A SELFDUAL EMBEDDING OF THE FREE LATTICE OVER
COUNTABLY MANY GENERATORS INTO THE
THREE-GENERATED ONE

GABOR CZEDLI

Dedicated to E. Tamds Schmidt on the occasion of his etghtieth birthday

ABSTRACT. By an 1941 result of Whitman, the free lattice FL(3) = FL(z,y, 2)
includes a sublattice FL(w) freely generated by infinitely many elements. Let
& denote the unique dual automorphism of FL(z,y, z) that acts identically on
the set {z,y, 2} of generators. We prove that FL(z,y, z) has a sublattice S
isomorphic to FL(w) such that §(S) = S.

1. INTRODUCTION AND OUR RESULT

For a nonempty set X, the free lattice over X will be denoted by FL(X) or
FL(]X]). We write FL(w) rather than FL(Xg). Finally, FL(x,y, z) or FL(3) stands
for FL({x,y, z}). By a classical result of Whitman [7], FL(w) is isomorphic to a sub-
lattice of FL(3). Actually, there are many copies of FL(w) in FL(3), because every
infinite interval of FL(3) includes a sublattice isomorphic to FL(w) by Tschantz [6].

Since both FL(3) and FL(w) are selfdual lattices, it is natural to ask if FL(w)
can be embedded in FL(3) in a selfdual way. Let 0: FL(z,y,2) — FL(z,y, z) be
the unique dual automorphism such that §(z) = x, é(y) = y, and 6(z) = z. Our
aim is to prove the following generalization of Whitman’s result.

Theorem 1.1. The free lattice FL(z,y, z) includes a sublattice S such that S is
isomorphic to FL(w) and 6(S) = S.

1.1. Method. Our proofis based on the following result of Whitman; it can also be
found in Crawley and Dilworth [1, 16.5], in Freese, JeZek and Nation [3, Corollary
1.13], and in Grétzer [4, Theorem 546]. To reduce the number of parentheses in the
paper, the join and meet operations will be written as addition and multiplication,
respectively.

Lemma 1.2 (Whitman [8]). A nonempty subsetY of FL(X) generates a sublattice
isomorphic to a free lattice if and only if for allh € Y and all finite subsets Z CY,
the following condition and its dual hold.

(1.1) hé¢ Z implies hﬁZz
2€Z

Apart from Lemma 1.2, our approach is self-contained and elementary.

2000 Mathematics Subject Classification. 06B25. Version: September 22, 2015.
Key words and phrases. free lattice, sublattice, dual automorphism.

1



2 G. CZEDLI

2. TERNARY TERMS

We borrow the following ternary lattice terms from Grétzer [4, Subsection VII.2.4].
a(z,y,z) =x(y +z) +y(z + 2)
b(z,y,2) = 2(y + 2) + 2(z +y),
c(z,y,2) = (x+yz) (y +22) = 0(a),
d(z,y,z) = (x +yz) - (2 + zy) = 6(b).
Unless otherwise stated, a := a(z,y,2), ..., d := d(x,y, z) are the corresponding
elements of FL(z,y,2). As usual, [a,b,c,d] denotes the sublattice of FL(z,y, 2)

generated by these elements. Part (A) of the following lemma is taken from [4,
Subsection VII.2.4], where the easy proof is left to the reader.

(2.1)

Lemma 2.1 (Gréatzer [4]).
(A) [a,b,c,d] is isomorphic to FL(4) and it is freely generated by {a,b,c,d}.
(B) Furthermore, 6(a) = ¢, d(c) = a, 6(b) = d, 6(d) = b and, consequently,
6(la, b, ¢, d]) = [a, b, ¢, d].
Proof. The equations d(a) = ¢, ..., §(d) = b are obvious. Let S = [a, b, ¢,d]. For
a lattice term t, let t* denote the dual term. If u € S, then u = t(a, b, ¢,d) for an
appropriate quaternary lattice term ¢. Since
§(u) = §(t(a,b,c,d)) = t*(8(a),8(b), 8(c), 6(d)) = t*(c,d,a,b) € S,
we obtain that §(S) € S and, consequently, S = §(6(S)) C 6(S). This proves
part (B).

