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How are diamond identities implied in congruence varieties?

GABOR CzEDLI*

For a set X of lattice identities and a lattice identity 4, X is said to imply 4 in
congruence varieties, in notation X k_ 4, if every congruence variety which satisfies
all members of X also satisfies 4 (cf. Jonsson [11}). In this note we prove three
theorems on E_, including the following compactness result.

I3l

THEOREM 3. If X' k.1 and 1 is a diamond identity (to be defined later) then
there exists a finite subset 2’ of X such that X' F_A.

For the special case where 4 is the modular or distributive law our theorems
have already been proved; cf. [1], [3] and the very deep Day and Freese (4] and
Freese, Herrmann and Huhn (6, Cor. 14]. It is the results and/or methods of these
papers, [10] and Day and Kiss [5] that makes our approach possible and relatively
simple.

For n 2 2, an n-diamond in a modular lattice L is defined to be an (n + 1)-
tuple @ = (ay, @y, . . ., a,) € L"* " satisfying Y 92 ,a, = 1, and a, Y 0%, , a, = 0, for all
j and all k #/ where 1,=Y9"a, and 0, =[] a,. This concept is due to Andras
Huhn [9], [8] but occurs under several names in the literature (cf., e.g., Day and
Kiss [5]). Let A :p(x,,...,x,)=q(x,,...,x,) be a lattice identity. We call 1 a
diamond identity if A implies modularity and, in addition, there are (n + 1)-ary
lattice terms ¢, (Yo, ¥is -« -sVu)s -+ -+ C( Vo, Vi» - - -, ¥n) fOr some n = 2 such that for
an arbitrary modular lattice L if p(c,(d), . . ., ¢,(@) = q(c,(@), . . ., ¢,(d)) for every
n-diamond 4 in L then 4 holds in L.

The conjunction of the modular law with any of the identities in Herrmann and
Huhn [8] or Freese and McKenzie (7, XIII] is an interesting example for diamond
identities. For further examples cf. [2].
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For a variety 7" let Con(¥") =HSP {Con 4 : 4 € ¥'} denote the congruence
variety of ¥". Given a ring R with 1, let R-Med stand for the variety of (unitary
left) R-modules. For integers m = 0 and n > 1 the ring sentence (3r) (m - r =n - 1),
denoted by D(m, n), is called a divisibility condition. (Here k - x =x+x+---+
x, k times.) In [10] an algorithm is described which associates two integers m; >0
and n; = 1 with any given lattice identity 4 such that

(1) for any ring R, 4 holds in Con (R-Mod) iff D(m;, n;) holds in R

(cf. [10, Theorems 2 and 3]). For an integer k and a prime p let expt (k, p) denote
the largest integer i > 0 for which p’| k; by expt (0, p) we mean that smallest infinite
ordinal. By [10, Prop. 1]

(2) D(m, n) holds in a ring R iff for any prime p with expt (m, p) > expt (n, p) R
satisfies D(pePtP+1 pexpt(.P)) and, in addition, m =0 implies that the
characteristic of R is 0. In case the characteristic of R is kK > 0 then D(m, n)
holds in R iff (k, m) | n.

Let 7(0) = Con (Q-Mod), i.c., the lattice variety generated by the rational projec-
tive geometries. For & > 0 let ¥"(k) = Con (Z,-Mod) where Z, is the factor ring of
integers modulo k. For technical reasons, in connection with (2), we define K(m, n)
as {p'*':p prime, i=expt(n p)<expt(m,p)}u{i:i=0=m}. Note that
{i:i=0=m} is {0} or &J. We have

THEOREM 1. If a diamond identity A does not hold in a modular congruence
variety U then there is a k € K(m;, n;) such that v (k) < %.

THEOREM 2. Let A be a diamond identity and X be a set of lattice identities.
Then X kE_A if and only if

(1) X k. modularity,

() {0}n{m;} ={m,:ceZX}, and

(iii) for any prime p if expt(m;, p) >expt(n;,p) then expt(n,,p) =

exp (n., p) < expt (m,, p) holds for some ¢ € X.

If X is finite then (i) is decidable (cf. Day and Freese [4] and [3]) and Theorem 2

offers an algorithm to check whether X kA

Proof of Theorem 1. Let % = Con (¥") be a modular congruence variety in
which A fails. There is an n-diamond d in the congruence lattice Con A of some
algebra 4 in ¥ such that 1 fails in the interval L =[0,, 1;] of Con 4. We can
assume that 0; = Oc,, 4, as otherwise 4 could be replaced by 4/0,. By Lemma 3.1
in Day and Kiss [5], 1, = 1, is an Abelian congruence of A. Therefore Lemma 7.1
and Theorem 7.2 of Day and Kiss [5] yield the existence of a ring S such that
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L € Con (S-Mod) = Con (¥") = %. This Con (S-Med) fails .. Now a routine calcu-
lation based on (1), (2) and the description of the inclusion relation amongst all
Con (R-Mod) (cf. [10, Theorem 5]) completes the proof of Theorem 1.

Proof of Theorem 2. Assume that X k_A. Then (i) is obvious. If (ii) or (iii)
failed then, by (1) and (2), ¥ would hold but A would fail in ¥’(k) for some
k € K(m,, n;). Conversely, assume that in spite of (i), (i1) and (iii) X ¥_.A. Then X
holds but A fails in some modular congruence variety . By Theorem 1, there is a
k € K(m;, n;) such that A fails in (k). But X holds in ¥'(k) =%, which is a
contradiction by (1) and (2).

Proof of Theorem 3. Assume that X~ k_1. By a deep result of Day and Freese
[4, Thm. 6.4] there is a k € 2 such that x F, modularity. If m; =0 then, by
Theorem 2, there is an n € X with m, = 0. This # can serve (iii) for all primes not
dividing n,. Hence there is a finite set X, such that n € 2, = X and (iii) is fulfilled
by Z,. Clearly, {x}uZ, F 4. If m; #0 then (iii) requires the existence of an ¢ =¢,
for finitely many p only. These &, constitute a finite set 2, and {k}UZ, F A

REMARK. A lengthier proof shows that our results would remain true if k,
were understood as implication in {Con A4: 4 € ¥"} classes where 7" is a class of
algebras closed under finite subdirect powers.
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