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ABSTRACT. As the main result of the paper, we construct a three-generated, 2-
distributive, atomless lattice that is not finitely presented. Also, the paper con-
tains the following three observations. First, every coatomless three-generated
lattice has at least one atom. Second, we give some sufficient conditions imply-
ing that a three-generated lattice has at most three atoms. Third, we present
a three-generated meet-distributive lattice with four atoms.

1. RESULT AND INTRODUCTION

Our main goal is to prove the following theorem; the corresponding (widely
known) definitions are postponed to Section 2.

Theorem 1.1. There exists a three-generated lattice L such that

(i) L has no atom,
(ii) L is 2-distributive, and
(iii) L is not finitely presented.

In the proof of this theorem, a three-generated lattice L satisfying (i)—(iii) will
concretely be constructed. Also, we are going to verify two observations.

Observation 1.2. Let L be a lattice generated by a three-element subset {ag, a1, as}.

(i) If this three-generated lattice has no coatom, then it has at least one atom.
(ii) With the notation k = |{(4,5) € {(0,1),(0,2),(1,2)} : a; Aa; # ap Aa1 Aas},
if k € {2,3}, then L has exactly k atoms.
(iii) If L is modular, then L has at most three atoms and it has at least one.

Note that (i) above is a particular case of Freese [20, equation (10)]; see also
Freese and Nation [22, Theorem 2-7.2]. Also, (ii) can be proved in a straightforward
manner using the techniques of [20]. Postponing the definitions to Section 2 again,
we formulate the second observation as follows.

Observation 1.3. There exists a twelve-element three-generated meet-distributive
lattice with exactly four atoms.

Date: (Always check the author’s website for possible updates!) November 21, 2020.

2000 Mathematics Subject Classification. 06B99.

Key words and phrases. Three-generated lattice, number of atoms, coatom, atomless lattice,
herringbone lattice, n-distributive lattice, 2-distributive lattice, non-finitely presented lattice, con-
vex geometry, meet-distributive lattice, semidistributive lattice, semimodular lattice.

This research was supported by the Hungarian Research, Development and Innovation Office
under grant number KH 126581.



2 G. CZEDLI

Outline. Section 2 gives some basic definitions and recalls some facts motivating
the present paper. In Section 3, we prove Theorem 1.1; Remark 3.1 on the her-
ringbone lattice and Lemma 3.2 of this section can be of separate interest. Finally,
Observations 1.2 and 1.3 are proved in Section 4.

2. BASIC CONCEPTS, MOTIVATION, AND SOME RELATED RESULTS

A sublattice S of a lattice L is proper if S # L. A lattice L is three-generated
if it has a three-element subset {a1,as,as} such that {a1,as,a3} C S holds for
no proper sublattice S of L. For an element a in a lattice L, the principal ideal
{z € L:x < a} and the principal filter {x € L : a <z} will be denoted by |a and
Ta, respectively. Note that a is an atom (of L) iff ||a] = 2, and it is a coatom iff
[Ta] = 2. Let At(L) stand for the set of atoms of L.

The class L3.gen 0Of three-generated lattices is quite large and involved. For
example, this class contains 2%° many non-isomorphic members and every lattice
L of size at most Xy is a sublattice of a lattice in L3 gen; see Crawley and Dean [6,
Theorem 7]. As a related result, it was proved in Czédli [13, Corollary 1.3] that
every finite lattice can be embedded in a finite member of L3.gen. However, for each
three-generated lattice L that the author has ever seen in the literature, including
Czédli [13], Davey and Rival [16], Freese, Jezek, and Nation [21], Gréatzer [24], and
Poguntke [37], we have that |At(L)| € {1,2,3}. Now, from Theorem 1.1(i) and
Observation 1.3, we learn that |At(L)] =0 and |At(L)| = 4 are also possible.

We know more about the atoms of four-generated lattices than those of the three-
generated ones. Four-generated lattices can have very many atoms; without seeking
completeness, we only list some relevant results and facts below. Finite equivalence
lattices have many atoms and these lattices are four-generated by Strietz [41]; see
also Zadori [43] for a nice proof. The lattices of quasiorders over finite base sets
A with |A] > 10 are also four-generated and have many atoms by Czédli [12]
and Czédli and Kulin [14], and there are also analogous results over infinite base
sets in [12], [14], and Czédli [8, 9]. There are modular examples as well since
the subspace lattice L(n, F') of an n-dimensional vector space over a prime field
F is four-generated for every integer n > 3 by Gelfand and Ponomarev [23]; see
also Zadori [44] for an analogous result and an overview. Two particular cases
are worth mentioning about these four-generated lattices: if F' = Q, the field of
rational numbers, then L(n, F') has Rp-many atoms while if n = 3, then L(n, F') is
generated by four of its atoms by Herrmann and Huhn [25]. As one would expect,
there are four-generated lattices without atoms. In view of Observation 1.2(i), the
following result proved by Freese [20, Section 6], see also Freese and Nation [22,
Theorem 2-7.5], is worth mentioning: there exists a four-generated lattice that has
no two-element interval at all; clearly, this lattice is atomless and coatomless.

