and the —1 is at the
j-th position, in Sub(P;_1). Note that ¢; ; = ¢;; for i, € [d] distinct but,
according to (4.4)), their canonical forms are differentﬂ
For i, 4,k € [d] pairwise distinct, repeating what von Neumann and his
followers did but using the notation of [, (2.5)], the (4, 7)-th coordinate
ring of L with respect to f is
R(i,j) = R{a;,aj) :={x € L:xVa; =a;Vaj, vANa; =0} (4.5)

To define the ring operations, we need the following projectivities from
Neumann [I5]; we use the visual notation from Czédli and Skublics [4]. So

6When we consider ¢;,j an element of R(j,4), to be defined soon, then we use the
canonical form given in ((4.4)).
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for pairwise distinct parameters p,q,r € [d], let
F(pq) [0,a, Vag] = [0,ar Vag], x+— (xVecpr)AlarVag),

F(ﬁ ):[0,ap Vagl = [0,a,Va,], ze (xVegr)AlayVa). (4.7)

For i, j, k € [d] pairwise distinct and x,y € R(i,j), we let
2 @iy = (@ Va) A ((@Va) Al va) VEGD) W), (48)
T Rk Y= (a; Vaj) A (F(i i)(x) \Y F(i;)(y)), and (4.9)

z Oury = (i V ag) A (ax v (5 V) A as V()W) ) (4.10)

they are in R(i, j) and do not depend on k. Except that the lattice poly-
nomials defined in (£.8), (£.9), and (£.10) as well as the projections defined

in and (| . are
built from V, A, and the components of f, (4.11)

their details are not relevant here, and there are other ways to define ap-
propriate @, ®, and &. In fact, as Herrmann [10, 2 lines after Theorem 2.2]
notes, Neumann used the opposite of ®;;;. Fortunately, what we need from
von Neumann’s voluminous [15], has already been summarized in Herrmann
[10, Theorem 2.2], in Section 2 of Czédli and Skublics, and (partially) in
Freese [0, Page 284]. Furthermore, the isomorphism given in (4.1) allows
us to pass from Sub(zF?) to Sub(P;_1). So, based on we can
recall the following theorem.

Theorem 4.1 (von Neumann [I5] for 3 < d € Nt and Day and Pickering
[B] for d = 3). Fori,j € [d] distinct, the operations defined in (4.8)), (4.9)),
and (4.10) in L = Sub(Py_1) do not depend on k € [d] \ {3,j}, and
R(i, j) = (R(i,5); ®ijks Oijk» Qij)

is a ring, called the (i,j)-th coordinate ring, for each k € [d]\ {i,7}. The
map 6q1: F — R(d,1) defined by 6q1(r) := [r,0,...,0,—1] is a ring iso-
morphism (and so it is a field isomorphism). So is the map §; ;: F —
R(i, j) defined by

8;.;(r) ==1[0,...,0,7,0,...,0,—1,0,...,0] € Sub(P,_;) (4.12)
with r at the j-th position and —1 at the i-th position. Thus, the coordinate

rings R{(i,7), i # j € [d], are all isomorphic to the field F'. The elements
a; and c“ are the zero and the unit of R(i,j). The mng zsomorphisms

given in commuteﬂ with the projectivities defined in and ( .,

respectively That is, for any p,q,r € [d] such that |{p, q,r}| = 3
F(? Z) 00pq=0rq and F(gg) 0 08p.q = Opr- (4.13)

T

Furthermore, using the superscript ™t to denote the restrictions of the
projectivities occurring in (4.13) to R{p,q),

F(? q)TCSt R{p,q) = R(r,q) is a ring isomorphism, (4.14)
sois F(?9)"": R(p,q) — R(p,7), (4.15)

"We compose maps from right to left; e.g., (a8)(z) = a(B(z)).
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and (4.13) remains true if we change the projections in it to their restric-
tions to R{p,q).

5. PROVING THEOREM [B.1]

A generating vector of a lattice L is a vector b = (b1,...,bs) of not
necessarily distinct elements of L such that {b1,...,bs} generates L.

Proof of Observation [2.1. We argue by way of contradiction. Suppose that
k is large enough in the given sense but L* has an n-dimensional gener-
ating vector (b, ..., 5(™). For i € [k], let m;: L¥ — L denote the i-th
projection defined by @ — x;. Let §g(¥) := (m(l;(l)), .. .,m(l;(")) € L™ As
k is large, there are i,j € [k] such that i # j and §* < §), understood
componentwise. Then for any n-ary lattice term f, we have that

m(f(l;(l),,..,g(n))) - f(ﬂ—i(g(l))a--wﬂi(g(n))) — (D)

L - > - - (5.1)

< FGV) = F(m (D), i (B)) = i (FOW, b))
As (6D, ..., b™) is a generating vector, (5.1) implies that m;(Z) < i (Z)
for every & € L*, which is a contradiction completing the proof. O

Proof of Lemma[3.5 Since V' C V, (3.12) makes sense. For a subset H C
V', since the operation of spanning is order-preserving and idempotent,

Spanp(H) C Spanp(Spanp(H)) C Spanp (Spanp (H)) = Spanp(H)

and Spang(Spanp(H)) = @(Spanp(H)) imply the last sentence of the
lemma.

Let X be a subspace of V/, denote its dimension by ¢, and take a maximal
subset U := {@aM),... @™} of linearly independent vectors in X. Then,
for i € [t], @ is of the form @@ = (u;1,...,u;q4) with entries from P,
and the rank of the matrix A := (u; j)ixq is t. As U generates (in other
words, linearly spans) X in V', the last sentence of the lemma gives that
Y := Spang(U) equals ¢(X). The rank ¢ of A is captured by determinants,
so it remains ¢ when we pass from P to F. Hence, p(X) =Y is also of
dimension ¢. Since both V' and V are of the same finite dimension d, it
follows that ¢ is cover-preserving, p(0) = 0, and (1) = 1. Denote the join
in Sub(pV’) and that in Sub(rV) by V' and V, respectively. For X, Y € V',
the last sentence of the lemma allows us to compute as follows:

(X V'Y) = p(Spanp(X UY)) = Spang(X UY)

= Spang(Spang(X) U Spang(Y))

= Spang (p(X) Up(Y)) = ¢(X) V (V).
Thus, ¢ is a join-homomorphism. We claim that if X, Y € Sub(pV’)
such that ¢(X) < ¢o(Y), then X < Y. Suppose the contrary, that is,
(X)) <e¥)but X €Y. Then Y < X V'Y and ¢(Y) = p(X) VoY) =
©(X V''Y) together contradict the fact that ¢ is dimension-preserving.
Therefore, X <Y <= ¢(X) < ¢(Y), that is, ¢ is an order-embedding.
We know from Lemma 1 of Wild [20] that every cover-preserving order

embedding between two lower semimodular lattices is a meet-embedding.
Therefore, since subspace lattices are lower semimodular (in fact, they are
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even modular), we obtain that ¢ preserves the meets. Thus, ¢ is a lattice
embedding, completing the proof of Lemma [3.5] O

The following observation is trivial by definitions.

Observation 5.1. Let F be a field, 3 < d € NT, and let ¢V = [ugl),

e u&l)], o atk) = [ugk), e uflk)] be points in Py_1(F); according to
our convention, we assume that {u&l), e ,ufik)} C {0,—1}. Then a point

U= [v1,...,04] € Pa_1(F), withvg € {0,—1} again, belongs to the subspace
generated (in other words, spanned) by {@™M), ... 4"} if and only if there
exist A\1,...,\p € F such that

v = Z )\jugj) fori € [d]. (5.2)
jelk]
If ¥ is a finite point, that is, if vg = —1, then implies that © := {i :
W) = <1} #£ 0 and Y,cq X = 1. If T and all the @9, i € [k], are finite
points, then means that T is a so-called affine combinations of @1,
, @™ that is, Zie[k] o= 1.