To prove part (A), we use Lemma 1.2. It suffices to show that (1.1) holds for
{a, b, ¢, d}; then its dual also holds, because, say, a > bed would imply ¢ = d(a) <
§(b) +d(c) +6(d) = d+ a+b. The elements z,y, z in Ly given in Figure 1 witness
that the lattice identity a(x,y, 2) < b(x,y, 2) +c(z, y, 2) +d(z, y, 2) fails in L;. This
proves that a £ b+ ¢+ d in FL(z,y, z). Similarly, Ly in Figure 1 witnesses that
c¢a+b+din FL(z,y,z). The rest follows by interchanging y and z. O

Ll L2
X z
FIGURE 1. Lq and Lo

3. QUATERNARY TERMS
We define the following terms, which are also elements of FL(w, z, y, 2).

g1 =g1(w,z,y,2) = (w+2)y + 2)w + z(y + 2),

92 = g2(w, 2,9, 2) = ((zw + 2)y + z) - (w + 2y),
93 = g3(w, z,y, ):((x+yz+w)x+y(z—|—w)
91 = ga(w, z,y,2) = ((wz—|—yx—|—w) (z + yx),
g5 = gs(w, z,y,2) = ((y—|—z w—|—x)y—|—z(w—|—x)
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96 = gs(w, z,y,2) = ((zy +z)w + z) (y + a2w).

Besides the dual automorphism 04 of FL(w, z,y, z) with w — w, ..., z — 2z, we also
consider the lattice automorphism « of FL(w, z,y, z) with w — z, x — w, y — 2,
z +— y. Note that o and §4 commute and « o d4 is a dual automorphism. The aim
of this section is to prove the following lemma.

Lemma 3.1. In FL(w, z,y, 2), let S denote the sublattice generated by {g1, - .-, gs}-
Then {g1,...,96} freely generates S, that is, S = FL(6). Furthermore, the dual
automorphism « o dy acts on the generators of S as follows

(3.1) (91 92 g3 91 G5 ga>'
g2 g1 94 93 Gge G5

Consequently, (a0 dq)(S) = S.

FI1GURE 3. The equivalences w, x, y, z that generate Lg

Proof. The proof is similar to that of Lemma 2.1 in the sense that we use concrete
finite lattices to establish “£” as (1.1) requires. The statement on «ody is evident.
If, say, g1 > ¢293949596, then cvod turns this inequality into g2 < g1 + g4 +93 + g6 +
g5. This shows that it suffices to verify the validity of (1.1) from Lemma 1.2 for
{g91,...,96}, and we do not have to deal with the dual condition. The black-filled
elements of L3, Ly, and L5 in Figure 2 show that none of g1, g3, and g5, respectively,
is below the join of the remaining elements.

Next, to show the same for go, we define a larger lattice, Lg. The set of the
first fourteen hexadecimals will be denoted by U = {0,1,2,...,9, A, B,C, D}. Let
Equ(U) stand for the lattice of equivalences on U. To describe and denote an
equivalence © on U, we adopt the following convention. To give a non-singleton
block of ©, we simply list the elements of this block in increasing order, without
commas. Then, to describe ©, we list its non-singleton blocks separated by vertical
dashes, |, in the increasing order of their first elements. The least and greatest
element of Equ(U) will be denoted by A and V, respectively. We consider the
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following equivalences on U.
w = we = 02B|34]67|89|CD,
x =z = 02|1A4)34|567|89,
y =ys = 05|1D|6A|BC,
z = zg = 1D|23]45|78|9A|BC.