The theory of meet-distributive lattices goes back to Dilworth [17]; see also
Adaricheva, Gorbunov, and Tumanov [2], Edelman [18], Edelman and Jamison [19],
and other papers referenced by [10]. These lattices are the lattice theoretical coun-
terparts of abstract convex geometries. By definition, a finite lattice L is meet-
distributive if for each x € L, there is a unique minimal set Y of join-irreducible
elements such that x = \/{y : y € Y'}. Many other definitions are listed in Mon-
jardet [36]. A survey and some more definitions are given Czédli [10]; see Lemma
7.4 and the dual of Proposition 2.1 there. Yet another description of these lattices
is provided by the dual of Proposition 6.1 of Adaricheva and Czédli [1].
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The concept of n-distributive lattices was introduced by Huhn [26, 27]. Due to
its links to von Neumann’s coordinatization theory, see Herrmann and Huhn [25],
to convex geometry, see Huhn [29] and Libkin [32], and to various questions in
lattice theory, see, for example, Huhn [28], this concept soon became important in
lattice theory. While 1-distributive lattices are the usual distributive ones and well
studied, 2-distributive ones are of special importance; see, for example, Jonsson
and Nation [30]. Here we only define 2-distributivity; a lattice L is 2-distributive if

AoV Vy) < (@A Wo V) VI(zA( V)V (zA (Y Vi) (2.1)

holds for all z, yo, y1,y2 € L.
A lattice L is finitely presented if there is a positive integer n and there are

finitely many n-ary lattice terms f1, fi’, ..., f{, f{’ such that L is isomorphic to
t
FL(z1,22,...,2,)/6, where © := \/ con(f{(Z), fI' (%)), (2.2)
i=1

FL(:cl,acg, .. .,xn) =: FL(n) is the lattice freely generated by the n-element set
{z1,x2,...,z,} in the variety of all lattices, & abbreviates (x1, x2, . .., x,), con(u, v)
denotes the least congruence collapsing u and v, and the join is taken in the lattice
of all congruences of FL(n). In other words, quotient lattices of finitely generated
free lattices modulo finitely generated congruences are said to be finitely presented.
Our standard notation for the lattice in (2.2) is

FL(u1, ... un ¢ fi(3) = f{' (@), ..., fj(@) = f;/(@)); (2.3)

here u; is x;/0, @ = (u1,...,up), and the lattice is generated by {ui,...,un}.
Note that every finite lattice is finitely presented. Usually, being finitely presented
is considered a positive property. In case of finitely generated infinite lattices, it
is the lack of this property that we consider positive in this paper, because we feel
that taking an infinite join in (2.2) allows us to encode more information in © and
to obtain a more structured and less complicated FL (:cl, .. .,xn) /O in many cases.

3. PROVING THE MAIN RESULT

In this section, we prove our main result, Theorem 1.1. Also, this section contains
Remark 3.1 and Lemma 3.2, which can be of separate interest.

Proof of Theorem 1.1. Let H be the herringbone lattice in the middle of Figure 1.
Note that His in the figure is defined in (3.13) later but it is not used in the current
proof. The herringbone lattice has played important roles in several papers includ-
ing Bauer and Poguntke [3], Poguntke [37, Figure 10], Poguntke and Sands [3§],
Rival, Ruckelshausen, and Sands [39], Rolf [40], and Wille [42]. We know from
these papers that

H is a three-generated lattice and it is generated by {a, b, c}, (3.1)

that is, by the black-filled elements in the figure; for later reference, we are going
to prove this fact below in few lines. Let £ := (z,y,2). For each u € H, we are

—

going to define a ternary term g, (£) by induction with the purpose that
gu(a,b,c¢) = u should hold in H for all u € H. (3.2)
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9ao(§) = ga(§) =1, 9(€) =1, (33)
9er (€) = go(€) =2, 900 (&) = 9a(€) V u(€), (3.4)
90() = ga(€) A gs(€) A ge(£), 9 (€) = () V ge(£), (3.5)
Gaz: (€) = 9a(€) A Ggui_ (), a2 (€) = Gaz, (€) V g0 (€), (3.6)
Geair (€)= 9e(€) A g (€), asi11 (€)= Geary (€) V g (€). (3.7)

It is clear by Figure 1 that (3.2) holds, whereby H is indeed generated by {a, b, c}.
In the direct square H x H, after letting u = (a,b), v = (b, a), and w = (¢, ¢),

we define L as the sublattice generated by {u,v, w}. (3.8)

Clearly, L is a three-generated lattice by its definition; we are going to prove that
it has all the required properties.
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FIGURE 1. The herringbone lattice H and © in the middle; H/©
and Hio on the left; H, ¥, and H/V on the right

In order to show that L has no atom, first we show that

if (x1,22) € L such that either 1 € H \ {0} and x; is
not an atom in H, or z2 € H \ {0} and z3 is not an (3.9)
atom in H, then (21, z2) is not an atom in L.