As R(d,1) = F is a field, it is natural that we need the (partial) unary
operation of forming reciprocals. By passing from Huhn diamonds, see
Huhn [12], to our setting based on (von Neumann) frames, such a unary
operation could be derived from any of the two division operations given at
the bottom of Page 510 in Day and Pickering [5]. However, while [5] deals
with a more general class of modular lattices, we need this unary operation
only in the simple situation where our lattice is of the form Sub(Py_;)
and R(d, 1) is determined by the canonical frame. Hence, and also because
some details will be useful later, we define such a unary operation directly.
Namely, for i, j, k € [d] pairwise distinct and x € Sub(Py_1), we define

rec; () = (((((:z: Voek) A(a; Vag)) V Cj,i) )

Aag V a;) v%) A(a; V a;) € R(i, 5). (5.3)

Lemma 5.2. If F is a field, 3 < d € N*, and x € R(i, j) C Sub(Py_1) such
that x # a; (or, equivalently, x # O jy), then reci;,(x) is the reciprocal
of x in R(i,j), that is, ©* Qi recijr(z) = cji = lgg ). Furthermore,

rec;jk(a;) = a;, and (4.11) is valid for (5.3), too.

Proof. We already know from Theorem that a; and c;; are the zero
Or(,j) and the unit 1g; ;) in R(i,j), respectively. We deal only with
(d,i,4,k) = (4,4,1,2), which reflects the general case. The proof is given
by Figure To exemplify how this figure determines an easy formal ar-
gument in a straightforward way, we present only the following details;
similar details from other proofs will be omitted. By Theorem T =
0;;(r) = 641(r) = [r,0,0,—1] for some r € F \ {0}, and it suffices to
show that recqi2(x) = d4.1(1/7), that is, recyi2(z) = [1/7,0,0,—1]. With
z = (£ Vega) A (a1 Vag) and y := (2 Ver4) A (az V ayg), we have that
reca12(z) = (y Vez1) A (as V ar). Assuming that z = [—r,1,0,0] is already
known, we proceed to the next computation step. Namely, we verify that y
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\ a
1 \/ag \{%@/.
a2:[0717070] {O@
s
an e
s
(c1,4V ca4) A (a1 V a2) s
o = [_1717070] ‘LA
. ‘3’*‘32,4:[07 1,0,—1]
u::u. €T = [rr-’ O’ O’ _1] '.“

Z = (.’L‘ V 0274)/\(a1\/a2) ~’~32::~
= [—T‘, 1, 0,0]
L y=(2Veya) AlagVay)
= [0, 1/7", 0, —1]

as vV ap

a4= [03 03 0371]

FicUrE 2. Computing reciprocals

is correctly given in the figure. Using ¢; 4 = [1,0,0,—1], c2.4 = [0,1,0, —1],
a1 = [1,0,0,0], az = [0,1,0,0], and a4 = [0,0,0,—1] from (4.3)—(4.4), Ob-
servationimplies that a point P is in 2V¢; 4 if and only if it is of the form
[—ﬁlT + B2, 51,0, —52] such that 5 € F, B3 € {O, 1}, and (ﬁl,ﬁg) #* (0,0)
Similarly, P is in as V a4 if and only if it is of the form [0, A1, 0, —\g] such
that Ay € F, Ay € {0,1}, and (A1, A2) # (0,0). Comparing the two forms,
we have that 81 = A, B2 = A9, and —f1r + B2 = 0. By the last equal-
ity and r # 0, we have that 81 # 0 <= 2 # 0. So (51,052) # (0,0)
and 3 € {0,1} give that B2 = 1. Hence, —f1r + P2 = 0 implies that
1 =1/r, and so P =[0,1/r,0,—1]. This computation verifies the equality
y =10,1/r,0,—1], confirming the figure. O

Proof of Theorem[3.1} In virtue of the isomorphism given in , we can
assume that L = Sub(Py_1(F)) = Sub(P;_1). Denoting the prime field
of F by P, let L' = Sub(P;_1(P)). Let f" and f be the canonical frames
in L’ and L according to 7, respectively. The isomorphism given
in depends on the underlying field, this is why the next sentence
indicates the corresponding fields in the subscripts. It follows from Lemma

and (4.1) that for the composite map ¢’ :=npoypo ngl, we have that
¢’ L' — Lis a 0-, 1-, and cover-preserving lattice embedding  (5.4)

and ¢'(f") = f, understood componentwise. (5.5)
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First, we deal with the second inequality in . As P is a prime field, we
know from Gelfand and Ponomarev’s result (see also lines 2-3 of page 494 in
Zadori [22] or Section |8 here) that L’ is 4-generated. Pick a 4-dimensional
generating vector §' = (g1, g4, 95, 94) of L' and, with ¢’ from (5.4)), let

gi = ¢'(g;) for i € [4]; so ¢’ (') = (91,---,94)- (5.6)
Denote by M and m the denominator and the second summand occurring
in (3.4), respectively. So M = |d?/4] and m = [t/M]. Since mM >t =
™ &(F), there exist not necessarily distinct elements r; ; € F'\ {0}, i € [m]
and j € [M], such that {r; ; : i € [m] and j € [M]} generates F as a field.
Consider the following |d/2]-by-d “pattern matrix”

[l

v 0 0 ... 0 0V vV -1
OV 0 ... 0 0V vV -1
O 0V ... 00V ...V -1
A=|. . . . . . (5.7)
A oo o s =1
O 0 o0 ... V0OV ...V -1
o 0 o0 ... 0V VY ...V -1

Using (3.5)), we obtain that A contains exactly M universal quantifiers. For
i € [m], we obtain a “real matrix” A(¢) from A by changing the universals
quantifiers to 7,1, ..., 7;,m. So each of the r;1, ..., 7, pr occurs in A(7)
exactly once and it occurs at a place where A contains a universal quantifier.
Each row of A(4) consists of the coordinates of a finite point of P;_; =
Py 1(F); let @@V, ... @142 be the finite points corresponding to the
rows of A(7) in this way. For example, 51, ..., rrq4/2] are substituted into
the first row of the pattern matrix to obtain the first row of A(i) and so
@Y = [r;1,0,0,...,0,0,752,...,7a/27, —1]. (5.8)
We often refer to the rows of A(4) as points of P;_;. For i € [m], let
gass be the subspace of Py_; spanned by {@®V, ... a®l/2D1  (5.9)

In other words, g4, is the subspace of P;_; spanned by the rows of A(7).
For a subset X of L, let [X]1at denote the sublattice of L that X generates;

we shorten [{z1,...,Zn}]1at to [21,...,24]1as. Having (5.6) and (5.9), we

claim that §:= (g1, 92, - .-, gat+m) is a generating vector of L, that is,
letting So := [g1, 92, - - - » Ga+m1at, We claim that Sy = L. (5.10)
Since {g1,...,94} generates ¢’'(L’), we have that ¢/'(L") C Sp. Thus, with

reference to (4.2)), (4.3)), (4.4), and (5.5)), we have that

the components of fare in [g1,...,94]1as € So. (5.11)
Letd
S1:=[{g5,---,9a+m} U {the components of f }]jat. (5.12)
As it is clear from (5.11)), to prove (5.10)), it suffices to show that S; equals
L. As a first but a long step, we show that

R(d,1) C S;. (5.13)

8For this proof, working with Sy would be sufficient. We introduce S; and later S,
because S will be referenced in Section
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First we show that for all i € [m],
every row of A(i), as a point of P;_; and an atom of L, is in S;. (5.14)

By symmetry, it suffices to show that @1 from (5.8) is in S;. By (5.12)),

a1 V a|d/2)+1 \Y a|d/2)+2 V---VVag_1 Vag €5;. (5.15)
Observation [5.1] ([#.3)), and (£.4) imply that the subspace in (5.15)) consists
of the points of the form [z1,0...,0,24/2)41,--,%4] Where the compo-

nents are in F', not all of them is 0, and z4 € {0,—1}. So when we form
the meet of gsy; and the subspace (5.15)), then the fact that none of the
r;;’s in (the “diagonal part” of) A(¢) is 0 and Observation imply that
this meet is @Y. So @V € S}, proving .