These equivalences are visualized by the graph given in Figure 3 so that, for
t € {we,xs,Y6,26} and u,v € {0,1,...,D}, (u,v) € t iff there is a t-colored
path connecting u and v in the graph. However, the calculations below need
not rely on this visualization. Let Lg be the sublattice of Equ(U) generated by
{wg, 6, Y6, 26} To ease our formulas and the figure, we usually write w, z,y, 2, g;
rather than wg, 26, ys, 26, 9i(We, T6, Ys, 26); this will cause no confusion, because we
work in Lg, not in FL(w, x, y, z). To help the reader in following the computations,
we often reference earlier equalities or inequalities over the relation signs.

To show that g2 < g1 + g3 + g4 + g5 + g6 fails in FL(w, z, y, 2), it suffices to show
that, for our equivalences, (0,1) € go but

(3:2) (0,1) ¢ g1 + 93+ g4+ g5 + go.
The containment (0, 1) € g is clear. To make our argument easier to read, we often
only write “<” where “=" also holds, because inequalities are easier to verify and
the equalities in question are not needed. Compute in Lg as follows.
(3.3) w+ 2 < 02B|1A|34]567|89|CD,
(3.4) (w—|—x)y3igA, ((w—|—x)y—|—z)w =zw=A,
(3.5) y+ 2z < 045|1D|23|69A|78| BC,
(3.6) g Ealy+2) E A=y,
(3.7) x4y < 012567AD|34|89|BC,
3.7
(3.8) (x+y)z < 1D|BC, (z+y)z+w <012BCD|34|67|89
3.8
(3.9) (z+y)z+w)z < 02]34/6789,
(3.10) z4+w < 012345BCD|6789A, y(z + w) < 05/1D|6A|BC,
3.9,3.10
(3.11) g3 < 025|1D|34|67A|89|BC,
(312)  (+2wi A, ((y+2)w+a)y=ay 20 A,
(3.13) 2w+ 2) E A =wz,
(311) g A,
(3.15) gs 2 (yzr +w) - (z + yx) 0wz LA,
(3.16) zw = 02]34]67]89, vy + zw < 025|1D|34|67A|89|BC,
3.16
(3.17) g6 < 025|1D|34|67A|89|BC.

By (3.6), (3.11), (3.14), (3.15), and (3.17), we obtain
g2 + -+ g6 < 025/1D|34|67A|89| BC,
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which implies (3.2). This settles (1.1) for gs.
Next, extend the permutation

w Ty =z
T Yy z w
to an automorphism 4 of FL(w, z,vy, z), and let g, = ~4(g;) for ¢ € {1,...,6}.
Observe that
(3 18) gi:gg, gé:g5a 9212925 9/6:.945
' 9o = ((yz +w)z +y) (@ +w2), g5=((z +w)z +y)z+w(z+y).

Hence, instead of verifying

(3.19) 91 £ 91+ g2+ g3 + g5 + g,

it suffices to verify g} € gi + g5 + g5 + g5 + g5 Thus, taking (0,1) € go = g4 and
(3.18) into account, it suffices to show that

(3.20) (0,1) ¢ g3+ 95 + g5 + g5 + ga.
We have to compute again.
(3.21) g5 i (wz + y)(z + wz) L3 BN,
(3.22) (2 4w)z < 02346789, (=+w)x+y < 025[1D|34]67A[89| BC,
(3.23) (z+w)z+y)z 352 1D|BC, w(z+y) 3§7 02|34]67|89,
(3.24) 4. < 02/1D|3467|89|BC.
We obtain from (3.11), (3.14), (3.15), (3.21), and (3.24) that
g3 + g + g5 + g5 + ga < 025|1D|34|67A[89| BC.

This implies (3.20) and settles (1.1) for g4.
Finally, extend the permutation

w T Yy 2z

Yy 2z w T
to an automorphism ~s of FL(w, x,y, z), and let g = ~6(g;) for i € {1,...,6}.
Observe that

/!

9 =95 99 =9, 935 =05 Gi=gs g5=g1, g5 =g2>(0,1).