By symmetry, it suffices to deal with the case when the premise of (3.9) stipulates
a condition on z;. So we assume that z; € H \ {0} is not an atom in H, and pick
an element d € H such that 0 < d < x1. Then there is a ternary lattice term ¢ such
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that d = t(a, b, ¢). Since
(l‘l, 1‘2) A t(ﬂ, 6; {D) = (l‘l, 1‘2) A (t(aa ba C)a t(ba a, C))
= (z1 At(a,b,c),za At(b,a,c)) = (d,z2 At(b,a,c))

is strictly less than (z1, z2) and it is not (0,0), we conclude that (z1,z2) is not an
atom in L. This proves (3.9).

Next, we consider the equivalence relation © on H whose blocks are A = {a =
0',0,0,2,0,4,0,6,...}, B = {b}ﬂ C= {C - Clac3a05a"'}a Q = {qoaqlanana"'} and
Z = {0}, as it is indicated by dotted ovals in the middle of Figure 1. Clearly, © is
a congruence and the quotient lattice H/O is M3 = {Z, A, B, C, Q}; see at the top
left of Figure 1. Let ¢p: H — M3 denote the natural projection, that is, p(z) = A4
iffx e A p(z)=Bif x € B, ..., p(z) = Q iff x € Q. We claim that for every
ternary lattice term ft,

t(a,b,c) = b implies that t(b, a,c) € A, and }

t(b, a,c) = b implies that t(a,b,c) € A. (3.10)

In order to show this, let ¢): M3 — M3 denote the unique automorphism of M3 such
that ¢(A) = B, ¥(B) = A, and ¢(C) = C. Assume that t(a,b,c) = b. Applying
¢ to this equality, we obtain that t(A, B,C) = t(¢(a), ¢(b), ¢(c)) = ¢(t(a,b,c)) =
©(b) = B. Hence, using that both ¢ and 1 commute with ¢ and that u € ¢(u) for
every u € H (by the definition of ¢), we can compute as follows.

t(ba a, C) € (p(t(b, a, C)) - t((p(b), 90(0’); ¢(C)) - t(Ba A, C)
=t(¥(A4),¥(B),¢(C)) = ¥(t(A, B,C)) = (B) = A.

This proves the first half of (3.10). The second half follows similarly. Alterna-
tively, the second half follows immediately by applying the first half to the auxiliary
ternary term ’t\(:c, y,2) := t(y, x, z). Therefore, (3.10) holds.

Next, for the sake of contradiction, suppose that L has an atom (z1, z2). For an

appropriate ternary lattice term ¢, we have that (x1,22) = t(u, v, w), that is,
x1 =t(a,b,c) and xo=1(b,a,c). (3.11)

Since (1, z2) is an atom, at least one of z; and x2 is nonzero. First, assume that
xg # 0. Then (3.9) yields that zy is an atom in H. Since b is the only atom
of H, we obtain that ¢(b,a,c) = b. Hence, the second half of (3.10) implies that
x1 =1t(a,b,c) € A. Using that 0 ¢ A, (3.9) gives that z; is an atom in H. This is
a contradiction since A, being an infinite descending chain, contains no atom of H.
Second, the assumption z; # 0 leads to the same contradiction similarly; the only
difference is that now the first half of (3.10) is needed. We have shown that part
(i) of Theorem 1.1 holds, that is, L has no atom.

We say that a lattice K = (K; V, A) is of breadth at most 2 if for every nonempty
subset X of K, there are x1,z2 € X such that \/ X = 1 V z2. It belongs to the
folklore that

every planar lattice is of breadth at most 2. (3.12)

Since we had no direct reference to this fact while writing Czédli, Powers, and
White [15, see (1.6) in it], we presented a proof of (3.12) there. A shorter proof
can be obtained by combining Lemma 3.12(B,C) (cited from Kelly and Rival [31])
and Proposition 3.13(A) of Czédli [11]. Note at this point that a planar lattice
is finite by definition. We claim that the herringbone lattice H is of breadth at
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most 2. Clearly, this property only depends on the join-semilattice reduct (H;V)
of H= (H;V,A). For a positive integer m, let

H,, ={a;:0<i<mand 2|i}U{q :0<i<m}

U{c;:0<i<mand?2 Ji}U{0,b}. (3.13)

For m = 12, H,, is given on the left of Figure 1. Clearly, H,, is a join subsemilattice
of (H;V) and H is the (directed) union of these subsemilattices. Hence, to show
that (H;V) is of breadth at most 2, it suffices to show that so are the (H,,;V)
for all integers m > 1. But this holds by (3.12), and we conclude that the lattice
H = (H;V,A) is of breadth at most 2. This property of H trivially implies that

H is 2-distributive. (3.14)

Since lattice identities are preserved by forming direct squares and taking sublat-
tices, we conclude that L is 2-distributive, proving part (ii) of Theorem 1.1.