Next, we show that for all (¢, 7) € [m] x [M],

6d,1(ri,j) = [rz-yj,O,...,O,—l] S Sl, (516)

where 941 is taken from Theorem To ease the notation, we show this
only for r; o; we can obtain the set membership §(r; ;) € Sy for all j € [M]
analogously or we can conclude it by symmetry. Letting ¢ := 1+ |d/2], we
know from ({5.8) that r; o is the ¢-th coordinate of @ (1) So it follows from

Observation (4.12)), and (4.3)—(4.4) that
6d,L(r’i,2) = [07 e 707 74,2, 0) ey 0; _1]

= (a, Vaqg) A (ﬁ(i) Y \/ aj>; (5.17)
Jeld—1\{+}

the validity of is also explained by Figure Indeed, the figure
shows how to extract the homogeneous coordinate u, of a finite point «
in the particular case when d = 4 and ¢ = 3; this technique is applicable
to @ := @Y, too. The first meetand in is the vertical magenta
coordinate axis ag V a4 in the figure. The second meetand in is the
the horizontal magenta hyperplane ¢ V a1 V as through «. The meet of
these two meetands is 7(3) = d4,3(us3), a copy of u, in the coordinate ring
R(d,1). Since 7V is in S; by and so are the a;’s occurring in
by (5.12), we obtain that d4,(r;2) € Si. By ([@.12), 64,.(ri2) € R{d,.).
As (4.11) mentions, the ring isomorphisms given in and (4.15)) are
composed from lattice operations and constants that are components of the
frame f and so they are in S; by . Hence, 51 is closed with respect
to these isomorphisms, and we obtain the set membership part “€” of

8a,1(ri2) = F(94) (04, (ri2)) € Si. (5.18)
As the equality part follows from (4.13)), so (5.18)) holds. Clearly, the argu-

ment above is applicable for any j € [M], not just for j = 2, since we can
replace (1) with the row of A(i) that contains r; ;. (Note that for j = 1
we have that ¢ = 1 and so is not needed.) Therefore, (5.18) holds for
any j € [M], not only for j = 2. That is, we have proved Applying
to the field operations , 7 , and , we obtain that
S is closed with respect to the field operations of R(d, 1). As the field iso-
morphism d41 sends generating sets to generating sets, yields that
S1 contains a generating set of the field R(d,1). The two just-mentioned

facts imply (5.13)).
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Next, with reference to (4.2)—(4.4)), let
S := [{the components of the canonical frame} U R(d, 1)]jat. (5.19)

We obtain from (5.12)) and (5.13)) that S C S;. Therefore, to prove that
S1 = L and so (5.10)) holds, it suffices to show that

S, defined in (5.19)), equals L = Sub(P;_1). (5.20)
For later reference, we note that our argument
proving (5.20) does not use Gelfand and Ponomarev’s theorem, (5.21)

which has already been mentioned; see also Theorem in Section

Next, we aim to prove (5.20). From (4.11)), we know that S is closed
with respect to the ring isomorphisms in and . Thus, for any
i,j € [d] such that i # j and for any r € F,

R{i,j) € S and so [0,...,0,7,0,...,0,—1,0,...,0] € S, (5.22)

where r and —1 are at the j-th position and the i-th positions, respectively.
Since each element of L is the join of finitely many atoms, it suffices to
show that any projective point @ = [ug,...,uq] belongs to S. Since at
least one of the homogeneous coordinates uq, ..., ug is nonzero, symmetry
allows us to assume that ug # 0. That is, by homogeneity, we assume that
ug = —1. Letting 7 = [0,...,0,u;,0,...,0,—1] (where u; is sitting in
the i-th component) for i € [d — 1], we have that ¥(¥ € R(d,i) C S by
(5.22). Figure [l|visualizes the situation for d = 4. In the figure, the black-
filled elements are in S by and , and therefore so are the three
depicted hyperplanes containing the empty-filled 4. Among these three
hyperplanes, one is adorned in green, another in magenta, and the third is
filled with a floral pattern. (When translated to grayscale, the green plane
appears lighter than its magenta counterpart.) As @ is the meet of the
three hyperplanes, 4 € S is clear when d = 4. The same idea works for any
3 < d € NT; indeed,
d—1
i=A\FOV ) a)es
i=1 JEld—1]\{d}

follows in a straightforward way by using Observation Thus,
holds, implying and the second inequality in .

Our argument to show the first inequality in is practically the same
as that of Strietz [I7] for partition latticeﬂ The key is Wille’s Dy Lemma:

Lemma 5.3 (Do-Lemma in Wille [21]). If a subdirectly irreducible modular
lattice with more than two elements is generated by eg, €1, ..., e, then egV
Vi1 >e A Ney for every i € [t].

By (£1)), L = Sub(¢V), where V. = pF? We know from the folk-
lore that Sub(rV) is subdirectly irreducible. Having no reference to this
fact at hand, we present an easy in-line proof here; some details of this
proof will also be used later. Let a and b be distinct atoms of Sub(zV),

9As partition lattices with more than five elements are not modular, we note that
Lemma quoted from Wille [21], is valid even without assuming modularity. Lemma
4.1 from Czédli [2], a variant of the Da-Lemma, would also suffice here.
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then a = Fao™ and b = F@® with the uniquely determined and linearly
independent vectors w1 = (w%l), - ,w((il)) and w® = (wgg), . ,wc(f))
in V such that wgl) + e w((il) = 1and wgz) + e+ “’1(12) = 1. Letting
c:= F(@M4+45?), a trivial computation shows that {0 = aAb,a, b, c,aVb}
is a sublattice isomorphic to M3, the 5-element modular lattice of length 2.
Therefore, the (clearly) atomistic and modular lattice Sub(gV) is subdi-
rectly irreducible by lines 4-5 in page 349 of Grétzer [8]. For later reference,
let us summarize what we have also obtained:

Observation 5.4. For any two distinct atoms a and b of Sub(gV), ¢
defined above by ¢ := F(w") +@®?)) is a third atom, {0,a,b,c,a V b} is a
sublattice of Sub(rV'), and this sublattice is isomorphic to Ms.

Returning to the proof of Theorem let us assume, to reach a contra-
diction, that L = Sub(rV) is generated by a subset {eg, €1, e2}. Applying
Lemma @ we have that eg > e1 A ey and eg V e; > es. These two in-
equalities and those that we obtain from them by permuting the generators
imply that {eg,e1,e2} generates an Mg sublattice. As Mjs is of length 2
but the length of L is d > 3, M3 # L. This is a contradiction showing that
f™ng(L) > 4. We have verified both inequalities in , and the proof of
Theorem [3.1] is complete. O

6. PROVING THEOREM

As a preparation for the proof of the second theorem, we prove the
following easy lemma.

Lemma 6.1. Assume that Lq,..., L are finitely generated lattices, L =
Ly % -+ x Ly is their direct product, and b = (bgl), ... ,b,(cl)), o, b =
(bgt), ce b,(:)) are elements of L. Then {bM ... b®} generates L if and
only if
(1) For each i € [k], {bgl)7 . ,bgt)} generates L;, and
(2) For each i € [k], there is a t-ary lattice term f; such that fi(bl(»l),
o b(t)) equals 1;, the top element of L;, but for every j € [k]\{i},

3

fi(bg-l), e, bg-t)) equals 0, the bottom element of L;.

Visually, we can form a k-by-t matrix with the b(@)g being the columns
and we apply the terms f; to the rows of this matrix.

Proof. First of all, note that 1; and 0; in the lemma exist since L; and L; are
finitely generated. To prove the “only if” part, assume that {5(1), . ,l;(t)}
generates L. Since the i-th projection L — L; defined by (z1,...,zx) — ;
sends generating sets to generating sets, holds. So does since there
is a lattice term f; such that (0,...,0,1,0,...,0) € L (with 1 sitting at the
i-th place) equals f;(b®), ... 5(®).