Hence, to complete the proof by verifying gs € g1 + g2 + g3 + g4 + g5, it suffices to
show that (0,1) ¢ g5 + g6 + g5 + g5 + g1. But this is clear, because (3.6), (3.14),
(3.17), (3.21), and (3.24) yield that

g5 + g6 + g5 + g5 + g1 < 025|1D|34|67A|89| BC. O

4. A DIAGONAL CONSTRUCT AND THE END OF THE PROOF

First, we describe our construction. In FL(z,y, z), we let

y1=a, ya=c¢, y3=0b, ys=d, and So=[y1,¥y2,¥3, v4l;
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see (2.1). We are going to work in Sp. As usual, N stands for the set {1,2,...} of
positive integers. For n € N and i € {1,2,...,6}, we define an element z' € Sy by
induction as follows. First, with the quaternary terms from Section 3, we let

i = gi(y1,92, Y3, ya), forie {1,...,6}.
Then, for n € N, we let

n+1

Z;

= gi(x5, 2y, x5, x5), fori e {1,...,6}.

Finally, consider the following “diagonal” sublattice of Sy:

_ 1 .1 2 .2 n ..n n+1l _n+l
Seo = 271,23, X1, 25,..., a7, xy, o1 x5 ...
“Diagonal” refers to the following natural arrangement; since no quaternary term
is applied for 7 and z3, they have no “descendants” below themselves. However,
the proof does not rely on this arrangement.
1 o1 .1 1 1 1
7 x5 3:% 3:% azg azg .
Ty Ty T3 Ty Ty Tg
3 3 .3 .3 .3

3 xy i ay o ad
Clearly, the following lemma completes the proof of Theorem 1.1.

Lemma 4.1. Sy is freely generated by the set {z7 : n € N} U{z} : n € N}.
Furthermore, §(z7) = z% and 6(x4) = ¥ holds for all n € N and, therefore,

3(S0) = S
Proof. By Lemma 2.1, Sy is freely generated by {y1,...,v4} and

(4.1) 6(yr) =v2, O(y2) =wy1, O(ys) =ya, O(ya) =ys.
Combining (3.1) with (4.1) and the definition of the x}, we obtain that § acts on
the set {z1,..., 74} as indicated with n = 1 by the matrix
o CEEFER
xy oz oz} xf xf b
Clearly, {z}, ..., z}} freely generates a sublattice, because, by Lemma 3.1, so does

a larger set, {x},...,x{} and the validity of (1.1) is inherited by subsets. We claim
that for all n > 1,

d acts on the set {a7,..., 2§} as given by (4.2)

(4.3) and {z%,..., 2§} freely generates a sublattice.

For n = 1, we have already seen this. For an induction step, assume that (4.3)
holds for an n € N. Since the validity of (1.1) is inherited by subsets, {z%,..., ¢}
freely generates a sublattice 7. By the induction hypothesis, d acts on the free
generators of T in the same way as « does on the generators of FL(w, z,y, z) in
Lemma 3.1. Hence, Lemma 3.1 yields the validity of (4.2) for n + 1 and so (4.3)
holds for n + 1. This proves (4.3) for all n € N.

As a consequence of (4.3), we obtain §(z7) = 2% and §(z5) = a7 for all n € N,
and s0 0(Se0) = Seo-

Next, for n € N, consider the following “semi-diagonal” set

o 1 1 2 2 n—1 n—1 n n n n n ..n
Xﬂ_{‘rlax2a $1,$2,...,$1 ,$2 ) $1,$2,$3,$4,$5,$6}.
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We claim that, for n € N,
(4.4) X, freely generates the sublattice [X,,] of Sp.