Next we recall a part of Corollary 3.2 from Mayr and Ruskuc [35]; we omit the
middle sentence from this corollary and we give a concise formulation. If an algebra
C is a subdirect product of algebras A and B, then C is a subalgebra of A x B and
the restrictions of the projections Ax B — A, defined by (z,y) — z, and AxB — B
to C, defined by (x,y) — y, will be denoted by 74 and 7p, respectively. Note that
(3.15) below tailors a condition on 7 (ker(mw4) V ker(rg)), but we will not have to
understand what this congruence means when (3.15) is applied to our situation.

Assume that C' is a subdirect product of A and B in
a congruence modular variety, C' is finitely presented,
and the congruence mwp(ker(mwa) V ker(wp)) of B is
finitely generated. Then A is finitely presented.

(3.15)

As it is clear from (3.15) and from the rest of Mayr and Ruskuc [35], the connection
between the finite presentability of subdirect products and that of their subdirect
factors is more complicated than we could, possibly, expect. This is so even if direct
products rather than subdirect ones are considered; see Mayr and Ruskuc [34].

In order to make (3.15) applicable for our purpose, we are going to prove the
following two statements:

The herringbone lattice H is not finitely presented, (3.16)

and every congruence of H is finitely generated. (3.17)

For the sake of contradiction, suppose that (3.16) fails. This means that H is
finitely presented, whence it is of the form

H =FL(uy,...,uy: fi(@) = f{'(@),..., fi(@) = f'(©)), (3.18)
where n,t € Nt @ = (u1,...,u,), and the f/ and f/’ are n-ary lattice terms; see
(2.3) for more details about this notation. Since H is generated by {u1,...,un},
there are n-ary lattice terms hg, hy, and h. such that

he() =a, hp(@) =b, and h(d)=c holdin H. (3.19)

Next, we are going to use H,, defined in (3.13) for each m € NT. Note that H,, is
join-subsemilattice but not a sublattice of H; however, H,, happens to be a lattice
with respect to the ordering inherited from H. It is straightforward to see that

{PANq:p,g€ Hu} U{pVq:p,q€ Hn} C Hpyr (3.20)
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holds for every m € NT. Since only finitely many elements u; and finitely many
terms f7, f7', ha, he, and h. occur in (3.18)-(3.19), and these terms contain only
finitely many join and meet operation signs, it will soon follow from (3.20) that we
can choose an integer m € NT such that

|H,,| > 10, {a,b,c,u1,...,un} € H,, and, for every j €
{1,...,t}, the equality f}(@) = f} (i) holds in the lattice Hy, (3.21)
as well as the equalities h, (%) = a, hy(@) = b, and h.(d) = c.

Indeed, we can pick an mg such that {a,b,c,u1,...,un} C Hy,,. Let, say f1(Z) =
((:cl A xz2) V (x3 A x4)) A x5 A zg. (This is an example carrying the general idea
satisfactorily.) In the next few lines while we are proving (3.21), V and A are
understood in H. With m; := mg + 1, it follows from (3.20) that H,,, contains
u1 A ug and usg A ug. Since it is a join-subsemilattice of H, H,,, also contains
(u1 Aug) V (ug Aug). In the next step, with mg :=my + 1, we conclude by (3.20)
that H,,, contains ((u1 Aug)V (us \/U4)) Awus. In the next step, with mg := mo+1,
we obtain similarly that H,,, contains ((u3 Auz) V (uz V ug)) Aus Aug = f1(i).
We can proceed similarly by increasing the subscript of H one by one, and finally
we obtain a subscript m large enough such that all terms occurring in (3.21) and
their subterms behave in the same way in H,, as in H. If |H,,| > 10 fails, then we
can increase m. This proves (3.21).