To prove the “if” part, assume that and hold, and let @ =
(w1, ...,wx) € L. For each i € [k], allows us to pick a t-ary lattice term
gi such that gi(bz(.l), . b(t)) = w; in L;. Furthermore, yields a t-ary

(e}
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lattice term £; such that f;(6", ..., 6") = 1, but f;(b\",...,0\") = 0, for
all j € [k]\ {i}. Then
G=\/ (g:06D,... . 5O A £(ED, . 50)) € 5D, 50
1€ [k]

completes the proof of Lemma O

The following well-known fact follows from, say, Vanstone and Oorschot
[18, Theorem 3.3].

Fact 6.2. For d € N and a field F, Sub(zF?) is a selfdual lattice.

Proof of Theorem[3.4 To ease the notation, let h := [d/2] (“h” comes
from half) and r := 4 + [t/|d?/4]]. We know from in Theorem
that L = Sub(zV') has an r-dimensional generating vector.

First, we show . By Remark it suffices to show that L* is (14-r)-
generated. For i € {1,h}, let A; be the set of i-dimensional subspaces of
V', that is, A; is the set of elements of height 4 in L. In particular, A; is
the set of atoms of L and |A,| = p; see . Define a binary operation
“product” on A; as follows: For a,b € Ay, let

b {c defined in Observation 5.4 if a # b and
ab =

6.1
0=0g ifa=5. (6.1)

This operation, denoted by concatenation, has precedence over the lattice
operations. Clearly, Observation implies the following.

Fact 6.3. For any b,e € Aj, either b # e and {0,b,be,e,be V e} is a
sublattice isomorphic to M3, or b = e and be = 0; in both cases, b < be V e.

Let § = (91,---,9r) be a generating vector of L. Let uy,...,u, be a
repetition-free enumeration of the elements of (the p-element) Aj. For

j € [r], we define 6@ € LM as the constant vector (95,95,---,95). We

define a further vector, b(© = (u1,u2,...,u,) € L*. We claim that
U= {6@ 5™ ... 5} generates L*. (6.2)
Since [ui, g1, .-, grllat = L for all i € [u], ¥ (apart from self-explanatory

notational differences) satisﬁes of Lemma
Showing that ¥ satisfies of Lemma too, needs more work. For

each i € [u], fix an h-element Subset S; of A1 Such that u; = \/{e: e € S;}.
Let 5_ (&1, ..., &) be a vector of variables, and let §+ stand for (&, &1,

.., &). For each element w of L, let us fix an r-ary lattice term w* (5) such
that w*(§) = w. If w = ab, see (6.1)), then w*(€) is written as (ab)*(£).
We can fix a d-element subset B of A; such that 1 = 1, equals \/ B. For
each i € [u], we define the following lattice term:

HEY =V (PO A (0@ v ane @) 63

beB e€s;
Let (uj,§) :== (uj,91,-..,9r). We need to show that fl( i G) =0 1fj7éz
and it is 1, if 7 = 4. For the meetand ,Bbye(fﬂ = E) \% ( o Ne* )

occurring in ,
Bpe(uj,g) = (be)*(g) Vv (uj Ae*(g )) =beV (u] A 6) (6.4)
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There are two cases to consider. First, assume that j = ¢. Then, for
every e € §; = S;, e < u; yields that 5, e(u]7 G) = be V e, whereby Fact [6.3] -
1mphes that b*(g) = b < Bp.c(uy,g). Thus, the meet /g as a meetand in
3)) makes no effect and we obtain that f;(uj, ) = V,c5 0" (9) = Ve b =
lL lfj = i, as required.

Second, assume that j # ¢. Since u; = \/ S; and u;, belonging to the
antichain Ay, are incomparable, there is an e € S; such that e £ u;. For
this atom e, u; A e in 1.' is 0z, whence By ¢(u;,§) = be. Thus, each of
the joinands of \/, 1 is (at most) b*(§) A Bp.e(uj,G) = bAbe =0,
no matter whether b = e or b # e. Therefore fi(u;,§) = 01if j 7& i, as
required. Hence, ¥ satisfies of Lemma whereby we conclude .
Thus, fmre(LF) < fmne(LH) S 1+r=5+ |—t/Ld2/4ﬂ, proving (3.8).

Next, we deal with the first inequality in (3.7). Let M := |d*/4] and
m = f™"8(L). For the sake of contradiction, suppose that

m = fM8(L) < [t/M] (indirect assumption). (6.5)

Let {g1,...,9m} be a generating set of L = Sub(V) = Sub(pF?). For
each ¢ € [m], let n; be the dimension of the subspace g;. Let us pick an
n;-by-d matrix B(i) over F such that the rows of B(i) form a basis of
gi- After performing the Gauss—Jordan elimination to the rows of B(%),
these rows still form a basis of g;. Hence, we can assume that B(7) is in
reduced row echelon form and the number n; of its rows equals its rank.
So for j, ¢ € [n,], the t-th element in the j-th row of B(7) is 0;, (Kronecker
delta). Note that B(7) has the same shape as A(¢) in would have if
we changed the universal quantifiers in the main diagonal to units (that is,
to 1’s). Let H (i) stand for the set of those entries of B(i) that differ from
0 and 1. This entrles are in the last d —n; columns, so |H (7)| < n;(d —n;).
Hence, using and that the quadratic function z — z(d — x) takes
its maximum at d/2, it follows that |H;| < n;(d —n;) < M. Letting
H:=H(1)U---UH(m), we have that |H| < mM. Observe that no matter
whether ¢/M is an infinite cardinal, an integer number, or a non-integer
number, the indirect assumption and m € Ny imply that

m < t/M, whereby |H| < mM <t = f""8(F). (6.6)

Let P denote the subfield of F' generated by H. By , P C F (proper
subfield). With V' := pP? and L' := Sub(pV’), ¢ from Lemma is a
lattice embedding L’ — L. For i € [m], using that B(i) is also a matrix
over P, let g} be the subspace of V’ spanned by the rows of B(i). Denoting
the set of rows of B(i) by X, the last sentence of Lemma gives that

©(g}) = p(Spanp (X)) = Span (X)) = g, (6.7)

for ¢ € [m]. Since ¢ is an embedding, ¢(L’) is a sublattice of L. This sub-
lattice includes the generating set {g; : i € [m]} by (6.7). Thus, p(L') = L,
implying that ¢ is surjective. Pick an element r € F'\ P. By the surjec-
tivity of ¢, the 1-dimensional subspace S := Spanyp({(r,1,1,...,1)}) € L
has a o-preimage S’ € L. Since ¢ is length-preserving by Lemma
S’ is also 1-dimensional. So S’ := Spanp({(p,q2,43,-.-,q4)}) for some
P,q2,--.,qa € P. The last sentence of Lemma [3.5] yields a A € F such
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that (r,1,1,...,1) = A(p,¢2,43,--.,q94). Comparing the second compo-
nents, A = g5 !¢ P. Thus, the equality of the first components yields that
r = pA € P, contradicting the choice of . Now that the indirect assump-
tion has lead to a contradiction, we have shown the first inequality in

(3.7). Remark gives the second inequality, so we have proved (3.7]).

The components of §: The generated
%0 sublattice \ {0, 1} is only:

FIGURE 3. For § = §®, typ(g) cannot be (2,2)

Next, we turn our attention to and . So we assume that F' is
a prime field and d = 3. Furthermore, based on the isomorphism given in
, let P;_1 = P, = P5(F) be the projective plane over F' and, in the rest
of the proof of Theorem let L := Sub(P;). Some geometric terms and
methods in addition to the lattice theoretic ones will frequently appear in
our considerations. In particular, instead of drawing a usual Hasse diagram
of L = Sub(P,), we visualize L and its sublattices by drawing the points and
lines they contain. Furthermore, we frequently use the following definition
(but only for projective planes) without referencing it.