Forn =1, X; = {x1,...,2{}, and since Sy is freely generated by {91, ...,ys}, (4.4)
follows by Lemma 3.1. For the induction step, assume (4.4) for some n € N. Let
zi = gi(xh, xy, 22, xg), for i € {1,...,6}. Since the problem is selfdual, it suffices
to show the validity of (1.1) for

o 1 1 2 2 n—1 n—1 n n
XﬂJrl _{xlax% Ty, Loy -3 Ty Ty 5 T, Lo, Zla"'azﬁ}'

That is, we have to show that no element u of X,,4+1 is below the join of the rest.
Suppose, for a contradiction, that u € X,,+1 and

(4.5) u < Z S.
SE€EXnt1\{u}

There are two cases; either u ¢ {z1,..., 2}, or u € {z1,...,26}.

First, assume u ¢ {z1,...,26}. Observe that u € X,,. Let 2 = {0,1} denote
the 2-element lattice. Since X, freely generates [X,,] by the induction hypothesis,
there is a unique homomorphism ¢: FL(X,,) — 2 such that ¢(u) = 1 and, for all
v € X, \{v}, ¥(v) = 0. In particular, since u € Xp41 but 2%, ...,z ¢ X, 41, these
four elements are distinct from uw and we have ¥(z§) = --- = ¢(zg) = 0. Hence,
fori € {1,...,6}, ¥(z) = g:(¥(2]),...,¥(xf)) = ¢:(0,...,0) = 0 € 2. Thus, ¥
maps all the joinands s in (4.5) onto 0 while ¢(u) = 1. This is impossible since v
is order-preserving.

Hence, we can assume that u = z; for some j € {1,...,6}. Since X, is a
free generating set by the induction hypothesis and {z%,...,z¢} C X,,, we obtain
(trivially or by Lemma 1.2) that {z%,...,zg} freely generates a sublattice H in
So. Let 7: [X,,] — H be the unique homomorphism that extends the map X,, —
{z%,..., 28} defined by

AT ifr e {«f,..., 28},
afcfeley =0p, ifr ¢ {«f, ... zg}.

For i € {1,...,6}, 7(z) = gi(7(2}),...,7(2g)) = gi(a},....a8) = z. Ifr e
Xn+1\{#1,...,2}, then 7(r) = 0g. Hence, applying 7 for (4.5), we conclude that
zj =u < Zi# z;. This is a contradiction, because {z1,..., 24} freely generates
a sublattice in the free lattice H = FL(4) by Lemma 3.1. This completes the
induction step, and we have shown (4.4) for all n € N.

Finally, let Xoo = {2} : n € N} U {2} : n € N}. Observe that every finite
subset of X, is a subset of some X,,. Hence, trivially or by Lemma 1.2, X, freely
generates S . (]

As a final remark, we note that the elementary proof of Lemma 3.1 was motivated
by [2]. For another application of [2], see Skublics [5].

REFERENCES

[1] P. Crawley and R. P. Dilworth, Algebraic Theory of Lattices, Prentice-Hall, Englewood Cliffs,
NJ (1973).

[2] G. Czédli, A visual approach to test lattices, Acta Univ. Palacki. Olomuc., Fac. rer. nat.,
Mathematica, 48 (2009), 33-52.

[3] R, Freese, J. Jezek and J. B. Nation, Free lattices, Mathematical Surveys and Monographs
42, American Mathematical Society, Providence, RI (1995).



8 G. CZEDLI

[4] G. Grétzer, Lattice Theory: Foundation, Birkhauser, Basel (2011).
[5] B. Skublics, Lattice identities and colored graphs connected by test lattices, Novi Sad J.
Math., 40 (2010), 109-117.
[6] S. T. Tschantz, Infinite intervals in free lattices, Order, 6 (1990), 367—388.
[7] Ph. M. Whitman, Free lattices, Annals of Math., 42 (1941), 325-330.
[8] Ph. M. Whitman, Free lattices. II, Annals of Math., 43 (1942) , 104-115.
E-mail address: czedli@math.u-szeged.hu
URL: http://www.math.u-szeged.hu/"czedli/

UNIVERSITY OF SZEGED, BOLYAI INSTITUTE, SZEGED, ARADI VERTANUK TERE 1, HUNGARY
6720