Ficure 2. T, T', T, and FL(z,y,z : y < z)

Observe that as the inductive definition of the terms occurring in (3.3)—(3.7)
proceeds, the subscripts of subscripts are increased one by one. Hence, {a,b,c}
generates the lattice H,,. Combining this fact with the last three equalities of
(3.21), we obtain that {ui,...,u,} also generates H,,. By (3.21), {u,...,up} is
such a generating set of H,, that satisfies the “defining equalities” f/ (@) = f/' ()
occurring in (2.3). Therefore, by von Dyck’s theorem, H,, is a homomorphic image
of H. Hence, we can

pick a congruence ¥ of H such that H/¥ = H,,. (3.22)

It is well known that the blocks of ¥ (as well as those of any congruence) are convex
sublattices; see, for example, Grétzer [24, Lemma 3.10]. Since H,, is finite but H is
not, ¥ has at least one non-singleton block. Using that each non-singleton interval
of H has a prime interval [p,r] (that is, an edge p < r in the diagram), it follows
that ¥ collapses an edge [p, r]. There are three cases depending on the orientation
of the edge [p, r] in the middle of Figure 1.

Case 1. We assume that [p, r| is parallel to [ao, qo]. Clearly, [p, 7] is up-perspective
to [ao, qo], that is, agAr = p and agVr = go. Since perspective intervals generate the
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same congruence and so they belong to the same congruences, (a, qo) = (ao, qo0) € V.
This containment and b < gy give that b/¥ < a/W. Clearly, H/V is generated by
{a/WV, b/, c/V} since {a,b,c} generates H. Thus, H/¥ is a homomorphic image
of the finitely presented lattice FL (:c, Y, z2:y < :c), which consists of nine elements
by, say, Grétzer [24, Figure 6]; see also on the right of Figure 2. This contradicts
|H/¥| = |H,y,| > 10 and excludes this case.

Case 2. We assume that [p,r]| is parallel to [c1,¢1]. Then, analogously to the
previous case, b/¥ < ¢/¥ and so 10 > |H,,| = |[H/¥| < [FL(z,y,z: y < 2)| =9 is
a contradiction excluding this case.

For later reference, let us summarize that

if ¥ collapses an edge parallel to }

[0, o] or [c1, 1], then |H/W| < 9. (3.23)

Case 3. We assume that no edge collapsed by ¥ is parallel to [ag, go] or [c1, ¢1].
If [p,r] in on the (geometric) line through a = ag and as or through ¢ = ¢; and
cs, then [p,r] is perspective to a vertical edge on the (vertical) line through 0 and
qo, and this vertical edge is also collapsed by ¥. So we can assume that [p,r] is a
vertical edge. We can also assume that r is maximal (with respect to the lattice
ordering). If we had that r = b, then ¥ would collapse the edge [0,b] = [p, 7],
whereby H,,, = H/¥ would be a homomorphic image of the five-element lattice
FL(:c,y,z ry <z, oy < z), contradicting |H,,| > 10. Hence, [p, 7] = [qx+1, qx] for
some k € Ng := NT U {0}. By a covering pentagon of H we mean a five-element
nonmodular sublattice {o,u,v,w,i} such that o < ©v < w < i and 0 < v < 4
the covering relation is understood in H. A congruence is nonzero if it is distinct
from the equality relation. It is well known that every nonzero congruence of the
pentagon collapses its monolith edge [u,w]. Hence, whenever the restriction of ¥
to a covering pentagon {o, u, v, w, i} is nonzero, then ¥ collapses the monolith edge
[u, w] of this pentagon. Clearly, if j € NT is odd, then {c;i2,¢jt2,¢j, qj41,¢;} 18
a covering pentagon with monolith edge [gj42,¢;j4+1]. Similarly, if j € Ny is even,
then {a;42,gj+2, aj, ¢j+1, 5} is a covering pentagon with monolith edge [g;j+2, gj+1].
Therefore,

for every j € Ny, if (gj,q5+1) € ¥, then (gjt1,qj+2) € ¥. (3.24)

It follows from (3.24) and by the maximality of » = ¢y that {qk, qrx+1, qk+2, .-}
is a block of ¥. So are {a; : j > k and j is even} and {¢; : j > k and j is odd}
because of perspectivities; see on the top right of Figure 1, where k = 7. Using that
Cases 1 and 2 are now excluded as well as (0,b) € ¥ is, we obtain that the rest of
the W-blocks are singletons. Hence, it follows that {0/, b/v, ax4+1/V, ek /¥, qi/v¥}
is a covering M3 sublattice of H/W if k is odd; see the bottom right of Figure 1.
Similarly, {0/4,b/¢, a /¥, cky1/ ¥, qx/1} is a covering Ms sublattice if k is even.
Hence, regardless the parity of k, H/¥ has three atoms such that any two of these
atoms have the same join. Since H,, fails to have this property, it cannot be
isomorphic to H/W. This contradicts (3.22) and so Case 3 is excluded.

All the three cases have been excluded. Therefore, we are in the position to
conclude the validity of (3.16).