Definition 6.4. For L = Sub(P,) and a quadruple § = (g1,...,94) € L*,
we say that § is in general position if for any {i,j,k} C [4] such that
i, j, k} =3,
e g; % g;, that is, {g1,..., g4} is an antichain;
e if g;, g;, and gi are points, then g; £ g; V gi, that is, no three
collinear points occur among the components of g; and
e if g;, g;j, and g are lines, then g; A g; £ gk, that is, no three
concurrent lines occur among the components of g.
A complete quadrangle is a quadruple § = (¢1,...,94) in general position
such that g1, ..., g4 are points.

Analogously to an earlier notation, Ay is the set of points while Ay is
the set of lines. We show that
ift=0,d=3,and f™&(L*) = 4, then k < 4. (6.8)

So F' is a prime field now, and we can assume that k is the largest positive
integer such that f™"&(L*) = 4. This makes sense since k > 1 by and
the maximum exists by Observation[2.1} Choose a 4-dimensional generating
vector (6™, ..., b@) of L*. (Here the b, i € [4], are also vectors since
they belong to L*.) Let
79 = (9", 95", 957, 987) = (001 61 6) for i € [K];
it is a generating vector of L by Lemma[6.1] (6.9)

Define the Kronecker delta in a lattice L by 61%) := 1y and, for j # i,

5i(jL) := 0r. Let f;, ¢ € [k], be the quaternary lattice terms provided by
Lemma [6.1} then
(7D = &)
fi(g?) = 5ij . (6.10)
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As {gy)7 e gff)} generates L, it is easy to see that for each ¢ € [k] and
(@)

Jj €M, g; " is a point or a line. For later reference, we formulate this fact:

(z) ¢ {0,1} and any 4-element generating set C A; U As. (6.11)
The components of g: © The generated X
o oo sublattice \ {0, 1} is only:

F1GURE 4. A quadruple of points not in general position

For x € L, let hgh(z) denote the height of x; it is the projective dimen-
sion plus 1. For example, for € A, hgh(z) = 1. For a generating vector
G = (91,92, 93,94) € L* of L, define the type and the fine type of g as

typ(g) := (|{i € [4] : ¢; is a point}|, [{i € [4] : g; is a line}|) and
ftyp(q) := (hgh(g1), hgh(g2), hgh(gs), hgh(ga)).
We know from ) that the sum of the components of typ(g ) is 4. It
follows from and (6.11) that for every generating quadruple / and, in
particular, for every i € [k]
ftyp(h) € {1,2}* and ftyp(7¥) € {1,2}*. (6.12)

The type of a fine type 7 € {1,2}* is typ(7) = (|[{i € [4] : =, = 1},
|{i € [4] : 7 = 2}|). Note the obvious rule: typ(ftyp(§\")) = typ( ()) for
every i € [k]. Note also that our figures and arguments

will omit the most trivial cases like g§ D= géz). (6.13)

Using that every line contains at least three points, Figure [3|shows that for
any generating quadruple h and, in particular, for ¢ € [k],

neither typ() nor typ(§®) can be (2,2). (6.14)

In P,, any two distinct lines intersect in a point. The following fact is
also well known; see, for example, Veblen and Young [19 page 93].

Fact 6.5. If £ = (x1,...,24) and & = (x},...,2}) are complete quadran-
gles in Py, then P, has an automorphism ¢ such that ¢(z;) = « for i € [4].
Consequently, L also has such an automorphism.

Therefore, our figures are sufficiently general. We claim the following.
Fact 6.6. Every generating quadruple of L is in general position.

To show this, assume that his a generating quadruple. Since typ(ﬁ) #+
(2,2) by and L is selfdual, see Fact we can assume that typ(fz) €
{(4,0),(3,1)}. If typ(l_i) = (4,0), then h is in general position by Figure
and (6.13). For typ(i_i) = (3,1), we draw the same conclusion from Case 1
of Figure [§] and Figure [f] Thus, Fact [6.6] holds.

Our next step is to show the following fact.

Fact 6.7. If |F| > 3, then for each generating vector § = (g1, g2, g3, ga) of
L, there is a complete quadrangle (pq,...,ps) of L such that p; < g; for
i€ [4].
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93 The generated z
Case 1: g;ON sublattice \ {0, 1} is only:
1 92

Case 2: G 3793

P1=01

Case 3: The generated
912 sublattice \ {0, 1} is only:
g3 O
Case 4:
91 g2
gs
Case 5:
g2 g2
g1 g1 P4
g4 D2 g4
93 gs
7 N

FIGURE 5. Proving Fact [6.7]

The The generated
components \ sublattice \ {0, 1} —\c
of g: is only:

92 (2)

FIGURE 6. Three collinear points and a line

To show Fact [6.7] observe that Facts and take care of the case
typ(g’) = (4,0). Hence, there are five cases to consider, see Figure [5 but
each of them is obvious. We exclude Cases 1 and 3 since then {g1,...,94}
does not generate L; indeed, the figure shows on the right what the gener-
ated sublattice is and this sublattice is clearly not the whole L since every
line of the projective plane has at least threﬂ points. In Cases 2, 4, and 5,
the figure shows how to choose the p;’s. Note for later reference that only
Case 2 needs the assumption that |F| > 3, which makes it possible to pick
a fourth point on the line g4. So, Figure [§ has proved Fact [6.7}

Now we can show that

if typ(7%) € {(4,0), (0,4)} for some i € [k], then k = 1. (6.15)

For the sake of contradiction, suppose that, say, typ(7(")) € {(4,0), (0,4)}
but £ > 1. By the selfduality of L, see Fact [6.2] we can assume that
typ(7™)) = (4,0). First, we assume that |F| > 3. Fact[6.7|yields a complete

10We now have at least four points since |F| > 3. However, we continue to use the
term “at least three points” to make this argument applicable also when |F| = 2.



GENERATING SUBSPACE LATTICES 21

quadrangle p'such that p; < 952) for i € [4]. By Fact GV is a complete
quadrangle. Thus, by Fact we can take an automorphism ¢ of L such
that <p(g'§1)) =p; < gl@) for i € [4]; we write (7)) < §® for short. Using
and the fact that f; is order-preserving, we obtain that

1=¢(@17) = o(h(EM) = Alp@™) < £1(F?) =615 =0, (6.16)
which is a contradiction showing for the case |F| > 3.

If |F| = 2 and so the projective plane is the Fano plane, then the argu-
ment for needs the following modifications. Even though Case 2 of
Figure [5] and Fact fail for the Fano plane, Fact still holds for the
particular case typ(qg) € {(1,3), (0,4)} since then the earlier argument re-
lies only on Cases 3, 4, and 5 of Figure Like we did right after , we
assume that is false and its failure is witnessed by §") of type (4,0)
and §@. If typ(7®) € {(1,3), (0,4)}, then the just-mentioned particular
case of Fact[6.7]leads to a contradiction in the same way as before. We know
from that typ(g®) # (2,2). If typ(§¥) = (4,0), then Factsand

give an automorphism ¢: L — L such that §® = (7)), whereby
(6.16]) (with equality in its middle rather than an inequality) leads to a con-
tradiction. Hence, based on , we can assume that typ(§®®) = (3,1).
Since, for any 4,5 € [k], 51(];) is a fixed point of every automorphism of L,
it follows that for any system (f; : ¢ € [k]) of quaternary lattice terms and
for any family (¢, ; : 4, j € [k]) of automorphisms of L,

(6-10) holds if an only if f;(¢;,;(79)) = 6\ for all 4, j € [K].  (6.17)

ai b3 us3 as

F1GURE 7. Notations for the Fano plane

Figure [7]shows how we denote the points and the lines of the Fano plane;
they belong to L and |L| = 16. By Fact §® is in general position.
Thus, by symmetry and (6.17), we can assume that § = (a1, az, a3, w);
see Figure By Fact and (6.17), we can also assume that gt) =
(a1,a2,as,¢). To define a subset S, let us agree that sets of the forms
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{x; + i € [3]} and {x;; : 4,5 € [3], ¢ # j} will simply be denoted by
{z;} and {z; ;}, respectively. These sets consist of three and six elements,
respectively. With these temporary notations, we let

S = {(ai, ai) } U { (i, ui) } U{(bs, i) } U{(0,a)}

U {(0,00)} U {(0,us)} U{(0,vi) } U{(ai, 1)} U{(bi, 1)}

U {(ui; 1)} U (v, 1)} U{(as, vi) } U{(as, uj)}

U {(c,w), (0,0),(1,1), (¢, 1), (0,w), (w, 1), (0,1), (0, ¢) };
the underlined terms of will occur in . It is straightforward to
checkE| that S is a sublattice of L. This fact and imply that

(1,0) = (817, 012)) = (A@E™M). 1(G))
= (fl(a17a27a370), fl(al,az,%,w))
= (fl(al,al), (ag, az), (as, as), (c, w)) €s, (6.19)

which contradicts (6.18)). Hence, (6.15)) holds even if |F| = 2, that is, it
holds for all prime fields.