While dealing with Case 3, we saw that if a nonzero congruence ¥ is in the
scope of this case, then H/W is a homomorphic image of the five-element lattice
FL (:c, yz:y <z y< z) or (up to isomorphism) it belongs to a family of finite
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lattices; one member of this family is given at the bottom right of Figure 1. This fact
together with (3.23) yield that for every nonzero congruence ¥ of H, the quotient
lattice H/W is finite. In particular, then H/W has only finitely many congruences.
Using the well-known Correspondence Theorem, see Theorem 6.20 in Burris and
Sankappanavar [5], we obtain that for every nonzero congruence ¥ of H, there are
only finitely many congruences larger than ¥. We are in the position to claim that

every congruence of H is finitely generated. (3.25)

Indeed, let ¥ be a congruence of H. Since the zero congruence is finitely generated,
we can assume that U is nonzero. Pick a pair (d1,e1) € ¥ such that di # e;. Then
U, is a finitely generated nonzero congruence and ¥; < W. If ¥y := con(dy,e1) <
U, then pick a pair (ea,ds) € U\ Uy, If Uy := Uy Veon(ds, ex) < ¥, then pick a pair
(e3,ds) € U\ Wo, and so on. Since there are only finitely many congruences larger
than the nonzero congruence ¥y, we cannot find infinitely many pairs (d;,e;) €
U\ ¥, in this way. Hence, ¥ = ¥, 1 = con(dy,e1)V---Vcon(d;_1,e;—1) for some
i, proving (3.25).

Finally, lattices are congruence modular since they are even congruence distribu-
tive. This fact, (3.25), and the fact that L is a subdirect product of H with itself
yield that (3.15) is applicable with (L, H, H) playing the role of (C, A, B). For
the sake of contradiction, suppose that L is finitely presented. Then so is H by
(3.15). This contradicts (3.16) and proves part (iii) of the theorem. The proof of
Theorem 1.1 is complete. (I

For possible later reference, we combine (3.1), (3.14), (3.16), and (3.17) as fol-
lows.

Remark 3.1. The herringbone lattice H, see Figure 1, is 3-generated, 2-distributive,
it is not finitely presented, and each of its congruence relations is finitely generated.

As an anonymous referee has pointed out, the following lemma is an easy con-
sequence of its well-known validity for the free lattice on three generators; see, for
example, Freese, Jezek, and Nation [21] or Grétzer [24]. (In these sources, the case
of n free generators with n > 3 is also settled.) It is also easy to see that the proof
known for the 3-generated free lattice works for every 3-generated lattice, and this
is how we are going to prove the lemma below.

Lemma 3.2. Let L be a lattice generated by a three-element subset {a1,as,as}.
If i, j, and k are subscripts such that {i,j,k} = {1,2,3}, then the following two
assertions and their duals hold.

(1) If ai ANaj £ ax or, equivalently, a; A aj # 0, then L is the disjoint union of
1(ai A aj) and |ag.
(i) If a; A aj is distinct from 0, then it is an atom of L.

Proof. Since 0 = a; A aj A ay, the condition a; A a; £ ai is clearly equivalent
to a; A aj # 0. Assuming this condition, the filter T(a; A a;) and the ideal |ag
are obviously disjoint. It is also clear that their union is a sublattice. Since this
sublattice contains a;, a; and ag, it equals L, proving (i). Next, for the sake of
contradiction, we suppose that a; A a; # 0 but there is an element d € L such that
0<d<a;Aaj. Since d ¢ 1(a; A aj), part (i) implies that d € |as. However, then
0 <d<a; ANaj Aap =0, which is a contradiction. O
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4. THE PROOFS OF OUR OBSERVATIONS

Proof of Observation 1.2. Assume that L has no coatom. Then, by (the dual of)
Lemma 3.2(ii), a1 V ag = a1 V ag = a2 V ag = 1. There are two cases to consider.
First, if

a1 Nas = a1 ANaz =as ANaz =0, (4.1)
then L is isomorphic to the five-element non-distributive modular lattice M3, and
so L has three atoms. Second, if (4.1) fails, then L has an atom by Lemma 3.2(ii).
This proves part (i) of Observation 1.2.

Next, we deal with part (ii); note that ag, a1, and as are pairwise distinct.
Assume that & defined in part (ii) is at least 2. Then a1 A as, a1 A ag, and as A as
are pairwise distinct since otherwise if, say, we had that a; A as = a; A as, then
ay Aaz = a1 ANag = (a1 Aa2) A (a1 Aas) = a1 Aax Aag = 0 would contradict
k > 2. Hence, we have at least k atoms by Lemma 3.2(ii), so it suffices to show
that every atom is the form of a; Aa; with ¢ # j. Without loss of generality, we can
assume that k& > 2 is witnessed by a1 A az # 0 # a1 A ag. Clearly, a1 A az £ ag and
a1 N ag £ ag. Let b € L be an atom such that b # a1 Aag and b # a1 A as. Then
b ¢ (a1 Naz) and b ¢ T(a1 A as), because otherwise a; Aas < b or a; Aas < b,
contradicting the assumption that b is an atom. Hence, Lemma 3.2(i) implies that
b € lag and b € |as. Consequently, b < as A az. This is a contradiction if k£ = 2,
because then as A ag = 0. Hence there are exactly k atoms if k = 2. If £ = 3, then
as A ag is an atom by Lemma 3.2(ii), so b < ag A as implies that the only atom
distinct from a; A az and aq A as is the third atom, as A ag = b. Thus, we have
exactly three atoms if k& = 3. This completes the argument for part (ii).

Next, assume that L is modular. The modular lattice freely generated by {z, y, z}
will be denoted by FM(3); see, for example, Birkhoff [4, page 64], Crawley and
Dilworth [7, Figure 17-1], or Grétzer [24, page 84]. Note that FM(3) is easy to
find on the Internet; see for example, McKeown [33] for an animated version.
Since |[FM(3)| = 28 is pretty small and L = FM(3)/© for some congruence O
of L and since now we can benefit from part (ii) and symmetry, it is routine
to prove part (iii) by examining few cases. The details are elaborated only in
https://arxiv.org/abs/2001.03188, the arXiv version of the paper. The proof
of Observation 1.2 is complete. (I

FI1GURE 3. A three-generated lattice with four atoms

Proof of Observation 1.3. Let L be the lattice given in Figure 3. (In fact, L is
diagrammed in the figure twice.) It is straightforward to verify that L satisfies
the requirements. Alternatively, we can take the four circles in the middle of the

diagram. Then, understanding the labels a, ..., bcu, ... as {a}, ..., {b,c,u}, ...,
Czédli [11] and [10, Lemma 7.4] immediately imply that L does the job. O



ON ATOMS IN THREE-GENERATED LATTICES 11

REFERENCES

[1] G. Czédli and K. Adaricheva: Note on the description of join-distributive lattices by permu-
tations. Algebra Universalis 72 (2014), 155-162.

[2] K. Adaricheva, V. A. Gorbunov, and V.I. Tumanov, V.I.: Join-semidistributive lattices and
convex geometries. Advances in Math. 173, 1-49 (2003)

[3] H. Bauer and W. Poguntke: Lattices of width three: an example and a theorem. Contributions
of General Algebra, Proc. Klagenfurt Conf. (1978), 47-54.

[4] G. Birkhoff: Lattice theory. Corrected reprint of the 1967 third edition. American Mathemat-
ical Society, Providence, R.I., 1984.

[5] Burris and Sankappanavar: A Course in Universal Algebra. Graduate Texts in Mathe-
matics, 78. Springer-Verlag, New York-Berlin, 1981; for the free Millennium Edition see
http://www.math.uwaterloo.ca/~snburris/htdocs/ualg.html

[6] P. Crawley and R. A. Dean: Free lattices with infinite operations. Trans. Amer. Math. Soc.
92 (1959), 35-47.

[7] P. Crawley and R. P. Dilworth: Algebraic Theory of Lattices. Prentice-Hall,Inc., Englewood
Cliffs, New Jersey, 1973.

[8] G. Czédli: Four-generated large equivalence lattices. Acta Sci. Math. (Szeged) 62 (1996),
47-69.

[9] G. Czédli: (141+2)-generated equivalence lattices. J. Algebra 221 (1999) 439-462.

[10] G. Czédli: Coordinatization of finite join-distributive lattices. Algebra Universalis 71 (2014),
385-404.

[11] G. Czédli: Finite convex geometries of circles. Discrete Mathematics 330 (2014) 61-75.

[12] G. Czédli: Four-generated quasiorder lattices and their atoms in a four-generated sublattice.
Communications in Algebra 45 (2017), 4037-4049.

[13] G. Czédli: Lattices embeddable in three-generated lattices. Acta Sci. Math. (Szeged) 82
(2016), 361-382.

[14] G. Czédli and J. Kulin: A concise approach to small generating sets of lattices of quasiorders
and transitive relations. Acta Sci. Math. (Szeged) 83 (2017), 3-12.

[15] G. Czédli, R. C. Powers, J. M. White: Medians are below joins in semimodular lattices of
breadth 2. ORDER, to appear; http://arxiv.org/abs/1911.02124

[16] B. A. Davey and I. Rival: Finite sublattices of three-generated lattices. J. Austral. Math.
Soc. (Series A) 21 (1976), 171-178.

[17] R. P. Dilworth: Lattices with unique irreducible decompositions. Ann. of Math. (2) 41,
TT1-777 (1940)

[18] P. H. Edelman: Meet-distributive lattices and the anti-exchange closure. Algebra Universalis
10, 290-299 (1980)

[19] P. H. Edelman and R. E. Jamison: The theory of convex geometries. Geom. Dedicata 19,
247-271 (1985)

[20] R. Freese: Finitely presented lattices: canonical forms and the coveringrelation. Trans. Amer.
Math. Soc. 312 (1989), no. 2, 841-860.