(6.18)

g=v(91)®

a24

091

o(gh) ©(95)
A24=P\Aoy
azs=p(az,); azz=p(ay3)

FIGURE 8. Proving Fact [6.§

NeXta for fine types (51) 527 537 54) and (nla 72,13, 774)7 let us say that they
are complementary if & +n; = 3 for all i € [4]. (6.12)) sheds more light on
this concept.

Fact 6.8. If there are 7,5’ € {7 : i € [k]} such that typ(7) = (3,1)
and typ(g’) = (1, 3), then k = 2 and, furthermore, ftyp(g) and ftyp(g’) are
complementary.

To show Fact by way of contradiction, assume that §,§’ € {§(* :
i € [k]} =: T such that typ(¢) = (3,1) and typ(g’) = (1,3) but ftyp(g)
and ftyp(g’) are not complementary. We know from Fact that ¢ and g’
are in general position. Apart from permutations, ftyp(§) = (1,1, 1,2) and
ftyp(g’) = (1, 2,2, 2); see Figure The left of Figureshows how to define
three auxiliary points; for example (in the language of L), a4 := (g1 Vg3) A
94 and ag3 := (a34V g3) A(a24V g2); similarly for the middle of the figure. It
is straightforward to see that if (g1, ass, as4, as4) was not in general position
then neither § would be, and similarly for (¢}, abs,ab,, a%,) in the middle
of Figure Hence, Fact yields an automorphism ¢ of L such that
P(94) = g1, 9(aha) = azs, P(@ha) = aza, and p(aly) = ags; see on the right

11Alternatively, an appropriate program in Maple V (version 5.9, 1997, Waterloo
Maple Inc.) is available from the author’s website http://tinyurl.com/g-czedli/ and also
from larXiv:2401.00842, the extended version of the paper.


http://tinyurl.com/g-czedli/
https://arxiv.org/pdf/2401.00842
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of Figure [8] As the figure shows, § < ¢(g’), understood componentwise.
In other words, = 1(§) < §'. As Gand §’ are in ' = {5 : i € [4]}, we can
assume that ¢ = g and §@ = §". So ¢~ (V) < . Hence (6.16),
with ¢! instead of ¢, gives contradiction. This shows that

ftyp(§) and ftyp(g’') are complementary, as required. (6.20)
Next, we show that for any fine type 7,

there is at most one i € I such that 7 = ftyp(h). (6.21)

To verify (6.21)), we can assume that typ(r) # (2,2) since otherwise
is clear by (6.14). So let h,h' € T such that 7 = ftyp(f_i) = ftyp(f_i'); we
need to show that h = k. If 7 € {(4,0),(0,4)}, then h = b’ is clear by
(6.15). Out of the cases typ(r) = (3,1) and typ(r) = (1,3), it suffices to
settle the first one since then the other follows by duality; see Fact
As the components of 7 share a symmetrical role, we can assume that
T = ftyp(l_i) = (1,1,1,3); see Case 2 in Figure [5| with § instead of h. No
problem if |F'| = 2, as p4 (the fourth point on g4) is not needed here. On
the right of Case 2 in the figure, the bottom left black-filled point, the
bottom right black-filled point, the middle empty-filled point, and the top
left empty-filled point, in this order, form a complete quadrangle Z. Indeed
if 2 was not in general position, then neither h would be and so h would
contradict Fact Observe that Z determines h. Hence, applylng Fact
. 5[ to 2’ and to the analogously defined quadruple determining h Fact
implies that B = Lp(h) for some automorphism ¢ of L. In partlcular,
<p(i_i) < I'. This inequality allows us to repeat the calculation in
with A and /'’ in place of g1 and §®, respectively. In this way, we obtain
that 1 < 0 in L, which is a contradiction showing .
Next continuing the argument for Fact assume that_ﬁ‘ eI By
(6.14) and , typ(h) ¢ {(4,0), (0,4), (2,2)}. Hence, typ(hﬁ (3,1) =
typ(g) or typ(h) (1,3) = typ(§’). Since L is selfdual by Fact|6.2] (or since
the second alternative needs almost the same treatment), we can assume
that typ(ﬁ) = (3,1) = typ(g). Then h €T and g € I have the same
role. Hence applies to h and §’, whence ftyp(_’) and ftyp(g’) are
complementary As only one fine type is cornplernentary to ftyp( "), we
have that ftyp(h ) = ftyp(g). Thus, (6.21) yields that h = g. So h = g€

{7,d'}, implying that k = 2 and completmg the proof of Fact

Next, assume that £ > 2. We know from and that, for all
i € [, typ(@®) ¢ {(4,0), (2,2), (0,4)}. So typ(7V) € {3, 1), (1,3}. By
duality, we can assume that typ(7(") = (3,1). As Fact together with
k > 2 exclude that typ(g®) = (1,3) for some i € [k] \ {1}, we have that
typ(79) = (3,1) for all i € [k]. Hence, for every i € [k], ftyp(g?) is one of
the fine types (1,1,1,2), (1,1,2,1), (1,2,1,1), and (2,1,1,1). Since each
of these four fine types occurs at most once by , it follows that k < 4,

proving (6.8).
Clearly, (6.8]), the first inequality in (3.4), and the particular (¢,d) =
(0,3) case of (the already proven) (3.8]) and imply (3.10)).
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Next, interrupting the proof of Theorem we recall and, for the
reader’s convenience, prove the following lemma; its first part follows from
known deep results.

Lemma 6.9 (Day and Pickering [5], Herrmann [I0], Herrmann and Huhn
[11]). Every complete quadrangle p = (p1,p2,p3,pa) in Py (the projective
plane over the prime field F') is a generating vector of L = Sub(P). So is
every quadruple ¢ in general position such that typ(q) # (2,2).