[21] R. Freese, J. Jezek, and J. B. Nation: Free Lattices. Mathematical Surveys and Monographs,
42. American Mathematical Society, Providence, RI, 1995. viii+293 pp. ISBN: 0-8218-0389-1.

[22] R. Freese and J. B. Nation: Free and finitely presented lattices. In Lattice Theory: Special
Topics and aApplications. Vol. 2, pages 27-58. Birkhauser/Springer, Cham, 2016. Available
for free at https://www.springer.com/us/book/9783319442358, near the bottom.

[23] I. M. Gelfand and V. A. Ponomarev: Problems of linear algebra and classification of quadru-
ples of subspaces in a finite dimensional vector space. Hilbert Space Operators, Coll. Math.
Soc. J. Bolyai 5, Tihany, 1970.

[24] Gratzer, G.: Lattice Theory: Foundation. Birkhduser/Springer, Basel AG, Basel, 2011.

[25] C. Herrmann and A. P. Huhn: Lattices of normal subgroups which are generated by frames.
In: Lattice theory (Szeged, 1974). Colloq. Math. Soc. Janos Bolyai, vol. 14, pp. 97-136.
North-Holland, Amsterdam, 1976.

[26] Huhn, A. P.: Schwach distributive Verbande. I. (German) Acta Sci. Math. (Szeged) 33 (1972),
297-305.

[27] Huhn, A. P.: Schwach distributive Verbande. (German) Acta Fac. Rerum Natur. Univ. Come-
nian. Math. 1971, 51-56.



12 G. CZEDLI

[28] Huhn, A. P.: On G. Grétzers problem concerning automorphisms of a finitely presented
lattice. Algebra Universalis 5 (1975), 65-71.

[29] Huhn, A. P.: On nonmodular n-distributive lattices. I. Lattices of convex sets. Acta Sci.
Math. (Szeged) 52 (1988), 35-45.

[30] Jénsson. B. and Nation, J. B.: Representation of 2-distributive modular lattices of finite
length. Acta Sci. Math. (Szeged) 51 (1987), 123-128.

[31] D. Kelly, I. Rival: Planar lattices. Canad. J. Math. 27 (1975) 636-665.

[32] Libkin, L.: n-distributivity, dimension and Carathéodory’s theorem. Algebra Universalis 34
(1995), 72-95.

[33] J. McKeown: Free modular lattice on 3 generators.
https://blogs.ams.org/visualinsight/2016/01/01/free-modular-lattice-on-3-generators/

[34] P. Mayr and N. Ruskuc: Finiteness properties of direct products of algebraic structures.
Journal of Algebra 494 (2018) 167-187.

[35] P. Mayr and N. Ruskuc: Generating subdirect products. J. London Math. Soc. (2) 100
(2019), 404-424.

[36] B. Monjardet: A use for frequently rediscovering a concept. Order 1, 415-417 (1985)

[37] W. Poguntke: On simple lattices of width three. In: Universal algebra (Esztergom, 1977), pp.
609-622, Colloq. Math. Soc. Janos Bolyai, 29, North—Holland, Amsterdam—New York, 1982.

[38] W. Poguntke and B. Sands: On finitely generated lattices of finite width. Canad. J. Math.
33 (1981), 28-48.

[39] L. Rival, Ruckelshausen, and Sands: On finitely generated lattices of finite width. Canad. J.
Math. 33 (1981), 28-48.

[40] H. L. Rolf: The free lattice generated by a set of chains. Pacific J. Math. 8 (1958), 585-595.

[41] H. Strietz: Finite partition lattices are four-generated. In: Proc. Lattice Th. Conf. Ulm,
1975, pp. 257-259.

[42] R. Wille: Jeder endlich erzeugte, modulare Verband endlicher Weite ist endlich. (German)
Mat. Casopis Sloven. Akad. Vied 24 (1974), 77-80.

[43] L. Zadori: Generation of finite partition lattices. In: Lectures in universal algebra (Proc.
Colloq. Szeged, 1983), Colloq. Math. Soc. Jdnos Bolyai 43, North-Holland, pp. 573-586.

[44] L. Zadori: Subspace lattices of finite vector spaces are 5-generated. Acta Sci. Math. (Szeged)
74 (2008), 493-499.

E-mail address: czedli@math.u-szeged.hu
URL: http://www.math.u-szeged.hu/"czedli/

UNIVERSITY OF SZEGED, BOLYAI INSTITUTE, SZEGED, ARADI VERTANUK TERE 1, HUNGARY
6720