In the context of this paper, the proof of Lemma [6.9]is straightforward
and, what is important in Section [§] it does not rely on Gelfand and Pono-
marev’s result, which was mentioned after . Here, we provide a concise
demonstration. shows that the assumptlon typ( 7) # (2,2) cannot
be omitted from the lemma.

c21=[—1,1,0]=¢A(p1Vp2) w = (p3Vps) A(p1Vp2)=[1,1,0]

3R =2rORr 1R = [3,0, —1]=((2rVw) A (prVPps)) Vp2) A (p1Vp3)

FIGURE 9. Generating the (subspace lattice of the) pro-
jective plane

Proof of Lemma[6.9 Let p be a complete quadrangle. By Fact , we
can assume that 7 is the canonical complete quadrangle; see Figure [0 Let
S :=[p; : i € [4]]lat- The figure shows that the elements of the canonical
von Neumann 3-frame, a; := p; for i € [3] and ¢; ; = ¢;,; for i # j € [3], are
in S. In particular, 131y = c1,3 € S. As R(3,1) = F by Theorem
R(3,1) is a prime field and so it is generated by 1g(31y. Therefore, since
S is closed with respect to the field operations by , R({3,1) € S. In
virtue of , we can apply to conclude that S = L, as required.
This proves the first half of Lemma

To show the second half, (6.12)), the first half of Lemma [6.9] and duality
allow us to assume that typ(q) = (3,1). We can assume that g1, g2, g3 are
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points and g4 is a line. Letting ¢ play the role of ¢ on the left of Figure
we obtain that {as4,a34} C [q1,-..,q4]lat =: S. So S contains a complete
quadrangle, (ga, g3, @24, as4), whereby the first part of the lemma implies
that S = L, as required. We have proved Lemma O

To complete the proof of Theorem [3.2) . we need to show . With its
assumptions, if fm“g(Lk) < 3, then Remarkwould give that fmng( ) <
3, contradicting (3.4). Hence, f™"8(L¥) > 4. By Remark [3.4] it suffices
to prove that L* has a 4-element generating set. Let e be a hne and a, b, c
be three non-collinear points of the projective plane such that none of
these points lies on e. Then the quadruple (e, a,b, ¢) is in general position;
think of the left of Figure [§| and (e, a,b,¢) := (g4, 91, 92,93).) Keeping the
explanatory sentence right after Lemma [6.1] in mind, take the matrix

a

U= (u;)axa =

ISIEESTRS I
e
o 0o oo
o o 00

and let g = (w1, Ui 2,U; 3, U 4) be the i-th row of U for ¢ € [4]. With
5 = (&, &2, &3, &4) as a vector of variables, define the following quaternary
lattice terms for i,5 € [4], ¢ # j:

wi(€):= N (&VE),

JEMN{i}
hig€)=&A N\ (@) VE), and
s€[4\{4,5}
fi(e)(g):: \/ h”(f) (6.22)
JEelA\ {4}

The superscript (e) of f; will be a useful reminder later. Some substitution
values of these terms are given as follows:

G & & &lw(@) moa@) ms@) ma@) A7E)
e a b ¢ 1 a b c 1
a e b c a 0 0 0 0
a b e ¢ a 0 0 0 0
a b ¢ e a 0 0 0 0

The last column above shows that f; (o) (U )) = 5%). By symmetry or by
three additional similar tables,

(@) =)y — 5L) .
£9(G9) = 63" holds for all i, j € [4]. (6.23)
Note for later reference that all we needed to prove (6.23)) is only that
ftyp(a,b,c,e) = (1,1,1,2) and (a,b, ¢, e) is in general position.  (6.24)

By , Condition of Lemmaholds. So does Condition of the
same lemma by the second half of Lemma Thus, the columns of U
form a 4-element generating set of L* by Lemma completing the proof
of and that of Theorem O
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7. PROVING THEOREM [3.3] AND EXAMPLE [3.6]

Proof of Theorem [3.3 If A is infinite, then |L| = 2% and so L is not finitely
generated. (In fact, it is not even Ro-generated.) If a prime field F' occurred
at least five times in the direct product and L was 4-generated, then
Sub(rF?)% would also be 4-generated by Remark contradicting .
Thus, the condition right after is necessary. The rest of the proof
assumes this condition. We need to prove that f™"8(L) = 4. In fact, it
suffices to find an at most 4-element generating set since the assumption
A # 0 together with and Remark imply that f™"8(L) > 4. Fur-
thermore, by Remark[3.4] again, we can assume that each prime field occurs
exactly four times. So, taking also into account, we assume that

L= ] [ Liw where L;, = Sub(Py(F,)), F;%F;
i€[k] ve[4]

for ¢ # j, and we construct an (at most) 4-element generating set of L.

For i € [k], let pi, p, p%, and p} be the points (and also the atoms in the
corresponding subspace lattice) [1,0,0], [0, 1,0], [0,0,—1], and [1,1, —1] in
the projective plane Pj := P5(F;) over F}, respectively; see Figure |§| where
the superscript i is never indicated. Let ¢} 5 := (p} V p}) A (ph V pj). Figure
|§|shows how we define ¢f 3, ¢4 ;, and (for later use) w’. We let

¢’ =ciszVys and 7= (p,ph,p5,q").
Figure [0 shows and it is easy to verify that
Py = (((p’i Vps) A Vpé) A (((pé Vps) Ad) vPi)- (7.1)
For i € [k], we define the following four quadruples:
PO = (¢ pl,pe,p8), T = (pl, ¢, P, ph) (7.2)
PO = hphgph), OV = (phph s g)) =70 (7.3)
Form a ([k] x [4])-by-4 matrix from these vectors as row vectors. So the
rows of this matrix are indexed by pairs taken from [k] x [4] and there are
four columns. The (i,v)-th row of the matrix is 7**). We claim that the
four columns of the matrix generate L. To prove this, we need to verify
both conditions given in Lemma The satisfaction of Condition of
Lemma follows from the second half of Lemma it also follows from
(7.1) and the first half of Lemma
Let & stand for the vector (&1, &2, &3, &4) of variables. To show that Condi-
tion (2 of Lemmaalso holds and to complete the proof of the theorem, it
suffices to define quaternary lattice terms f; , = f; ,(§) for (i,v) € [k] x [4]
such that for any (j, k) € [k] x [4],

Gy — )1 (G R) = (),
fZ,l/( ) - {OLj, lf (j, H) 7& (i,V). (74)

The term f; , that we define is of the form

Fin(€) = g (€) A FLO(E), where f19) is taken from (6.22). (7.5)
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(The superscript “(e)” in comes from “earlier”.) Note that almost all
of the terms we define in the rest of the proof are quaternary terms on 5 but
E will often be dropped. As the components in 7 are permuted
cyclically, we do the same with the variables of g; ,. So we define, in several
steps, gi.4; then, in harmony with 7, the rest of the terms g; , are
given by the following rules:

gi,l(g) = gia(&4, 61,82, 63), (7.6)
9i2(€) = gia(€1, 4,62, 63), and (7.7)
gi,B(g) = gi,4(£17£27£47£3)7 (78)

Keeping an eye on Figure EI, R = R" =: R(3,1) will also stand for Fj.
In the figure, 0% = Ops, 1% = ¢1 3, 2% = [2,0,—1], and 3% = [3,0,—1] are
already given. (As we have already mentioned, ¢ is not indicated in the
figure.) For all s € N*, we defined s%, € L; by induction as follows:

(s + 1) i= sk On 15 = (s V') A (b1 VEL) V0h) A (9L V 25). (7.9)
Clearly, for all s € N*, we have that s& = [s,0, —1] € L;; (7.10)

this follows also from Theorem [I.I] When defining lattice terms for a given
i € [k], ¢*" and ¢*** denote terms closely related to a point ¢ € Pi; we
usually drop ¢ if such a term does not depend on it. First, to get rid of
p} and bring ¢* in, we replace pj with the right-hand side of in every
expression in Figure @ In harmony with , , and Figure |§|, we let

Py =1i(€) = (((51 V&) A&) \/52) A (((52 VE)NE) V 51),
w* =w(€) = (& Vi) A V&), py=pi(€) =& forve 3], (T.11)
0%(€) == &, and for s € Ny, (7.12)
(s+1)" = (s+1)"(¢)
= (((3* V') A&V pi)) \/52) A (&1 V&) (7.13)

Let ¢35 =ci3(€) =1% and ¢ 5 = cj5(6) := 1" (&2, &1, &3, &a). (7.14)

So 0*,1*,2* ... are lattice terms, not numbers. Comparing (7.9), (7.10)),
(7.12)), and (7.13)), we obtain that for all j € [k] and s € Ny,

s (79) = [r,0,~1] =t € L. (7.15)

By construction and since the subscripts 1 and 2 share a symmetrical role,
for any j € [k] and ¢ € [4],

pi(FD) = pl, w'(F9) =, & 5(7) = o 5, & 5(F) = ch 5. (7.16)

To define further terms, we need to distinguish between two cases.
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First, assume that ¢; := |F;| is a prime number. We let
Py =p5(E) =Py A ()", (7.17)
**Z_pl HE) =it A (3™ VPtV ),
5" = p5™(€) == p3' A (5™ v pi' v YY), and
*“—p4 (€)= pi' A3 VTV DY),

We claim that for all ¢ € [4] and j € [k],

p{’ lf] =1,
Op, ifj#i.
To show this, observe that we know from and - that both
pi(F9)) = Oﬁ and (t;)*(79)) = (¢ )R are pomtb on the solid (magenta)
horizontal line pg \/p{ in Figure @ If j # 4, then Fj; 2 Fj, OJ # (t )R7 and
the meet of these two distinct points is pi* (7)) = ) = Or,. If j =1, then

in the lattice L;, p™ (7)) = { (7.18)

OJ and (¢ )R are equal, whereby their meet is p4*(7U)) = Og{ = p}. This

shows the validity of (7.18) for . = 3. Based on (7.16) and Figure [0} we
conclude ([7.18]) from its particular case ¢ = 3.

Second, we assume that F; = Q, the field of rational numbers. Every-
thing goes in the very same way as in the previous case when F; was finite
except that and the corresponding argument for the + = 3 case of
need some modifications. As a preparation to this task, with self-

explanatory substitutions and using the terms (7.11))—(7.14)), we turn (5.3)
with (7,7, k) = (3,1,2) into the quinary lattice term

reciia(@.§) = (((((@Vess) A i vps) Veis) )
A D5V )V 5, ) A 05V B).

With T := {|F}| : j € [k] and Fj is finite}, let

pi =€) = p A\ (b1 Vrecinn(t(9) ) (7.19)
teT

We claim that for . = 3 still holds. If i = j, then F; 2 Q and for every
t €T, t*(79)) = t}, is not the zero element of R/ = Q by (71F). Hence,
Lemma implies that recs,,(t* (7)) = rec§12(t§3) = (1/t)§3 belongs to
RJ. In particular, (1 /t)% is distinct from p’, the infinite point of the (solid
magenta) horizontal axis. This fact and the first equality in yield
that the join in turns into p? V (1/t)§%, which is the (magenta) solid
horizontal line in Figure As this line contains p3(F()) = pg, we have

that p3* (7)) = pé for j = 1, as required.
Now let us examine what happens if j # i. Then the prime number
|F | is in T and the join p} V rec312(t (E)) is one of the meetands in

1 ). By - t* (7)) = t] = sz = p}. We know from Lemmathat
recsia(p}) is pl. Thus, using again, the meetand pj V recj;,(t* (5))
turns into p1 \/p1 p1 when r(J ) is substituted for § Since p} turns into pj

after the substitution and p3 Apj = 0g,, we have that Pyt () = 0r;, as
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required. We have shown that for ¢ = 3 still holds. Based on ,
we conclude from its particular case ¢ = 3.

We have seen that not matter if F; is finite or not, holds for all
i,j €[kl and ¢ € [4] This allows us to let

6:a@) =\ 9 (7.20)
Lef4]

then ([7.6} , and (7-8) define g;, (€) for v € [3].

Since the “rotational symmetry” of f and that of , , and
(7.8) correspond to each other, it suffices to verify only for v = 4. So
we are examining f; 4(70%)) = g; 4(FU) A fie)(F(j’”)); see ([7.5).

First, assume that (j,x) = (¢,4). Then the definition of fie) in
does not depend on the underlying ﬁeld and neither the argument showmg
does, whence it follows from and ) that f (e) IR)) =
fic (_’(Z ) =1, = 1g,. All the Jomands in are the respectlve points
by (7.18). As these points are in general position, we have that g; 4(7(%) =

. Thus, fi4(”(j*")) = 1L , as ([7.4]) requires. Next, assume that (j, k) #
( ) If k # 4, then (6.23) and (6.24) give that (e)( FUR)) = 0r,, implying
that f; 4(70 "‘)) = OLJ,, as requlred. Ifj # i, then 8) implies that all the
joinands in ) turn into Oz, when 7 (%) is substituted for 5, whereby

gi a7 7, ””")) = ()L and 80 fi.a(T 7, "”")) = 0z, again, as required. Now that we
have proved ([7.4]), the proof of Theorem |3 H 3.3|is complete. O

Proof of Remark[3.7 It suffices to exclude that F' = Q(u) for some u € F.
Suppose the contrary and pick such a w. Then u is transcendental and
/80 = f(u)/g(u) for some polynomials f € Q[z] and g € Q[z]\ {0}. Since
u is a root of the polynomial f(z)%° — 80g(x)%° € Qlx], this polynomial
is 0. Hence, with a ¢ € Q such that g(q) # 0, 80 = (f(q)/g(q))®°. Thus
V80 = f(¢)/g(q) € Q, which is a contradiction, as required. O

Proof of Example[3.6. By the well-known multiplicativity of degrees and
the primitive element theorem, see for example Milne [I3], Proposition 1.20
and Theorem 5.1], F in Part (a) is ¢ = 1-generated. Hence, Part (a) follows
from and (3.8). As the elements j3; are independent, ¢ := f™"&(F) in
Part (b) equals 80 by the fundamental theorem on transcendence bases; see
for example Theorem 9 5 in Milne [I3]. Therefore, and imply
Part (b). and (3.8)) imply Part (c). To verify Part (d) for |F| = 19,
note that k = 102046 is smaller than u in by Tables If F=Q,
then k < pu = N is trivial. Hence, LF is 5-generated by (3.§). Since
fmre(A) = N, implies Part (e). Finally, even without Remark
Part (f) follows from and (3.8) since t = f™"¢(F) € {1,2}. O

8. APPENDIX: EXTRACTING GELFAND AND PONOMAREV’S RESULT
FROM ZADORI’S PROOF

A lot in this paper depends on Gelfand and Ponomarev’s theorem:
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Theorem 8.1 (Gelfand and Ponomarev [7]). If3 <n € N, K is a prime
field, and V. = K™ is the n-dimensional vector space over K, then the
subspace lattice L(K™) := Sub(V') has a 4-element generating set.

At the time of writing, the old website http://www.acta.hu/|of Acta Sci.
Math. (Szeged) provides free access to Zadori’s paper [22], while Gelfand
and Ponomarev’s proof seems to be less available. Thus, we recall Zadori’s
construction briefly and point out how it proves Theorem For more
details, see the extended arXiv:2401.00842 version of the present paper.

Given a prime field K, an expression like [—z,2,0,0, =2y, 2,2 4+ y]vs
stands for the subspace {(—,z,0,0,—2y,z,7 +y) € K" : ,y,2 € K}.
Letting ¢ := 1 in his paper [22], Zadori’s five subspaces turn into the fol-
lowing four subspaces.

Definition 8.2 (Zddori’s subspaces [22, ¢ = 1]). For n =2k + 1 > 3, let

tl = [0, PN ,O,xk+1,. .. ,$2k+1]vs,

to = [x1,...,2%,0,...,0ys,

ts = [z1,...,2k,0,21,...,Zk|ys, and
ty =15 1= [1‘1,...,$k7$17...,$k,0]vs.

Furthermore, for n = 2k > 4, let

t1 = [0, . .,0,$k+1, ce ,$2k]vsa

to = [x1,...,2k,0,...,0ys,

t3 = [x17...7.'15k,$1a---7xk]VS77 and
ta=t5 :=[0,22,..., 2k, T2,..., Tk, O]ys.

Proof of Theorem[8.1] (outline). For n = 3, {t1,...,ta} generates L :=
Sub(x K™) = Sub(P,(K)) by Lemmal6.9and Figure[J] The same holds for
all 3 <n € N, because the induction step from {n —2,n — 1} to n is the
same as in Z&dori [22], provided that we keep ¢ = 1 and let tg := ¢7 and
t12 := t11 there. This is how Zédori [22] offers a proof of Theorem O
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